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Abstract

Clique-width is an important graph parameter whose computation is NP-hard. In fact we
do not know of any other algorithm than brute force for the exact computation of clique-width
on any non-trivial graph class. Results so far indicate that proper interval graphs constitute
the first interesting graph class on which we might have hope to compute clique-width, or at
least its linear variant linear clique-width, in polynomial time. In TAMC 2009, a polynomial-
time algorithm for computing linear clique-width on a subclass of proper interval graphs was
given. In this paper, we present a polynomial-time algorithm for a larger subclass of proper
interval graphs that approximates the clique-width within an additive factor 3. Previously
known upper bounds on clique-width result in arbitrarily large difference from the actual
clique-width when applied on this class. Our results contribute toward the goal of eventually
obtaining a polynomial-time exact algorithm for clique-width on proper interval graphs.

1 Introduction

Clique-width is a graph parameter that has many algorithmic applications [4]. NP-hard problems
that are expressible in a certain type of monadic second-order logic admit algorithms with
running time f(k) · n on input graphs of clique-width k with n vertices, where function f

depends only on k [5]. Unfortunately it is NP-hard to compute the clique-width of a given
graph even for cobipartite graphs [8]. This hardness result is true even for the linear variant of
clique-width, linear clique-width, which gives an upper bound on clique-width. Fellows et al.
ask whether the computation of clique-width is fixed parameter tractable when parametrised
by the clique-width of the input graph [8]. This question is still open. Furthermore, we do not
know of an algorithm with running time cn, where c is a constant.

Clique-width has received a lot of attention recently [1, 3, 7, 8, 13, 14, 15, 16, 17]. Nev-
ertheless, positive results known on the computation of clique-width so far are very restricted.
There exist efficient algorithms that, for fixed integer k, decide whether the clique-width of a
given graph is more than k or bounded above by some exponential function in k [12, 18, 19].
Graphs of clique-width at most 3 can be recognised in polynomial time, and their exact clique-
width can be computed efficiently [6, 2]. Examples of such graph classes are cographs, trees and
distance-hereditary graphs [9]. Graphs of bounded treewidth have also bounded clique-width,
and their clique-width can be computed in polynomial time [7]. Regarding classes of unbounded
clique-width, the class of square grids is the only class for which a polynomial-time clique-width
computation algorithm is known [9].

Proper interval graphs have unbounded clique-width and the best approximation of their
clique-width so far is maximum clique size plus 1, which can be arbitrarily larger than the
actual clique-width. Still this is the most promising class of graphs of unbounded clique-width
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with respect to whether or not we will be able to obtain a polynomial-time algorithm for the
exact computation of their clique-width. There are additive approximation algorithms for grids
and for very regular-structured subclasses of proper interval graphs and permutation graphs
[9]. The first polynomial-time algorithm to compute linear clique-width on a graph class of
unbounded clique-width was given by Heggernes et al. in a TAMC 2009 paper for path powers,
which form a subclass of proper interval graphs [10].

In this paper, we continue this line of research and attack the hardness of clique-width by
exploiting the linear structure of proper interval graphs. This time we study a significantly larger
subclass of proper interval graphs than path powers. We give a polynomial-time approximation
algorithm for computing the clique-width and linear clique-width of these graphs within an
additive factor of at most 3. Previously known upper bound results do not give an additive
approximation when applied to this graph class. Furthermore, the studied graphs constitute
the largest graph class on which an algorithm for computing or additively approximating the
clique-width is given. The main difference between previously considered graph classes and the
graph class that we study is that our graphs have a much more irregular structure.

Two proofs are omitted due to space restrictions and they can be found in the appendix.

2 Definitions, notation and clique-width

We consider simple finite undirected graphs. For a graph G = (V,E), V = V (G) denotes the
vertex set of G and E = E(G) denotes the edge set of G. Edges of G are denoted as uv, which
means that u and v are adjacent in G. For a vertex u of G, NG(u) denotes the neighbourhood of
u in G, which is the set of vertices of G that are adjacent to u. For a vertex pair u, v of G, u is
a true twin of v if NG(u) ∪ {u} = NG(v) ∪ {v}. Note that a vertex can have several true twins.
A graph H is a subgraph of G if V (H) ⊆ V (G) and E(H) ⊆ E(G). For a set S ⊆ V (G), the
subgraph of G induced by S, denoted as G[S], has vertex set S and contains exactly the edges uv

of G where u, v ∈ S. For a vertex x of G, G−x denotes that subgraph of G that is induced by
V (G) \ {x}. We also say that G−x is obtained from G by deleting x. The disjoint union of two
graphs G and H is (V (G)∪ V (H), E(G) ∪E(H)). When applying the disjoint union operation,
we always assume that the two involved graphs have disjoint vertex sets.

