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Abstract

Communicationn multi-hop radio networks hasbecomepopulardueto the
recentadwentof new technologiesilt is presentotonly in theubiquitouscordless
andcellularphonesbut alsoin personatommunicatiorservicesmobiledatanet-
works, andlocal areawirelessnetworks [77]. Multi-hop radio networks, aswell
asotherwirelesscommunicatiorsystemsnecessitatef cient implementatiorof
communicatiorprimitivesto carry out morecomplex communicatiortasks. This
in returnpropelsnew algorithmicchallengesn the theoryof distributedcomput-
ing andcommunication.

We study herethe primary communicatiorproblemsin multi-hop radio net-
works. The main contrikution of this work is a collection of new time ef cient
communicationproceduregor variousmodelsof multi-hop radio networks. In
the context of somealgorithmswe proposegenuinelynew algorithmic methods
in the caseof otherswe subsumalreadyexisting solutions. All new algorithms

presentedhereareeitheroptimal or bestknown up to our knowledge.



Chapter 1

Intr oduction

A communicatiometwork [19, 75] is calledaradionetwork if its nodesexchange
messagem the following restrictedway. Firstly, a sendoperationperformedby
a nodedeliverscopiesof the samemessageo all directly reachablenodes.Sec-
ondly, a nodecansuccessfullyreceve anincomingmessagenly if exactly one
of its neighborssendsa messageuringthe communicatiorstep.In otherwords,
it is the semanticof how portsat nodessendandreceve messagethatde nes
the networks ratherthanthe fact that only radio waves are usedasthe medium
of communication We discussalgorithmicaspect®of exchanginginformationin
suchnetworks, concentratingon deterministicprotocols. Speci ¢ problemsand
solutionsdependigorouslyon the topologyof the underlyingreachabilitygraph
andon how muchthe nodesknow aboutit. In single-hopradio networks each
pair of nodescancommunicatalirectly. This kind of networksis alsoknown as
the multiple accesschannel Two popularprotocolsusedto exchangemessages
in multipleaccesshannelareAloha andthe exponentialbacloff [53, 83, 89]. In
contrastmulti-hnopradionetworkshave arbitrarytopologyandpacletsneedto be
routedvia hoppingthrougha sequencef adjacennodes.Obviously, exchangeof

informationin multi-hopradionetworksis morechallenginghanit counterparin



single-hopradionetworks. We areinterestedn designof ef cient algorithmsfor
communicatiorproblemsin multi-hop radio networks. We rstly recall standard
de nitions of exchangeof informationin radio networks. And then,we summa-

rize previously known results.Finally, we give a summaryof our contrikution to
the eld.



1.1 Communication Networks

The adwent of new technologiesn both computersand telecommunicatiorhas
caused proliferationof computemetworks. The ubiquitouscellularphonesand
portablecomputershave madewirelesscommunicatiorand mobile computation
partof our daily experience.

Computer/communicationetworksarecollectionsof informationprocessing
nodeswhich communicat@amongthemseles.Nodesareoftenindependentinits
andthe purposeof communications to carryoutdistributedcomputatiorby shar
ing distributedresources Suchnetworks needcommunicatiorprotocolsthatare
versatileenoughto handlearbitrarypatternsof communicatiorandburstytraf c.

Varioustaxonomieof communicatiometworks arepossible.Oneof themis
basednscalethatis, thesizeanddistanceamongnodesmostpopularcatayories
arelocalareanetworks(LANS), likeall thecomputeronacampusandwide area
networks(WANS), lik e all thehhostsof academignstitutionsin acountry Another
classi cationmay be basedon the technologyusedfor transmissionnodesmay
be connectedy copperwire or optical ber or a network may be wireless. Yet
anothemistinctionis by thecriterionif all thenodesarestationaryor rathersome
aremobile. Anotherclassi cationis into thefollowing two types:broadcashet-
worksandpoint-to-pointnetworks. The rst typeis formedby anumberof nodes
which sharea single communicationchannel;a paclet sentby arny nodeis tar
getedto all thenodes.A point-to-pointnetwork is a collectionof nodesof which
certainpairsareconnectedy transmissiorinks; a paclket sentfrom a nodeand
destinedat somespeci ¢ node may needto hop througha sequencef nodes,
alongthelinks thatconnecthem,until eventuallyit arrivesatthedestinationNot
surprisingly LANs areoftenorganizedasbroadcashetworksandWANSs usually
adoptpoint-to-pointstructure.

Someof thesetaxonomiesave little relevanceto the principlesgoverningde-
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signof algorithmsfor communicatiorprotocols,on eitherthe network or media-
accesdevels. For instancethe factthata paclet comesover a copperwire link
andhascovereda large distancds lessrelevantthanwhathappensf two paclets
arrive simultaneouslhat a node becausé maybethecasethatbothof themcan-
not be successfullyreceved, andhencethey needto be sentagain. We consider
mainly synchronousetworks,this meanghefollowing. Eachnodehasaccesso
aclock. A clock cycleis calleda stepor atime slot. The clocksareassumedo
startat the samestep,with possiblydifferentinitial clock values.All the clocks
tick simultaneouslyat the samerate. This de nesthelocally synchronousnodel.
If, moreawver, all theclocksshav thesamenumberin otherwords,have accesgo
a globalclock, thenthe modelis globally synchronousWe assumehis stronger
model,unlessstatedotherwise.A messagés a nite string of bits. A pacletis
a messagesuppliedwith additionalinformationto facilitateits traversalthrough
anetwork. A pacletis assumedo have sucha sizethatit canbe transmittedbe-
tweentwo nodesin onestep.A useful(partial) speci cationof acommunication
network is givenby a undirectedgraph(or a directedgraph) where
representshe setof nodesof the network anda set that containsall (un-
ordered)pairsof vertices,s.t.,a pair for some iff nodes
and cancommunicatalirectly. A nodecansendpacletsdirectly only to these
nodesthatarereachabldrom it. If communicationn a network is over physical
links thenan edgecorresponds$o sucha connectionandif nodescommunicate
by electromagnetigvavesthenall the nodesin therangeof a nodearereachable
fromit. Additionally, we needto malke clearhow nodeshandlemultiple messages
concurrently In generalanodeof a network may have the capabilityto senddif-
ferentmessaget ary subsebf adjacennodesin a step. Similarly, a nodemay
be eitherableto successfullyreceve all the incomingmessage a step,or it

mayaccommodatg@ist a certainsubsebf them,the sizeof which maydependn



the capacityof its buffer, or in anextremecase,f mary pacletscometo anode

in a stepthennoneof themis successfullyeceved.

1.2 Radio Networks

The areaof our considerationss radio networks. Whatdistinguishegshemfrom
othercommunicatiometworksis the way nodessendandreceve messageswWe
saythatall neighboursf avertex formarangeof Oneof theradionet-
work propertiess thatamessagé&ransmittedby anodeis alwayssentto all nodes
within its range.We alsoassumehatall nodeswork synchronouslyandif anode
transmitamessage attimestep , themessageeachegachneighbour of
atthesametime step.Howeverthenode will recevemessage successfullyff
istheonly nodethattransmit¢o (has initsrange)atthetimestep . In every
step,every nodeactseitherasa transmitteror asareceiver If themessage is
recevedby node in its correctform thenwe saythat canhearthemessage.

It is cornvenientto assumehatif a nodedoesnot heara messagé¢heninstead
it can hearsomenoise,which is distinct from ary meaningfulmessage.If no
messagdasbeensentto node thenit hearghebadgroundnoise If atleasttwo
neighboursendthemessagéo attime step thenwe saythata collisionor a
con ict occurredatthenode . If a collision happenghenthenode hearsthe
interferencenoise.

Radionetworksarecateyorizedinto four groupsby thefollowing two indepen-
denttaxonomieslf the nodesof a network candistinguishthe backgrounchoise
from theinterferencenoisethenthe network is saidto be with collision detection
otherwiseit is withoutcollision detection The next categorizationis with respect
to the topologyof the underlyinggraph. If this graphis completebi-directional,

thatis, for eachpair of nodes and thereis anedgefrom to |, thenthe



network is saidto besingle-hop otherwiseit is multi-hop.

In this dissertationwe considercommunicatiorproblemin multi-hop radio
networkswithout collision detection.

Single-hopradio networks with collision detectionare also known as multi-
ple accesschannelsor broadcastchannels and are a specialcaseof broadcast
networks. A nodeis usuallycalleda stationin thecontext of single-hopradionet-
works. Sincea broadcasperformedby a singlestationmakesits messagéeard
by all the stations,sucha broadcastings successfuin a singlestep. Almost all
work concerningsingle-hopradio networks wasdonebefore1990. Most of the
protocalsandtechniquegor communicatiornin single-hopradio networks canbe
foundin [1, 4, 3,7, 12,69, 93, 74,59, 38,53, 56,57, 83,87, 89]. A systematic
expositionof relatedtopicscanbefoundin booksby Fayolle,Malyshes andMen-
shikow [39] andMeyn and Tweedie[72]. The multi-hop radio networks arealso
calledpadket or point-to-pointnetworks.

Accordingto the knowledgeaboutnetwork topologynodeshave, we candi-
vide the multi-hopradionetworksinto two groups.Oneis knownradio networks
in which eachnodeis aware of the whole topology of network. Anotheroneis
ad hocradio networksor unknowrradio networksin which thenodesonly know
their uniqueidentifying numberg1Ds) or labels therangeof IDs being ,
where and is sizeof thenetwork . Somework employed large la-
bels,e.g., for someconstant , whichcanbefoundin [49, 45]. In this
dissertationyve considercommunicatiorproblemsn bothknownradio networks

andad hocradio networks



1.3 Communication Primiti vesin Radio Networks

Communicationn multi-hopradionetworkshasbecomepopulardueto therecent
adwentof new technologieslt is preseniot only in the ubiquitouscordlessand
cellular phones,but alsoin personalcommunicationservices,mobile datanet-
works, andlocal areawirelessnetworks [77]. Multi-hop radio networks, aswell

asary otherwirelesscommunicatiorsystem requireef cient implementatiorof

communicatiorprimitivesto carryoutmorecomplex communicatiotaskswhich
makesmorechallengesn algorithmicaspects.

We study herethe two classicalproblemsof information disseminationin
multi-hop radio networks are the broadcastingoroblemandthe gossipingprob-
lem. We alsodiscussnew chanllenggoroblemon Multipoint-to-Multipoint mul-
ticast(M2M multicast). Dealingwith collisionsis oneof the mainchallengesn

ef cient radiocommunication.

1.3.1 Broadcasting

In the broadcastingproblem,we wantto distribute a particularmessagdrom a
distinguishedourcenodeto all othernodesn thenetwork. A precisede nition of
broadcatingalgorithmsis asfollows. Let a setof nodesbe calleda transmission
A sequencef transmissions is calleda sthedule Givenaschedule,
a broadcastingalgorithm can be obtainedas follows: a node broadcastghe
messagén step if hasrecevedthe messagdeforestep and isin . This
is a naturalclassof algorithms,which do not make the nodessendanything prior

to receving thesourcemessage.



1.3.2 Gossiping

The problemwhen all the nodesin the network needto perform broadcasting
simultaneouslys calledgossiping In the gossipingproblem,eachnode in the
network initially holdsamessage , andwe wish to distribute all messages

to all nodesin the network.

A gossipingalgorithmis awell de ned transmission/receptigorocedurefor
eachnodein the network. Most of the studieson this topic assumehatduringa
singletime stepatransmittingnodeis allowedto sendacombinednessag&vhich
includesall messagethatit recevedsofar. We emplgy this assumptionn here,
unlessstatedotherwise.The runningtime of a gossipingalgorithmis the small-
estnumberof time stepsin which the gossipingcommunicationis completed.
Dueto thelargercompleity, thegossipingproblemposesmorechanlenginghan
the broadcastingrroblem. In this dissertationye mainly focuson the gossiping

problem.

1.3.3 Multipoint-to-Multipoint  Multicast

Next generatiorwirelessradionetworksareexpectedo supportgroupcommuni-
cationapplicationgsuchasdistancdearning,videoconferencingdisasterecov-
ery and distributed collaboratve computing). In suchapplications,ary of the
nodesof a well-de ned group may be requiredto sendmessageso all other
nodesin the group. The problemof exchangingmessagewithin a x ed group
of nodesin a multi-hop network is called a multipoint-to-multipointmulticast
(M2M). M2M multicastis a naturalgeneralizatiorof gossiping,in which infor-
mationexchangeconcernsot all nodesof the network but only a subsetof the

nodesgcalledparticipants



1.4 Main Ef ciency Criteria in Multi-hop Radio Net-
works

The performanceof communicationalgorithmsin multi-hop radio networks is
mainly measuredy their worst-timebehaior over all the possiblenetworks of

agivensize , diameter andmaximumdegree (maximumin-degreein di-

rectedgraph). Therearealsootheref ciency criteria: suchasenegy consump
tion, whichaccountse.g.,totalnumberof transmissionperformedduringacom-
municationprocess.

Neverthelessn this dissertationye will be predominantlyinterestedn time

ef cient communicationin multi-hopradionetworks.

1.5 Previous Work

Most of the work devotedto radio networksis focusedon the broadcastingprob-
lem.

Most of the resultsconcerningdeterministicbroadcastingn radio networks
can be divided into two parts: thosewhich assumecompleteknowledgeof the
topology of the network at all nodes,or equialently, dealingwith centralized
broadcastingor a given network, and thoseassumingonly limited knowledge
of the network at all nodesanddealingwith distributedbroadcastingn arbitrary
networks. Deterministicbroadcastinglgorithmsin multi-hopradionetworksthat
have beenpresentedhn theliteratureareusuallyobliviousor with averylow level
of adaptvity.

Deterministiccentralizedoroadcastingassumingcompleteknowledgeof the
network was rst consideredn [32], wherean -time broadcastingl-

gorithmwasgivenfor all -nodenetworks of diameter . GaberandMansour



[42] shavedthatthe broadcastingaskcanbe completedn time

Two alternatve broadcastingalgorithms(superiorfor small diameters)can be
foundin [32, 66. On the otherhand,in [5] the authorsproved the existence
of afamily of -nodenetworksof radius , for which any broadcastingequires
time . In otherwork of Diks etal. [33] wecan nd ef cient radiobroad-
castingalgorithmsfor (various)particulartypesof network topologies.However
in generalcase,it is known thatthe computationof an optimal (radio) broadcast
schedulefor an arbitrary network is NP-had, even if the underlying graph of
connectiongadmitsa planarembedding27, 85].

