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Abstract. Exact exponential-time algorithms for NP-hard problems is
an emerging field, and an increasing number of new results are being
added continuously. Two important NP-hard problems that have been
studied for decades are the treewidth and the minimum fill problems. Re-
cently, an exact algorithm was presented by Fomin, Kratsch, and Tod-
inca to solve both of these problems in time O∗(1.9601n). Their algo-
rithm uses the notion of potential maximal cliques, and is able to list
these in time O∗(1.9601n), which gives the running time for the above
mentioned problems. We show that the number of potential maximal
cliques for an arbitrary graph G on n vertices is O∗(1.8135n), and that
all potential maximal cliques can be listed in O∗(1.8899n) time. As a con-
sequence of this results, treewidth and minimum fill-in can be computed
in O∗(1.8899n) time.

1 Introduction

Recently there has been a growing interest for exact exponential time algorithms
for NP-hard problems. There are several reasons for this. One is the need for
exact solutions, which approaches like approximation algorithms, randomized
algorithms, and heuristics, cannot deal with.

An exhaustive search is a trivial way to cope with the problem of finding
an exact solution. In the recent yeas it has been shown that it is possible to
design algorithms which are significantly faster than exhaustive search, though
still not in polynomial time. Nice examples of this type of algorithms are a
O∗(1.4802n) time algorithm for 3-SAT [9] and Eppstein’s algorithm for graph
coloring in O∗(2.4150n) time [10]. (In this paper we use a modified big-Oh no-
tation that suppresses all other (polynomial bounded) terms. For functions f
and g we write f(n) = O∗(g(n)) if f(n) = O(g(n) · poly(|n|)), where poly(|n|) is
a polynomial. This modification may be justified by the exponential growth of
f(n).) An overview of applied techniques used for exact algorithms can be found
in [17].

The treewidth of a graph, introduced by Robertson and Seymour [14], has
been intensively investigated in the last years, mainly because many NP-hard
problems become solvable in polynomial time when restricted to graphs with
small treewidth. These algorithms use a tree-decomposition (or a triangulation)
of small width of the graph. In recent years [8] it has bee shown that the results on



graphs of bounded treewidth (branchwidth) are not only of theoretical interest
but can successfully be applied to find optimal solutions of lower time bounds for
various optimization problems. Finding a small treewidth is useful and important
in areas like artificial intelligence, databases, and logical-circuit design. See [1]
for further references.

The minimum fill-in problem asks to find a triangulation (equivalently a
tree-decomposition) with the minimum number of edges. This problem has ap-
plications in sparse matrix computations [15], database management [16], and
knowledge base systems [13].

Computing the treewidth and minimum fill-in are NP-hard problems [2, 18].
Treewidth is known to be fixed parameter tractable, moreover, for a fixed k,
the treewidth of size k can be computed in linear time (with a huge hidden
constant) [4]. There exists also an approximation algorithm for treewidth, with
a factor logOPT [1, 5], and it is an open question if there exists a constant factor
approximation.

Both treewidth and minimum fill-in can be computed exactly in O∗(2n) time
by reformulating the problems to finding a special vertex ordering and using the
technique proposed by Held and Karp [12] for the traveling salesman problem, or
by using the algorithm of Arnborg et al.[2]. In 2004 Fomin, Kratsch, and Todinca
[11] improved this bound to O∗(1.9601n) by listing all the minimal separators
and potential maximal cliques of the graph, and then using these to compute the
treewidth and minimum fill-in for the graph. The most expensive operation used
in [11] to obtain the O∗(1.9601n) time bound is listing the potential maximal
cliques. It is actually known from [7] that the number of potential maximal
cliques in a graph is bounded by the number of nice potential maximal cliques
in the graph.

In this paper we find a new theoretical bound (O∗(1.8135n)) for the number
of nice potential maximal cliques in a graph, and thus also a new bound for the
number of potential maximal cliques in the graph. This is obtained using a non
constructive proof, and cannot be used directly to create faster algorithms. The
second result in this paper is a new way of partitioning the graph, such that any
nice potential maximal clique can be represented by a vertex set of size n/3 or
less, which is less than the 2n/5 bound used in [11]. This new bound improves
the time required to list all the potential maximal cliques to O∗(1.8899n), and
thus also the bound for computing the treewidth and minimum fill-in.