Clique-width is defined based on a set of operations. Let k ≥ 1 be an integer. A k-labelled
graph, k-graph for short, is a graph each of whose vertices is labelled with an integer from the
set {1, . . . , k}. We define four sets of operations on k-labelled graphs:

– i(u) creates a k-graph on vertex set {u} where i ∈ {1, . . . , k} and u has label i

– ηi,j(G) adds edges between all vertices with label i and all vertices with label j of G where
G is a k-graph, i, j ∈ {1, . . . , k} and i 6= j

– ρi→j(G) changes all labels i into label j in G where G is a k-graph and i, j ∈ {1, . . . , k}

– G ⊕ H is the disjoint union of G and H where G and H are k-graphs.

A k-expression is a properly formed expression using the four types of operations. We say that
a graph G has a k-expression if there exists a k-expression α such that G is equal to the graph
defined by α without the labels. The clique-width of a graph G, denoted by cwd(G), is the
smallest integer k such that G has a k-expression. An example for a 3-expression for an induced
path on five vertices, (a1, a2, a3, a4, a5), is this:

ρ3→1

(

η2,3

(

3(a3) ⊕
(

(η1,2(1(a1) ⊕ 2(a2))) ⊕ (η1,2(1(a5) ⊕ 2(a4)))
)

)

)

.

Linear clique-width is a restriction of clique-width that allows the disjoint union to operate on at
most one labelled graph with at least two vertices. An expression that respects the restriction on
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Figure 1: On the left hand side, find a proper interval graph, and on the right hand side, find a
bubble model for the depicted graph. The bubble model contains two empty and ten non-empty
bubbles.

the disjoint union operation is called a linear expression. The linear clique-width of a graph G,
denoted by lcwd(G), is the smallest integer k such that G has a linear k-expression. Since linear
k-expressions are k-expressions, it immediately follows that cwd(G) ≤ lcwd(G).

3 Proper interval graphs and the bubble model

A graph G is called proper interval graph if each vertex of G can be assigned a closed interval
of the real line such that the following two conditions are satisfied: (1) no interval is properly
contained in another, and (2) two vertices of G are adjacent if and only if the corresponding
assigned intervals have a non-empty intersection. The class of proper interval graphs is equal to
indifference graphs [20].

The clique number of a graph G, denoted as ω(G), is the largest number of vertices in
a clique of G. The pathwidth of G is the smallest clique number of an interval graph that
contains G as a subgraph. The linear clique-width of a graph G is bounded from above by its
pathwidth pw(G); precisely, lcwd(G) ≤ pw(G) + 2 [8]. Since proper interval graphs are interval
graphs, it holds for every proper interval graph G that pw(G) = ω−1. Together with the general
pathwidth upper bound on the linear clique-width, we obtain for every proper interval graph G

that cwd(G) ≤ lcwd(G) ≤ ω(G) + 1 [8]. Note that this upper bound can be much larger than
the actual linear clique-width. A simple example is a complete graph, that has clique-width and
linear clique-width 2 and clique number equal to n.

For the study of the clique-width on proper interval graphs, we use a 2-dimensional model for
proper interval graphs. Let G be a graph. A bubble model for G is a 2-dimensional structure B =
〈Bi,j〉1≤j≤s,1≤i≤rj

such that the following conditions are satisfied:

– for 1 ≤ j ≤ k and 1 ≤ i ≤ rj, Bi,j is a (possibly empty) set of vertices of G

– the sets B1,1, . . . , Brk,k are pairwise disjoint and cover V (G)

– two vertices u, v of G are adjacent if and only if there are 1 ≤ j ≤ j′ ≤ s and 1 ≤ i ≤ rj

and 1 ≤ i′ ≤ rj′ such that u, v ∈ Bi,j ∪ Bi′,j′ and (a) j = j′ or (b) j + 1 = j′ and i > i′.

A graph is a proper interval graph if and only if it has a bubble model [10]. Let G be a proper
interval graph with bubble model B = 〈Bi,j〉1≤j≤s,1≤i≤rj

. A column of B is the collection of all
bubbles Bi,j for a fixed 1 ≤ j ≤ s. The jth column of B is the collection of B1,j, . . . , Brj ,j and
is denoted as Bj. We assume throughout the paper that there is at least one non-empty bubble
in the first and last column of B, which means that for j ∈ {1, s} there is 1 ≤ i ≤ rj such that
Bi,j 6= ∅. The column number of B, denoted as #col(B), is the number of columns of B; in our
case, #col(B) = s. A simple example of a proper interval graph and a bubble model for it is
given in Figure 1. As in the figure, a bubble model may contain empty and non-empty bubbles,
and the number of non-empty bubbles in the single columns can be different. As a convention
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throughout the paper, if the indices of a bubble Bi,j exceed the values of B, i.e., if j < 1 or j > s

or i < 1 or i > rj (for 1 ≤ j ≤ s), we assume that Bi,j still exists and is empty. The interior
of B is the set of bubbles of B that are above a non-empty bubble. Formally, the interior of B,
denoted as in(B), is the set {(i, j) : 1 ≤ j ≤ s and 1 ≤ i and ∃i′(i ≤ i′ and Bi′,j 6= ∅)}. We say
that B is full if for every (i, j) ∈ in(B), Bi,j contains at least one vertex. Proper interval graphs
with full bubble models are efficiently recognisable.

