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THE CONJUGATE GRADIENT METHOD AND TRUST REGIONS
IN LARGE SCALE OPTIMIZATION*

TROND STEIHAUGH

Abstract. Algorithms based on trust regions have been shown to be robust methods for unconstrained
optimization problems. All existing methods, either based on the dogleg strategy or Hebden-Moré iterations,
require solution of system of linear equations. In large scale optimization this may be prohibitively expensive.
It is shown in this paper that an approximate solution of the trust region problem may be found by the
preconditioned conjugate gradient method. This may be regarded as a generalized dogleg technique where
we asymptotically take the inexact quasij-Newton step. We also show that we have the same convergence
properties as existing methods based on the dogleg strategy using an approximate Hessian.
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1. Introduction. The unconstrained minimization of a smooth function in many
variables is an important problem in mathematical programming. These problems are
usually referred to as large scale unconstrained optimization problems and they occur
frequently, for example, in structural design and in finite element methods for nonlinear
partial differential equations.

Since the function is smooth, the local minima occur at stationary points, i.e.,
zeros of the gradient. Effective algorithms are usually based on Newton’s method or
some variation like the quasi-Newton methods for finding a zero of the gradient. To
enlarge the region of convergence, the methods need to be modified. There are two
main approaches to achieve global convergence. The most familiar modification is the
line search approach where a direction p is computed followed by a search for an
approximate local minimizer along the line defined by the direction p. An alternate,
appealing approach is based on the observation that quasi-Newton methods model
the function by a quadratic approximation around the current iterate. The quadratic
is accurate only in a neighborhood of the current iterate and the new iterate is now
chosen to be an approximate minimizer of the quadratic constrained to be in the
region where we trust the approximation.

Let

(1.1) e(p)=gx)p+3p"Bp,

where B is a real symmetric n X n matrix and g is the gradient of a smooth function
f:R" —>R,)g(x)¢0.
The trust region problem is to find p(8) so that

(1.2) @(p(8))=min{e(p): |pllc =8},
where
(1.3) lplle=p"Cp

and C is a symmetric and positive definite matrix. We note that a solution of (1.2)
always exists, but the solution is not necessarily unique.
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Assume that (1.2) has a unique solution for 0 <& = A, and let p(6) be the solution
curve.

There are two different approaches to solve (1.2). In the first case we find p(6~)
so that

The step p(8) may be found by an iterative method. It can be shown that the optimal
solution p* satisfies

(1.4) (B+aC)p*=—g

for some a =0, where B +aC is symmetric and positive semidefinite [6]. Hebden [7]
and Moré [9] have given iterative methods for (1.2) based on using different values
of @ in (1.4). However, in large scale optimization solving the linear system (1.4) for
different values of & may be expensive. The problem of solving (1.4) for different
values of « is a Well-known problem and occurs frequently in the solution of stiff
ordinary differential equations and is often referred to as the pencil problem [5].

The other approach approximates the curve p(6) by a piecewise linear approxima-
tion p(r). This is usually referred to as a dogleg [10],[11] or double dogleg [3]
technique depending on the number of points defining the approximate curve. The
approximate curve p(r) is so that ¢ (p (7)) is monotonically decreasing and ||j(7)|lc is
monotonically increasing for 0=7 =T. An approximate solution to the trust region
problem (1.2) is found by solving

(1.5) min {¢ (F(7)): |[F(7)llc =6,0=7=T}.

If o (f(r)) is strictly decreasing and ||f(7)||c is strictly increasing then for ||5(T)||c > 6
the unique solution of (1.5) is found by solving

(1.6) 16()llc =6.

