
INF223 Category Theory and Diagrammatic Modelling
Spring 2011

— Compulsory Exercise Set 1 , Deadline 22.02.2011 12:15 —
(You can deliver your solutions by email to me, in a box beside the

secretary at 4th floor, or in the Lecture)

You can discuss the exercises in groups, but every student should deliver
her/his own solution!

1. We consider the following two monoids:

• Real numbers with addition: R+ = (R, 0,+)

• Positive real numbers with multiplication: R∗ = (R+, 1, ∗)

Your task is two show that both monoids are isomorphic. That is:

• You have to define a map from R into R+ and another map from R+ into R.

• For each of the maps you have to show both conditions for monoid morphisms.

• You have to show the two compositions of the maps provide the identity on R
and R+, respectively.

Remark: You can use what ever you have learned at school about real numbers.

Methodological remark: This isomorphism has been for three centuries one of the
most practical isomorphisms, since it allows to implement multiplication by means
of addition which is much easier and “cheaper” than multiplication. This exercise
is meant to show that isomorphic may not mean equivalent from an application
viewpoint.

2. To any set A we can assign the monoid L(A) = (A∗, [ ],@) with A∗ = {[a1, . . . , an] |
n ∈ N; a1, . . . , an ∈ A} the set of lists over A, [ ] the empty list, and the concatenation
of lists [a1, . . . , an]@[a′1, . . . , a

′
m] = [a1, . . . , an, a

′
1, . . . , a

′
m]

Show that this assignment can be extended to a functor L : Set→ Mon. That is, you
have to define for each map f : A → B a monoid morphism L(f) : L(A) → L(B).
You have to show for L(f) the two conditions for monoid morphisms and you have
to show that the assignments f 7→ L(f) satisfy both compatibility conditions for a
functor.

• L(f ; g) = L(f);L(g) for all maps f : A→ B, g : B → C.

• L(idA) = idL(A) for all sets A.

Hint: There is nothing deep or complicated in this exercise. It’s just about to apply
and to work, in a more precise way, with formal definitions.
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3. For any set A we can construct the power set ℘(A). Your task is to extend the
assignments A 7→ ℘(A) to a functor P : Setop → Set. That is, define for any
morphism f op : B → A in Setop, i.e., for any map f : A → B, i.e., a map P(f) :
℘(B)→ ℘(A) and prove both compatibility conditions for functors:

• P(f ; g) = P(g);P(f) for all maps f : A→ B, g : B → C.

• P(idA) = id℘(A) for all sets A.

Hint: One of the constructions, we have discussed in the second group meeting
should be of help here. If you don’t like the notation P(f) you are free to chose
another more appropriate one.

Methodological remark: Together with the second exercise in the Exercise set 3 we
have here an example underpinning that functors are, not at all, determined by their
behavior on objects only!
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