Proposition 3.1 There is a linear-time algorithm that on input a connected proper interval
graph G decides whether G has a full bubble model, and if so, outputs a full bubble model for G

where true twins appear in the same bubble.

4 An upper bound on the linear clique-width

In this section, we give an efficient algorithm for computing a linear expression for proper interval
graphs with full bubble models. This algorithm will provide an upper bound on the clique-width
as well as the linear clique-width of the graph.

Let G be a proper interval graph with bubble model B = 〈Bi,j〉1≤j≤s,1≤i≤rj
. For k ≥ 0, a k-

box in B is the collection of bubbles Ba,b, . . . , Ba+k,b, Ba,b+1, . . . , Ba+k,b+k−1 for 1 ≤ b ≤ s−k+1
such that a + k ≤ rj for all b ≤ j ≤ b + k − 1. Intuitively, a k-box is a rectangle of height k + 1
and width k that can be placed in B in the range of in(B). The pair (a, b) is called the origin of
the box. It is immediately clear that if (a, b) is the origin of a k-box then also (1, b) is the origin
of a k-box. The box number of B is the largest k such that B has a k-box.

Lemma 4.1 Let G be a connected proper interval graph that has a full bubble model. Let B =
〈Bi,j〉1≤j≤s,1≤i≤rj

be a full bubble model for G where true twins appear in the same bubble.

1) Let κ be the box number of B plus 1.

2) Let α =def 0 if B has at most one vertex per bubble; otherwise, let α =def 1.

3) Let b ≤ s be smallest such that B contains a (κ − 1)-box with origin (1, b). If Bb+κ−1

contains at least two vertices then let β =def 0; otherwise, let β =def −1.

Then, lcwd(G) ≤ (κ + 2) + α + β and a linear (κ + 2 + α + β)-expression for G can be computed
in time O(n2).

Proof. We define a linear (κ + 2 + α + β)-expression for G. Let H be the set of indices j with
1 ≤ j ≤ s and rj ≤ κ. Informally, H represents the set of “short” columns of B; the other
columns are called “long”. Let H = {j1, . . . , jp}, where we assume without loss of generality
that j1 < · · · < jp. By definition of H , it holds that rj ≥ κ+1 for every 1 ≤ j ≤ s with j 6∈ H .
Let j0 =def 0 and jp+1 =def s + 1. It follows that ji+1 − ji ≤ κ for all 0 ≤ i ≤ p. Otherwise,
ji+1 − ji ≥ κ + 1 for some 0 ≤ i ≤ p implies the existence of a κ-box with origin (1, ji + 1) in
B, which contradicts the definition of κ as being larger than the box number of B. So, there
are at most κ − 1 long columns between each pair of consecutive short columns in B. For the
construction of our expression for G, we partition B into small parts of long columns, separated
by short columns, and process B from right to left. Due to space restrictions, we concentrate on
the case when α = 0 and β = 0.

We construct the linear expression for G inductively. For convenience reasons, we assume
that B also has columns B0 and Bs+1, and r0 =def rs+1 =def 0. Let 1 ≤ a ≤ p+1. Denote by Ga

the subgraph of G that is induced by the vertices in the columns Bja, . . . ,Bs+1. We assume that
we already have a linear expression Ea for Ga that defines a labelled graph with the following
labels: the vertices in the columns Bja+1, . . . ,Bs+1 have label 1, and the vertices in Bi,ja have
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Figure 2: Depicted is a bubble model for a proper interval graph. The box number is 5, as
the largest box has width 5 and height 6. The vertical line segments identify “short columns”,
that have no vertex in row 7. The other, “long”, columns, which have a vertex in row 7,
form areas that are partitioned into subareas. There are two areas of long columns in the
depicted bubble model. Each of the areas of long columns is partitioned into three subareas,
that are identified by the shaded backgrounds and numbered in the right hand side occurrence.
The proof of Lemma 4.1 gives an algorithm for computing a linear expression and treats long
columns particularly different from short columns.

label i + 1 for every 1 ≤ i ≤ rja ≤ κ (remember that Bja is a short column). It is important to
note that we can assume this particularly for the induction base case of a = p + 1. For the later
arguments, observe the following facts:

– (since Ea defines a labelled graph) all vertices of Ga have a label

– only labels from the set {1, . . . , κ + 1} are used

– vertices with the same label have the same neighbours outside of Ga and no vertex with
label 1 has a neighbour outside of Ga.