If B is a nonsingular matrix, then the dogleg curves use the Caﬁchy point

T
pc __88 g
g'Bg
and the quasi-Newton point
p"=-B'g

Powell’s [11] dogleg curve is
. Tpc, 0o=r=1,
p(r) =< . N
p +r-Dalp” —p), 1<7=2,

where o =sign (—g " (p™ —p©)). If B is positive defiiiite, then the double dogleg curve
[3] introduces the extra point yp", where 0<y =1, and gives an earlier bias to the
quasi-Newton step than the dogleg strategy. The double dogleg curve is

™5, 0=sr=1,
. r—1
p(r)= pc+—;—(vp”—pc), 1<r=1+vy,

(T—i)pN, 1+y<r=2.
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The approximate solution of (1.2) is now either j(7) so that || (r)|lc =8 or p(2)
if |p(2)|lc =8. The dogleg curves can be defined when B is nonsingular, but it is not
clear how to define the dogleg curves when the matrix B is singular. The dogleg curves
require the quasi-Newton step and are thus not suited for large scale optimization.
Another major weakness of the original dogleg strategy is that the curve p(r) is
independent of the norm used to define the trust region. However, the solution of
(1.6) depends on the norm.

In this paper we show that the preconditioned conjugate gradient (PCG) method
(see for instance [1],[2]) applied to (1.1) can be used to generate a piecewise linear
curve that approximates p(5). The method is well defined for arbitrary B and the
approximate curve depends on the norm chosen. The PCG method is well suited for
large scale optimization.

In § 2, we describe the algorithm and show that |5 (7)||c is strictly increasing and
¢ (P (7)) is monotonically decreasing. Thus (1.5) has a unique solution.

In § 3, we summarize the convergence properties when the algorithm is imbedded
in the class of trust region algorithms of Powell [12] and we show that the solution
of (1.5) satisfies the condition for convergence in [12]. In the last section, we show
that we may achieve a superlinear rate of convergence.

2. The basic algorithm. We include three different termination rules in the
preconditioned conjugate gradient method. We terminate when we have a sufficiently
good approximation to the quasi-Newton step, which is the inexact quasi-Newton
step [4], [13]. Secondly, we terminate when the norm of the approximation is too
large, in which case we take a linear combination of the previous iterate and the
current one. Finally, when we encounter a direction of negative curvature then we
move to the boundary. This may be regarded as a generalized dogleg scheme. We
then extend this strategy and show how to find a new approximate solution when the
trust region bound is reduced and how to find a double dogleg curve.

Consider the trust region problem (1.2):

min {¢(p): [Ipllc =A},

where ¢ is defined in (1.1) and we use the weighted norm (1.3)
lpllc = (p, Cp)'",
where C is symmetric and positive definite and (-, -) is the standard inner-product
on R".
The algorithm is:

Step 1: Setpo=0andro=—g.
Solve Cfy = ry.
Setdo="o
and set i =0.

Step 2: Compute vy; = (d;, Bd;).
If ; >0 then Continue with Step 3.
(2.1) Otherwise compute 7 >0 so that ||p; + 7d;||c = A,
set p = p; +7d; and Terminate.

Step 3: Compute a; = (i, 7:)/ ¥,
piv1=pi tad;.
If ||pi+1]lc <A then Continue with Step 4.
(2.2) Otherwise compute 7 >0 so that ||p; +7di|c = A,
set p =p; +7d; and Terminate.
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Step 4: Compute r;, =r;, —a;Bd,.
(2.3) If |ris1llc/llgllc =€ then set p = p;,; and Terminate.
Otherwise Continue with Step 5.

Step 5: Solve Cfiiq1 =raq.
Compute B; = (ri+1, Fiv1)/ (1, i)
and d;,, =Fi1 + B
Set i = {+1 and Continue with Step 2.

Consider the case when the algorithm has terminated and p is the final direction.
Then
Di+1 if (2.3) is used,
2.4) p =< pi+7d; ifvy;>0and (2.2)isused,
pi+7d; ify;=0and (2.1)is used.

In Theorem 2.1 it is shown that (p;, Cd;)>0 hence  in (2.1) and (2.2) is found by
choosing the positive root of the quadratic equation in 7:

2.5) Tz(di, Cd;)+27(p, Cd;) = A~ (p» Cps).

We now state our main theorem. Before we prove the result, we need some
properties of the PCG method.

THEOREM 2.1. Letp;, [ =0, -, i, be the iterates generated by the algorithm. Then
@ (p;) is strictly decreasing j =0, - - - , i, and
(2.6) e(p)=e(p).
Further, ||p;\\c is strictly increasing j =0, - - - , i and
2.7 lplle >llpillc.