2 Basic Definitions

We consider finite, simple, undirected, and connected graphs. Given a graph
G = (V,E), we denote the number of vertices as n = |V | and the number of
edges as m = |E|. For any non empty subset W ⊆ V , the subgraph of G induced
by W is denoted by G[W ], and the subgraph induced by G[V \ W ] is denoted
by G \ W . The neighborhood of a vertex u ∈ V is denoted by NG(u) = {v for
uv ∈ E}, and NG[u] = NG(u)∪{u}. In the same way we define the neighborhood
of a set A ⊆ V of vertices by NG(A) = ∪u∈ANG(u)\A, and NG[A] = NG(A)∪A.



A sequence v1 − v2 − ...− vk of distinct vertices describes a path if vivi+1 is an
edge for 1 ≤ i < k. The length of a path is the number of edges in the path. A
cycle is defined as a path except that it starts and ends with the same vertex.
If there is an edge between every pair of vertices in a set A ⊆ V , then the set A
is called a clique.

The notion of treewidth is due to Robertson and Seymour [14]. A tree de-
composition of a graph G = (V,E), denoted by TD(G), is a pair (X, T ) such
that T = (VT , ET ) is a tree and X = {Xi | i ∈ VT } is a family of subsets of V
such that:

1.
⋃

i∈VT
Xi = V ;

2. for each edge uv ∈ E there exists an i ∈ VT such that both u and v belong
to Xi;

3. for all v ∈ V , the set of nodes {i ∈ VT | v ∈ Xi} induces a connected subtree
of T .

The width of a tree decomposition is defined as maximum of |Xi| − 1 where
i ∈ VT , and the treewidth of the graph G is the minimum width over all tree
decompositions of G.

A chord of a cycle is an edge connecting two non-consecutive vertices of the
cycle. A graph H is chordal, or equivalently triangulated, if it contains no induced
chordless cycle of length ≥ 4. A graph H = (V,E∪F ) is called a triangulation of
G = (V,E) if H is chordal. The edges in F are called fill edges. H is a minimal
triangulation if (V,E ∪ F ′) is non-chordal for every proper subset F ′ of F . H is
a minimum triangulation if there exists no edge set F ′ such that |F ′| < |F | and
(V,E∪F ′) is chordal. The problem of finding the smallest value of |F |, such that
H = (V,E ∪ F ) is chordal is called the minimum fill-in problem for the graph
G = (V,E).

A vertex set S ⊂ V is a separator if G\S is disconnected. Given two vertices
u and v, S is a u, v-separator if u and v belong to different connected components
of G\S, and S is then said to separate u and v. A u, v-separator S is minimal if
no proper subset of S separates u and v. In general, S is a minimal separator of G
if there exist two vertices u and v in G such that S is a minimal u, v-separator.
We denote by ∆G the set of all minimal separators of G. The following two
results will be used to list all minimal separators, and give an upper bound for
the number of minimal separators.

Theorem 1. ([3]) There is an algorithm listing all minimal separators of an
input graph G in O(n3|∆G|) time.

Theorem 2. ([11]) For any graph G, |∆G| = O(n · 1.7087n).

For a set K ⊆ V , a connected component C of G \ K is a full component
associated to K if N(C) = K. A vertex set Ω ⊂ V is called a potential maximal
clique of G if there is a minimal triangulation H of G, such that Ω is a maximal
clique in H. We denote by ΠG the set of all potential maximal cliques of G.



Theorem 3. (Bouchitté and Todinca [6]) Let K ⊆ V be a set of vertices and let
C(K) = {C1, ..., Cp} be the set of connected components of G \ K. Let S(K) =
{S1, S2, ..., Sp} where Si(K) is the set of vertices of K adjacent to at least one
vertex of Ci(K). Then K is a potential maximal clique if and only if:

1. G \K has no full component associated to K, and
2. the graph on the vertex set K obtained from G[K] by turning each Si ∈ S(K)

into a clique, is a complete graph.