We show that we can define a linear expression Ea−1 for Ga−1 that uses at most (κ + 2) + α

labels.
We construct Ea−1 in three phases. We partition the vertices in columns Bja−1+1, . . . ,Bja−1

into three areas, as indicated by the three different area backgrounds in Figure 2:

– area 1: bubbles Bja−j+1,j, . . . , Bκ,j for all ja−1 < j < ja

– area 2: bubbles Bκ+1,j, . . . , Brj ,j for all ja−1 < j < ja

– area 3: bubbles B1,j, . . . , Bja−j,j for all ja−1 < j < ja.

We first add the vertices from area 1, then from area 2 and finally from area 3. Let W =def

ja − ja−1−1, which is the number of columns that are properly between Bja−1
and Bja. In other

words, these are the W consecutive long columns that we will add during this phase. Note that
area 3 has the shape of an isosceles triangle, whereas area 1 has the ideal shape as in Figure 2
only in case when W has its maximum possible value, which is W = κ − 1.

Throughout the following construction, we will use label κ + 2 for introducing a new vertex;
we will refer to it as “creating the vertices in a bubble”. For obtaining Ea−1 by extending Ea,
we consider the vertices in areas 1, 2, 3. This is of particular interest, if W ≥ 1. Otherwise, the
three areas are empty. Due to space restrictions, we concentrate on the case when W ≥ 2.
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Area 2Area 1 Area 3

Figure 3: In the proof of Lemma 4.1: the three areas in Figure 2 are processed separately and
according to the scheme, indicated by the curves.

We partition the construction for this case into three smaller parts according to the description
in Figure 2. The vertices in each area are processed according to special pattern. The three
patterns are sketched in Figure 3.

Area 1
This area is marked with number 1 in Figure 2. We process W column intervals of B, starting
with the longest one. The first interval consists of the bubbles B2,ja−1, . . . , Bκ,ja−1; we process
these bubbles in a bottom-to-top manner. We create the vertices in Bκ,ja−1, then we make all
vertices with label κ + 2 adjacent to all vertices with labels 2, . . . , κ. After this, the vertices in
Bκ−1,ja and Bκ,ja are not distinguishable anymore. So, we change label κ to label κ + 1, and
then, we change label κ + 2 to label κ.

If κ ≥ 3, we proceed with the vertices in Bκ−1,ja−1. We create the vertices in Bκ−1,ja−1,
then we make the vertices with label κ + 2 adjacent to the vertices with labels 2, . . . , κ. We
change label κ − 1 to label κ + 1, and then, we change label κ + 2 to label κ − 1. This process
is continued analogously until the vertices in B2,ja−1 have been processed. Then, it holds that
all vertices in Bja have label κ + 1, and the vertices in Bi,ja−1 have label i for all 2 ≤ i ≤ κ.

We analogously continue with the next intervals, until all bubbles of area 1 have been pro-
cessed. At the end of the process, the followings holds for the vertices in area 1: the vertices in
column Bja−1+j have label κ − W + j for all 2 ≤ j ≤ W , the vertices in bubble Bi,ja−1+1 have
label i − W + 1 for all W + 1 ≤ i ≤ κ, and the vertices in column Bja have label κ + 1.

Area 2
This area is marked with number 2 in Figure 2. We process the rows in a top-to-bottom manner
and within a row from left to right. The first vertices to process are from bubble Bκ+1,ja−1+1.
We create the vertices in Bκ+1,ja−1+1. The vertices with label κ + 2 have to be made adjacent
to all already created vertices in columns Bja−1+1 and Bja−1+2, which are exactly the vertices
with labels 2, . . . , κ − W + 2. So, we make all vertices with label κ + 2 adjacent to all vertices
with labels 2, . . . , κ−W +2, and then, we change label κ+2 to label κ−W +1. Note here that
the vertices with label κ−W + 1 are exactly the vertices in bubbles Bκ,ja−1+1 and Bκ+1,ja−1+1,
that have no neighbours in column Bja−1

.
We continue and create the vertices in Bκ+1,ja−1+2, make the vertices with label κ+2 adjacent

to the vertices with labels κ−W + 2 and κ−W + 3, and then change label κ + 2 to κ−W + 2.
This process continues until bubble Bκ+1,ja−1 has been executed.