In the proof of the theorem, we need the following lemma from Hestenes and
Stiefel [8] and Steihaug [13]. :
LEMMA 2.2. Assume y; #0,i=0,1, -+ .k; then

(2.8) (ris di) = (r;, 77), O=i=j=k,
> Fi di! C i .
2.9) (d, Cayy =2 Cd) i<k,
(ri! ri)
and
1 T Fl 2 .
2.10) e =pp)—3 L osick
Yi
Proof of Theorem 2.1. We first show that ||p||c, j =0, 1, - - -, i, is strictly increasing
and ||p|lc > lp:|lc. From Step 3 we have
i—-1
(2.11) pi= Y apd, i=0,1,---,i
k=0
and
(2.12) >0, j=0,1,--+,i—1.
Hence

(2.13) (pj, Cd;)>0, j=0,1,-+,i
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using (2.9). Consider
(2.14) (pi+1, Cpi+1) = (p;, Cp;i) +20;(p;, Cd;) +a?(df, Cd;) =z (p;, Cpj)

using (2.13) and (2.12). We have thus shown that |pjlc, f=0,1, - -, i, is strictly
increasing. If p = p;.1, then (2.7) follows from (2.14). If p =p; + 7d,, then

(p, Cp) = (ps, Cp) +27(p;, Cdi) +7°(d;, Cdi) > (P Cp:)

using (2.13) and for 7 in (2.5) 7 >1. Hence we have (2.7).

We now show that ¢(p;), j=0,1, -, is strictly decreasing and (2.6) holds.
From Step 2"‘we have y;>0,7=0,1, - -,i~—1; then, from Lemma 2.2, ¢(p;) is strictly
decreasing j =0,1, -, i :

Consider the last iterate p. If p = p;.; then the result follows directly. From (2.5),
we have that

(ry di) = (r, 7)) = (Bp; +8, C_'(Bpi +8)) >0,
using that C is positive definite, hence d; is a descent direction for ¢ (p;), i.e.,
—(Ve(p:), di) = (Bp; +g,di)>0.
If y; >0, then we have
L ep)ze(pi+7d)Z@(piv1) for0<7=a.

Since 7 =a;, we have the desired result. For y; =0, then the quadratic term is non-
positive, and we have

e(p)=ze(pi+7d;) forO=r,

and the result follows directly. Q.E.D.

This theorem tells us that if B is positive definite and we terminate using (2.3),
then we know that the unconstrained minimizer is outside the region. If we terminate
using (2.1), then the matrix B is indefinite and the minimizer is at the boundary.

Since a; in Step 3 is the minimizer of ¢ (p; + ad}), it follows that ¢ (p; +7(p;+1—p;))
is strictly monotonic decreasing for 0=7=1. From (2.1) and (2.2) we know that
¢(p+7(p—p))) is strictly decreasing. Hence for the piecewise linear curve j(r) that
connects p;, j =0, 1, - - - , i, and p we have that ¢ (p(7)) is strictly monotonic decreasing
and ||p (7)||c is strictly monotonic increasing.

Consider the case when the trust bound is reduced to A’ and the matrix B is
unchanged. Let j <i be the index so that

(2.15) Ipille = A" <|lpillc =llpillc =A,

then it would be desirable to combine p; and p; and find 7 so that

lpi +7(pi —pllc =A'.

From (2.11), (2.12) and (2.13) we immediately have that (p; —p;) is a descent direction
for ¢(p;) and ||p; + 7(p: —p;)||c is increasing in 7, 0=7=1.

Let j <i. It can be shown that p; and p; may be used as a pair of directions for a
double dogleg scheme, i.e., we can find positive n =1 so that

T™Djs OéTél,

plr) = pi +(r—D(np: —p;)s 1<r=2,

(r—Dnps 2<T§1+—1—,
n

and ¢ (p (7)) is decreasing and || p(7)||c is increasing for increasing .
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To see this, we first note that p; —p; is a strict descent direction for ¢ (p;), hence
there exists positive no=1, so that np; —p;, where

is a descent direction for ¢(p;). The constant 1o is found by solving a quadratic
equation in 7o in a similar way as in Dennis and Mei [3].