The following result is an easy consequence of Theorem 3.

Theorem 4. ([6]) There is an algorithm that, given a graph G = (V,E) and a
set of vertices K ⊆ V , verifies if K is a potential maximal clique of G. The time
complexity of the algorithm is O(nm).

Three different ways of representing a potential maximal clique is given in the
next lemma. We will see that potential maximal cliques that can be represented
by the two first of these already can be found and listed within a good time
bound.

Lemma 1. (Fomin, Kratsch, and Todinca [11]) Let Ω be a potential maximal
clique of G, S be a minimal separator contained in Ω and C be the component
of G \ S intersecting Ω. Then one of the following holds:

1. there is a ∈ Ω \ S such that Ω = N [a];
2. there is a ∈ S such that Ω = S ∪ (N(a) ∩ C);
3. Ω = N(C \Ω).

The number of potential maximal cliques covered by the first case is clearly
bounded by n, since only one such potential maximal clique can exist for each
vertex in the graph.

From [11] we have the following statement covering the second case. Let
Ω be a potential maximal clique of G. The triple (S, a, b) is called a separator
representation of Ω if S is a minimal separator of G, a ∈ S, b ∈ V \ S, and
Ω = S ∪ (N(a) ∩ Cb(S)), where Cb(S) is the component of G \ S containing b.
Note that for a given triple (S, a, b) one can check in polynomial time if (S, a, b)
is the separator representation of a (unique) potential maximal clique Ω.

The number of unique potential maximal cliques in a graph, that have a
separator representation is bounded by n2|∆G|, since there are O(n2) triples for
each separator. From Theorem 2 we have that |∆G| = O(n · 1.7087n), thus the
number of unique potential maximal cliques with a separator representation is
of order O(n3 · 1.7087n).

Let Ω be a potential maximal clique of a graph G, and let S ⊂ Ω be a
minimal separator of G. We say that S is an active separator for Ω, if Ω is not
a clique in the graph GS(Ω)\{S}, obtained from G by completing all the minimal
separators contained in Ω, except S. If S is active, a pair of vertices x, y ∈ S
non adjacent in GS(Ω)\{S} is called an active pair.



Theorem 5. (Bouchitté and Todinca [6]) Let Ω be a potential maximal clique
of G, S be a minimal separator contained in Ω and C be the component of G\S
intersecting Ω, and let x, y ∈ S be an active pair. Then Ω \ S is a minimal
x, y-separator in G[C ∪ {x, y}].

We say that a potential maximal clique Ω is nice if at least one of the minimal
separators contained in Ω is active for Ω.

Theorem 6. (Bouchitté and Todinca [7]) Let Ω be a potential maximal clique
of G, let u be a vertex of G, and let G′ = G \ {u}. Then one of the following
holds:

1. Ω or Ω \ {u} is a potential maximal clique of G′.
2. Ω = S ∪ {u}, where S is a minimal separator of G.
3. Ω is nice.

The following result can be found using Theorem 6.

Corollary 1. [11] A graph G on n vertices has at most n2|∆G| + n · ΠNG =
n2 · 1.701n + n · ΠNG potential maximal cliques, where ΠNG is the number of
nice potential maximal cliques in the graph.

Proof. This follows from the Theorems 2 and 6, and the proof of Theorem 16 of
[11].

Finally we can relate the upper bound for listing all potential maximal cliques
of G to computing the treewidth and minimum fill-in of G. Theorem 7 is the
tool we need to obtain this.

Theorem 7. (Fomin, Kratsch, and Todinca [11]) There is an algorithm that,
given a graph G together with the list of its minimal separators ∆G and the list of
its potential maximal cliques ΠG, computes the threewidth and the minimum fill-
in of G in O∗(|ΠG|) time. The algorithm also constructs optimal triangulations
for the threewidth and the minimum fill-in.

