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Abstract

Many problems have multiple layers of parallelism. The outer-level may consist of few and
coarse-grained tasks. Next, each of these tasks may also be rich in parallelism, and be split into
a number of fine-grained tasks, which again may consist of even finer subtasks, and so on.
Here we argue and demonstrate by examples that utilizing multiple layers of parallelism
may give much better scaling than if one restricts oneself to only one level of parallelism.

Two non-trivial issues for multi-level parallelism are load balancing and implementation. In
this paper we provide an algorithm for finding good distributions of threads to tasks and dis-
cuss how to implement nested parallelism in OpenMP.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Computational demanding problems, where parallel computing is needed to find
a solution within reasonable time, also tend to be complex problems. When breaking
a complex problem into smaller independent subproblems for parallel processing,
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one typically finds several layers of parallelism. The first level or outer-level may con-
sist of few, but large tasks. Each of these outer-level tasks may be split into a number
of fine-grained tasks, which again may consist of even finer subtasks, and so on.

If the outer-level tasks are independent, they provide an obvious, coarse-grained
parallelism. Unfortunately, coarse-grained parallelism may give poor scalability, as
the tasks often are few and of unequal sizes. Consequently, many applications are
parallelized at inner-level, exploiting parallelism within each task. Fine-grained par-
allelism quite often suffers from large parallel overhead and synchronization cost
when the number of processes increases, resulting in limited scalability. When scala-
bility is limited for coarse- as well as fine-grained parallelism, then combining the two
still can provide reasonable scalability as demonstrated in our examples in Section 4.

In this paper we investigate the advantages and challenges of implementing multi-
level parallelism. The great advantage we claim is enhanced scalability. However, we
see two main challenges. As is illustrated by our examples, the cases where an outer-
level parallelism is not sufficient, is in particular where the outer-level tasks are of
unequal sizes. This makes load balancing non-trivial, but not less important. Thus,
finding a good distribution of threads to outer-level tasks is very important for good
efficiency. This question is addressed in Section 2, where we provide an algorithm
which distributes threads to tasks.

The second challenge is that of the increased complexity of the implementation.
We investigate the increased complexity in implementation in the context of
OpenMP [1], the standard for SMP-programming. The popularity of SMP-program-
ming is mainly due to its ease of programming as the programmer usually only
inserts directives in front of the most time consuming loops. In the case of multi-level
parallelism one would like it to be sufficient to simply apply nested sets of directives
to achieve the necessary effect, and contrary to most of its predecessors OpenMP
allows nested directives.

However, a complicating fact is that the effect of the OpenMP directives for nes-
ting, is not well defined. It is, for instance, compliant with the standard to serialize
nested directives. Thus there is no guaranty that multiple levels of parallelism actu-
ally are used even if the programmer specifies so by inserting directives. Conse-
quently, the only way to make truly portable OpenMP-code, which faithfully
executes the multi-level parallelism intended by the programmer, is the more cum-
bersome way of explicitly assigning tasks to threads. We therefore demonstrate
how this can be done in Section 3.

The effect of 2-level parallelism on two real applications, a wavelet based data
compression code and an adaptive mesh refinement code, have been tested and is re-
ported in Section 4. We conclude in Section 5 with some remarks on the limitations
of the current OpenMP standard.
2. The distribution algorithm

In this section we will present an algorithm for the distribution of threads to
tasks. We will focus our discussion on the 2-level case and try to be exhaustive
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for this case. We also briefly explain how our algorithms can be extended to multi-
ple levels. The computational units at the outer-level will be called tasks. These are
assumed to be independent, and of unequal sizes. Each task is supposed to possess
an internal fine-grained parallelism. For our algorithms to work, an estimate of
the workload, or weight, of a specific task is needed. In the cases we have applied
the technique to, a reasonable assumption is that the work is proportional to the
amount of data.

For load balancing different situations may occur depending on the number and
sizes of tasks, and the number of available threads. One immediately identifies two ex-
treme cases: The case where all tasks need at least one thread, and the case where each
thread should take one ormore tasks.We first design algorithms for these two extreme
cases, and then show how they can be combined to deal with all possible cases.
2.1. Case 1: all tasks need at least one thread

The first extreme case is when the tasks are large and need at least one thread.
Obviously this case can only be realized when the number of available threads is lar-
ger than the number of outer-level tasks.