Further, ||p; +7(p: —p;)||c is strictly increasing in 7, hence there exists positive
n1=1, so that for np; —p;, where

then ||p; + 7(mp; —p;)||c is strictly increasing in 7. The constant 7, is found by solving a
quadratic equation in 7;.
Now choose any 7 so that

max {710, nl}é"l él!

and we have that p(7) is biased toward p; as the original double dogleg curve is biased
toward the quasi-Newton step.

3. Convergence results. In this section, we summarize the convergence results
for the unconstrained minimization problem when we use the modified PCG algorithm
imbedded in the class of minimization algorithms of Powell [12].

Consider the unconstrained minimization problem

min {f(x): x eR"},

where f: R" - R satisfies:

A.l. fis bounded below;

A.2. f is differentiable and the gradient is uniformly continuous.

The framework of the algorithms is given below. For simplicity we assume that
C, = I, where C, is the weight in (1.3). Let A be a fixed upper bound on the step lengths.

Step 1: Given xq, Bo, Ao = A and &.
Calculate f(xo) and g(xo), and set k£ =0.

Step 2: Use the modified PCG algorithm to find approximate solution
P with relative error & in (2.3).

Step 3: Calculate f(xx +pr), g(xx +px) and
(3.1) g, ~fER) Zf 0 i)
—@(Pr)
Step 4: Update xi-1:

X +pi  if pr>ao,
(3.2) Xk+1 ={ .
Xk otherwise.
Update Ak+1i
(3.3) Pkl = A1 =min {ysllpl, A} when pi Z a3,

(3.4) Ya"Pk“ =Aka éYS"Pk” when p, <aj.
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Update By.::

k
(3.5) Biill=y1+72 X llpill

Update &1, k = k +1, and continue with Step 2.
The constants y; and vy, depend on the update formula of B, .. Further,

0§a2<a1<1,
3.6) ,
0<‘Y4§‘Y§<1§‘Y3.

If the matrix B, .1 is a secant update, then we have to decide whether or not to update
when the step is rejected. If the step is rejected and the trust region parameter
decreased, then the new direction in general is different from the old one, which is
not the case in line searches. Hence we can expect to get a better approximation by
updating the matrix even if the step is rejected. However, from § 2 we have that the
new step can easily be computed if By.; = By and px =a,. We note that this is the
case when B, only depends on x; as in Newton’s method.

The first theorem is an important modification of the original convergence result
of Powell [12]. In his convergence result Powell assumes that the direction p, satisfies

. X
3.) ~entp ze g Ceolmin {1, )
X
for some c¢1 >0, and he shows that
. : (k)
min i rg ) Irg ) = il = g e i {221,

But from Theorem 2.1 we have

@i (pi) =min {@ (78 (x1.)): ||Tg(xk)|| = ||Pk||}

with equality only if i =0 in (2.1) or (2.2). Hence the direction p, from Step 2 satisfies
(3.7) with ¢; = . Note that when A, is reduced, x + i is rejected and By, is unchanged,
then we have the above inequalities using (2.15). We only include the part of the
proof that differs from Powell’s original proof. The algorithm includes the generaliz-
ation of Thomas [15].

THEOREM 3.1. If & =¢ <1, then

lim inf flg (xi)l| = 0.

Proof. The result is proved by obtaining a contradiction. Assume that {||g(x«)|[}
is bounded away from zero. First it is shown that

3-8) 2 lpill<+oo,
k=0

hence {||B.|}} is uniformly bounded. The next major step is to show that

(3.9) l!mcuo pi=1.