3 Theoretical Upper Bound for the Number of Potential
Maximal Cliques

In this section we show that the upper bound for the number of potential max-
imal cliques in a graph is O(n3 · 1.8135n). This bound is obtained by finding a
new upper bound for the number of nice potential maximal cliques. We do this
by computing two numbers: the number of potential maximal cliques of size less
than αn and the number of potential maximal cliques of size at least αn, for
0 < α < 1.

Let Ω be a potential maximal clique of G and let x be a vertex in Ω. Let
CΩx be the connected component of G \ (Ω \ {x}) containing x. Notice that
G[CΩx] is connected, and that every component C of G \Ω such that x ∈ N(C)
is contained in CΩx.



Corollary 2. Let Ω be a potential maximal clique of G and let x be a vertex in
Ω. Then Ω = N(CΩx) ∪ {x}.

Proof. This follows directly from Theorem 3, which gives a definition of a po-
tential maximal clique.

Definition 1. We will say that the pair (Z, z) is a vertex representation of Ω
if Z = CΩz \ {z}, z ∈ Ω, and Ω = N(Z ∪ {z}) ∪ {z}.

Lemma 2. Let Ω be a nice potential maximal clique, α be a constant such that
αn = |Ω|. Then there exists a vertex representation (U, u) of Ω such that |U | ≤
d2n(1− α)/3e.

Proof. Let Ω be a nice potential maximal clique of G, S be a minimal separator
active for Ω, x, y ∈ S be an active pair, and z be a vertex contained in Ω \S. Let
us now prove that there exists a vertex u such that |CΩu \{u}| ≤ d2n(1−α)/3e.
Partition the connected components of G \Ω into three sets: A1 = CΩx ∩ CΩy;
A2 = CΩx \ (CΩy ∪ {x}); A3 = (V \ Ω) \ (A1 ∪ A2). Notice the following:
|A1 ∪A2 ∪A3| = n(1− α) since A1 ∪A2 ∪A3 = V \Ω, A1, A2, A3 are pairwise
non intersecting, and most important: CΩx\{x} = A1∪A2; CΩy\{y} ⊆ A1∪A3;
CΩz \ {z} ⊆ A2 ∪A3.

One of the vertex sets A1, A2, A3 will be of size at least n(1−α)/3, thus the
remaining two are of size at most d2n(1−α)/3e. Let us without loss of generality
assume that |A1| ≥ n(1−α)/3, then |A2|+ |A3| ≤ d2n(1−α)/3e. It follows that
|CΩz \ {z}| ≤ d2n(1− α)/3e since CΩz \ {z} ⊆ A2 ∪A3, and thus there exists a
vertex representation (U, u) of Ω as claimed by the lemma.

Lemma 3. For a constant 0 < α < 1, and a graph G, the number of nice
potential maximal cliques of size at least αn vertices is not more than
n

∑d2n(1−α)/3e
i=1

(
n
i

)
.

Proof. It follows from Lemma 2 that every potential maximal clique Ω of size at
least αn has a vertex representation (X, x) such that |X| ≤ d2n(1− α)/3e. The
idea of the proof is to give a bound for the number of such pairs. The number
of unique vertex sets of size d2n(1− α)/3e or less is

∑d2n(1−α)/3e
i=1

(
n
i

)
. For each

such vertex set X we create a pair (X, x) for each vertex x ∈ V \ S, which give
us the multiplication by n.

Lemma 4. For a constant 0 < α < 1, and a graph G, the number of nice
potential maximal cliques of size less than αn vertices is not more than 2n(2+α)/3.

Proof. We know from Lemma 2 that every potential maximal clique Ω of size less
than αn has a vertex representation (U, u) such that |V \ (Ω∪U)| ≥ n(1−α)/3.
We say that (x, X) is a bad pair associated to Ω if Ω = N(Cx)∪ {x}, where Cx

is the connected component of G[X ∪ {x}] containing x.
Let (x, X) be a bad pair associated to Ωx and let (y, Y ) be associated to

Ωy, where Ωx 6= Ωy. We want to prove that (x,X) 6= (y, Y ). Suppose that
x = y and that X = Y . From the definition of bad pair we know that N(Cx) ∪



{x} = N(Cy) ∪ {y}. Now we have a contradiction since N(Cx) ∪ {x} = Ωx,
N(Cy) ∪ {y} = Ωy, and Ωx 6= Ωy.