A lower bound for deterministicdistributed broadcastingn unknavn
radio networks was provedin [14]. In [21], Chlelus et al. improvedthe lower
boundto . The bestcurrentlyknown lower boundis due
to Clementietal. in [29]. The rst distributeddeterministicalgorithmsfor un-
known radio networks were presentedn [33]; however the networks considered
therewere quite restricted,namely nodeswere assumedo be locatedin a line,
andeachnodecouldreachdirectly all thenodeswithin a certaindistance A sys-
tematicstudyof deterministicdistributedalgorithmsin unknavn radio networks
modeledasdirectedgraphsvasundertalkenin [21]. The problemof broadcasting
wasconsideredn [21] in two variants,dependingon whetherthe sourcewasre-
quiredto beinformedaboutthe taskhaving beencompletedradio broadcasting
with acknowled@men} or not (radio broadcastingvithoutacknowledgmeny. It
was showvn that the former task could not be performedon a radio network if
nodesdo not know the size of the network in the model without collision de-
tection. This wasshown to hold evenif the underlyinggraphis symmetric,that
is, for eachedgein the graphthe edgewith the reverseddirectionis alsoavail-
able.Algorithmsweredevelopedin [21] for the problemof broadcastingvithout

acknavledgemenin the modelwithout collision detection. One of themoper
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atedin time , but wasrestrictedto the casewhenthe underlyinggraphwas
symmetric. The algorithm developedin [21] for generalnetworks had perfor
mance , which wasthe rst algorithmwith subquadraticunningtime.
The modelwith collision detectionis capableof performingacknavledgedradio
broadcastingt wasshawn in [21] how to achiese thisin time in symmetric
graph,andin time for generalktronglyconnectedyraphswhereeccis
thelargestdistancdrom thesourceto any othernode.In [24], Chlelusetal. gave
the deterministicalgorithmwith runningtime andthe sameboundwas
obtainedby Pelay usinga probabilisticconstruction. Chrobaket al. [26] were
the rst who designedan almostoptimal deterministicalgorithmthat completes
thebroadcastingn time , Whichbasednaselectivdamily (se€[21]).
KowalskiandPelc[63] improvedthis boundto obtaina non-oblviousalgorithm
of complity . Very recently Czumajand Rytter [31] gave a
deterministicoblivious broadcastinglgorithmwhich completesroadcastingn
time . All known 1 algorithms(including thosein [26, 63, 31])
areprobabilisticandnon-constructie. The bestconstructve algorithmknown up
to dateis by Indyk [55], which hasrunningtime
Randomizedbroadcastingalgorithmsin radio networks were also studied,
e.g.,in [9, 31, 60, 64]. For thesealgorithms,no topologicalknowledgeof the
network was assumed.In [9], the authorsshoved a randomizedbroadcasting
algorithmrunningin expectedime . A fasteralgorithm,run-
ning in expectedtime waspresentedn [64] (alsosee

[31]). In [60], it wasshawn thatfor any randomizeddroadcastinglgorithm(and

parameters ), thereexistsan -nodenetwork of diameter requiringex-
pectedtime . It shouldbe notedthat the lower bound
!Notation denotes functionin for aconstant. In all casesvhenwe

usethis notationin this dissertationconstant is atmost .
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from [5], for somenetworks with radius , holdsfor randomizedalgorithmsas
well. Thisshavsthatthealgorithmsfrom [31] and[64] areoptimal. But thealgo-
rithm proposedn [64] basedon the undirectedgraph,which cannot be implied
to broadcastingrroblemin the directedgraph. In [31], the authorsalsogave a
randomizedalgorithmthat completesbroadcastingn ary -noderadio network
in time , with high probability, which improvedthe bestpreviously existing
algorithmachievedtherunningtime in [14].

The gossipingproblemhasmorechallengeghanthe broadcastingroblemin
radionetworks(e.g.,in completegraphsproadcastinganbesolvedin time
but gossipingcannotbesolvedin time lessthan , eventhenetwork topology
is known in adwvance).Unfortunately therearenot too mary explorationson this
topic.

The gossipingproblemwas not studiedin the context of known radio net-
worksuntil very recentwork of GasienieandPotape [44]. Onecan nd therea
studyon thegossipingproblemin known radionetworks,whereeachnodetrans-
missionis limited to unit messagesln this modelthey proposedsereral optimal
andalmostoptimal -time gossipingalgorithmsin variousstandarchetwork
topologies,including: lines, rings, starsand free trees. They also proved that
thereexistsaradionetwork topologyin which the gossiping(with unit messages)
requires time. GasieniecPotap® andXin [48] studiedgossipingin
known radionetworkswith arbitrarily largemessagesndsereraloptimalgossip-
ing algorithmswereproposedor awide rangeof radiotopologies.Very recently
Gasieniecand Xin [50] proposeda moreefcient centralizeddeterministicgos-
sipingalgorithmwith runningtime , Whichimprovedtheprevious
bestresultsin [48].

Sofar, thegossipingproblemwasmostlystudiedn thecontet of ad-hocradio

networks, wherethe topologyof connectionss unknovn in advance.A method

12



to obtaina gossipingalgorithmfrom oneperformingbroadcastingvasdeveloped
by Chrobaketal. in [26]. If the broadcastinglgorithmworksin time
thentheresultinggossipingalgorithmoperatesn time S . Apply-
ing this methodwith the broadcastinglgorithmfrom [26] with
yields a gossipingalgorithmworking in time , Which wasthe rst
sub-quadraticeterministicalgorithm. For small valuesof diameter  the gos-
sipingtime waslaterimprovedby GasienieandLingas[43] to
Anotherinteresting -timealgorithm,atunedversionof thegossipingalgo-
rithm from [43] canbefoundin [98]. The gossipingalgorithmspresentedn [26,
98, 43] assumeéhatthe nodelabelsarelinearin  andwe do not seehow they
couldbeextendedo thecasewvherenodelabelsarepolynomiallylarge. Clementi,
Monti andSilvestri[29] presente@n -time deterministicgossipingalgo-
rithm, and subsequentlyGasieniecand Lingas [43] shoved an algo-
rithm. Both thesealgorithmswork for polynomiallylarge nodelabels.A general
(dependenbnly on ) boundon a deterministicalgorithm for gossipingin ad-
hoc networkswith polynomiallylarge nodelabelswas dueto Gasieniec,
PagourtzisandPotapa [45]. Later, they improvedthis resultto in [46].
A very recent -time gossipingalgorithm hasbeenproposedoy
GasieniecRadzikandXin in [49], whichis the bestalgorithmknown up to date.
A study on deterministicgossipingin ad-hocradio networks with messagesf
limited sizecanbefoundin [22].

The gossipingproblemin ad-hocradio networks attractedalsostudieson ef-
cient randomisedalgorithms. In [25], Chrobaket al. proposed
time Las Vegas gossipingprocedure. This time was later reducedin [67] to

andveryrecentlyin [31] to

Most of thework on M2M multicastproblemconsidereenegy effcientalgo-

rithms,whichcanbefoundin [10, 36,54,68, 73,78, 79,88,90,91,94,95,96, 97].

13



Veryrecently GasieniecKranakis,PelcandXin rstly studythecommunication

time of M2M multicastin multi-hopradionetworks (se€g[47]).

1.6 Summary of Results

In chapter , we studydeterministicgossipingoroblemin known radio networks,
i.e.,whenall nodesareawareof thenetwork topology We proposeanew concept
of minimal covering sets(seede nition 2). Using this technique we obtainthe
following results:

An optimal deterministicgossipingalgorithmwith the runningtime limited
toatmost steps.Pleasenotethatin all casestudiedsofar, thetime compleity
of any gossipingprocedurevasexpressedy notations.

An asymptoticallyoptimal -time gossipingalgorithmin thecasewhen
themaximumdegree is boundedby

Using minimal covering setsand clustertechniques[8, 42], we give another

optimal -time gossipingalgorithmfor largermaximumdegrees.

An asymptoticallyoptimal -time gossipingalgorithmin graphswith
maximumdegree —— for ary integerconstant and large
enough.

In chapter , we alsoproposeanew structurethegossiping-spanning-¢ée(see
section2.6.1).Basedon this structure we obtainthe following results:
An ef cient deterministiayossipingalgorithmwith therunningtime
in any multi-hopradionetwork, whichimprovespreviousbestresultsin
[48].
In chapter , we considerthe besttopologyfor the gossipingaskin multi-hop

radionetworksaswell. We obtainthefollowing result:
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We provethatthereis notary radionetwork topologyin whichthegossiping
taskcanbesolvedin time

We alsoshaw thatthislowerboundcanbematchedrom above for afraction
of all possibleinteger valuesof  andfor all othervaluesof we proposea
solutionadmittinggossipingn time

In chapter , we alsoshowv an("one-of") optimalradiogossipingn trees.

In chapter , we study deterministicgossipingproblemin directedad-hoc
radio networkswith polynomially large nodelabels,e.g., for some
constant . We proposeanen concepbf apathselector(seesection3.2.2),which
formsacrucialpartin our gossipingalgorithms.

An -time gossipingalgorithm, which is the fastestcur

rently known deterministicradio gossipingalgorithmin networks with an arbi-

trary topology The previous bestalgorithmsfor this taskrequire timein
[45] and timein [46]. Ouralgorithmimprovesalsothe previousbestup-
perbound for gossipingn ad-hometworkswith nodelabelsonly linearly

large[26, 98].
An -time deterministicgossipingalgorithm, which improves

theupperboundof algorithmin [43], if
and for someconstant

In chapter , we studyM2M multicastproblemin multi-hop radio networks.
While theradio network topologyis known to all nodeswe assumehatthe par
ticipating nodesare not aware of eachother's positions. Although eitherbroad-
castingor gossipingcould be usedto solve M2M multicast the formeroftendoes
not scalewell while the latter may not be ef cient becausean applicationmay
involve only a smallfractionof the total numberof nodesof the underlyingradio
network. In here we addresshe problemof minimizingthecommunicatiortime.

To the bestof our knowledge thisis the rst studyof M2M multicasttime in this
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communicatiormodel.
We develop new clustertechniqueqseesection4.1.2)to presere locality,
which leadsto thefollowing results:

A new fully distributeddeterministicalgorithmfor theM2M multicastprob-
lem, which worksin time , Where is the numberof par-
ticipantsand is the maximumdistancebetweenary two out of participants.
Henceour algorithmis linearin the sizeof the subnetvark inducedby the partic-
ipatingnodesandonly polylogarithmicin the sizeof the entireradio network.

Ourresultsin this dissertatiorappearedn thefollowing refereecpapers:

L. Gasieniec,l. Potape and Q. Xin, Ef cient Gossipingin Known Ra-
dio Networks, in Proceeding®f 11thInternationalColloquiumon Structuralln-
formationand CommunicationCompleity, SIROCCO 2004, SmoleniceCastle,
Slowakia,LNCS 3104,pp. 173-184.

L. Gasieniec,T. RadzikandQ. Xin, FasterDeterministicGossipingin Ad-
hocRadioNetworks, In Proceedingsf 9th Scandingian Workshopon Algorithm
Theory SWAT 2004,HumlebaekDPenmark LNCS 3111,pp. 397-407.

L. GasieniecE. Kranakis,A. PelcandQ. Xin, DeterministicM2M Multi-
castin RadioNetworks, in Proceeding®f 31stinternationalColloquiumon Au-
tomata,LanguagesindProgramminglCALP 2004, Turku, Finland,LNCS 3142,
pp.670-682.

L. Gasieniec|. Potap@ and Q. Xin, Ef cient Gossipingin Known Radio
Networks, submittedto Elsevier Journal:TheoreticalComputerSciencg TCS)

L. Gasieniecand Q. Xin, CentralizedDeterministicGossipingin Known

RadioNetworks,submittedto Elsevier Journal:InformationProcessing.etters
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Chapter 2

Time Ef cient Gossipingin Known

Radio Networks

Most of thework concerningcommunicatiorproblemsin knownmulti-hopradio
networksfocusedon broadcasting Deterministiccentralizedbroadcastingvas
rst consideredn [32], wherean -time broadcastinglgorithmwas
givenfor all -nodenetworks of diameter . GaberandMansour[42] shaved
thatthebroadcastingaskcanbecompletedn time . Two alternatve
broadcastinglgorithms(superiorfor small diameters)canbe foundin [32, 66].
Ontheotherhand,in [5] the authorsprovedthe existenceof a family of -node
networks of radius , for which ary broadcastingequirestime . In
otherwork of Diks etal. [33] we can nd efcient radiobroadcastinglgorithms
for (various)particulartypesof network topologies.However in generalcase,it
is known that the computationof an optimal (radio) broadcasschedulefor an
arbitrarynetwork is NP-had, evenif the underlyinggraphof connectionadmits
aplanarembedding27, 85].

Thegossipingproblemwasnotstudiedin thecontext of known radionetworks

until very recentwork of GasienieandPotape [44]. Onecan nd therea study
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onthegossipingoroblemin known radionetworks,whereeachnodetransmission
is limited to unit messagesin this modelthey proposedseveral almostoptimal
-time gossipingalgorithmsin variousnetwork topologies,including: lines,

rings, starsandtrees.They alsoprovedthatthereexistsaradionetwork topology
in which thegossiping(with unit messagesequires time.

We study herethe gossipingproblemin known radio networks, i.e., when
all nodesare aware of the network topology We startour presentatiorwith a
deterministicalgorithmfor the gossipingproblemthat worksin at most units
of time in ary radionetwork of size . Thisis anoptimalalgorithmin the sense
that thereexist radio network topologies,suchas: a line, a staranda complete
graphin which the radio gossipingcannot be completedn lessthen units of
time. Further we shav that thereis not ary radio network topology in which
the gossipingtaskcanbe solvedin time We shaw alsothat
this lower boundcanbe matchedrom above for a fractionof all possibleinteger
valuesof andfor all othervaluesof we proposeasolutionadmittinggossiping
in time We show lateran("one-of") optimalradiogossipingn
trees.And then,we studyasymptoticallyoptimal -time gossiping(where
is adiameterof thenetwork) in graphswith maximumdegree
for ary integer constant and large enough. Finally, we give a more
ef cient gossipingalgorithm that works in time in ary radio
network, which improve previousbestresultsin [48].

Suchtopology-wisecommunicatioralgorithmsare usefulin radio networks
that have a relatively stabletopology/infrastructure And aslong asno changes
occurin the network topology during the actualexecutionof the algorithm, the
task of the gossipingis completedsuccessfully Anotherinterestingaspectof
deterministiccommunicatiorin known radio networksis its closerelationto ran-

domisedcommunicationn unknavn radionetworks.
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2.1 The GossipingAlgorithm in Time

Letthegraph betheunderlyinggraphof connectionsn agivenradio
network, where standdor the size(humberof nodes)of the network. We
assumehatinitially eachnode holdsauniqguemessage . Thegossiping

task(all-to-all communication)s performedin discreteunits of time, alsocalled
time steps At ary unit of time, anodecanbe oneof thetwo transmissiormodes:
thereceivingmodeor thetransmittingmode A gossipingalgorithmis understood
to be a well de ned transmission/receptioprocedurefor eachnodeof the net-
work. We assumehat during a singletime stepa transmittingnodeis allowed
to senda combinedmessagevhich includesall messagethatit receved sofar.
Therunningtime of agossipingalgorithmis the smallesihumberof time stepsn
whichtheall-to-all communications completed.
We saythata radio network hasradius if thereexists at leastonenodein

which is at distance from all othernodesin the network, andthereisn't
ary nodein  atdistance from all othernodesin the network. We call this
specialnodea central nodeandwe denoteit by . Let  bethegossipmessage
originatedin the node . At ary time stepof the gossipingprocess

denoteshesetof all messageacquiredoy until now. E.g.,initially

De nition 1 Let bethe BFSlevelin agraph with respecto a centmal
node , i.e., , Whee standdor thelengthof a

shortespathbetweemodes and in

E.g.,node , all neighborsof arein , their neighborsoutsideof andof
form |, etc.
We alsodistinguisha set  of nodesthat have not transmitted(at all) since

the beginning of the gossipingprocess.Initially In aradionetwork with
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aradius andacentralnode , we canpartitionthe setof nodes into disjoint
subsets s.t.,theset , for

A reasoningresentedhereis basedn a notionof aminimalcoveringset

De nition 2 The minimal (in termsof inclusion) coveringset is a subsetof
s.t.,everynodein is connectedo somenodein , andaremwal of any

nodefrom  destructthis property

Obsewation 1 Eadc node is connectedo somenode s.t., is

not connectedo anyothernodein
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Figure2.1: Radionetwork with centralnode andradius

2.1.1 Outline of the Algorithm

The generalideaof the gossipingalgorithmis asfollows. Initially we shaov that
in ary radionetwork with radiusl andsize thegossipingaskcanbecompleted
in time  In radio networks with larger radii we shawv that there always exist

four distinctnodes and s.t., cantransmit(its currentcontent) to
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and cantransmit to  in the sametime step,andthatthe removal of
both and doesnotdisconnectheremainingpartof the network. We call this
approacha 2-verte reduction The gossipingalgorithmusesthe newv approach
for the purposeof moving all messaget someconnectedgubnetvark (of the
original network) with radius1 andsize in exactly unitsof time. This
is followed by the gossipingin the subnetverk in at most units of time.
Finally, we usethelast unitsof timeto distributethemessagew all othernodes
in thenetwork by reversingthetransmissiordirectionin theinitial  unitsof time.
This meanghatthe gossipingn ary radionetwork of size canbe completedn

time

2.1.2 Gossipingin Radio Networks with Radius 1

We shav herethatin ary radio network topology with radius the gossiping
algorithmcanbecompletedn time , where isthesizeof thenetwork. W.l.0.g.,
we assumehat . Accordingto thede nition of aradionetwork with radius
, we know thatthereexiststhe centralnode whichis atdistance  from ary
othernodein the network. In this case,we cantransmitall messages , s.t.,
to the centralnode , oneby one,in time . Whenthis stage

is completed, And we needjust onetime stepmoreto

disseminatéhe contentof to all othernodesn theradionetwork.