Hence from (3.3) and (3.6) we can conclude that for £ sufficiently large,

A1 Z [ pell-
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We will now show that for k sufficiently large, under the above assumption we do
not use an inexact quasi-Newton stepl, ie.,

(3.10) M>§k for k = k.
”g(xk)"

From (3.8) we have that ||pi||= 0. Since we have assumed that {||g(x;)|}} is bounded
away from zero, it follows that the fraction

1Bipic + g (x|
llg Gl

is arbitrarily close to 1, hence for sufficiently large & we have that

[l
llg Geiol

Thus we have the desired result (3.10).
For kg sufficiently large we are using termination (2.1) or (2.2), and we have

>§ forkéko.

Ak+1 éAk = ”pk” for k gko

Hence ||pr+1]| =||p]|>0 for k = ko. This contradicts (3.8) and shows that {||g (x)|} is
not bounded away from zero. Q.E.D.

The next theorem follows from Thomas [15].

THEOREM 3.2. Let a1 > a2 >0 and assume that {||B||} is bounded. If & =¢ <1,
then

lim g(x,)=0.
k—>00
Proof. The proof in Thomas [15, Thm. 4.5] only uses that p, satisfies (3.7).

Q.E.D.

Powell has pointed out [12, p. 6] that if one of the iterates falls into a bounded
region in which f is convex, and the subsequent points remain there, then the sequence
{xi} converges to the local minimizer.

To explore this remark further, we will discuss under what assumptions there
will be local convergence to a strong minimizer.

THEOREM 3.3. Let f be twice continuously differentiable in an open convex set (.
Assume that x* is a local minimizer in € and the Hessian matrix of f at x* is positive
definite. Then there exist positive constants € and A so that if ||xo—x*|=¢ and Ag=A
then {x\} converges to x*.

Proof. Put B*(8) ={x: |lx —x*||=6}, and let § >0 so that f is strictly convex in
B*(8) and B*(8) is contained in Q. Put

_9
# _373'
Choose ¢ >f(x*) and £ >0 so that
(3.11) B*@E)sL,<B*u),

where

L, ={xeB*(8): fx)=¢}.

! This is the only modification of the original proof [12, pp. 11-12].
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This can be done in view of the strict convexity of f in B*(5).
We will now show that for

Ixo—x¥=e,  Ao=3,
then
(3.12) ek —x*| =
and
(3.13) A =38.

Hence we know that {x,} has limit points. Further, from Theorem 3.1 we know that
there exists a subsequence converging to x *. But f(x, ) is decreasing, hence the sequence
{xi} is converging to x *.
The proof is by induction. Clearly (3.12) and (3.13) are satisfied for £ = 0. Assume
(3.12) and (3.13) hold for k£ and consider
26

&
lleic +pie = x*| = [leie —x S| +lpul| =5 —+—7 =6
3‘)/3 3

and x; +px € B*(8). We will now consider the two different cases; the new function
value is less than or larger than the current function value. If f(x, +pi) =f(x:), then
xi +pr €L, hence from (3.11)

)
ki +pic —x*|=7—=w,
3ys

and we have the desired result (3.12). From (3.4) and (3.6) we have that the maximum
change in Ay, is

& )
Arr1 = v3llpicl| = vallke + e — x|+ [lxe —x*||]§y3[1—+—] =35,
3¥s 3vs

and we have the desired (3.13).
If f(xi +pr)>f(xi), then the step is x, .1 = xi and the stepbound is decreased

A1 =||pe]l= A =35,

and we have shown (3.12) and (3.13). Q.E.D. )
This theorem shows that we get local convergence independent of Bo. To find a
suitable Ao, we can choose
Ao =7llg (xo)ll
for any vy > 0. Hence for x, sufficiently close to x* we have Ap=A.
4. Superlinear rate of convergence. In Steihaug [13] and Eisenstat and Steihaug

[4] it is shown that if f is sufficiently smooth and {x,} converges to a stationary point,
where the Hessian is nonsingular and

4.1) lim 1Bipx + 8 (xi) — g (xic +pk)”20,
k>0 ll el

and the residual r, = Bp, +g(xi) satisfies

lI7el
”g(xk)"

=&,
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where x;.+1 = xi +pr and & - 0, then the sequence {x, } converges superlinearly. In this
section, we will show that if we have convergence to a local minimizer where the
Hessian is positive definite, then the trust region algorithm also yields a superlinear
rate of convergence.