If there is rj > κ + 1 for some ja−1 < j < ja, we repeat the procedure with the bub-
bles Bκ+2,ja−1+1, . . . , Bκ+2,ja−1, and so on until all vertices from area 2 have been created.
When all rows of area 2 have been processed, all neighbours of the vertices in column Bja have
been created and made adjacent, so that we can change label κ + 1 to 1. It holds that after
completion of this area 2, the already created vertices in column Bja−1+j have label κ − W + j

for all 2 ≤ j ≤ W . For Bja−1+1, it holds that the vertices in Bi,ja−1+1 have label i−W +1 for all
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W +1 ≤ i < κ and the other vertices have label κ−W +1. The vertices in columns Bja, . . . ,Bjp+1

have label 1. It is important to note here that label κ + 1 is not used.

Area 3
This area is marked with number 3 in Figure 2. We process diagonals. Remember that the
shape of this area is an isosceles triangle. This also means that there are exactly W diagonals
to process. We begin with the longest diagonal and end with the shortest diagonal. Bubbles on
diagonals are processed from upper right to lower left. We create the vertices in B1,ja−1, make all
vertices with label κ+2 adjacent to all vertices with label κ, and change label κ+2 to label κ+1.
Next, we create the vertices in B2,ja−2, make all vertices with label κ+2 adjacent to the already
created vertices from Bja−2 and to the vertices with label κ+1, change label κ+1 to κ, and then
change label κ + 2 to κ + 1. We continue this until we completed bubble BW,ja−W = BW,ja−1+1.
Note that, similar to the case of area 2, special care has to be taken of the different labels of the
vertices in Bja−1+1. All vertices in column Bja−1 have now been created and made adjacent to
all their neighbours. So, we change label κ to label 1. Then, we change label κ + 1 to label κ.

We continue and repeat the process analogously with the next smaller diagonal, and repeat
until all bubbles from area 3 except for B1,ja−1+1 have been processed. The situation now
is the following. The vertices from columns Bja−1+2, . . . ,Bjp+1

have label 1. The vertices in
bubble Bi,ja−1+1 have label κ − W + i for all 2 ≤ i ≤ W , the vertices in bubble Bi,ja−1+1

have label i − W + 1 for all W + 1 ≤ i < κ, and finally, the vertices in bubble Bi,ja−1+1 have
label κ − W + 1 for all κ ≤ i ≤ rja−1+1. Note again that label κ + 1 is not used.

We complete area 3 by finally creating the vertices in B1,ja−1+1 and making them adjacent
to all other vertices in Bja−1+1. Then, all vertices from Bja−1+1 have been created, and all
neighbours of the vertices in Bκ,ja−1+1, . . . , Brja−1+1,ja−1+1 have been created and made adjacent.
So, the label of these vertices, that are exactly the vertices with label κ−W +1, can be changed
to label 1. Remember that Bja−1

is a short column. Using the free label κ + 1, we can change
the labels of the other vertices in Bja−1+1 so that it holds for all 1 ≤ i < κ that the vertices in
Bi,ja−1+1 have label i + 1. This completes the construction for the vertices in area 3.

For completing the definition of Ea−1, it remains to add the vertices from column Bja−1
. This

follows the procedure laid out for the vertices in area 1. If W = 0 then the vertices in Bκ,ja have
no neighbour in Bja−1

, and so we change label κ+1 to label 1. We create the vertices in Bκ,ja−1
,

make all vertices with label κ + 2 adjacent to all vertices with labels 2, . . . , κ, change label κ to
label 1, and then change label κ + 2 to label κ + 1. We continue with Bκ−1,ja−1

and proceed
until the vertices in B1,ja−1

have been created and finally received label 2. This completes the
definition of Ea−1 and satisfies the conditions. By induction, we obtain the claimed result.

5 The approximation result

The previous section has established an upper bound on the linear clique-width, and therefore
also clique-width, of proper interval graphs with full bubble models. The upper bound is de-
pendent on the box number parameter. In this section, we complete this result by giving lower
bounds. The upper and lower bounds together will provide an approximation on the clique-width
and linear clique-width of proper interval graphs with full bubble models.

We begin by showing a strong connection between the box number of a proper interval
graph with full bubble model and the existence of a well-structured induced subgraph. An
induced path on n vertices is a graph P that admits a vertex sequence (x1, . . . , xn) such that
E(P ) = {x1x2, . . . , xn−1xn} are the edges of P . For k ≥ 1, the kth power of P is the graph G

on vertex set {x1, . . . , xn}, and two vertices xi, xj of G are adjacent if and only if |i − j| ≤ k.
For k ≥ 1, a k-path power is a graph that is the kth power of some induced path. Every k-path
power is a proper interval graph.
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Lemma 5.1 Let G be a proper interval graph with full bubble model B = 〈Bi,j〉1≤j≤s,1≤i≤rj
. Let

B contain a k-box with origin (1, b), where k ≥ 1. Then, G contains a k-path power on k(k + 1)
vertices as induced subgraph. If b ≤ s − k and rb+k ≥ 2 then G contains a k-path power on
k(k + 1) + 2 vertices as induced subgraph.