2.1.3 Gossipingin Radio Networks with Higher Radii

In whatfollowswe show ef cient reductionof anetwork with anarbitraryradius
to its connectedubnetveork with radiusl. Thisreductionis basedntheconcept

of 2-vertex reductionintroducedat the beginning of this section.

21



Reduction2 1

We startwith the proof that any radio network with radius canbe ef ciently
reduced(by a sequencef 2-vertex reductions}o its subnetvork with radius
Givenaradionetwork with radius Initially, we identify the centralnode and
we constructsets andacoveringset . Aslongas , We can
transmitsuccessfullythe contentsof at leasttwo nodes to somenodes
at eachtime step,thanksto the covering propertyof Pleasenote
thataftereachtransmissiomodes are“removed” temporarily(switchedoff)
from the network andthe contentof the coveringset  is recomputed.When
eventually two casesapply When the radiusof the subnet-
work becomes , andthe reductionis completed.If , we call the node

remainingin  anessentianhode . Let bethe setof nodesin thatare

not neighboursof I both , We canalwayschoose and
where and If eventually also there-
ductionis completed Alternatively when , theessentiahode becomes

anew centralnodein asubnetvork with radius

Reductionk+1 k

We prove now thatary radionetwork with radius canbeef ciently reduced

(by a sequencef 2-vertex reductions)to its subnetwork with radius  for ary

In aradio network with radius , We initially identify the centralnode
andwe constructthe layer sets andthe covering sets
.Let beaset , for all
Note, thataslong as , we cantransmitsuccessfullythe contentsof at
leasttwo nodes to somenodes during eachtime step,

thanksto thecoveringpropertyof ~ Wheneventually two casespply.
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When the radiusof the subnetvork becomes , andthe reductionis
completed.If , we call the noderemainingin  anessentiahode

By  we denotethe setof nodesin that are not neighboursof If now

and we match
ary transmissiorfrom a node to anode with a transmission
from a node to its neighbour

in the layer which is closerto the centralnode. This reductionprocesswill
terminateeventually wheneither: the set is empty which meansthat the
radiusof the subnetvark hasbeenreducedo ; or at somepoint
. Butthenwe know thattheessentiahode
is a neighbourof all nodesin the set In this case,the essential
node becomes new centralnodesinceits distancerom ary othernodein the

network is Thefollowing theorenmfollows:

Theorem 1 Thegossipingaskcanbesolvedin anyradio networkof size in at

most unitsoftime

2.2 Optimal Topology for Gossipingin Radio Net-

works

In this sectionwe presentaradio network topologyin which radio gossipingcan
be performedin time We later presenta simpleargumentthat
radio gossipingcannotbe completedn time We alsodo a
steptowardsclosingthe gapbetweertheupperandthelowerbound.We conclude
this sectionwith a presentatiorof a muchmorecomplex topologythatallows to

performradio gossipingin time for a fraction of all possible

integervaluesof
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2.2.1 Upper Bound

A topology of “gossiping-friendly” radio network supportsthe following trans-
missionstratayy. Initially collect(gather)all gossipmessages onedistinguished
node andthendistributethe messagewo all othernodesasquickly asit is pos-
sible (e.g.,in a singletime unit). In orderto achieve this goal we selecta node
(center) andwe connecit with everyothernodein  Theremaining
verticesin areorganisedn anoptimalbroadcastingree(OBT) usedin
the matchingmodel, see,e.g.,[86], with aroot Recallthatthe OBT hasre-
cursive construction.l.e., having two OBTsof size  each: and
rootedin nodes and respectiely, we canconstructanen OBT tree

of size rootedin  byconnectinghode asachildof  Any OBT

is partitionedinto time layers. Theroot is atthelayer andall other
nodesareatthelayers Thedivision into layersis de ned recursvely
asfollows. Whenwe combinetwo OBTs and (with well de ned
time layers ) into anew OBT rootedin  onlyroot stays
at time layer 1. Every othernode,bothin and formerly at the
layer is now movedto thelayer for all Theintuition behind

the time layersin OBTsis thatduring the broadcastingprocessary nodeat the

level getsthe messagdrom its parentfrom layer in time step for all
We alsorecallhere thatin anOBT tree in which isnota
power of two, somenodesatthelowestlayer canbemissing.In order

to simplify the presentationve will useatermOBT  to denoteary

We pointout here,thatthe OBT  rootedin canalsosene the purposeof
gatheringat most messageéin the radio network model)in theroot in the
optimaltime  Thisis doneby reversingall transmission# time. l.e., if during
broadcastingrocesgin the matchingmodel)node transmitsto node in step

, in gatheringalgorithm(in the radionetwork model)node transmits
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all messagesollectedsofarin step Usingthisobsenationandassuming

thatthenodesn areorganisedn theform of theOBT rooted
in  we shav thatwe canmove messagefom towards intime
These messagearelater passedowardsthe centralnode

whonow hasall messagedn thelaststepnode transmitghecombinednessage
(containingall messagedp all othernodesin onetime step(since is connected
to every othernodein the network). And the gossipingprocesss completedn

time

Lemmal Thee existsa radio networktopology in which the gossipingtaskcan

becompletedn time for anyinteger

2.2.2 Lower Bound

Ontheotherhand,notethatduringeachconsecutre roundknowledge(a number
of possessethessagesn eachnodecanat mostdouble. This meansthat after
step knowledgeof ary nodeis limitedto original messageslhus,afterinitial
stepsof ary gossipingalgorithmin arny radio network topology
noneof the nodesis completelyinformed, since Note alsothat
during the last round of the gossipingprocesshe only nodesthat are permitted
to transmit,arethosewho alreadypossessll messagesinceatransmittingnode

cannotreceve messageat the sametime. Thefollowing lemmafollows.

Lemma2 Thecompletionof the gossipingtaskin anyradio networkrequiresat

least steps.

2.2.3 Tightening the Gap

We have just presentedboth the upperandthe lower boundsfor the mostsuitable

topology for radio gossiping. Pleasenote that the upperboundand the lower
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Figure2.2: Thebesttopologyallowing gossipingn time

boundmeeteachotherwhen for any integer . For all othervaluesof

the gapbetweertheboundss 1. This posesaninterestingguestionj.e., which
of thetwo: or is thecorrectexactbound?In this
sectionwe shaow thatthe latter oneis not. We proposemore sophisticatedadio
network topologyin which, for largeenough s.t., - the
gossipingcanbedonein time

Considermanetwork  whichis composeaf threecomponentsseeFigure2.2:

atree witharoot (anditstwoexactcopies and includingadjacent

edges),
atree witharoot ,and

agroupof specialnodes:threeroots , threecental nodes

andthreehelpes ,

The structureof trees and is very muchbasedon the structureof the
optimalbroadcastingin our casegatheringkreeOBT  whichis of size and

it contains (time)levels.Thenodesn and thattransmitin time stepl
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duringthe gatheringorocessareunderstoodo beatlayer1, thosethattransmitin

time step2 atlayer 2, etc,seeFigure2.2. Thus,layersin thetrees and are
enumerateth thereverseorder comparingo thenumberingof layersin standard
OBTs. Thetree is obtainedfrom OBT  via deletionof threesetsof nodes

, , (tobede ned later) andall edgesconnectedo them. Thetree s

obtainedrom OBT via deletionof two setsof nodes , andall edges
connectedo thesenodes. The contentof each for is de ned as
follows:

is a setof leavesin  that are children of the nodesat layers -

is a setof nodes from layers and in thatbelongto subtrees

rootedin childrenandgrandchildrerof theroot

is asetof nodesof asubtreeof  rootedin node where isachild

of theroot atlayer

contains3 nodesin : twochildren and oftheroot atlayer

and respectrely, andthechild of atlayer and

isasetof nodedn thatform asubtreaootedin node where is

achild of theroot  atlayer

Anotherimportantcomponenbf the network is a setof specialnodes. This
setincludestheroot of andits entirelyequialentcopies and which
areconnectedo thesamenodegas is)in thetree . Ontop of this,theroots

, and aremutually connected.The rootswill be usedto sentmessages
collectedfrom thetree tothecentralnodes , and in onetime step(i.e.,

step ).
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The setof specialnodesincludesalsothreecentralnodes and . The
centralnodessharedirect connectiondo all othernodesin the network . In
fact,thedirectconnectiorfrom the centralnodesform a partition of othernodes.
It meanghatafterwe gatherall messagems eachof thenodes , and , we
areableto distributethe message® all othernodeg(i.e., completethe gossiping

process)n asingletime step.We show laterhow to inform all centralnodesn at

most rounds.In particular thecenter is connectedo all nodesin  at
layers -, totheroot , andthehelper . Thecenter is connectedo all
nodesn atlayerl andlayers - ,theroot , andthehelper

Thecenter isconnectedo all nodesn (includingthehelper ), thechild of
therootin  atlayer , andtheroot

Thelastgroupof specialnodescontainghreehelpers , and ,where
istherootof . They aremutually connectedandtheir purposeis to exchange
original messagetom the centralnodesandto acquiremessagegatheredn the
tree

Oncethe constructiorof thenetwork  is completedve shav thatgossiping
in  canbeperformedin time steps.The expression

is usedto denotethata node sendsits all currentknowledgeto

nodes and meanghattransmissions and  areperformed

simultaneously

Steps Transmissions
(1) (all nodesatlayer in  transmit)
(2)

(all nodesatlayer in transmit) (all nodesatlayer in transmit)
(3) (all nodesatlayer in  transmit)

(all nodesatlayer in  transmit)
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(4) (all nodesatlayer in  transmit)

(all nodesatlayer in  transmit)

(-) (all nodesatlayer- in  transmit)
(all nodesatlayer - in  transmit)
- ) (all nodesatlayer - in  transmit)

(all nodesatlayer- in  transmit)

(k-2) (all nodesatlayer in  transmit)

(all nodesatlayer in  transmit)
(k-1) (all nodesatlayer in  transmit)
(k) (anodeatlayer in transmitsto and )
(k+1)
(k+2) , , transmitto all theirneighbours.

During the gossipingprocesgin thenetwork ) we rst collectall messages
in centralnodes , and intime . Themainidea
behindtheremoval of sets  through s to avoid collisionswhenthe special
nodesact,i.e.,whenthey transmitandlisten. Thelossof nodescausedy removal
ofthesets , and from is compensatedly the nodesavailablein the
tree . Infact,thesizeof formedoftrees and andafew morespecial
nodesis This is dueto thefactthatthe cardinalityof each

for IS Thefollowing lemmaholds:

Lemma 3 Thee existsa radio networktopology in which the gossipingtaskcan
becompletedn time for anyinteger

and large enough.
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In particular we concludethatwe know how to build the optimal (in termsof

gossipingyadionetwork topologyfor afractionof all integervaluesof

2.3 Almost Optimal Gossipingin Trees

In this sectionwe presentan("one-of") optimalgossipingfor ary tree-like radio
network topology
In our new gossipingalgorithm (similarly to what we did before)we rst

gatherall messagem theselectechode (center)andthenwe distributethemes-
sageqasonecombinedmessagelisingthe broadcastingrocedure Pleasenote
thatthetime compleity of radiobroadcastindgrom thenode to all othernodes
in thetreeis equalto theeccentricityof in thetree(wheretransmissionareper
formedIevel by level). Though,thisis rathernaive proceduret is alsooptimal.
We show alsothatthe gatheringstagecanbe executedn optimaltime. Our gath-
ering algorithmis basedon optimal broadcastingalgorithmin treesin matching
model[86], in which the sequenc®f transmissionss reversedin time andeach
transmissiorchangests direction. Let be the optimal broadcasting
timefromroot inatree in matchingmodel. Thus,if in the broadcastingpro-
cedurenode transmitd¢o intime ,inthegatheringprocedurdin radiomodel)
node transmit¢o intime More preciselythesequencef transmis-
sionsin optimal broadcastingn trees(in matchingmodel)is de ned asfollows.
Any node thatgetsthebroadcasmessagéfrom its parent)in step (andthisis
theonly time when getsa message)it informsits children , oneby
one,in the following consecutie  steps: (andthesearethe only
time stepsin whichthenode transmits).Analogouslyin caseof our gathering
procedureary node (apartfrom theroot ) transmitsto its parenta combined

messagdcontainingmessagefom ) in the time step , Which is
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precededy transmissionfrom its children oneby one,in consecutie
steps

We shaw thatour algorithmperformsthegatheringask,i.e., thatall messages
canbecollatedin theroot (in radionetwork model)in time too. Theproofis
doneby induction. Note, that, sincethe whole broadcastingrocessakestime
thetime availablefor broadcastingn tree is boundedby andthetime
availablefor broadcastingn each (where isthe childof )isbounded
by for Thus,by theinductive assumptior{in caseof our
gatheringorocedurejhetime sufces alsoto collectall messageom

initsroot  Andsincenode (theparentof ) expectsmessagelelivery

from exactly atthetime step all messagesollectedin
will besuccessfullfransmittedo  And thenode is readyfor thetransmission
toits parentin time

We shav now that the latter gatheringalgorithmis optimal. The proof is
doneby contradiction.l.e., assumehatthereexists anothemmoreef cient gath-
ering procedureandthatit takesstrictly lessthan time stepsto accomplishithe
gatheringtask. We shaw that this gatheringprocedurecan be translatednto a
broadcastingrocedurdin matchingmodel)without any time overheads.

Firstnote,thatany transmissionn time from node inthegatheringorocess
is useful(in termsof informing the parentof ) if it carriesall messagefrom

Otherwisenode isforcedto transmitagain,in orderto deliverto its parent

someremainingmessages in But this meansthat theremustbe further
sequencef transmissionsupportingdelivery of the message to the root
This provesthat all previous transmissiongrom were needlesssinceearlier
we could have hold othermessagesn  andreleasethemonly uponarrival of
themessage Thus,having ary particulargatheringprocedureywe canremove

from it all transmissionshatarenot useful. And doingthis, we will notincrease
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thetime compleity of thegatheringorocedureWe call theremoval of not useful
transmissionasthe pruningprocess.

Note thatin a prunedgatheringprocedureeachnode transmitsonly once
(afterit getsall messagefrom its descendants)Moreover all transmissionst
childrenof mustbeexecutedn differenttime stepgin orderto avoid collisions)
andonly wheneachchild is alreadyproperlyinformedby its children. Usingan
argumentsimilar to the oneusedin the last proof, we shawv thatreversingtrans-
missionsin prunedgatheringprocedurewill leadto the broadcastingprocedure
(in the matchingmodel)with the sametime compleity, which is (accordingto
our assumption) But, this contradictsthe fact the optimal broadcastingn

requires time steps.