The threads should be grouped together in teams, where each team is responsible
for doing the work associated with one task. The allocation of threads to tasks can
be done in the following way: first assign one thread to each task. Then find the task
with the highest �work-to-thread-ratio� and assign an extra thread to this task.
Repeat this process until all threads are assigned to a task. A formal description
of this algorithm is given in Algorithm 1.

Algorithm 1. Distribution of threads to tasks

/* This algorithm finds a distribution of P threads to the work of N tasks, for

P P N. The weight of task i is denoted by wi, while the number of threads distributed

to task i is given by pi. */

[p] = Distribute1(N, P, w)
p1:N = 1;
for j = N + 1, P � �
Find k 2 [1:N] such that wk
pk
¼ maxi2½1;N �

wi
pi

;
pk = pk + 1;

end for

This very simple algorithm produces not only a good partition, but the optimal
one as proved in [9].
2.2. Case 2: all threads do at least one task

The other extreme is when the tasks are many and small such that most tasks have
to share one thread, and under no circumstances any task will have more than one
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thread. In some sense this is the dual of the previous problem. Here tasks are
assigned to threads.

This subproblem corresponds to a bin-packing problem, and we can distinguish be-
tween two versions of it. We can either assume that we have a fixed number of bins (in
our case threads), and seek to pack each bin such that the size of the largest bin is min-
imized. Alternatively, we can fix themaximum bin size and try tominimize the number
of bins needed to pack all tasks. In either case the problem is known to beNP-complete.

Good approximate solutions can be found by the best fit decreasing method [2].
This algorithm is given in Algorithm 2a for the fixed-number-of-bins problem.

Algorithm 2a. Distribution of tasks to threads. Fixed number of bins

/* This algorithm finds a distribution of N tasks to P threads, by best fit decreasing

method for bin packing in fixed number of bins. The total amount of work distributed

to thread i is given by pwi. and the thread which task j is distributed to by thread_
allocj. */
[thread_alloc] = Distribute2a(N,P,w)

Sort the tasks such that wi P wj "i < j and i, j 2 [1,N];
for j = 1, P

pwj = wj; thread_allocj = j;
end for

for j = P + 1, N
Find k 2 [1 : P] such that pwk = mini2[1,P] (pwi);
pwk = pwk + wj; thread_allocj = k;

end for
For the maximum-bin-size problem, the best fit decreasing method attempts to
put the task to allocate in the fullest bin it fits. This algorithm is given in Algorithm
2b. Notice that P is not an input parameter anymore, but an output parameter, while
�w, which represents the maximum bin size now is needed as an input parameter.

Algorithm 2b. Distribution of tasks to threads. Fixed max size of bins

/* This algorithm finds a distribution of N tasks and P, the minimum of threads

needed under the constrain that no thread should have a workload of more than �w.

The method used is best fit decreasing for bin packing in fixed max-sized bins.

The total amount of work distributed to thread i is given by pwi, and the thread which
task j is distributed to by thread_allocj. */
½P ; thread alloc� ¼ Distribute2bðN ; �w;wÞ
Sort the tasks such that wi P wj "i < j and i, j 2 [1,N];
P = 1; pwP = 0
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for j = 1, N

Find a k 2 ½1; P �such that k 2 argmaxi2½1;P �fpwi þ wj : pwi þ wj 6 �wg
if k not exists

P = P + 1;
pwP = wj; thread_allocj = P;

else

pwk = pwk + wj; thread_allocj = k;
end if

end for
2.3. The combined algorithm

The combined algorithm works by simply sorting the tasks in two sets; one set for
those tasks large enough to rightfully ask for at least one thread for themselves, and a
second set consisting of tasks so small that they must be prepared to share one thread.