Since (U, u) is a vertex representation of Ω, then U ∪{u} = CΩu. Remember
that CΩu is connected and that |V \N [CΩu]| ≥ n(1− α)/3. Thus we can create
2n(1−α)/3 unique bad pairs u, X for Ω, by selecting X = CΩu ∪ Z, where Z is
any of the 2n(1−α)/3 subset of V \N [CΩu].

It follows that 2n ≥ |ΠNGsα| ·2n(1−α)/3, which can be restated as |ΠNGsα| ≤
2n(2+α)/3, where |ΠNGsα| is the number of nice potential maximal cliques of size
less than αn.

Lemma 5. The number of nice potential maximal cliques in a graph G with n
vertices is O(n2 · 1.8135n).

Proof. Let ΠNG be the set of nice potential maximal cliques, ΠNGlα be the set of
potential maximal cliques of size at least αn, and ΠNGsα be the set of potential
maximal cliques of size less than αn. Then |ΠNG| = |ΠNGlα| + |ΠNGsα| ≤
n ·

∑d2n(1−α)/3e
i=1

(
n
i

)
+ 2n(2+α)/3. By making use of Stirling’s formula and using

α = 0.5763 we obtain the bound O(n2 · 1.8135n).

Theorem 8. For any graph G, ΠG = O(n3 · 1.8135n).

Proof. From Corollary 1 we have that the number of potential maximal cliques
in G is less than n2|∆G| + n · ΠNG = n3 · 1.701n + n · ΠNG potential maximal
cliques, where ΠNG is the number of nice potential maximal cliques in the graph.
By inserting the result from Lemma 5 we get the new result that ΠG = O(n3 ·
1.8135n).

4 Listing all the Potential Maximal Cliques

In this section we show that any potential maximal clique of a graph with n
vertices can be represented with n/3 vertices or less, thus it follows that all
potential maximal cliques of the graph can be listed in O∗(

(
n

n/3

)
), or equivalent

O∗(1.8899n) time.
The idea is to show that every nice potential maximal clique which is not

covered by the two first cases of Lemma 1 can be represented by a vertex set
of size n/3 or less. From the results of [11] we know that the number of nice
potential maximal cliques covered by the two first cases of Lemma 1 is bounded
by n + n2|∆G| and from [7] it follows that the potential maximal cliques which
is not nice can be generated from the nice potential maximal cliques.

To describe these different representations of a potential maximal clique we
need to partition the graph into different vertex set. The first step towards this
partitioning is given in Lemma 6 which is a slightly refinement of similar lemma
and proof given in [11].

Lemma 6. Let Ω be a nice potential maximal clique, S be a minimal separator
active for Ω, x, y ∈ S be an active pair, and C be the component of G \ S
containing Ω \ S. There is a partition (Dx, Dy, Dr) of C \Ω such that N(Dx ∪
{x}) ∩ C = N(Dy ∪ {y}) ∩ C = Ω \ S.



Proof. By Theorem 5, Ω \S is a minimal x, y-separator in G[C ∪{x, y}]. Let Cx

be the full component associated to Ω \ S in G[C ∪ {x, y}] containing x, Dx =
Cx \ {x}, and let Cy be the full component associated to Ω \ S in G[C ∪ {x, y}]
containing y, Dy = Cy \ {y}, and Dr = C \ (Ω ∪ Dx ∪ Dy). Since Dx ∪ {x}
and Dy ∪ {y} are full components of Ω \ S, we have that N(Dx ∪ {x}) ∩ C =
N(Dy ∪ {y}) ∩ C = Ω \ S.

Definition 2. For a potential maximal clique Ω of G, we say that a pair (X, c),
where X ⊂ V and c ∈ X is a partial representation of Ω if Ω = N(Cc)∪(X\Cc),
where Cc is the connected component of G[X] containing c.