Lemma4 Thee existsa gatheringalgorithmthat collectsall messgesin a tree

in optimaltime

Recallnow thatbroadcastingin radionetwork model)in atreewith root is
trivial, andit takestime where is the eccentricityof the node

We now shav how to performa “one-off” optimal gossipingin an arbitrary
treewith adiameter Initially we pick thecentralnode where — ona
path thatformsadiameter A distancéfrom to  (which
is ) is calleda shorterradiusanddenotedoy andadistancefrom
to (whichis ) is calledalongerradiusanddenotecdby . Pleasenotethat
if is oddthenbothradii arethe same;otherwise While
executingour gossipingalgorithmwe initially collectall messages the central
node (usingoptimalgatheringorocedurepndthenwe broadcasthe combined
messageo all other nodesof the tree. The time compleity of our solutionis

where standdor optimalgatheringimein node
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We now shaw that any gossipingalgorithm must use at least
And indeed,let  bethelastmessagéamongall messagem thetree)

thatwasdeliveredto  for the rst time. Pleasenote,thatthis canhapperatthe

earliestatthetime If this messageomesfrom any neighbour
we still needat least stepsin orderto completethe gossiping.However if
the message comesfrom we canonly saythatthe gossipingrequiresat

least steps.This givesusthelowerbound

Thefollowing theoremholds:

Theorem 2 For anytree with diameter we canconstructa gossipingalgo-
rithm that worksin: optimaltime, when is odd; andin (one-of) optimaltime,

when iseven.

2.4 Gossipingin Time

In this chapterwe will discussa classof graphsin which the gossipingtaskcan
be resohedin time Initially we shaw thatradio gossipingin time

in all graphswith a constantmaximumdegree . Laterwe shawv thatthelinear
gossipingtime canbe achieved alsoin all graphs,where — for

ary integerconstant and largeenough.

2.4.1 Gossipingin Time

Thegeneraideaof thealgorithmis asfollows. Initially, we pick the centralnode
andwe partition all nodesinto disjoint subsets/ayers , where

This is followed by gatheringstagewhenall (other ) messageare moved

to the centralnode , layerby layer. Finally, a combinedmessagéincludingall

original messagesds distributedfrom to all othernodesalsolayerby layer. In
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whatfollows we shaw thatall messagethatresideatlayer canbemovedto a

neighbourindayer (or )inatmost unitsoftime.

Lemmab All messgesavailable at layer canbe movedto a neighbouring

layer in atmost  unitsof time, whee
Proof. We useherenotationintroducedin section2.1. Let , and
(subsetof ) be the minimal covering setfor l.e., every nodein is
connectedo somenodein , andremoval of any nodefrom destructhis
property Note,thatevery node is connectedo somenode s.t.,
is not connectedo ary othernodein otherwisewe couldremove
from Thus, during a singletime step,every node recevesa
message transmittedrom its uniquenode Later, node is removed
from , whichmeanghatthe(virtual) degreeof eachnodein is decreased

by one. After removal of all 'sinvolvedin the transmissionsve endup with a
new set andits new coveringset We repeathewhole process
atmost times,sincethe degreeof nodesin the covering setis decreasedyy 1
duringeachroundof transmissions.

This meanghatthe gossipingtaskin ary radionetwork with diameter and
maximumdegree canbecompletedn time ,where  comes

from thegatheringstageand from thebroadcastingtage.

Theorem 3 Inanygraph  with adiameter anda constantmaximundegree

thegossipingaskcanbe completedn time

2.4.2 Gossipingin Graphs with Lar ger Maximum Degree

A new gossipingalgorithm presentedn this sectionis basedon the conceptof

ef cient broadcasting -time procedureproposedn [42]. We use
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herevery similar partitionof a (network) graphinto clustersandsupetlevels. The

maindifferencdies in greatercomplexity of the gossipingoroblem.

Cluster Graph and Tree of Clusters Assumewe have a graph
where andadistinguishechode Assumealsothatthe diameterof

isatmost A layer in isformedby nodesthatareat (same)distance

from for All layersin  aregroupedn supeflevels,s.t.,the th
supefrlevel is formedof layers _ for Eachsuperlevel
is coveredby the setof clusters s.t., (1) eachclusterhasdiameter —— , (2)

the union of the clusterscoversthe superlevel, and(3) the clustersgraphcanbe
colouredwith colours,wherethe clustersgraphis obtainedby treating
eachclusterasanode,andintroducingan edgebetweertwo nodesf in theorigi-
nal graphthereis someedgethatconnectsiodesfrom the correspondinglusters
or if the clusterssharea commonnode. Note, thatthe numberof clustersdoes
notexceed otherwisewe would be ableto remove at leastone (redundantpf
them. It alsofollows from the constructionpresentedn [42] that eachcluster
at superlevel hasa directconnection(anedgein the clustergraph)with some
clustersatsuperlevels and Thispropertyallowsto de ne atreeof clus-
ters which is a BFStreerootedin a clusterthat containsthe distinguishechode
The broadcastingprocedureproposedn [42] usestwo typesof information
transferin clusters from the top layerthroughthe bottomlayer of a supetlevel.
l.e., within eachclusterwe have either slow or fasttransfers.The slow transfer
is implementeddy non-optimalbroadcastingprocedurewhile the fasttransferis
performedalonga singlepathof length— It is known, thattransferdan thetree
of clusterscanbe organiseds.t.,on a pathfrom ary leafto theroot of the cluster
treethereis at most clustersinvolvedin slow transfers.In our gossip-
ing algorithmsthe slow transfersareimplementedy limited gossiping(de ned

below), andfasttransferqgasin broadcastingareperformedalongsimplepaths.
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In our algorithmwe use3 typesof communicatiorprocedures:

1.

LIMITED GOSSIPING — in which eachnodedistributesits (currently pos-
sessedjnessagéo all nodeswithin someradius Notethatif , the
limited gossipingaskcoincideswith thegossipingoroblem.Notealsothat

slow transfersaarebasedn limited gossiping;

. BETWEEN SUPER-LEVELS —in whichinformationresidingatthetop layer

of a lower (further from the root cluster) supeflevel to the bottom layer
of an uppersuperlevel. This type of communicationprocedureis used
when at leastone clusterof the neighbouringsuperlevels is involved in

slow transfers;

. FAST TRANSFER —in whichinformationis movedacrossoneclusterby fast

pipeliningalonga simplepath.

The gossipingalgorithmis implementedn 3 stages.

1.

Initially messagem eachclusterarecollectedin adistinguishedhode(pos-
sibly belongingto a fastroute)in thetop layerof eachcluster Thisis done
by LIMITED GOSSIPING, where —— i.e.,maximaldiameterof each
cluster Sincethe clustergraphcanbe colouredwith colours,all
limited gossipinggperformedsimultaneouslyn eachcluster(at all super
levels of the clustertree)canbe preformedsimultaneouslyith the multi-
plicative -time overheadl.e.,if standdor thetime compleity
of limited gossipingin agraphwith nodesmax-dgree anddiameter
thecontribtution of the rst stageto thetime compleity of ourgossiping

algorithmis —

. Messagefrom eachclusteraredeliveredto therootclusterandin particular

to the distinguishechode During this stagethe executionof threetypes
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of communicationproceduress performedin separatdinterleared) time

steps.E.g.,LIMITED GOSSIPING in time steps BETWEEN
SUPER-LEVEL in time steps andFAST TRANSFER in time
steps Also, theexecutionof singleroundsof communication

proceduregwithin eachtype)is synchroniseacrossall superlevels. E.g.,
theprocedurd. IMITED GOSSIPING startsandendsexactly atthesametime
in eachclusterandeachsuperlevel. Moreover, whennew messagearrive
at the bottom of a superlevel (e.g., deliveredby the BETWEEN SUPER-
LEVEL communicatiorprocedure}hey arebufferedatthebottomlayerand
allowed to traversetowardsthe upperlayersonly whenthe new round of

LIMITED GOSSIPING or FAST TRANSFER is aboutto begin.

The contritution to thetime compleity of our gossipingalgorithmof each

thecommunicatiorproceduress asfollows:

(a) Sinceexecutionsof LIMITED GOSSIPINGS aresynchronise@crossall
supeflevels,simultaneougxecutionof asingleroundof the LIMITED
GOSSIPING procedurgsdoneintime  —— Andsinceeachmes-
sagefraversingtowardstheroot cluster experiencest most
slow transferqseetherankingmechanisnin [42]) basedn LIMITED
GOSSIPING thetotal contribution to the slowdown of eachmessagés

boundedoy —_

(b) A singleexecutionof oneroundof BETWEEN SUPER-LEVELS proce-
durecanbeimplementedntime  Thisisaconsequencef Lemmab.
Sinceeachmessagéasto passatmost bordersbetweersuperlevels
the contribution of this type of communicatiorto the total time com-

plexity is boundedoy

(c) A simultaneousexecutionof FAST TRANSFER in potentially mary
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clusterson the samesupetrlevel resultsin a needof pipelinedtrans-
missionof messagesaccordingto the color of a cluster l.e., during
oneroundof FAST TRANSFER, messages$hat traversealonga path
in clusterscolouredwith numberl starttheir journey immediatelyin
all clusterscolouredwith number2 messagearereleasedhreetime
stepslater (in orderto avoid collisions betweenlayers),in clusters
colouredwith number3 — six time stepslater, etc. Thus nally in
clusterscolouredwith the largestnumber— time stepdater.
After messagés releasedtthe bottomlayerit reacheshe upperone
in exactly — time steps(a propertyof a fasttransfer). Thusthe con-
tribution of this type of communicatior{acrossall superlevels)to the

total time compleity is boundedoy —

3. Eventually afterall messagearesuccessfullygatheredn thedistinguished
node thecombinedmessagdécontainingall original messagesy broad-
castedto all othernodesin the graph. This canbe doneby reversingthe
gatheringprocesgresentedbove, wherethe time compleity remainsthe

same.

Theorem 4 Thetime compleity of our gossipingorocedue canbe expressedy
therecuisiveequation: — whee

is the numberof superlevelsin the ClusterGraph.

Iteratingthe recursve equationfrom Theorem4 for times:

— After further substitutionof the recursve componentby the
compleity (seethegossipingalgorithmpresentedh section2.4.1)

andtaking — we get:
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Corollary 1 for all graphswith and
for all constanintegers
2.5 -Time Gossipingin Trees

In this section,we give an ef cient gossipingalgorithmfor treesthat works in

time

2.5.1 Ranking Procedure

Givenanarbitrarytree,we chooseastherootits centralnode (seepagel9). In
therootedtree,a nodedeterminests rank accordingto the rank of its children.

We useherestandardie nition of therank,seee.g.,[42]. (Giventheranksof the

childrenofanode , say let If thereis a uniquechild
whoserankis , thentherankofnode is . Otherwisether are at least
two childrenwith rank , andin this casetherankof node is . All

leaveshavetherank .)

Lemma6 Therankofanynodein treeis at most (see[28]).

De nition 3 Afterall nodesin thetreeare ranked,all nodesget partitionedinto

different stagesets , whee In other

words,onlynodesn  areinvolvedin transmissionsgluring the th stage.

De nition 4 A fasttransmissiorsetin the th BFSlevel of thetreein stage is
de nedas (We

alsode ne and )
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Figure2.3: A rankedtreeof size

De nition 5 A slow transmissiorsetin the th BFSlevel of thetreein stege is

de nedas (We
alsode ne and )
Lemma7 All nodesn transmitto their parentssimultaneouslyvithoutany

collisionduringthe th stage, for

Proof. Considelary two distinctnodes and in , Whichinterfereeachother
Obviously, thesetwo nodesmusthave the sameparent in thetree. Though,ac-
cordingto the de nition of the rankingprocedurewe know thatthe rank of the
node is atleast iff rank( )=rank( )= Also accordingto the de nition of
thefasttransmissioset  , weknow thatthesewonodes and donotbelong

to , which leadsto contradiction.
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The following proceduremoves message$rom all nodeswith rank into

nodeswith rank

Procedure GATHERING( );

1. Moveall messageBom nodesn to ;

from downto layer by layer

2. Move all messagefom nodesin  to their parents;

all parentscollectthe messgesfromtheir childrenin  onebyone

Thetime compleity of steplis dueto Lemma?. Thetime compleity of
step2 is boundedoy becausehe maximumdegreeof thetreeis
Dueto Lemmas, in thetree,thereareat most ranks. Thusapplying

the procedureGATHERING, we completethe gatheringstagein time

Theorem5 In anytreeof size , diameter andmaximumdegree |, the gos-

sipingtaskcanbecompletedn time

Proof. Thegatheringof all messagem therootof thetreeis donein time

. Thisis followedby thetrivial broadcastingtagen time

2.6 MoreEf cient Gossipingin Arbitrary Graphs

We start this sectionwith an introduction of a novel conceptof a gossiping-
spanning-tee(GST). Thesetreesplay acrucialrole in time ef cient gossipingn
arbitrarygraphs.And indeed we shav thatanarbitrarygraph containsa GST.
We alsoproposean -time algorithmthat constructeshe GST in ary graph
of size anddiameter . In theconcludingpartof this sectionwe deliveranev

andmoreef cient algorithmthatcompletegjossipingn time
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2.6.1 The Gossiping-spanning-tee

We startthis subsectiomwith the de nition of the gossiping-spanning-tree.

In anarbitrarygraph , any spanningree  of ,s.t.,

(1) isrootedatthecentralnode of

(2) isranked,and

(3) all nodesin of are able to transmittheir messageso their parents
simultaneouslyvithout ary collision, for all and

is calleda gossiping-spanning-¢eGST.

De nition 6 In a graph , & pre-gossiping-tree is

anarbitrary ranked BFS(spanning)reerootedin the central node .

Original Graph Pre-gossiping-tree with ranks

Figure2.4: Fromtheoriginal graphto aranked pre-gossiping-tree
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Theprocedureonstructingagosiping-spanning-tre8STfrom apre-gossiping-
tree is basedn the prunningprocessDuring the prunningprocessa func-
tion CHECK-COLLISION is usedto detecttwo nodesin (if sucha pair
exists)thatarenotableto transimitsimultaneouslyheirmessageto their parents
in The function returnseithera pair of nodes whosetransmissions
arecauseof thecollision or it returnsnull if sucha pair doesnot exist.

Function CHECK-COLLISION . A PAIR OF NODES;
Q) if and , Where
(2) thenreturn( );

(3) elsereturnfull);

The following procedureconstructsa gossiping-spanning-tre8ST on
the basisof . The prunningprocesss performed(BFS) level by level
startingfrom the bottom(level ) of (outerloop). At eachlevel we gradu-
ally x theparentsof all nodeswho arepotentiallyinvolvedin collisionsstarting
with nodeswith the highestrankatthelevel (innerloop).

Procedure GOSSIPING-SPANNING-TREE( );
(1) Fori:= downtoldo

(2) begin

(3) Forj:= downto 1 do

(4) Dbegin

(5) While CHECK-COLLISION null do
(6) begin

(7) rank =j+1;

(8)

(9)

(10) ;

43



(11) ;

(12) rerank only atthetop BFSlevelsfromi-1 downto ;
(13) recomputesetsin - and in new

(14) end

(15) end

(16) end

We will prove now that the procedureGossIPING-SPANNING-TREE CON-
structsthe GST of an arbitrary graph in time We usethe

following inductive agument.

Lemma8 Aftercompletingheprunningprocessatthelevel in , thestruc-
ture of edgesin betweerlevels is xed, i.e., thetransmissions
within levels inall s,for are freeof collisions.

Proof. We usethe assumptiorthat beforethe th executionof the outerloop,
all edgesin betweenlevels from through arealready x ed andthey
will never changeagain. Note thatduring the prunningprocessat thelevel the
updatesnvolve only someedgesbetweenlevels and Note alsothatthe
updatesat the level are executedalways rst at the nodeswith higherranks.
Thus, after a pair of nodes  with the samerank getsprunedandtheir now
joint parent getsa higherrank neitherthe pair northeedges
leadingto their new parentwill be consideredgain.Thisis because¢he pair
nolongerbelonggotheset andfurtherupdatestthislevel atnodeswith ranks
andsmallercannotchangethis property On the otherhandthe former parent
of ( ) might be downgradedto the lower rank after losing its child
But this is not dangeroussincethe prunningprocesss performedat nodes
with graduallydecreasinganksandthe formerparentof will be consideredif
needed)during somelater stageof the prunningprocessat the level . Which

completeghe proof.
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Thefollowing theoremholds.