Algorithm 3. Combined Algorithm

/* This algorithm finds a distribution of the work of N tasks to P threads. The tasks
are divided in two sets, L (‘‘large’’ tasks) and S (‘‘small’’ tasks), where one or more

threads are working on the same task in L, and where each thread has one or more

tasks to work on in S. */

½L;S; p; thread alloc� ¼ Distribute AllðN ; P ;wÞ

W ¼
PN

i¼1wi; �w ¼ W =P ;
L ¼ f8i;wi > �wg; S ¼ f8i;wi 6 �wg;
NL ¼ jLj; NS ¼ jSj;
wL ¼ wi 2 L; wS ¼ wi2S;
W L ¼

P
i2Lwi; W S ¼

P
i2Swi;

/* For tasks i 2 S apply Algorithm 2: */
if Algorithm2a
PS ¼ intðW Sz=�wÞ;
½thread alloc� ¼ Distribute2aðNS; PS;wSÞ

else if Algorithm2b
½PS; thread alloc� ¼ Distribute2bðNS; �w;wSÞ

end if

PL ¼ P � PS;

/* For tasks i 2 L apply Algorithm 1: */
½p� ¼ Distribute1ðNL; PL;wLÞ

Note that if L is empty after the initial splitting into two sets, the work distribu-
tion algorithm degenerates to a 1-level, outer-level parallel strategy. This is fine, as
this is precisely the situation where outer-level parallelism is expected to be good:



R. Blikberg, T. Sørevik / Parallel Computing 31 (2005) 984–998 989
many tasks, few threads. In this case only Algorithm 2a can be used as Algorithm 2b
most likely will produce a value of PS larger than the number of available threads. In
general, if Algorithm 2b is used, the combined algorithm fails to find a feasible
answer whenever a PS is returned which does not satisfy NL 6 P � PS.

This is of course a very convincing argument for always choosing Algorithm 2a.
However, also Algorithm 2a has its shortcomings. There exist problems where the
combined algorithm produces poorer results than if one puts all tasks in L and
use only Algorithm 1. An example of this is our first numerical test case, in Section
4.1, where the combined Algorithm 3 (= 1 + 2a) produces poorer results than
Algorithm 1 for P 2 {14,21,22,23,24}. This is never the case when 2b is used in
the combined algorithm. In that case it can be proved that the combined algorithm
will always give a work distribution which is at least as well balanced as the one we
get when Algorithm 1 is used alone.

If we in Algorithm 1 store the nodes in a heap order by wi/pi, finding k is done in
only one operation. However, the heap needs to be updated in each step, requiring
O(logP) operations, making the complexity O((N � P)logN). The complexity of the
sorting step in Algorithm 2 is O(N logN) provided an optimal sorting routine is used.
If, as for Algorithm 1, the pwk is kept in a heap for efficient ‘‘best-fit’’, the complexity
of the assignment part of Algorithm 2 becomes O(N logN), and for the overall algo-
rithm OðNS logNS þ NL logNLÞ ¼ OðN logNÞ.

For tasks in the set S the above algorithm gives a complete description of the
work distribution, while for a team of threads assigned to a task in L, we also need
to divide the work as equal as possible within each team. For problems where the
subtasks are many, small and of equal size, this is straightforward, and the subtasks
can just be divided in pi pieces. The parallelism of a subtask in L may itself be con-
stituted of independent tasks of unequal size, but this is just the problem already de-
scribed and should be solved using the above algorithm. Repeating this process
recursively until all tasks are in a set S produces a multi-level work distribution.
The number of parallel levels is one more than the number of recursions.
3. Implementation of nested parallelism in OpenMP

Nested parallelism is possible to implement using message passing parallelization.
In MPI [11], creating communicators will make it possible to form teams of threads,1

where the members of the same team can communicate among themselves (fine-
grained parallelism), while the coarse-grained parallelism implies communication
between communicators.

The distribution of work to multiple threads in SMP-programming is usually
done by the compiler. The programmer�s job is only to insert directives in the code
to assist the compiler with its job. A more explicit approach, where the programmer
explicitly allocates tasks to threads, is also possible. The explicit approach gives the
programmer full control, but does require a much higher level of programmer
1 In the message passing jargon this is usually called ‘‘groups of processes’’.
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intervention. Therefore, directive based SMP-programming is usually the
recommended approach. Below we discuss the possibilities and limitations of the
two approaches for multi-level parallelism.