Definition 3. For a potential maximal clique Ω of G, we say that a triple
(X, x, c), where X ⊂ V and x, c 6∈ X is an indirect representation of Ω if
Ω = N(Cc ∪Dx ∪ {x}) ∪ {x}, where

– Cc is the connected component of G \N [X] containing c;
– Dx is the vertex set of the union of all connected components C ′ of G[X]

such that x ∈ N(C ′).

Let us note that for a given vertex set X and two vertices x, c one can
check in polynomial time whether the pair (X, c) is a partial representation or
if the triple (X, x, c) is a separator representation or indirect representation of a
(unique) potential maximal clique Ω.

We state now the main tool for upper bounding the number of nice potential
maximal cliques.

Lemma 7. Let Ω be a nice potential maximal clique of G. Then one of the
following holds:

1. There is a vertex a such that Ω = N [a];
2. Ω has a separator representation;
3. Ω has a partial representation (X, c) such that |X| ≤ n/3;
4. Ω has a indirect representation (X, x, c) such that |X| ≤ n/3.

Proof. Let S be a minimal separator active for Ω, x, y ∈ S be an active pair, and
C be the component of G\S containing Ω \S. By Lemma 6, there is a partition
(Dx, Dy, Dr) of C \Ω such that N(Dx∪{x})∩C = N(Dy ∪{y})∩C = Ω \S. If
one of the sets Dx, Dy, say Dx, is equal the emptyset, then N(Dx ∪ {x}) ∩C =
N(x) ∩ C = Ω \ S, and thus the triple (S, x, z) is a separator representation of
Ω.

Suppose that none of the first two conditions of the lemma holds. Then Dx

and Dy are nonempty. In order to argue that Ω has a partial representation (X, c)
or a indirect representation (X, x, c) such that |X| ≤ n/3, we partition the graph
further. Let R = Ω\S and let DS be the set of full components associated to S in
G\Ω. The vertex set Dx is the union of vertex sets of all connected components
C ′ of G \ (Ω ∪ DS) such that x is contained in the neighborhood of C ′. Thus
a connected component C ′ of G \ (Ω ∪ DS) is contained in Dx if and only if
x ∈ N(C ′). Similarly, a connected component C ′ of G \ (Ω ∪ DS) is contained



in Dy if and only if y ∈ N(C ′). We also define Dr = V \ (Ω ∪ DS ∪ Dx ∪ Dy),
which is the set of vertices of the components of G \ (Ω ∪DS) which are not in
Dx and Dy.

We partition S in the following sets

– Sx = (S \N(Dx)) ∩N(Dy);
– Sy = (S \N(Dy)) ∩N(Dx);
– Sxy = S \ (N(Dy) ∪N(Dx));
– Sxy = S ∩N(Dy) ∩N(Dx).

Thus Sx is the set of vertices in S with no neighbor in Dx and with at least one
neighbor in Dy, Sy is the set of vertices in S with no neighbor in Dy and with at
least one neighbor in Dx, Sxy is the set of vertices in S with neighbors neither
in Dx or Dy, and finally Sxy is the set of vertices in S with neighbors both in
Dx and Dy. Notice that the vertex sets DS , Dx, Dy, Dr, R,Sx, Sy, Sxy, and Sxy

are pairwise disjoint. The set Sxy is only mentioned to complete the partition of
S, and will not be used in the rest of the proof.

Both for size requirements and because of the definition of indirect repre-
sentation we can not use the sets Sx, Sy, and Sxy directly, they have to be
represented by the sets Zx, Zy, and Zr, which are subsets of the vertex sets
Dy, Dx, and Dr. By the definition of Sx and Sy it follows that there exists two
vertex sets Zx ⊆ Dy and Zy ⊆ Dx such that Sx ⊆ N(Zx) and Sy ⊆ N(Zy), let
Zx and Zy be the smallest such sets. By Lemma 1, Ω = N(Dx ∪Dy ∪Dr), thus
it follows that there exists a vertex set Zr ⊆ Dr such that Sxy ⊆ N(Zr), let Zr

be the smallest such set.
Let C∗ be a connected component of G[DS ], remember that N(C∗) = S. We

define the following sets

– X1 = C∗ ∪R;
– X2 = Dx ∪ Zx ∪ Zr;
– X3 = Dy ∪ Zy ∪ Zr.