Theorem 6 Thee exist efcient (polynomialtime) constructionof a in an

arbitrary graph

Proof. Follows directly from lemmas.

Figure2.5: Fromthe pre-gossiping-tre® a gossiping-spanning-tree

2.6.2 -Time Gossiping
Usingtheranksof the nodegconstructedn the previoussection).all nodes
get partitionedinto distinct stege sets , Where

We gatherall messagem the centralnode stageby stage,usingthe structure
of the . During the th stage,we initially move all messagefrom nodes

in to somenodesin . In orderto avoid collisions betweentransmission

45



originating at different BFS levels we divide the computationatime into three

separatéinterleaved)slots. S.t.,thenodesin  transmitin time slots (mod
3), iff (mod3); transmitin time slots (mod3), iff (mod3); and
transmitin time slots (mod3), iff (mod?3).

Later, we move all messagefom nodesn  to their parentsn

Lemma9 Duringthe th stage, all nodesn set ofthe are movedto their

parentsin time

Proof. UsingLemmab we know thatwe canmove all messageketweertwo con-
secutve BFSlevelsin time . In orderto avoid extra collisionscauseddy nodes
atneighbouringBFSlevelsalsoherewe usethe solutionwith the 3 separaténter-

leavedtime slots,which slowdownsthewholecommunicatiorby a multiplicative

constanB.

Whenthe gatheringstageis completedthe gossipingproblemis reducedio
thebroadcastingroblem.We distributeall messaget everynodein thenetwork

by reversingthe directionandthetime of transmissionsf the gatheringstage.

Theorem7 In anygraph ,thegossipingaskcanbecompletedn time

Proof. During the th stagewe moveall messagesr to intime due
to maximumdistance betweenary two nodesin the andthe prunning
propertieof the . Accordingto Lemma9, all nodesn set arecollectedto
theirparentsn  intime Sincethis processasto berepeated times
(thenumberof differentranks seeLemmab), we concludehatthegossipingime

canbeboundedy
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2.6.3 -Time Gossiping

In previous sectionthe transmissiomprocessvassplit into separatestages,
eachcosting unitsof time. In this sectionwe shav how to pipelinethe
transmissionsf differentstagesatthesametime. Thiswill allow anew gossping
algorithmwith thetime compleity

In orderto achiwe this we split the communicatiorprocessnto consecutie
blocksof 6 time unitseach. The rst 3 units of eachblock will be usedfor fast
transmission®f nodesfrom theset , andtheremaining3 will be usedfor slow
transmission®f nodesfrom theset  We use 3 units of time for eachtype of
transmissiorio avoid collisionsbetweerdifferentneighbouringBFS levels, sim-
ilarly aswe did in lastsection.Recallnow thatdueto Lemma5 we canmove all
messagebetweentwo consecutie BFSlevelsin time  We computefor each
node atlevel anumberof astep in whichthenode can
transmitwithoutinterruptionfrom othernodesn  atthelevel .

The patternof transmission®f anode atthelevel andwith therank in
GSTdepend®nwhetherit belongdotheset ortotheset andit isasfollows:
Q) if then transmitswithin thetime block

(2) otherwisg( ) transmitswithin thetime block

Lemma 10 Anode transmitgts messge aswell asall messgescollectedfrom
its descendantowardsits parentin GSTsuccessfullguring thetimeblodk allo-

catedto it by the patternof transmissions.

Proof. Firstnotethataccordingto the patternof transmissionsll descendantsf
thenode transmitin earliertime blocks. E.g.,if adescendant of is atthe
level andthe samerank the rst termof the expression

is smallerfor If hasalsosmallerrank bothtermsof the expressionare

smaller It meanghatthenode transmitsearlierthanthenode
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We will prove now thatarny node following the patternof transmissionsvill
transmitto its parentwithoutbeinginterruptedoy arnyoneelse.Firstnotethatthere
will beno collisionsbetweemeighbouringBFS levelsthanksto the 3 time units
availablewithin eachblock. Also therewill beno collisionbetweertransmissions
comimngfrom differenttypeof transmissiorthankstwo partsof eachtime block.
We haveto consideronly potentialcollisionswithin the sametypeof transmission
atthesameBFSlevelin GST Assumethat andthey areatthesameBFS
level in GST If and have alsothe samerank they do notinterrupteach
otherdueto thepropertyof GST. If they have differentranks and respectiely
they transmitin differenttime blocks and SO
they do notinterrupteachother Now assumehat andthey areat the
sameBFSlevel in GST They donotinterrupteachothersinceeithertheirranks
aredifferentandboth Or if they have thesamerank they have
differentvaluesof and This completeghe proof.

Sincethe numberof blocksusedin the patternof tranmissiongs limited to

thefollowing theoremholds.

Theorem8 In anygraph , thegossipingtaskcanbecompletedn time

Usingthis theoremwe canextendthe classof graphsfrom [48] in which the

gossipingcanbe completedn time asfollows.

Corollary 2 Thegossipingaskcanbecompletedn time in all graphswith

48



Chapter 3

Deterministic Gossipingin Ad-hoc

Radio Networks

In this chapter we presenta deterministicalgorithm that solves the gossiping
problemin directedad-hocradio networks with polynomially large nodelabels
in time . This is the fastestcurrently known deterministicra-
dio gossipingalgorithmin graphswith an arbitrarytopology The previous best
algorithmsfor this taskrequire time in [45] and time in [46].
Ouralgorithmimprovesalsothe previousbestupperbound for gossiping
in ad-hocnetworks with nodelabelsonly linearly large [26]. The algorithmis
basedon an extensionof the conceptof stronglyselectve families[24, 29] from

starlik e sub-graphsnto sub-graphsvith a moregenerakopology We alsoshav

a simple -time deterministicgossipingalgorithm, which improves
Gasienie@andLingas'[43] upperboundof algorithm,if
and for someconstant . Ournew al-

gorithmshave only logarithmicdependencen , whichmakesthemappropriate
for networkswith evenlargerlabels,for examplewhen , for aslowly

growing function
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Our new algorithmsare non-constructie sincethey are basedon an exten-
sionof theexistenceof certaincombinatoriaktructuresut not on their construc-
tion. Using the constructionglescribedoy Indyk [55], our algorithms,similarly
to Chrobak,Gasieniecand Rytter's [26] broadcastingand gossipingalgorithms,
aremadeconstructve with only slowdown.

The chapteris organisedasfollows. In section3.2 we recallbasicde nitions
onselectvity, selectve families,andselectorsWe alsointroducea new notion of
apathselectorwhich formsa crucialpartin our maingossipingalgorithm.From
section3.3to section3.6,webrie y describeahemaintechniquesisedn previous
gossipingalgorithms. Finally, we presentour two fastergossipingalgorithmsin

section3.7.
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3.1 Communication Model

We considerthe following model of a radio network. A network is a directed,

strongly-connectedraph where representthe setof nodesof the
network, and containsan (ordered)pair of distinctnodes iff
node candirectly senda messageéo node . If , thenwe saythat

is a neighbourof and is anin-neighbourof . The total numberof the
in-neighboursf anode is its in-deggreg andthe maximumin-degreeof anode
is calledthe max-indgreeof the network. The sizeof the networkis the number
of nodes . Eachnode is labelledby a distinctpositive integer. The
setof nodesdirectly reachabldrom a node istherangeof Oneof the
radionetwork propertieds thata messagéransmittedoy a nodeis alwayssentto
all nodeswithin its range.

The communicationn the network is synchronousindconsistof asequence
of (communicationyteps.Duringonestep,eachnode eithertransmitsor listens.
If transmitsthenthetransmittednessageeache®achof its neighbourdy the
endof this step. However, anode in therangeof successfullyrecevesthis
messagéf in thisstep islisteningand istheonly transmittingnodewhichhas

in its range.If node s in therangeof atransmittingnodebut is notlistening,
or is in therangeof morethatonetransmittingnode,thena collision occursand

doesnot retrieve any messagén this step. Moreover, the “noise of collision”
is indistinguishabldrom the “backgroundnoise” experiencedy a nodewhichis
notin therangeof any transmittingnode(thatis, thenodesdo not have acollision
detectionmechanism).Dealingwith collisionsis one of the main challengesn
ef cient radiocommunication A commonlyusedtool for copingwith collisions
is the conceptof selectivefamilies of sets [24, 29, 26, 45]. In Section3.2 we
recallthis conceptandintroducea novel, morepowerful way of usingit.

The (communication}ime of analgorithmis the numberof communication
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stepsrequiredto completethe algorithm. That is, we do not accountfor ary
internal computationwithin individual nodes. Anotherabstractiorof the model
is no limit on the size of a messageavhich one node cantransmitin one step.
Actually, to simplify the presentatiorof algorithms,we assumethat if a node
transmitsin thecurrentstep,it transmitsts whole knowledge.

The algorithmswe presentin this chapterarefor ad-hocradio networks the
topologyof connectionss unknovn in advance.At thebeginningof analgorithm
eachnodeknows only its label,its initial messageandtheglobalbound onthe

nodelabels.We assumehat for someconstant .

3.2 Selectvity and Tools

In this sectionwe recallthe mechanic®f selectvity. In particular we referto the
de nition of selectos which form abackboneof anew combinatoriaktructureof
anpathselector atool thatis usedin our new radiogossipingalgorithm.

The neighbourhoodf a node s the set consistingof node and
all its in-neighbours For ary simplepath , thelengthof
denotedby length , is thenumberof edgeson . Theneighbourhoof is
de ned astheunion of the neighbourhoodsf nodes . Obsenre
thatnode belonggo sinceit belonggo theneighbourhooaf node
but anin-neighbourf node doesnotbelongto , unlesst is alsoanin-
neighbourof anothernodeon . If and istheonly nodein
transmittingin the currentstep,then recevesthis transmissionFor path |, if

isanodeon otherthanthe rst node , ,and istheonly node

in transmittingin the currentstep,then recevesthistransmission.
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3.2.1 Selectors

We saythataset hitsaset onelement, if , andafamily of
setshitsaset onelement , if for atleastone
DeBonisetal. [15] introducedade nition of afamily of subset®f set
which hits eachsubsetof of sizeat most on at least
distinct elementswhere , and areparameters,
They proved existenceof sucha family of size
. For corvenienceof our presentationye preferthe
following slight modi cation of this de nition, obtainedby usingthe parameter
insteadof theparameter . Forintegers and , andarealnumber
suchthat , afamily  of subsetof isa -selector if
for arny subset of sizeatmost , thenumberof all elements of  such

that, doesnothit on isatmost . Thatis,
for each ,

In terms of this de nition, De Bonis et al. [15] proved the existenceof an

-selectorof size . In particular there
exists an -selectorof size — sucha “strong” selectorhits
eachset of sizeatmost on eachof its elements;andan -
selectorof size , for any constant —sucha
“weak” selectorguaranteesnly thatit hits eachset of sizeatmost at

leaston a constanfractionof its elements.

3.2.2 Path Selectors

An interleavedsequence of nite sets is anin nite se-
guence obtainedby arbitrarily orderingthe elementsof eachset
into a sequence , Where and setting
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, for all integers and . Thatis, subsequence
is a periodicsequencdasedon orderedelementof set
for each

A pathselectoris aninterleaved sequencef properly chosenselectors.Let

bean -selectornof size , for
Also let
De nition 7 Thepre x ofaninterleavedsequence oflength

formsa pathselector

Note that accordingto its de nition the length of the path selector is

3.2.3 ExtendedSelectvity

In previous work the selectvity propertiesof selectorsvereusedin the context
of starlike sub-graphswherea number(boundedby certainvalue ) of nodes
is competingto communicatdo onedistinguishechode , the centie of the star
For example,a singleapplicationof a strong -selectorallows eachof the
competingnodesto transmitsuccessfullyto the centre in somestep. To apply
afamily  of subsetsf meansrst to arrangethe setsof  in a sequence
. Thenin step , the nodeswith labelsin  transmit,while the
othernodedisten. In this paperwe extendthe notionof selectvity to graphswith

largereccentricityby proving the following lemma.
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Lemmall Let be a directedsimplepath,s.t.,
A single application of path selector allows node to deliverits own

messge  alongpath toits endpoint

Proof. Let be the setof the labelsof the nodesin . For
, let bethe setof the labelsin thatarenot

hit by selector . Notethatset containsall labelsthatarenot hit
by ary for but arehit by

Accordingto thede nition of selectors , thecardinalityof isatmost

SO too. Let
for Then too. Obsenre that is empty
sinceselector hits every labelin , SO
and

Notethatthecopy of message startingfromnode andproceedinglong
path  will useselector to progresfrom nodesin , thatis, at most
times. Thusthe total time spentby message in all sets  (including time

multiplexing usedfor selectorinterlearing) is:

Corollary 3 Let be a directedsimplepath,s.t.,
A singleapplication of the path selector , Which takes time,

allowsall nodesn to delivertheir ownmessgesalong to theendpoint

We remarkthat prior to our paper the bestavailable upperboundon com-
pleting the communicatiortaskreferredto in the above corollary wasthe

boundof successie applicationsof a strong -selector
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3.3 -Time Gossipingwith

In [26], amethodto obtaina gossipingalgorithmfrom oneperformingbroadcast-
ing wasdevelopedby Chrobaketal. If the broadcastinglgorithmworksin time
thentheresultinggossipingalgorithmoperatesn time S
Applying this methodwith the broadcastinglgorithmrunningin time
yields a gossipingalgorithmworking in time , Wwhich was

the rst sub-quadraticleterministicalgorithm.

3.3.1 ROUNDROBIN

A simpleRouNDROBIN algorithmavoidscollisionsby globaltime-division mul-
tiplexing. It worksin stageswherein eachstagehenodedransmitoneby one,
in orderof theirindenti ers: . Eachnode transmitsall information
collectedso far. We canuseROUNDROBIN both for broadcastingand gossip-
ing. In broadcastingif thenode hasalreadyrecevedthe sourcemessagethen
it transmitsthis messageptherwiseit remainsquiet. In gossiping,the message
transmittedoy containsall sourcemessagesollectedby sofar. ROUNDROBIN
solvesboththebroadcastingndgossipingproblemsn time . Thereareno

collisions,soeachmessageavill reachall othernodesafteratmost stages.

3.3.2 -Time Broadcasting

Thealgorithmwasspeci edasa sequencef transmissiorsets At eachtime step

, thenodeghattransmitthemessagarethosethatbelongto the th transmission
setandhave alreadyrecevedthe sourcemessage.

For each let bea -selector

with sets.Lemma in [26] guaranteesuchfamilies exist.
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Thealgorithmconsistf stages with eachstagehaving

steps.Thetransmissiorsetatthe th stepof stage is

Theorem9 The broadcastingproblemcan be solvedin time (see
[26]).

3.3.3 The GossipingAlgorithm

A simple,butimportantobsenationis thatgossipings notsimply simultaneous
broadcastshecausehe nodescan collect mary messageandencapsulat¢hem
all in onebig messagehat canbe transmittedn onestep. The algorithmtakes
advantageof this feature.

The essentialdeaof the algorithmis to reducethe problemto broadcasting.
We assumeéhatwe aregivena deterministicalgorithmfor broadcastingvith run-
ningtime

We rst describeheiralgorithmhow to solve auxiliary task:assumehateach
node storesaninteger . Thetaskis to have all nodesagreeon
somenode for which  is maximum.

The key ideais to usebinary searchcombinedwith broadcasting.They also
usetheconcepbf informingby silence if anodedoesnotreceve amessagéor a
speci ed periodof time thenit caninterpretthis factasa specialinformationand

actaccordingo that.