3.1. Directives for nested parallelism

Explicit constructs for expressing multi-level parallelism is not always found in
directive based, multi-threaded programming for SMP. OpenMP [1] does however
have constructs for nested parallelism.

In OpenMP a parallel region in Fortran 90 starts by the directive !$OMP PARAL-

LEL and ends by !$OMP END PARALLEL. The standard allows these to be nested.2

A simple example is displayed in Example 1, where we have two nested do-loops,
both parallelizable. This is made explicit to the compiler by the !$OMP DO directive.3

This example corresponds to having all tasks in the set L; That is each task needs at
least one thread to its own disposal. The NUM_THREADS clause, is needed to control
the number of threads in a team.

Example 1

call distribute1(N, P, w, p)/* Distributing threads to

tasks, Alg.1*/

!$OMP PARALLEL DO PRIVATE(i) NUM_THREADS(N)
do i = 1, N

!$OMP PARALLEL DO PRIVATE(j) SHARED(i) NUM_THREADS(p(i))
do j = 1, w(i)

<WORK(j,i) >
end do

end do
All variables used in a parallel region are by default SHARED. We declare the i
index as PRIVATE in the outer loop, and as SHARED in the inner loop, as it should
be private to each team and shared among the threads within the same team.

If NUM_THREADS is not set, it is implementation dependent how many threads will
work in each (nested) parallel region. Assuming that all tasks are in set L, and Algo-
rithm 1 is used to distribute threads to tasks. Then the natural choice is to establish N
threads on the outer loop, and fork p(i) threads for each of the inner loops.

We are aware that perfectly nested loops,4 like the simple case of Example 1, can be
re-written as one single loop by writing dok = 1,Nw(N), where NwðiÞ ¼

Pi
j¼1wðjÞ;

i ¼ 1; . . . ;N . The original indexes i, j can be retrieved as: find i such that
2 To enable the nesting one has to set the environment variable OMP_NESTED to TRUE or call the
subroutine OMP_SET_NESTED.
3 The !$OMP PARALLEL DO directive provides a shortcut form for specifying a parallel region that

contains a single !$OMP DO directive.
4 Nested loops are perfectly nested if assignment statements only occur in the innermost loop of the loop

nest.
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Nw(i � 1) < k 6 Nw(i), j = k � Nw(i � 1). For perfectly nested loops this re-
writing removes the nesting, and straightforward 1-level parallelism can be applied.
However, in addition to requiring restructuring of the code, this strategy does not ap-
ply to all possible multi-level nesting when the nesting is non-perfect. To keep the
example simple we demonstrate the nesting techniques by the simple code-fragment
of Example 1. Of course, where nesting is really needed is in more involved cases.

The more complicated situation, where the tasks split into the two sets L and S
should also be possible to implement by directives. An example of how this situation
can be implemented using nested directives, and a few changes in the code, is given in
Example 2. Here we assume that we have a routine, based on Algorithm 3, which sep-
arates the tasks in the sets L and S and find the distribution of threads to tasks (for
L) and tasks to threads (forS). This splitting ismaintained in the code andwill inmost
cases require some restructuring of the code. The !$OMP SECTION directive is used to
separate between the two cases. Note that this gives us yet another layer of parallelism.

Example 2

call compute_weights_of_tasks(w)
call distribute_all(N, P, w, p, thread_alloc)

!$OMP PARALLEL SECTIONS NUM_THREADS(2)
!$OMP SECTION /* Set L */

!$OMP PARALLEL DO PRIVATE(i) NUM_THREADS(N)
do i = 1, N_L

!$OMP PARALLEL DO PRIVATE(j) SHARED(i) NUM_THREADS(p(i))
do j = 1, w(i)

< WORK(j,i) >
end do

end do

!$OMP SECTION /* Set S */

!$OMP PARALLEL PRIVATE(thread,i,j) NUM_THREADS(P_S)
thread = OMP_GET_THREAD_NUM()
do i = N_L+1, N

if (thread / = thread_alloc(i)) cycle

do j = 1, w(i)

< WORK(j,i) >
end do

end do

!$OMP END PARALLEL

!$OMP END PARALLEL SECTIONS
When nested parallelism is enabled, the number of threads used to execute nested
parallel regions is implementation dependent. As a result, OpenMP-compliant
implementations are allowed to serialize nested parallel regions even when nested
parallelism is enabled. Unfortunately many of the vendors have chosen to do so.