Conversely, if G contains a k-path power on k(k + 1) + 2 vertices as induced subgraph where
k ≥ 1 then B contains a k-box with origin (1, b) and where rb+k ≥ 2.

The linear clique-width of k-path powers is completely characterised [11], and there exists
a very good lower bound on the clique-width of k-path powers [9]. The following proposition
summarises the cases that are important for our results.

Proposition 5.2 ([11], [9]) Let G be a k-path power on n vertices, where k ≥ 1.

– If n = k(k + 1) + 2 then lcwd(G) = k + 2 and cwd(G) ≥ k.

– If n = k(k + 1) then lcwd(G) = k + 1 and cwd(G) ≥ k.

Combining the previous two results, we obtain the following lower bounds on the clique-width
and linear clique-width of proper interval graphs with full bubble models.

Corollary 5.3 Let G be a proper interval graph with full bubble model B = 〈Bi,j〉1≤j≤s,1≤i≤rj
.

Let B contain a k-box with origin (1, b), where k ≥ 1. Then, lcwd(G) ≥ k + 1 and cwd(G) ≥ k.
If b ≤ s − k and rb+k ≥ 2 then lcwd(G) ≥ k + 2.

Proof. Due to Lemma 5.1, G contains a k-path power on k(k+1) vertices as induced subgraph.
Then, due to Proposition 5.2, G contains an induced subgraph H with lcwd(H) = k + 1 and
cwd(H) ≥ k, and thus, lcwd(G) ≥ k + 1 and cwd(G) ≥ k. Now, let b ≤ s − k and rb+k ≥ 2.
Due to Lemma 5.1, G contains a k-path power on k(k + 1) + 2 vertices as induced subgraph.
Analogous to the above case and due to Proposition 5.2, G contains an induced subgraph H

with lcwd(H) = k + 2, and therefore, lcwd(G) ≥ k + 2.

Let G be a graph. If G contains no pair of adjacent vertices then cwd(G) ≤ lcwd(G) ≤ 1.
Otherwise, lcwd(G) ≥ cwd(G) ≥ 2. It is easy to check that lcwd(G) ≥ cwd(G) ≥ 3 if G contains
an induced path on four vertices as induced subgraph. With these additional and easy bounds
on clique-width, we are ready to prove the main result of the paper.

Theorem 5.4 There is an O(n2)-time algorithm that on input a connected proper interval
graph G with full bubble model, approximates the clique-width of G within cwd(G) + 3 and
approximates the linear clique-width of G within lcwd(G) + 3. If G contains no true twins then
the algorithm approximates the linear clique-width of G within lcwd(G) + 1.

Proof. Let G be a connected proper interval graph with full bubble model. If u and v are
true twins of G then cwd(G) = cwd(G−v). With iterated application of this argument, it holds
that cwd(G) = cwd(G′) where G′ is a maximal induced subgraph of G without true twins.
Let B = 〈Bi,j〉1≤j≤s,1≤i≤rj

be a full bubble model for G where true twins appear in the same
bubble. Remember that B exists according to Proposition 3.1. Let k be the box number of
B. If G is a complete graph then cwd(G) ≤ lcwd(G) ≤ 2. Henceforth, let G not be complete.
This particularly means that s ≥ 2 and r1, . . . , rs−1 ≥ 2. Thus, k ≥ 1, since B has a 1-box
with origin (1, 1). We distinguish between two cases according to the value of k. As the first
case, let k = 1. If s = 2 and rs = 1 then 2 ≤ cwd(G) ≤ lcwd(G) ≤ 3. Otherwise, if r2 ≥ 2,
G contains an induced path on four vertices as induced subgraph, by choosing a vertex from
each of the four bubbles B1,1, B2,1, B1,2, B2,2. This means that lcwd(G) ≥ cwd(G) ≥ 3. We
apply the algorithm of Lemma 4.1. It holds that κ = 2 and β ≤ 0 and α ≤ 1. This gives
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A B C D E F

Figure 4: The left hand side shows a bubble model of the right hand side depicted graph. The
graph has clique-width 3 and linear clique-width 3 and the box number of the bubble model is
4.

3 ≤ cwd(G) ≤ lcwd(G) ≤ (κ + 2) + α ≤ cwd(G) + 2. If G has no true twins then α = 0, and
thus, (κ + 2) + α ≤ lcwd(G) + 1.