Procedure FINDMAX. We rst nd , usingbinary search.At
eachstep,all nodeknow thatthe is between and , where . Initially
and f , then , and the computationof is
complete.
For , we proceedasfollows. Let . Eachnode for
which sendghemessage toall othernodes.Sinceall thesenodes

57



sendthe samemessagethis is no differentthanbroadcastingrom a singlenode,
S0 we canusejust one applicationof the broadcastingalgorithm. Then, after
steps,eitherall nodeswill receve the message , in which casethey
know the maximumis between and , or (informing by silence)all nodeswill
not receve arnything during time , in which casethey know the maximum
is between and . Dependingon the outcome geitherall nodesupdatetheir

intenvals(containingmaximum)to or all of themupdateit to

Given , We determine usingbinarysearchagain.Let if
and otherwise. Using the procedurefrom the previous paragraph

appliedto the values , we nd thelargest for which andwe set

Algorithm DoGosslip. In thealgorithm,eachnode storesa set of mes-
sageslinitially consistof thesinglemessagéhatoriginatesrom . When-
ever recevesamessagehis message automaticallyaddto . We canalso
deletesomemessagefom

Thealgorithmhastwo phases:

Phasel:
Perform roundsof ROUNDROBIN.
Phasell:
repeat
UseFINDMAX to nd anode suchthat
Distribuefrom message to all othernodesn the network.

For eachnode , set

until
Lemma 12 If a broadcastingalgorithmrunsin time , thenDoGossIP
completegjossipingn time (see[26]).
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Theorem 10 There is a deterministicalgorithmfor gossipingin directedad hoc

radio networksthat runsin time (see[26]).

3.4 ~ -Time Gossipingwith

All of thebroadcastingndgossipingalgorithmsusedin the context of ad hocra-
dio networksareeithernon-adaptie or their adaptvenesss very simple(e.g.,do
nothingbeforereceving the messageandthenuseda priori determinedgscheme).
Theideaof the algorithmproposedy GasieniecandLingasin [43] is a combi-
nationof ef cient communicationn known andunknovn ad hocradionetworks.
Thealgorithmgraduallyimprovesits knowledgeaboutaspeci ¢ partof anetwork
which leadsto moreef cient informationgatheringduringthe gossipingprocess.

Their stronglyadaptve algorithmrunsasfollows. Initially we chosea central
node amongall nodesnvolvedin agossipingprocessTheremainingpartof the
algorithmis executedin — (where is someparametedeterminedater)
stageswith the following invariant. During the th stagecentralnode builds
a graphrepresentationf all nodeswithin its in-neighbourhooaf radius and
distributedit to all othernodesn the network.

The algorithm assumethat the diameter is known. In orderto drop this
assumptionye canapply the doublingtechniqueproposedy Chlelusetal. in
[21]. Thecomputatiorprocessgs organizednto a logarithmicnumberof phases,
suchthat during phase the algorithmis run underthe assumptiorthat

. This doesnot changethe asymptoticrunningtime provided thatthe latter is

, Where is apositive constant.
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Algorithm
1. For every node collateinformation aboutits in-neighborhood of
radius by runningROUNDROBIN procedure times.

2. Chooseacentralnode amongall nodes.

3. For — do

(a) Processanformationrecevedby sofarandstoreit in a graphrep-
resentation whichis a unionof somepathsof  directedto

coveringall nodeswithin in-radius  from

(b) Distributed to all nodesin the network using deterministic

broadcasting.

(c) With ahelpof , collateinformationfrom in-neighborhooaf
of radius by sending of everynode atdistance from
to
By runningalgorithm with parameter ~,the

following theoremholds:

Theorem 11 Thee exists a deterministicdistributed gossipingalgorithm that

worksin time ~ for everyad hocradio networkof size and diameter
(se€[43]).
By runningalgorithm with parameter — ,the

following theoremholds:

Theorem 12 Thee exists a deterministicdistributed gossipingalgorithm that

worksin time for everyad hocradionetworkof size , diameter
andmaximumindegree |, satisfying (see[43)).
Anotherinteresting ~ -timealgorithm,atunedversionof thegossiping

algorithmfrom [43] canbefoundin [98].
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3.5 -Time Gossipingwith

Basedon selectivefamiliestechniquesn [26, 24, 29] andaleaderselectionalgo-
rithm in [24], Gasieniecet al. in [45] gave an -time deterministic
gossipingalgorithmfor large labels

Thealgorithmconsistof 3 stages.
Stagel The following proceduredecreasethe numberof messageshat areto
distributedduringgossipingprocess.The procedureconsistof severaliterations
of aloop. In the beginning of eachiterationa numberof messagess already
distributedall nodesof the network - thesemessagesare called secue, andthe
remainingmessagearecalledinsecue. Thenodeswvhichown insecuremessages
arecalledactiveandtheothernodesarecalleddormant They alsoassumehatin
the beginning of eachiterationinsecuremessageareavailableonly at the nodes
who own them.A givennode a -reachneighborhoodf it in-neighborscontain
atleast insecuremessageslheprocedureREDUCE hadfollowing structure.
REDUCE

loop

1. Runcompound -selectoy appliedonly to nodeswho own insecuremes-
sageqi.e., only ownersof insecuremessage$ake partin transmissions),
in orderto collectat least- at all nodeswith -reachneighborhoodand

possibleat someothernodeswith —-reachneighborhood).

2. Chosealeader amongthenodeswhoreceved - messageslf sucha

nodedoesnot exist thenexit theloop.

3. Let be the setof insecuremessagesollectedby in this step. Dis-
tributeset to all nodesof the network securingall messagem
endloop
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Lemma 13 Procedue REDUCE runsintime ——— (see[45]).

Lemma 14 After an executionof procedue REDUCE  ead nodein the net-

work hasin its in-neighborhoodat most insecue messges(see[45]).

Stage?2 If all nodesareactive thenthe graphis of thedegree ; recallalsoit
is stronglyconnected At this stage they executea strongly -selectve families
timeswith only active nodesinvolvedin transmissionput this time perform-
ing regular gossiping,i.e., eachnode (whenit is its time to transmit)transmits
its whole currentknowledge. Sincethe distancefrom ary nodewith insecure
messageo somedormantnodeis at most andthe sizeof -selectve families
is boundedby eachinsecuremessagevill move to
somedormantnodein time . In casethatall nodeareactie (atthe
beginningof this stage)a completegossipings performed.
Stage3 At this stageevery noderepeatsa patternof transmissionsisedin pro-
cedureReDUCE, where(eventually) all dormantnodesmanagedo securetheir
messagesThis is enoughto ensurethat all messageare eventually distributed
to all nodein the network. The costof this stageequalsto the running costof

procedureREDUCE , andit isboundedby — .

Theorem 13 Deterministiagossipingn directedad hocradionetworkswith large

lablescanbe completedn time (see[45]).

3.6 -Time Gossipingwith

Basedon selectivdamiliestechniquesn [26, 24, 29] andthe -time
deterministicgossipingalgorithmin [45], Gasieniecet al [46] gave a new algo-

rithm with runningtime
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The gossipingalgorithmconsistsof four stages.Stagel reduceghe number
of active neighborsof eachnodeto lessthan . Stage2 reduceghe lengthsof
active paths(pathsconsistingonly of active nodes)to lessthan . Stage3 makes
surethatall remaininginsecuremessageare sentto dormantnodes.Finally, in
Stage4, all nodegepeatexactly the samesequencef transmissiorasin Stagesl
and?2 to distributetheremaininginsecuremessagew all nodes We now describe
eachstagen detail.

Stagel Sameasthe proceduren [45].

Stage2 In thisstageprocedureSHORTEN( ) is executedwhichbreakdongactive
pathsinto pathsof lengthlessthan by makingsomeactive nodesdormant.The
purposeof breakingdown long active pathsis to reducethe maximumdistance

from anactive nodeto adormantone.

SHORTEN( ):
1. Theactve nodesrunastrongly -selectvefamily times.
loop
2. Choosealeader amongnodeswho still holdatleast insecuremessages.
If nosuchnodeexists,thenexit theloop.
3. Distributeall messagesollectedby node to all nodesof the network.

end loop.

Lemma 15 At the endof Stage 2, there is no active simplepath of length  (or

more) (see[46]).
Lemma 16 Procedue SHORTEN  runsintime —— (se€46]).

Stage3 During Stage3, theactve nodesunastrongly -selectvefamily times.
At the beginningof this stage thereis no simplepathof length consistingonly

of actve nodes(Lemmal5). This meanghatat the beginning of this stageone
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of thefollowing two casesnusthold: eitherthereis no ary dormantnodein the
network andthe distancefrom ary nodeto ary othernodeis at most , or there
is atleastonedormantnodeandthe distancerom ary active nodeto the closest
dormantnodeis atmost . Thusthe communicatioraccomplishedluring Stage
3 eithercompletegyossiping(if thereis no dormantnodein the network) or sends

all reamininginsecureamessage® dormantnodes.

Lemma 17 If thereis atleastonedormantnodeat the beginningof Stege 3, then
ead insecue messge readiesa dormantnodeduring this stage; otherwisethe
completegossipingis performedduring this stage. Stage 3 runsin

time (see[46]).

Stage4 During this stageevery noderepeatexactly the sequencef its transmis-
sionsfrom Stagedl and2. Thatis,anode isin thetransmitmodein the -th step
of Staged, if andonlyif wasin thetransmitmodein the -th stepof thesequence
of stepsof Stagesl and2. Let denotethe setof thedormantnodesatthe
endof Stage2. If  is empty thenthefull gossipinghasbeencompletedby the
endof Stage3 (Lemmal?7),sowe assumaow that  is notempty At thebegin-
ning of Stage4, eachinitial message isin oneof thenodesn (Lemmal?,
notethatno new dormantnodesare createdduring Stage3). The transmissions
performedduring Stagesl and2 sentthe messageswn by thenodesn  toall
othernodesin the network. Thusif we now repeatall thosetransmissionsthen
the message&nown to the nodesin  at the beginning of Stage4 (thatis, all
initial messages ) will besentto all nodesin the network. Stage4 runsin time

whichis exactly the sumof thetimestakenby Stagesl and?2.

Theorem 14 Deterministiagossipingn directedad-hoaadionetworkswith large

labelscanbe completedn time (see[46]).
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3.7 Faster Deterministic Gossipingwith

Pleasenote thattheknown ef cient deterministiagossipingalgorithmswith

, rely crucially on the ROUNDROBIN procedurewhich for large labelsis
prohibitively costly. We proposawo new gossipingechniqueshatavoid theuse
of ROUNDROBIN andstill resultin ef cient deterministialgorithmsfor gossiping
in ad-hocradionetworkswith largelabels.

Thealgorithmspresentedh thissectionuseprocedurdBROADCAST  , which
distributesfrom all messageknownto (thatis, the messag®riginatingat
andall messagesecevedby sofar)to all othernodesin the network. We say
thatamessagés secuedif it hasalreadybeencommunicatedo all nodesin the
network by an applicationof the procedureBROADCAST . Otherwisewe say
thatthemessagés still active A dormantnodeis anodewhoseoriginal message
is alreadysecured.And an activenodeis a nodewhich is not yet dormant. An
activepathis asimplepathsuchthatall nodeson this pathotherthanthelastone
areactive. Thelastnodeof anactive pathmaybeactve or dormant.

Our algorithmsusea quasi-gossipingrinciple. The quasi-gossipingroce-
dureguaranteethaton its completionevery not yet securednessagés commu-
nicatedo atleastonedormantode.Obsenethatfull gossipingcanbecompleted
by anapplicationof a quasi-gossipingrocedurdollowedby furtherexecutionof
all transmission# this quasi-gossipingroceduren exactly thesameorderasin
the rst run.

Anotherimportantcomponentin our algorithmsis the following procedure
DISPERSE , whichis mainly responsibldor distribution of large enough(con-

tainingatleast ) combinedactive messages.
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DISPERSE
repeat
selectanode whichhasatleast actvemessages;
if suchanode exists
then BROADCAST

elsereturn.

Lemma 18 On the completionof procedue DISPERSE , ead nodecontains
lessthan activemessges. If an algorithm executegprocedue DISPERSE

times,thenthetotal runningtime of theseexecutionds

Proof. The rst partof theLemmais immediate.
Thetime compleity of theprocedurdBROADCAST  isboundedy
[26]. Selectionof a nodecontainingat least actve messagess donein time
by binary searchcombinedwith the broadcasprocedurefor details
see[26]. Thuseachiterationtakes time. For eachcall to procedure
DISPERSE , eachiterationotherthanthelastonesecurestleast actve mes-

sagessothetotal numberof iterations,over all calls,is at most

3.7.1 Gossipingin Time

We assuménerethatmax-indgyreeof thenetwork is boundedy . Thegossiping
algorithmworksin threephasese ecting the principle of quasi-gossipingPhase
| is basedon applicationof a strong -selector times.
Phasdl is a singleapplicationof procedureDISPERSE Phasdll repeatsall

transmissionfrom Phase$ andll.
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GossiPl
Let ;
Phasd (move all messagealongpathsof length ):
apply -selector times;
Phasdl (make atleastevery -th nodeof anactive pathdormant):
DISPERSE

Phasdll: repeatall transmissiongrom Phases andll.

Theorem 15 ThealgorithmGossipl performsradio gossipingn anyad-

hocnetworkof sizen andmax-indgreeat most in time

Proof. Recallthatthe sizeof -selectoris Thustherunning
time of Phasd is Lemmal8 impliesthatthe
runningtime of Phasdl is . Hencethetotal
runningtimeis . It remaingto prove thatthealgorithmalwayscom-

pletesgossiping.We prove this by shaving thatphaseg andll alwayscomplete
guasi-gossiping.

If thereis no simple pathof length coming out of a node , thenon the
completionof Phasd, themessage is knownto all othernodesan thenetwork.
If thereis asimplepath comingoutof of length , thenattheendof Phasd,

is known to all nodeson . Notethatonthe completionof Phasdl, atleast
onenodeon is no longeractive. Otherwisethe lastnodeon  would contain
atleast active messagesyhichis not possibleafterexecutionof the procedure

DisPERSE . Thus mustbeknown to atleastonedormantnode.

3.7.2 Gossipingin Time

In this sectionwe presenbur maindeterministiaadiogossipingalgorithm,which

worksin graphswith anarbitrarytopology The framavork of the algorithmis to
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keeptransmittingactve messagesothatindividual nodeskeepaccumulatenore
and more “local” messagesandto apply periodically procedureDISPERSE
with appropriately}choservaluesof thethresholdparameter . The controlof the
“local” accumulatiorof active messagess initially doneusingweakselectordut
at somepoint switchesto pathselectors.

Thealgorithmconsistf threephasesndfollowsthe quasi-gossipingrinci-
ple: Phased andll completequasi-gossipingwhile Phasdll is anexactrepeti-
tion of all transmissionslonein Phase$ andll. Phasd is the sameastheinitial
phaseof the gossipingalgorithm proposedoy Gasieniecet al. in [45]. Repeat-
edly apply a weak -selectorfollowed by procedureDISPERSE :
for geometricallydecreasingrom to . The valueof the parameter will
be setlater. At theendof the -th iteration,the sizeof the active neighbourhood
of eachnode(thatis, the numberof active nodesin the neighbourhooaf each
node)is lessthan , andat the endof the lastiteration,the size of the active
neighbourhoodf eachnodeis lessthan . In Phasdl we iteratea logarithmic
numberof timesthe path selector followed by procedureDISPERSE ,
to reducetheactive neighbourhoodsf active paths.We shawv belov (Lemma22)
thatthis computatiorresultsin delivery of all active messaget dormantnodes.
The pseudo-codef the gossipingalgorithmfollows. From now on, the neigh-

bourhoodof anodeor pathrefersto theactive neighbourhood.

GossIP2

Phasd (reductionof neighbourhoodsf nodes):

while do
theactive nodegransmitaccordingto a -selectoy

DISPERSE )
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Phasdl (reductionof neighbourhoodsf active paths):
repeat times:
theactive nodegransmitaccordingto the pathselector
DISPERSE ;

Phasdll, repeatall communicatiorfrom Phases$ andll.