First we claim that

– the pair (X1, c), where c ∈ C∗, is a partial representation of Ω;
– the triple (X2, x, c), where c ∈ C∗ is an indirect representation of Ω;
– the triple (X3, x, c), where c ∈ C∗ is an indirect representation of Ω.

In fact, the pair (X1, c) = (C∗∪R, c) is a partial representation of Ω because
N(C∗) ∩ R = ∅, C∗ induces a connected graph, and Ω = N(C∗) ∪ R. Thus
(X1, c) is a partial representation of Ω.

To prove that (X2, x, c) = (Dx ∪ Zx ∪ Zr, x, c) is an indirect representation
of Ω, we have to show that Ω = N(Cc ∪ D′

x ∪ {x}) ∪ {x} where Cc is the
connected component of G \N [X2] containing c, and D′

x is the vertex set of the
union of all connected components C ′ of G[X2] such that x ∈ N(C ′). Notice
that (S ∪ C∗) ∩ X2 = ∅ and that S ⊆ N(X2) since S ⊆ N(Dx ∪ Zx ∪ Zr) and
X2 = Dx∪Zx∪Zr. Hence the connected component Cc of G\N [X2] containing
c is C∗.



Every connected component C ′ of G[X2] is contained in Dx, Zx, or Zr since
Ω ∩ (Dx ∪ Zx ∪ Zr) = ∅ and Ω separates Dx, Zx, and Zr. From the definition
of Dx it follows that x ∈ N(C ′) for every component C ′ of G[Dx], and from
the definition of Dy and Dr follows that x 6∈ N(C ′) for every component C ′ of
G[Zx ∪ Zr]. We can now conclude that Dx is the vertex set of the union of all
connected components C ′ of G[X2] such that x ∈ N(C ′). It remains to prove
that Ω = N(C∗∪Dx∪{x})∪{x}. By Lemma 6, we have that Ω\S = R is subset
of N(Dx ∪ {x}) and N(Dy ∪ {y}), and remember that N(C∗) = S. From this
observations it follows that Ω = N(C∗∪Dx∪{x})∪{x} since N(C∗∪Dx∪{x}) =
(S ∪R) \ {x}.

By similar arguments, (X3, x, c) is an indirect representation of Ω.

To conclude the proof of Lemma, we argue that at least one of the vertex
sets X1, X2, or X3 used to represent Ω, contains at most n/3 vertices.

We partition the graph in the following three sets:

– V1 = DS ∪R;
– V2 = Dx ∪ Sx ∪ Sxy;
– V3 = Dy ∪ Sy ∪Dr.

These sets are pairwise disjoint and at least one of them is of size at most n/3
and to prove the Lemma we show that |X1| ≤ |V1|, |X2| ≤ |V2|, and |X3| ≤ |V3|.

|X1| ≤ |V1|. Since C∗ ⊆ DS , we have that X1 = C∗ ∪R ⊆ V1 = DS ∪R.

|X2| ≤ |V2|. To prove the inequality we need an additional result

|Zx| ≤ |Sx|, |Zy| ≤ |Sy|, and |Zr| ≤ |Sxy|. (1)

In fact, since Zx is the smallest subset of Dy such that Sx ⊆ N(Zx), we have
that for any vertex u ∈ Zx, Sx 6⊆ N(Zx \ {u}). Thus u has a private neighbor in
Sx, or in other words there exists v ∈ Sx such that {u} = N(v) ∩ Zx. Therefore
Sx contains at least one vertex for every vertex in Zx, which yields |Zx| ≤ |Sx|.
The proof of inequalities |Zy| ≤ |Sy|, and |Zr| ≤ |Sxy| is similar.