Now, let k ≥ 2. We first consider linear clique-width. We apply the algorithm of Lemma 4.1.
It holds that κ = k + 1 and β ≤ 0 and α ≤ 1. Hence, cwd(G) ≤ lcwd(G) ≤ (k + 3) + α + β. We
first consider linear clique-width and the case when G has no true twins; in particular, α = 0.
Let b be smallest such that B has a k-box with origin (1, b). Due to definition, β = 0 if and only if
rb+k ≥ 2, where we assume rs+1 = 0. Due to Corollary 5.3, it holds that lcwd(G) ≥ k+2+β. We
combine the upper and lower bound results and obtain that lcwd(G) ≤ (k+3)+β ≤ lcwd(G)+1.
If G has true twins then α = 1. Due to Corollary 5.3, lcwd(G) ≥ k + 1, which shows that
lcwd(G) ≤ (k + 3) + 1 ≤ lcwd(G) + 3. In case of clique-width, we consider cwd(G′). We
obtain a bubble model B′ for G′ by deleting the vertices in V (G) \ V (G′) from B. Due to the
assumption about the true twins being in the same bubble, B′ is a full bubble model for G′,
and the box number of B′ is k. Due to Corollary 5.3, cwd(G′) ≥ k, and applying Lemma 4.1,
where κ = k + 1, β ≤ 0 and α = 0, we obtain together with the above lower bound that
cwd(G) ≤ k + 3 ≤ cwd(G) + 3. This completes the proof of the theorem.

6 Final remarks

We gave an efficient approximation algorithm for computing the clique-width and the linear
clique-width of proper interval graphs with a full bubble model. The correctness and quality of
the result relies on almost tight lower and upper bounds. The lower bound on the clique-width
and linear clique-width is obtained from the results about path powers and the close relationship
between the box number and the existence of large path powers as induced subgraphs in these
proper interval graphs. In Figure 4, we give an example showing that this close relationship
does not extend to arbitrary proper interval graphs.

Can our results help to understand and solve the general case for proper interval graphs?
We think that our results are indeed very helpful for the continuation of the work with the
aim of computing the clique-width and linear clique-width of proper interval graphs exactly. A
closer study of our results shows that the approximation result can be extended to a much larger
class of proper interval graphs, namely to all proper interval graphs for which the box number
gives a good approximation on the size of an induced subgraph that is a large path power.
Another possible extension is by identifying another class of well-structured proper interval
graphs, similar to path powers, that can provide a lower bound on the clique-width and linear
clique-width of proper interval graphs. Up to now, path powers are the only proper interval
graphs for which such lower bound results exist.

Finally, we want to mention that our approximation result gives hope even for an algorithm
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that computes the clique-width and linear clique-width of proper interval graphs with full bubble
models exactly. We believe that our upper bounds for graphs without true twins are tight. So,
the main challenge is a matching lower bound. The currently most promising approach is again
the identification of small and well-structured induced subgraphs that already require larger
clique-width.
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Appendix

A graph G is a proper interval graph if and only if there is a vertex ordering 〈x1, . . . , xn〉 for G

such that for every triple i, j, k with 1 ≤ i < j < k ≤ n, if xixk ∈ E(G) then xixj ∈ E(G) and
xjxk ∈ E(G). Such an ordering is called proper interval ordering, and it can be computed in
linear time.

Let G be a proper interval graph without true twins. Let B = 〈Bi,j〉1≤j≤s,1≤i≤rj
be a bubble

model for G. Then, no bubble of B contains more than one vertex. Every bubble model defines
a vertex ordering in the following way. We lay out the bubbles of B as

B1,1, . . . , Br1,1, B1,2, . . . , Br2,2, B1,3, . . . , Brs,s .

The vertex ordering defined by B orders the vertices of G as they appear in the layout of the
bubbles. It holds that there are at most two vertex orderings for proper interval graphs without
true twins that are defined by bubble models.

Proof of Proposition 3.1. The main idea for the algorithm is the tight relationship between
bubble models and proper interval orderings. Let G be a proper interval graph, and assume
that G has a full bubble model B = 〈Bi,j〉1≤j≤s,1≤i≤rj

. Assume that G has true twins, for
instance vertices u and v where u ∈ Bi,j and v ∈ Bi′,j′ for some 1 ≤ j, j′ ≤ s and 1 ≤ i ≤ rj

and 1 ≤ i′ ≤ rj′ . Without loss of generality, we can assume that j ≤ j′. Since u and v have
the same neighbours, it holds that B1,j ⊆ NG[u] ∩ NG[v]. The properties of bubble models
imply that j = j′. We can assume without loss of generality that i ≤ i′. Assume that i < i′.
Since v is non-adjacent to the vertices in Bi+1,j−1 and since u is non-adjacent to the vertices in
Bi,j+1, it must hold that Bi+1,j−1 ∪ Bi,j+1 = ∅. Since B is a full bubble model, it follows that
Bi+1,j−1 ∪ · · · ∪ Brj ,j−1 = ∅ and Bi,j+1 ∪ · · · ∪ Brj ,j+1 = ∅. Then, the bubble model B′ that is
equal to B with the two exceptions B′

i,j = Bi,j ∪ · · · ∪ Brj ,j and r′j = i is a full bubble model
for G. Iterating this process, we conclude that G has a full bubble model if and only if G has
a full bubble model where true twins appear in the same bubble. Let G′ be obtained from G

by iteratively deleting a vertex that has a true twin. Note that the result is independent of the
actual chosen vertex up to isomorphism. It follows with the above equivalence that G has a full
bubble model if and only if G′ has a full bubble model.