Lemma 19 Attheendof Phasel, the sizeof the neighbourhoodf eat nodeis

lessthan .

Proof. A simpleinductive algumentusingthede nition of aselectoishavsthatat
thebeginningof eachiterationof theloopin Phase, thesizeof theneighbourhood

of eachnodeis lessthan .

Lemma 20 In Phasell, if at the beginning of an iteration the sizeof the neigh-
bourhoodof ead active path of lengthat most is lessthan , thenat the endof
this iteration the sizeof the neighbourhoof eadt active path of lengthat most

islessthan .

Proof. Consideraniterationof theloopin Phasdl andassumehatat the begin-
ning of this iterationthe size of the neighbourhooaf eachactive pathof length
atmost islessthan . Let beapathoflengthatmost whichisactveatthe
endof thisiteration.

If length , thenthe sizeof theneighbourhooaf is alreadylessthan

atthebeginningof theiteration,andit canonly decreaséurther.

If length ,thenlet and be pathsof lengthat most eachwhose
concatenations path . The sizeof the neighbourhoof path , at
thebeginningof theiterationis lessthan . ThereforeCorollary3 andLemmal8
imply thatlessthan active nodesareleft in the neighbourhoodf  atthe
endof theiteration. The neighbourhooaf is theunionof the neighbourhoods

of and |, soitssizeattheendof theiterationmustbelessthan .
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Lemma 21l In Phasdl, atthebaginningofthelastiteration, thesizeof theneigh-

bourhoodof eadh activepathis lessthan .

Proof. Lemmal9 impliesthatatthe beginningof Phasdl, the sizeof the neigh-
bourhoodof eachactive pathof length is lessthan . ThisfactandLemma20
imply thatat the endof iteration , the size of the neighbourhooaf eachactive
pathof lengthatmost is lessthan . Thusattheendof iteration , each
active pathof lengthatmost hasneighbourhoof sizelessthan . We cannot
have an active pathof lengthgreaterthan at the endof this iteration, because
a subpathof length of sucha pathwould have neighbourhoof size at least
(the size of the neighbourhoodf a pathcannotbe lessthanthe lengthof this
path). Henceat the beginning of the lastiteration,the size of the neighbourhood

of eachactive pathis lessthan .

Lemma 22 Attheendof Phasell, eitherthefull gossipings alreadycompleted

or eadh activemessgeis in adormantnode

Proof. If thereis atleastonedormantnodein the network at the beginningof the
lastiterationin Phasdl, thenLemma21impliesthatatthis point of thecomputa-
tion, for eachactve node andeachactive pathfrom toadormantnode , the
sizeof the neighbourhooaf this pathis lessthan . Lemmallimpliesthatthe
lastiterationin Phasdl sendghemessagérom to .

If thereis nodormantnodein thenetwork atthe beginningof thelastiteration
in Phasdl, thenLemmas21 and11imply thatthelastiterationin Phasdl sends
the messagdrom eachnodeto all other nodes,completingthe full gossiping.
(Actually, onecanshaw thatin this casethe full gossipingis completedalready

by theendof the rst iterationin Phasdl.)
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Theorem 16 ThealgorithmGossip2  performsradiogossipingn ad-hocnet-

worksof size andarbitrary topolagyin time

Proof. SincePhased and Il completequasi-gossipingLemma?22), thenthe

wholealgorithmcompletegossiping.

The running time of Phasel is for all applicationsof weak se-
lectors, plus for all applicationsof procedureDISPERSE (see
Lemmal8). Therunningtime of Phasdl is time for all appli-
cationsof thepathselectorplus timefor all applications

of procedureDISPERSE (seeLemmal8). Thusthetotal runningtime of the al-

gorithmis , Which is for
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Chapter 4

Deterministic M2M Multicast In

Radio Networks

In this chaptey we study the problem of exchangingmessagesvithin a x ed
groupof nodes,n an -nodemulti-hop radio network, known asthe problem
of Multipoint-to-Multipoint (M2M) multicast. While the radio network topology
is known to all nodes,we assumethat the participatingnodesare not aware of
eachother's positions. We give a new fully distributed deterministicalgorithm
for the M2M multicastproblem,andanalyzeits compleity. We show thatif the
maximumdistancebetweenary two out of participantss thenthis local in-
formationexchangegoroblemcanbe solvedin time . Hence
our algorithmis linearin the size of the subnetvark inducedby the participating
nodesandonly polylogarithmicin the size of the entireradio network. Our so-
lution is basedon a novel applicationof the graphclusteringmethodpreserving
locality [42] andon ef cient adaptve collision resolutionbasedn the concepiof
promotersseesectior4.1.1.

Although eitherbroadcastingr gossipingcould be usedto solve M2M mul-

ticast, the former often doesnot scalewell while the latter may not be ef cient
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becausean applicationmay involve only a small fraction of the total number
of nodesof the underlyingradio network. We are interestedn the casewhen
—— , otherwiseour -time gossipingalgorithmproposedn chapter2
is goodenoughto solve the M2M multicastproblem.In this chapteywe address
the problemof minimizing the communicatiortime of M2M multicastin multi-
hopradio networks. To the bestof our knowledge,thisis the rst studyof M2M

multicasttime in this communicatiormodel.
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4.1 Paradigmsand Tools

All multicastalgorithmspresentedh this chapterarebasednthefollowing idea.
The nodespatrticipatingin the multicastprocesscommunicatewith otherpartic-
ipantsvia messagesEachparticipatingnodehasinitially onemessagevhich is
the label of the node. The aim is that all participantslearnlabelsof all other
participants.

In the rst partof the algorithm, the messagesre gatheredn one selected
meetingpoint. The messagesravelling towardsthe meetingpoint, from time
to time competewith othermessagefor the samecommunicatiorchannel. We
will guarantedhe invariantthateachmessageompetesvith any othermessage
at mostonce. Moreover, the time spentduring ary particularcompetitionwith

othermessagess boundedby Note that, althougheachtraversing
messages keptin a singlecopy, it leavesits tracein eachvisited node. In the
secondpartof the multicastprocedurea compoundmnessageontainingall indi-
vidual messagess distributedto all participatingnodesto inform themaboutthe
labelsof the others.

Althoughthealgorithmsusedfor treesandfor arbitrarygraphssharethesame
generaktructurethey differ dramaticallyin detailsof their design.Thetwo main
differencedie in the choiceof the meetingpoint andin the way in which the
competitionfor the samecommunicatiorchanneis resoled.

In trees,the selectionof the meetingpoint is implicit. Beforethe communi-
cationprocessds started,onenodeis chosenasthe root of the tree. During the
multicastprocessall messagegeneratedy the participatingnodestraverseto-
wardsthis root. The meetingpoint correspondso the rst nodewhich is visited
by all messagedn fact,the meetingpointis the lowestcommonancestoLCA)
of all participatingnodeswith respecto thechoserroot of thetree.Notethatthe

distancebetweerthe LCA andall participatingnodess alwayslimitedto Each
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competitionis resoled with the help of a systemof synchronizeddescending
selectors.

In arbitrary graphs,the choice (computation)of the meetingpoint is much
more comple. Not knowing the positionof participatingnodes,we cannot x
themeetingpointin adwance since—in theworstcase- messagewould have to
travel alongthediameterof theentirenetwork beforemeetingeachother Instead,
we proposea new clusteringconcept,that allows us to group all participating
nodesin oneof the clusterswith a relatively small diametercomparablewith
Eachclusterhasits own meetingpoint anda BFS spanningtreerootedin it. In
eachcluster similarly asin thecaseof treeswetry to move all messageBomthe
participatingnodestowardsthe meetingpoint. However, ef cient traversallim-
ited to branche®f the BFStreeis notalwayspossible.This is dueto thefactthat
in the clusterthereexist edgesoutsideof the BFStreethat potentiallycausea lot
of con icts. Thusthecompetitionis becomingmuchharder In orderto overcome
this problem,we proposea specialalgorithmthatresohescon icts betweercom-
petingmessagesThis algorithmis basedon a novel useof descendingelectors,

combinedwith broadcastingndgossipingorocedures.

4.1.1 ResolvingCompetition

The main dif culty occurringin radio communicationis the presenceof colli-
sions. It hasbeenshavn before,see,e.qg.,[29, 26], thatthe mostef cient tools
designedor collision resolutionare basedon combinatorialstructurespossess-

ing a selectivityproperty We saythata set hitsaset onelement , if

, andafamily of sets hitsaset onelement , if for
atleastone . In [29] we can nd ade nition of afamily of subsetof set
whichhitseachsubsetf  of sizeatmost onits

all elementsThey referto thisfamily asstrongly  selectivdamily. They also
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prove the existenceof sucha family of size . In [26]
we nd ade nition of afamily of subsetof set which
hits eachsubsef of sizeatmost onatleast  distinctelementswhere
. They callit as  selectorandprove the existenceof sucha family

of size
In what follows we shov how to copewith collisions occurringduring the

competitionprocesswith a helpof selectve familiesandselectors.

Promoting Messagesn Unknown Stars

Assume nodesfrom areimmediateneighborgnot aware
of eachother) of anothernode , i.e., they form a starwith a centerin  and
they all competgatsomestageof thealgorithm)to movetheirmessagéo  The
procesof moving messagefrom nodesin to  is calleda promotion It is
known, thatthe mechanisnbasedon the selectorideaallows a fraction (e.g.,a
half) of thenodesn todelivertheirmessage® intime [26]. Let
representhe collision resolutionmechanisnbasedon selectors.Note that
if appliedin undirectechetworks,canbesupportedy theacknowledgment
of delivery mechanismin which eachtransmissiorfrom the neighborsof is
alternatedvith anacknavledgementmessageomingfrom thecentralnode  If
during the executionof atransmissiortowards is successfuli.e., oneof
succeeds deliveringits messagaheacknavledgementssuedoy and
returnedo all nodesn  containghelabelof thesuccessfuhode;otherwisethe
acknavledgements null. Let bethe mechanisnwith theacknavledgement
featurebasedon In otherwords, the useof allows to exclude from
furthertransmissionsll nodesin  thathave managedo deliver their message
to duringthe executionof Note thatthe durationof is
seeg[26].
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Let bethecommunicatiormechanisnibasedn concatenatiofsuperpo-
sition)of selectors Wewill callit laterasadescending

selector Thedescendingelectorextendedby the acknavledgementmechanism,

i.e., the concatenatiorof forms a promoterandit is

denotedby Notethatthe durationof is

Lemma 23 If is a setof neighbos of andall nodesin
usethe samepromoter whee thenall nodesn  delivertheir

messgesto  in time

Proof. The proof is doneby induction, and is basedon the fact that after the
executionof each for thenumberof competinghodesn  is

boundedoy

Promoting Messagesn Unknown Bipartite Graphs

Assumehatwe have aconnectedipartitegraph in whichnodesarepartitioned
intotwosets and Inourfurtherconsiderationssets and will correspond
to two adjacentBFS levels, upperand lower respectiely, in a subgraphof
While, in generalnodesin  and arenotawareof the presencef eachother
we assuméherethateachnode is associatedavith exactly oneof its neigh-
bors(calledlateraparent) andthisrelationis known to bothof them.Note
thatanodein canbea parentof severalnodesin  thus We
assumaealso,thatinitially only nodesin  areawareof their presencen i.e.,
their parentmustbe informedaboutit by the children. In whatfollows we shav
how to move all messagesavailableat nodesof to asinglenodein in time
We rst assumeéhatthe size is known in advance.As in the case
of stars,we call the procesof moving messageffom to apromotion.The

promotingalgorithmworksin 6 stages.
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procedure ENHANCED-PROMOTION(L);

1. All nodesn contacttheir parent;

(level isformed).

2. All nodesbelongingto  take partin leaderelectionchoosinga node
amongall nodesn ;

(node is goingto collectall messgesinitially storedin ).

3. Node initiatesbroadcastingo all othernodesn

(thebroadcastree(with unidirectionaledges)rootedin is created).

4. Eachnode(excepttheroot ) contactdts parentin thebroadcastingree;

(bidirectionaledgesare nowavailablein the broadcastree).

5. Theroot sendsatokenvisiting all nodesof thebroadcastingreeto collect
all messagefom andplacethemin

(all messgesare gatheedin ).

6. Theroot sendsatokenvisiting all nodesof thebroadcastingree,in order

to con rm successfutlelivery of every competingmessage.

Stepl is basedon asingleuseof the promoter for Even

if promotersare designedoprimarily for promotingnodesin stars,they are also
provedto be usefulin the caseof bipartite graphs(with establishegarent/child
relation). As before,we saythata node contactgts parent successfully
whenall othernodesin  remainsilent. This meansthatthe acknavledgement
whichis latersentby , will notcollide with othermessagesThetime of stepl

IS

Step2 is basedntheleaderelectionalgorithmfrom [26] combinedwith thevery

recentfastdeterministicbroadcastinglgorithmin [63]. The electionalgorithm

worksin time
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Step3 is basednthe broadcastinglgorithmpresentedh [21] andworksin time

Step4 is analogoudo Stepl. This givesthetime compleity
Stepsb and6 areimplementedasa simpletree(e.g.,pre-order)traversalin time
for detailsseg[21].

Thusthetotaltime of thealgorithmis boundedy

4.1.2 Graph Clustering Presewing Locality

Themainpurposeof the clusteringmethodis to obtainarepresentationf alarge
graphasa collectionof its much smallersubgraphgclusters),while preserving
local distancedetweerthenodes.

Let be a graphrepresenting radio network. Initially we pick
anarbitrarynode in thatbecomesacental nodein . Theradiusof is
the maximumdistance between andary othernode. The clusteringmethod
groupsnodesbelongingto someconnectedgsubgraphs , in the samecluster

If thediameterof is ,thediameterf isatmost

De nition 8 A partition of thegraph isadivisionof into superlevels,
sud that, eath superlevel is composeadf consecutivdBFSlevels,wheke the
r st superlevel startsfrom an arbitrary but xed BFSlevel (notethat levels

are excludedfromthepartition ). Moreformally, the th super

level in IS

for —— , whee D is theradiusof  with respecto the cental
node Givena superlevel , its top level is , andits bottomlevel
is . Notethat is not necessarilyconnected.

De nition 9 For eath node belongingto thetop level of , we de ne the
pre-cluster  which containsall nodesn at distance from
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De nition 10 Theclustersare obtainedby growingappropriate pre-clustes, ac-
cording to the medianismusedin the Cover Algorithm presentedn [42]. In
short, the growing algorithm is performedin stages. In ead stage
a collectionof clustes  (ead at distance apart)is created
asfollows. We start with an arbitrary (yetavailable) pre-clusterwhich formsa
core of a new cluster . At ead stepof the extensionprocedue we addto the
cluster anew layer of pre-clustes thatintersectwith  or are at distanceat
most from Notethat this extensionis successfubnly if the numberof new
nodescomingwith the new pre-clustes is at leastas big asthe numberof nodes
in the pre-clustes alreadypresentin the cluster . If this conditionis not met,
theextensiorofthecluster isterminatedj.e., theconstructiorof  completes
without augmentinghodesavailablein the just consideed layer of pre-clustes.
Instead,the pre-clustes in the new layer are movedfor consideation in stage
Theprocesof growingclustess is performedsimilarly, andit is
continuedaslong aswe haveat leastonepre-clusterthat doesnot form a part of
an alreadyconstructeccluster (in stages ), or it hasnot beenmovedfor

consideationin further stages

Lemma 24 Theclustes havethefollowing properties:
1. Eadh clusteris a unionof somepre-clustes,
2. Ead pre-clusteris a membeiof exactly onecluster
3. Ead clusteris a connectedub-gaphof
4. Thediameterof eat clusteris ,and

5. Theeisa -colouringof the clustess, sud that, clustess havingthe

samecolor are atdistance  apart.
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Proof. Propertiedl, 2, and3 follow directly from the constructiorof the clusters.
Property4 is basedon the fact thateachpre-clustethasdiameter andthat
duringconstructiorof any clusterthenumberof new layersof pre-clusterss lim-
ited to sinceeachextensionby a new layer of pre-clusterst leastdoubles
the numberof nodesin the pre-cluster®f currentlyconstructedtluster Property
5 follows from the factthatduring eachroundwe constructclustersat distance
apart.Notealsothatthenumberof roundsis boundecdoy Thisis becausén
eachroundat leasthalf of the nodesavailablein pre-clusterss usedto build the
clustersof the samecolor. Thisis a consequencef agumentsusedin the proof

of Property4.