992 R. Blikberg, T. Sørevik / Parallel Computing 31 (2005) 984–998
3.2. Explicit thread programming

OpenMP also allows a more low level work distribution, where the programmer
explicitly assigns work to threads. Here we illustrate how this technique can be used
to obtain 2-level parallelism with the following simple example.

Suppose a problem consists ofN = 4 independent outer-level tasks, where the work
of each task is of different size. Let the sizes be given by the weight vector
w = {10,8,2,7}. Feeding this into Algorithm 1 with P = 8 will give the distribution
p = {3,2,1,2} for the number of threads allocated to each of the four outer-level tasks.

We want the threads within a team to divide the work of their task equally among
each other. If one weight unit equals the work associated with one inner loop itera-
tion, the threads will divide the iterations as shown in Table 1. thread will then
work on task(thread), and do the j-iterations from jbegin to jend.

The information needed in the computation is given in Table 1 and is easily com-
puted with the threads-to-task distribution available. We apply a simple service rou-
tine for this purpose (find_jindexes). The nested parallelism of Example 1 can
now be implemented as

Example 3

call distribute1(N, P, w, p) /* Distributing thread to

tasks, Alg.1 */

call find_jindexes(w, p, task, jbegin, jend) /* Con-

struct Table 1*/
!$OMP PARALLEL PRIVATE(thread,i,j) NUM_THREADS(N)

thread = OMP_GET_THREAD_NUM()
i = task(thread)

do j = jbegin(thread), jend(thread)

< WORK(j,i) >
end do

!$OMP END PARALLEL

Since the values of these arrays decide the distribution of work to threads, they
dictate the load balancing. In the example above and the test cases presented in
the next section, each item of WORK(j,i) requires the same amount of work. This
means that good load balance is achieved if jend(thread)—jbegin(thread)

is approximately the same for all threads.
Table 1
thread will work on task and do the iterations from jbegin to jend

thread 0 1 2 3 4 5 6 7

task 1 1 1 2 2 3 4 4
jbegin 1 5 8 1 5 1 1 5
jend 4 7 10 4 8 2 4 7
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The combined problem of Example 2 can also be implemented by the use of ex-
plicit thread programming. The same technique as in Example 3 is used for the first
section. The second section is done by explicitly assigning a loop iteration to the dedi-
cated thread. The !$OMP SECTION—construction disappears by explicitly deciding
which threads are doing the set L tasks and which are doing the set S tasks.

The kind of programmer interventions needed for these explicit thread program-
ming changes are to some degree similar to the work needed when parallelizing using
MPI [11]. The programmer needs to do a lot of error prone index juggling to get a
specific thread to work on the appropriate data. However, no explicit communica-
tion is needed as a (virtual-)shared memory is assumed.
4. Experiments

In this section we report on experiences on 2-level parallelism in work we have
done on real applications. The load balancing is done using the work distribution
algorithms presented in Section 2. For implementation we have used the explicit
thread programming technique outlined in Section 3.2.

The first example is a wavelet based data compression routine. In this case we
have a predefined and fixed number of tasks. Our second example is an adaptive
mesh refinement code. Here the number of tasks, as well as the sizes of the tasks
are dynamically changing. The dynamic structure makes this a much more challeng-
ing problem both to implement as well as to obtain significant parallel speedup.

All runs are done on a dedicated Origin 2000 using MIPSpro Fortran Compilers,
Version 7.3.1.3m.
4.1. Data compression experiments

The wavelet-based data compression routine is used in an out-of-core earthquake
simulator to minimize memory usage as well as disk-traffic [14]. In our experiments
the compression routine was run as a stand alone routine. The compression routine
first transforms the data into wavelet-space using a 2d-wavelet transform, and then
stores only the non-zero wavelet coefficients [13].