With the above result, we can assume in the following that G has no true twins. This
particularly means that every bubble of B contains at most one vertex. It holds that B1,1 ∪
B1,2 ∪ · · · ∪ B1,s, which is the set of vertices from the first row of B, is an independent set of
G. Let 〈x1, . . . , xn〉 be the vertex ordering defined by B. Then, x1 ∈ B1,1, and the vertex in
B1,2 is xi where i is smallest possible such that x1xi 6∈ E(G). We can say that xi is the closest
non-neighbour of x1. This continues in the sense that the vertex in B1,j+1 is the closest non-
neighbour of the vertex in B1,j for every 1 ≤ j < s. We can view this set as a greedy maximal
independent set of G.

For the algorithm, let G be a connected proper interval graph without true twins and let
σ = 〈x1, . . . , xn〉 be a proper interval ordering for G. Remember that σ can be computed in
linear time. If G has a full bubble model then G has a full bubble model that defines σ or its
reverse. So, it suffices to check whether one of the two vertex orderings admits a full bubble
model. The procedure is easy, that we describe informally here. It heavily relies on the fact that
we are attempting to obtain a full bubble model. We construct bubble model B. So, place x1

in bubble B1,1, then x2 in B2,1, then x3 in B3,1 and so on until we encounter a non-neighbour
of x1; let it be xi. Then, xi is placed in B1,2 and we continue in column B2 with the remaining
neighbours of xi and move on to column B3, and so on. After finishing the construction, it
remains to check whether B is a bubble model for G. It is clear that B is full. If the test fails
here, we try the reversed vertex ordering. If that test also fails then G has no full bubble model
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due to the arguments in the above paragraphs. Each test requires linear running time, which
gives linear running time for the whole algorithm.

Proof of Lemma 5.1. For the first statement, choose a vertex from each bubble in the k-box
with origin (1, b), and let H be the subgraph of G that is induced by the chosen vertices. Due to
the definition of k-box, H contains exactly k + 1 vertices from each of k consecutive columns of
B. It is not difficult to verify with the properties of bubble models that these k(k + 1) vertices
induce a k-path power. If column Bb+k contains vertices in at least two bubbles then H can be
extended by two vertices from G to obtain H ′, that is a k-path power on k(k + 1) + 2 vertices.
Note that this is only true since B is a full bubble model. It holds that Bb+k contains vertices
in at least two bubbles if and only if rb+k ≥ 2.

For the second statement, let G contain a k-path power H on k(k+1)+2 vertices as induced
subgraph. Since H contains no true twins, the vertices of H appear in separate bubbles of B.
We look at the maximal cliques of H. Every maximal clique of H contains exactly k+1 vertices.
A maximal clique of G consists of the vertices of a single column in B or is formed by two half
columns: for some 1 ≤ j < s and 1 ≤ i < rj , B1,j+1, . . . , Bi,j+1, Bi+1,j, . . . , Brj ,j. Due to the
observation above and since every maximal clique of H consists of k +1 vertices, every maximal
clique requires k + 1 bubbles of B. Therefore, for every column Bj that contains a vertex of H,
it holds that rj−1 ≥ k +1 or rj ≥ k +1. Let c be smallest such that column Bc contains a vertex
of H, and let d be largest such that Bd contains a vertex of H. Let c < j ≤ d and let v be a
vertex of H in Bj that has a neighbour in H in Bj−1. Note that, if v has no such neighbour,
then H would not be connected. Let u be a neighbour of v in H in Bj−1. Then, {u, v} is subset
of a maximal clique of H, so that rj−1 ≥ k + 1. We conclude that rc, . . . , rd−1 ≥ k + 1. It
remains to determine the difference d− c. Every column that contains vertices of H can contain
at most k + 1 vertices of H due to the size of a maximal clique. Due to |V (H)| = k(k + 1) + 2,
it follows that d − c ≥ k. Thus, choosing b =def c, B contains a k-box with origin (1, b). If
d− c ≥ k+1 then c+k < d and thus rb+k ≥ k+1 ≥ 2. Otherwise, if d− c = k then Bc, . . . ,Bd−1

contain at most k + 1 vertices of H each, so that Bd contains at least two vertices of H, and
thus rd = rb+k ≥ 2.

12