In this section we assume that

Al xix>x*ask-o0.

A.2. fis twice continuously differentiable in an open neighborhood Q of x *.

A.3. The Hessian matrix H (x*) of f is positive definite.

A.4. The sequences {p:} and {B,} satisfy (4.1).

The conditions (3.5) and (4.1) are satisfied if B, = H (x,) and if By is a least change
secant update in Frobenius norm. The proofs that these updates satisfy (3.5) depend
on H being Lipschitz continuous. The proofs that the updates satisfy (4.1) depend
on Y =o||p«|| < 00. This follows from Powell [12, Thm. 2] (see [12], [14], [16]).

The first lemma shows that the approximation ¢, (px) predicts f(x, +pi) provided
that the gradient of ¢, predicts the gradient of f at x, +p,. Let p, be the fraction of
the actual function decrease and the predicted decrease given by (3.1).

LEMMA 4.1.

fim pu =1

Proof. The proof is a part of Powell’s [12, Thm. 3, pp. 16-18]. Q.E.D.
This result is important since it specifies that for k, sufficiently large we use the
trust region revision (3.3) and

Ax Z(lpx-1lls k >ko. ‘
Therefore, if at any index k =k,

il < llpc -l

then we know that the method has used the termination rule

lIrell/llg Ceil| = &

This is the basic observation used in this section’s main theorem.
THEOREM 4.2. If & - 0 then {x,} converges superlinearly, i.e.,
E3
. xes1—x
i 1=
ke[| — x|
Proof. From the observations after Lemma 4.1 we know that since {x; } converges,
we are using the termination rule

IBxpi + g xi)ll/llg Geio)ll = &

in the minor iterations an infinite number of times. Further, for k£ sufficiently large,
we have from (3.2) that the step p; is acceptable. We will show that the norm of the
new step P41 i strictly less than the norm of the current step p, hence the step pr+1
also satisfies the relative residual termination rule, since otherwise ||pi11l| = Ax+1 2 || pell-
This shows that when we start taking inexact quasi-Newton steps, then we will continue
with these steps.

From Lemma 4.1, (3.2) and (3.3) it follows that there exists ko so that for k =k,
then xi.1=xi +px and A1 =|pcl. Further, from Powell [12, p. 15] it follows that
there exists u >0 so that

4.2) Ipell=wlgxo)l,  k=ko.
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We first note that there exist positive constants Ao and A; and a neighborhood
D cQsothatforallx eD
(4.3) A1(p, ) =(p, H(x)p)=Ao(p, p)
and x; € D for k = k. Let
Y =|1Bipr + g (xi) — g (xic + i)/l el
and choose k1 =k so that
4.4) wlérotyi]<l-é&.

This can be done since & —~ 0 and y, = 0 as k > 0.
Consider

llg Geie +pll _1Bipi +g (el [lg (il

+1Bicpic + g (xi) — (xic +pi)ll/ Nl pel

o = TGl e
and for k =k,
4.5 XK+
G Sl e+ po - sl le i poll il [0+ S 2N]

using (4.3). Hence, for index k =k, such that

||’k||
4.6 _Wkl
@6 T e = &

we have using (4.5) that

”g(xk+1)“égk[/\0+||g(xk+l)”] i

Il lIpell
and
llg (xic+ Il _ ExAo+ i
4.7) = .
ll ol 1-¢
Hence
(4.8) ||Pk+1|| _ ||pk+1” ”g(xk+1)” < gkA0+7k< 1,

el llg el Nl 1-&
using (4.7) and (4.4).

This shows that if kK =k; so that (4.6) holds, then all consecutive iterates will
satisfy (4.6). But we know that such k exist since ||p||=> 0, hence there exist k> =k,
so that for k£ =k, then (4.8) holds.

Now since y, and &, are converging to zero we have from (4.7) that

L lglenl

ksao g1 — x|

0

and using (4.2)

. ”g(xk+l)” _
k> [lg (i)l

which shows a superlinear rate of convergence. Q.E.D.
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