The wavelet-transform routine only works for arrays m · n where m and n are
integers power of 2. Thus, the array was first divided in N blocks of (different) power
of 2 sizes. For each of these blocks a 2d-wavelet transform is carried out. A 2d-wave-
let transform is done by applying multiple, independent 1d-wavelet transforms to
each row in the block matrix, and next to the columns. As our test case we have cho-
sen a 2d array of size 1792 · 1792. For the wavelet transforms this is divided into
nine pieces of unequal sizes, as shown in Fig. 1. We are using a fast wavelet trans-
form which is known to have linear complexity. Thus the workload of each piece
is proportional to its size. If we take the 256 · 256 piece as our ‘‘unit-of-work’’, the
size of the nine tasks becomes w = {16,8,8,4,4,4,2,2,1}. Giving this problem to
Algorithm 3 with P = 8, using Algorithm 2a, gives: �w ¼ 6:125;L ¼ f16; 8; 8g;S ¼
f4; 4; 4; 2; 2; 1g; PS ¼ 3; PL ¼ 5.



512

256

512

1024

1024 256

Fig. 1. 1792 · 1792 grid divided into nine pieces.

994 R. Blikberg, T. Sørevik / Parallel Computing 31 (2005) 984–998
In this example we can not expect perfect load balance due to the integer restric-
tion on the number of threads. If we correct for the work imbalance between the out-
er-level tasks, while still assuming no extra parallel overhead and perfect load
balancing within an outer-level task, we obtain a sharper bound on the achievable
2-level speedup. The formal definition is as follows:

Definition 4.1. The work-load corrected 2-level speedup is defined as

ŜP ¼ T 1=T̂ P ð1Þ

where T 1 ¼
PN

i¼1wi and

T̂ P ¼ max max
i2NL

wi

pi
;max
i2PS

pwi

� �
ð2Þ

For the 1792 · 1792 compression case, with P = 8, we will have T̂ 8 ¼
maxð81 ; 6Þ ¼ 8, implying Ŝ8 ¼ 49

8 ¼ 6:125 as compared to a perfect linear speedup
of 8.

In Fig. 2 we display the linear speedup and 2-level work-load corrected speedup
with dashed lines, together with the speedup achieved for 2-level and 1-level fine-
grained parallelization (solid lines).

We have applied two versions of our distribution algorithm; Algorithm 3 with the
choice of 2a, and a simplified version where Algorithm 1 is applied to all tasks
regardless of whether they belong to the set L or S. When Algorithm 1 is used,
it is not possible to run the nested version on less than nine threads, which is why
the graph starts at this point. The 1-level parallelized code reaches its maximum
speedup at about 20 threads, while the 2-level parallelized code increases its speedup
up to at least 50 threads, where the speedup is 33. Up until 25 threads almost all sub-
optimal speedups can be explained by the work imbalance. We find these results to
be very encouraging.

It should be mentioned that profiling shows that the time spent in the distribution
routine is neglectable.
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4.2. Adaptive mesh refinement for the shallow water equations

For complex systems modeled by partial differential equations, the difficulty is not
usually evenly distributed across the computational domain. Thus, the cell size nec-
essary to capture the difficulties with the appropriate accuracy may differ from region
to region and sometimes also in time. Classical cases are problems where compli-
cated structure only appears within a limited area exemplified by non-linear CFD
computation, producing shocks. Using the resolution needed to adequately resolve
these features on a uniform grid could be extremely expensive. The obvious answer
is to refine the grid only where necessary.

If it is not known in advance where a high resolution is needed, or if the features
requiring high resolution are moving, adaptivity is called for. Adaptive mesh refine-
ment (AMR) [6] identifies cells which need refinement and organizes them into
patches (rectangular blocks of cells). The patches are dynamically created and re-
moved as the need for fine resolution changes. At each level the cells are uniform.
If one level of refinement is not sufficient for satisfying the accuracy requirement,
the process is repeated recursively.

All grids on a particular level are regenerated every Kth time step, where K is a
user-defined input parameter.