Now the proof of |X2| ≤ |V2|, which is equivalent to |Dx ∪ Zx ∪ Zr| ≤
|Dx ∪ Sx ∪ Sxy|, follows from (1) and the fact that all subsets on each side
of inequality are pairwise disjoint.

|X3| ≤ |V3|. This inequality is equivalent to |Dy ∪ Zy ∪ Zr| ≤ |Dy ∪ Sy ∪ Dr|.
Again, the sets on each side of inequality are pairwise disjoint. |Zr| ≤ |Dr|
because Zr ⊆ Dr, and |Zy| ≤ |Sy| by (1).

Thus min{|X1|, |X2|, |X3|} ≤ n/3 which concludes the proof of the lemma.

Lemma 8. Every graph on n vertices has at most 2n2
∑n/3

i=1

(
n
i

)
nice potential

maximal cliques which can be listed in O∗(
(

n
n/3

)
) time.

Proof. By Lemma 7, the number of the number of possible partial representa-
tions (X, c) and indirect representations (X, x, c) with |X| ≤ n/3 is at most



2n2
∑n/3

i=1

(
n
i

)
. By Theorem 2, the number of all possible separator represen-

tations is at most n2|∆G| ≤ n2
(

n
n/3

)
and we deduce that the number of nice

potential maximal cliques is at most 2n2
∑n/3

i=1

(
n
i

)
. Moreover, these potential

maximal cliques can be computed in O∗(
(

n
n/3

)
) time as follows. We enumerate

all the triples (S, a, b) where S is a minimal separator and a, b are vertices, and
check if the triple is the separator representation of a potential maximal clique
Ω; if so, we store this potential maximal clique. We also enumerate all the po-
tential maximal cliques of type N [a], a ∈ V (G) in polynomial time. Finally, by
listing all the sets X of at most n/3 vertices and all the couples of vertices (x, c),
we compute all the nice potential maximal cliques with a partial representation
(X, c) or a indirect representation (X, x, c).

Not all potential maximal cliques of a graph are necessarily nice (see [7] for
an example). These non nice potential maximal cliques can be found as shown
in the proof of Theorem 9, by using Theorem 6 and an algorithm to find nice
potential maximal cliques.

Theorem 9. A graph G on n vertices has at most 2n3
∑n/3

i=1

(
n
i

)
= O(n4 ·

1.8899n) potential maximal cliques. There is an algorithm to list all potential
maximal cliques of a graph in time O∗(1.8899n).

Proof. Let x1, x2, . . . , xn be the vertices of G and Gi = G[{x1, . . . , xi}], for all
i ∈ {1, 2, . . . , n}. Theorem 6 and Lemma 8 imply that |ΠGi | ≤ |ΠGi−1 |+n|∆Gi |+
2n2

∑n/3
i=1

(
n
i

)
, for all i ∈ {2, 3, . . . , n}. By Theorem 2, |ΠG| ≤ 2n3

∑n/3
i=1

(
n
i

)
.

Clearly, if we have the potential maximal cliques of Gi−1, the potential max-
imal cliques of Gi can be computed in O∗(|ΠGi−1 |+

(
n

n/3

)
) time by making use

of Theorems 2, 6, and Lemma 8. The graph G1 has a unique potential maximal
clique, namely {x1}. Therefore ΠG can be listed in time O∗(

(
n

n/3

)
) time which

is approximately O∗(1.8899n).

Theorem 10. For a graph G on n vertices, the treewidth and the minimum
fill-in of G can be computed in O∗(1.8899n) time.

Proof. The result follows from the Theorems 1, 2, 7, and 9.

5 Concluding Remarks

It is still an open question whether or not it is possible to list all potential
maximal cliques in a graph in less than O∗(1.8899n) time. The fact that the
theoretical bound for the number of potential maximal cliques is O∗(1.8135n)
points in the direction of a better bound. Unfortunately there exits no nice algo-
rithm for listing the potential maximal cliques of G in O∗(|ΠG|) time, like there
exists for minimal separators [3].
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