De nition 11 The -partitionof thegraph comprisegwo differentpartitions:
which startsat the superlevel , and which startsat the super

level

Lemma 25 In at leastoneof the partitionsof the -partition, there existsat least
oneclusterthatcontainsall participatingnodesandthe shortespathsbetween
them.Moreover, in this partition, anyotherclustercontainingsome(or all) of the

points,is coloreddifferently.

Proof. Let beoneofthe points.Accordingto ourde nition of the -partition,
we canprove thatthenode mustfall into thecentral BFSlevelsof a super
level in oneof thepartitions,exceptfor thecasewhen belongdothe rst BFS
levels(whenall pointsbelongto the clusterbasedonthecentralnode ). Thus,
thereexistsanode atthetoplevel of thecorrespondinguperlevel , Which
is atdistance from thenode . Sinceall otherparticipatingnodes
areatdistance  from thereexistsa pre-cluster(which constitutesa part of

acluster)  which containsthe entiresetof participatingnodes.The second
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partof thelemmafollows from thefactthatclustershaving the samecolor cannot

overlap.

4.2 Efcient M2M Multicast

We startthis sectionwith the presentatiorof an M2M multicastprocedurede-
signedfor radio networks with the treetopology M2M multicastin treesworks
in time -time. We later presenta morecomplexc M2M multicast

proceduravhichworksin anarbitrarytopologyin time

4.2.1 M2M Multicast in Trees

Our M2M multicastalgorithmis basedon the following principle. The partici-
patingnodesmnake awareothernodeg(includingall otherparticipantsibouttheir
presencdy distributing appropriatelyaimedmessagesTheseareinitially gath-
eredin a selected,cental node and then distributedto all other participating
nodes.

Theoutline of the multicastalgorithmis presentedbelow.

procedure TREE-MULTICAST( )

1. All nodesagreeontheroot of thetree
(thenodesof thetree  are nowdividedinto BFSlevelswith respecto the distancefrom

theroot ).

2. Messagesssuedby the participatingnodegraverse level by level, towards
theroot

(tracesleft by the messgesat the intermediatenodesmeeteventually at the latestin the

root ).
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3. The rst nodethatis visited by all messages;alledthe meetingpoint,
distributesthe compoundnessag®acktowardsall participatingnodes;

(this completeghe multicastprocess)

Stepl is straightforvard. Sinceall nodesknow thetopologyof  (includingthe
labelsof nodes),they usethe samedeterministicalgorithmto choosethe root
(e.g.,the nodewith the smallestlabel). Thereis no communicationinvolvedin
this step.
Step2 is basedn synchronizediseof promotersandcertainpropertieof rooted
trees. Note that during the traversal,a messaganay meetother messageand
competeg.g.,for the accesgo the sameparentin the BFStree. Theremay also
be collisions causedoy simultaneougransmissionst adjacentBFS levels. The
latter problemcanbe solved by enforcingan extra rule that nodesat BFS level
(at distance from theroot ) executetheir transmissionsn steps where
This slows down the whole processonly by a multiplicative con-
stant3. Theproblemscausedy thecompetitionof messagesequiremorecareful
considerationWhenthe controlmessagetraversetowardstheroot of thetree
, eachsuccessfutransmissiormustbe alwayscon rmed (seethe de nition of
promotersin section4.1.1). If the acknavledgementarrives, the transmission
is consideredo be successful. Otherwise,a specialpromotion mechanisms
switchedon, which is designedo dealwith the messageompetition. In what
follows we assumehat a messageisesdifferent(interleaved) time slotsfor fast
transmissiongassociateavith animmediateacknavledgementandslow trans-
missions(associateavith the competition).
In thepromotionmechanismwe use promoters that
arerun “simultaneously”andperiodically The “simultaneous’executionof pro-
motersof differentsizesis doneby the time multiplexing, i.e., the executionof

two consecutie transmissiorstepsin ary is interleavedwith the execution
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of single stepsof every otherpromoter Moreover the executionof the promot-
ersof differentsizesis synchronizedi.e.,asingleexecutionof thepromoter
correspondgo two executionsof thepromoters for ary
Any messagéraversingtowardstheroot , whenit entersthe promotionmecha-
nismat someBFS level, it startsusingpromoter assoonasit is available,
I.e., whenthe new executionof is scheduled At the endof the execution
of , If themessagés not promotedo the next level, it startsusingpromoter
assoonasit is available. This meansthatit may wait time steps
beforethe new executionof takesplace. In general the messageanwait
for theexecutionof atmost time steps.Notethat,whenthenum-
berof competingmessages boundedoy  all messagearepromotedafterthe
executionof Sincetherunningtime of all previously used(smaller)pro-
motersandthewaitingtimeis boundedy
(includingtime multiplexing), the total time usedto promotethe competingmes-

sagess

Lemma 26 Thelast messge entess the meetingpoint (the lowestcommonan-

cestor(LCA) of all participatingnodeswith respecto ) in time

Proof. Note thatthe lowestcommonancestor(LCA) of all participatingnodes
(with respecto ) is at distanceat most from eachof them. Considera single
message.Whenit movestowardsthe root (in fact, towardsthe meetingpoint
LCA), it traverseseachedgein two time units, if thereis no competition. The
time compleity relatedto this type of transmissionsanbe boundedby f

at ary time the messageompetesith someother messagest is promotedto

the next BFSlevel in time Note that two messagesompetingonce
will never competeagainsteachotheragain,sincelateron, they travel alongthe

samepathtowardsthe root of the tree. This meanghatthe total time spentby a
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messag®n competingwith othermessages boundedoy Thusthe
lastmessagarrivesatthe meetingpointin time

Step3 is asimplebroadcastingprocedurehatdistributesthe compoundnes-
sageto all nodes(including all participants)within distance from the meeting
point. Sincethereareno collisionsin radio broadcastingn trees,the compound

messagés distributedto all participatingnodesn time at most

Theorem 17 TheM2M multicastproblemin radio networkswith a treetopology

canbesolvedin time

4.2.2 M2M Multicast in Arbitrary Graphs

In thissectiorwe shov how to performM2M multicastin arbitraryradionetworks
in time The algorithmis basedon the clusteringmethod
introducedn sectiord.1.2,onef cient promotionof messagem bipartitegraphs,
seesectiord.1.1,andsomeotherobsenrations.

In view of the clusteringmethod thereexists at leastone (andat most )
cluster(swith diameter thatcontain(skll participatingnodes.In what
follows, we considercomputationperformedinside a single cluster Recallthat
simultaneousexecutionof transmissionsn clustershaving the samecolor does
not causecollisions betweenthe clusters,becausall clustersof the samecolor
are at distanceat least apart. In orderto avoid collisions betweenclustersin
differentcolors,we executecomputatiorfor differentcolorsin (number
of colors)differentstages.This givesan slowdown in comparisorwith
anexecutionin a singlecluster Notethathaving the partitioninto clustersready
we could now performthe M2M multicastin time , applyinga
leaderelectionalgorithmandbroadcasting times. However, our intentionis to

designan algorithm(thuslinearin thesizeof thesubnetvaork
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inducedby the participatingnodesandonly polylogarithmicin the sizeof theen-
tire radionetwork). Thecomputatiorin acluster of the -partitionis performed

asfollows.

procedure GRAPH-MULTICAST( )

1. Selectaleaderin  whichbecomegheroot of aspanningFStree ;
(after this stepthenodesin  are partitionedinto BFSlevelswith respecto the distance

fromtheroot ).

2. Messagesentby the participatingnodestravel, level by level, towardsthe
root
(notethat, in the caseof a competitiona messge mayberoutedto the next BFSlevel via

(a sequencedf edees,includingthosenot belongingto the BFStree ).

3. Theroot distributesthecompoundnessagéo all participatingnodes;

(Thiscompleteghe multicastprocess)

Stepl. doesnot involve communicationsincethe topologyof is known to
every node. Thusthe division of  into clusterscan be computedocally and
independentlyn eachnodeof
Step2. usestwo typesof moves. Somemovestowardsthe root are performed
alongthe edgesof the BFS tree. However, suchsimplemovesarefeasibleonly
in the casewhenthe traversingmessagesre not involved in any competition.
As soonas a traversingmessagestartsto compete(i.e., it doesnot receve the
acknavledgemenof the successfutransmission)it entersthe systemof promo-
tion procedureswyhich is basedon the conceptof the ENHANCED-PROMOTION
procedureseesectiond.1.1.

The promotionalgorithmin arbitrary graphsis more comple thanits tree

counterpartdueto the presencef externaledgeqwith respecto the BFStree)
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thatcausemorecollisionsduring transmissionsThis time, the competitiondoes
not always concerna single nodethatis a joint parentof nodescontainingthe
competingmessages.In fact, somenodescontainingtraversingmessagesnd
their parentmay form a connectedipartitesubgraph of  (with partitions
and atadjacenBFSlevels). Regardlesof the latter difference we would like
to usea similar amortizationargument,while assessinghe time compleity of
the multicastalgorithm.Indeed we shaw thatif atany BFSlevel, messageare
involvedin the competition(within a bipartitegraph ), all messagefrom the
set will bemovedto asinglenodein in time Thusif two mes-
sagesompeteoncein somebipartitegraph,they will nevercompeteagainsteach
otheragain.Similarly asin the caseof treesthe promotingalgorithmis basedn
simultaneouginterleaved) andperiodicexecutionof the procedureENHANCED-
PROMOTION  for thatdealswith setsof competingmessages
of size respectrely. Recallthatin section4.1.1we explained
how to promotecompetingmessages bipartitegraphswhenthe sizeof the set
of competingmessagess known. In whatfollows we explain how this assump-
tion canbe droppedand shedmorelight on detailsof the promotionalgorithm
usedatary BFSlevel.

At ary BFS level, whena message traversingtowardsthe root enters
the promotionmechanismit waits for the rst availableexecutionof the proce-
dureENHANCED-PROMOTION Similarly asin trees,if the promotionwasnot
successfu(the numberof competitorswastoo large), message waits for the
next (complete)executionof the procedureENHANCED-PROMOTION andso
on, for all consecutre powersof two Note thatin trees,sinceall mes-
sagexompetefor the sameparent,ary message@romotedto the next level, will
never be obstructedby its former competitorsagain. We would like to usethe

sameinvariantin the caseof generalgraphstoo. Thuswe insistthatall messages

87



competingin a bipartite grapheventually meetin one of the nodesin the set
Moreover, we will excludefrom promotionall messagethat managedo gather
in onenodeof , if notall theircompetitoran thebipartitegraph managedo
do so. Thisis to guaranteehata pair of messagethatcompeteddncewill never
competeagain.

Recallthat, uponthe completionof procedureENHANCED-PROMOTION
the acknavledgementon rming a successfupromotionof all competingmes-
sagess sentacrosghe connectecomponenbf the bipartitegraph  If theac-
knowledgementdoesnot arrive (e.g., whenthe graph is larger then ), all
nodesin  know thatthey have to usethe next availableexecutionof the proce-
dure ENHANCED-PROMOTION However, if the con rmation arrives,the

competingmessageare still not surewhetherall messagesn  were properly

discovered.
Indeed,theremight be several connecteccomponents of
satisfying , thatarenot aware of eachotherattheend

of the executionof ENHANCED-PROMOTION This happensvhen, for some
reason,all internaltransmissionsn each  arenot interruptedby local trans-
missionsin othercomponentsThis canbe checledin thefollowing way. Every
component hasitsleader whoseabelwill playtherole of alabelof thewhole
component . Thepatternof transmissionsisedin each is basednthecom-
bination of the conceptof strongly 2-selectve family [29] andof Steps5 and6
in the ENHANCED-PROMOTION procedureOneset in thestrongly -selectve
family, in relationto thelabel , is replacedyy eitherthewholeexecutionof Steps
5and6 in the ENHANCED PROMOTION procedurdif ) or by a continuous
sequencef noisy calls (if ), meantto blur communicationin the neigh-
boring component.Note thatif thecomponent is connectedy anedgewith

someothercomponent  therewill be a stepin the applicationof the strongly
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2-selectve family whenthebit associateavith  is setto 1 andthebit associated
with  is setto O (andvice versa). In this casethe traversalof the messagen
thecomponent will beinterruptedwhichis enoughto gure outthat does
not form the whole graphof competitors.The costof Stepsb & 6 is boundedby
andthenumberof stepsn thestrongly -selectvefamilyis Thus
the costof thistest(includingtime multiplexing) is boundedoy
In Step3, the distribution of the compoundmessages performedwith the

helpof abroadcastingprocedurdrom [66] in time

Theorem 18 The M2M multicastproblemin arbitrary radio networkscan be

solvedin time
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Chapter 5

Conclusionand Further Work

In this dissertationyve studiedtime ef cient communicatioralgorithmsin multi-
hopradionetworks.

In chapter2, we proposedseveral optimal gossipingalgorithms,in which we
closedthegossipingoroblemin undirectedknown multi-hopradionetworkswhen
the worst casescenariois concerned.One of possibleresearchdirectionsis to
study gossipingproblemin directedknown radio networks. Anotheroneis to
investigatewhetherour new gossipingalgorithmsin [50] canbe usedto improve
theruningtime of M2M multicastin [47].

In chapter3, we presentedwo new radiogossipingalgorithmsin directedad-
hocradionetworks. ThealgorithmGossip1 is designedor graphswith the
maximumindegreeboundedy  With therunningtime thisalgo-
rithm performsbestwhenthediameternf thenetwork is large (closeto ) andthe
max-degreeis relatively small ( ). ThealgorithmGossip2  is designed
for graphswith an arbitrarytopology With the runningtime
this algorithmis currentlythe best(up to our knowledge)known generaldeter
ministic radio gossipingalgorithm. An obvious openproblemis to closefurther

thegapbetweerthebestcurrentlyknown randomised -timegossiping,
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givenin [31], andour new deterministic -time gossipingproce-
dure. It seemghatto improve the deterministicupperboundonewould needto
introducenew, more adaptve gossipingparadigms.An implication of our main
algorithmis that now the upperboundsfor deterministicgossipingis the same
for polynomially large nodelabelsasfor linearly large labels. One might gain
somefurtherinsightinto the time compleity of the gossipingproblemby look-
ing for the caseswhenthe linear nodelabelsenablefasteralgorithmsthan the
polynomiallylargelabels.Our protocolsmake useof theexistenceof -selectors
of size showvn in [26], but the proof of existencepresentedhereis
non-constructie. A techniqueto construct -selectorsof size was
describedn [55], andusingsuchselectorsve canmake our algorithmsconstruc-
tive with only slowdown. Anotherimportantopenproblemin this
contet is whetherit is possibleto construct -selectorof size

In chapter4, we gave an -time algorithmfor solving
the M2M multicastproblemfor agroupof participatingnodeswith maximum
distance in anarbitraryradionetwork consistingof nodes.Ourapproachuses
a clusteringtechniquéor partitioningthe radio network anda new algorithmfor
promotingmessagem clusters.Interestingoroblemdeft for furtherinvestigation
include(1) improving theupperboundsof ouralgorithms(2) developinglocality-
sensitve multicastalgorithmsfor the casewhenthe nodesof the network have
only limited (e.g., local) knowledgeof the topology and (3) investigatinghow

ef cient updatingaffectsperformancef multicastin mobileradiosystems.
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