AMRCLAW [5] is a freely available software package based on M. Berger�s AMR
algorithms [4,7] and AMR software [3] combined with R. LeVeque�s software
Conservation LAW PACKage, CLAWPACK [12].
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AMRCLAW has a built-in multi-level structure, where each patch on a given level
constitutes an outer-level task, and where all the tasks can be processed in parallel.5

For AMRCLAW the obvious strategy is to apply coarse-grained parallelism at
patch level, and fine-grained to all grid point updates within a patch. Both time inte-
gration and regridding may be parallelized in two levels.

Work-estimates have been done based on a previous study of the costs and
savings of AMR in [10]. These have been used to estimate workloads used as input
to Algorithm 3.

Fig. 3 shows the speedup obtained for nested parallelization of AMRCLAW
applied to a dam-break, shallow water equation test case. For a detailed description
of the test case, see [8]. The 2-level ‘‘work-load corrected’’ speedup is also displayed
in the figure, to provide a more realistic view of maximum theoretical obtainable
speedup. Speedup results for the two 1-level parallel approaches (fine-grained and
a coarse-grained) are also shown in the figure. One can clearly see that the nested
version has much better speedup than the two 1-level versions. The speedup increases
steadily until 10 threads, before it starts to level off.
5 A minor dependency in AMRCLAW had to be removed at the finest level of grids. In [8], we report
how this can be done without altering the mathematics, and at the expense of some very minor additional
computation.
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Profiling shows that the time spent in the distribution routine is neglectable, and
can not be hold responsible for slowing down the performance. We would like to
stress that this is a hard problem to parallelize efficiently. The dynamic structure of
the problem implies non-uniform data access as grid patches are created and/or de-
leted. Moreover the dynamic assignment of threads to tasks will most likely create
a very irregular data-access pattern, and put severe stress to the memory-bottleneck
of all cache based HPC-systems; The internal moving of data. Whether the cost of this
data movement could be reduced by explicit message passing is an unanswered ques-
tion. We do however know that the effort in code rewriting would have been excessive.

Keeping all these difficulties in mind, we find the speedup quite satisfactory. Not
at least because both the standard 1-level strategies failed so badly. We therefore
conclude that for these cases, nested parallelism offers much better scaling opportu-
nities than the 1-level parallel strategy.
5. Conclusions

The main purpose of this paper has been to examine the possible gain of utilizing
nested parallelism when available in the problem. Our findings are very encouraging.
Using two levels of parallelism turned out to be imperative for good parallel perfor-
mance on our test cases. Utilizing nested parallelism on a real life problem, a wavelet
compression application, a speedup of 33 was achieved for 50 threads. We find this
result very satisfactory.

As always good load balancing is essential in achieving good scalability. This be-
comes more difficult when applying multi-level parallelism. In Section 2 we give an
algorithm which distributes threads to tasks. The algorithm is simple and efficient,
computing near optimal solution to an NP-complete problem. We also show how
2-level parallelism can be implemented in OpenMP, using directive based or explicit
thread programming.

The work of parallelizing AMRCLAW in two levels of parallelization in OpenMP
was time consuming, mainly because directives appropriate for the team concept
were missing. For instance, a team-aware directive like !$OMP TEAMPRIVATE, cor-
responding to !$OMP THREADPRIVATE, would have saved us for extra changes in
the code. This directive is not included in the OpenMP 2.0 standard, and conse-
quently not available even on compilers which implement the full standard with
proper nesting.

The proper implementation of tasks in set S could have been made simpler and
more intuitive with an ON_THREAD clause to the !$OMP PARALLEL DO directive.
Such a clause could give the programmer admission to dictate which thread should
do which loop iteration. For debugging purpose, it would have been convenient
being allowed to use the !$OMP BARRIER within parallel do-loops. This is not per-
mitted by the standard.

With the steady increasing size of the SMP-systems being used, the scalability of
OpenMP becomes more important. Utilizing multi-level parallelism will become an
important issue in this context. The extension for OpenMP 2.0 points in the right
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direction. We are, however, very unhappy with the fact that serializing nested paral-
lelism is still compliant with the OpenMP specification.
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