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Abstract

We consider the problem of scheduling unit-length jobs on identical machines subject to precedence constraints. We show
that natural scheduling rules fail when the precedence constraints form a collection of stars or a collection of complete
bipartite graphs. We prove that the problem is in fact NP-hard on collections of stars when the input is given in a
compact encoding, whereas it can be solved in polynomial time with standard adjacency list encoding. On a subclass of
collections of stars and on collections of complete bipartite graphs we show that the problem can be solved in polynomial
time even when the input is given in compact encoding, in both cases via non-trivial algorithms.
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1. Introduction

The parallel machine scheduling problem with unit pro-
cessing times and given precedence constraints is a well-
known variant of general scheduling problems. An instance
of this optimization problem consists of a set J of n jobs
with unit processing times, a number m of parallel identi-
cal machines, and an acyclic digraphD = (J,E), called the
precedence graph, where a directed arc (i, j) ∈ E means
that job i has to be completed before job j starts. The
goal is to find a schedule, basically an ordering of the jobs,
that respects the precedence constraints and that mini-
mizes the makespan, i.e., the completion time of the last
job. Note that only the graph D and the integer m are
needed as input, since all jobs have identical processing
times.

This problem is long known to be NP-hard [1]. If the
number of machines is fixed and not part of the input, then
it is solvable in polynomial time for 1 and 2 machines [2, 3],
whereas for any other fixed number m ≥ 3 of machines the
computational complexity of the problem is still open [4].
With respect to fixed-parameter tractability, it is known
that the problem is W [2]-hard when parameterized by the
number of machines [5].

Due to the difficulty and the importance of the prob-
lem, considerable attention has been devoted to cases where
the precedence graph D is restricted to a special graph
class. Hu [6] presented an algorithm which solves the prob-
lem in polynomial time if D is either an in-forest or an out-
forest. On unions of in-forests and out-forests, Garey et
al. [7] showed that the problem is NP-hard when the num-
ber of machines is part of the input, but polynomial-time
solvable for any fixed number of machines. The polynomial-
time algorithm for the latter case was improved twice by
Dolev and Warmuth [8, 9], who also showed polynomial-
time solvability when the number of machines is fixed and

the precedence relation is a “level order” [8]. In addition,
they gave a polynomial-time algorithm for the case where
both the height of the precedence graph and the num-
ber of machines are bounded by a constant [10]. By the
results of Papadimitriou [11] and Gabow [12], if the com-
plement of the transitive closure of the precedence graph
is an interval graph, then the problem can again be solved
in polynomial time. More recently, Aho and Mákinen [13]
gave a polynomial-time algorithm for a fixed number of
machines and digraphs of bounded maximum degree and
bounded height.

In this paper we give new results in form of an NP-
hardness proof and polynomial-time algorithms for the
case where the number of machines is part of the input
and not bounded or fixed. In particular we study how the
problem behaves when the precedence graph is restricted
to collections of stars and collections of complete bipartite
graphs. As we illustrate with several examples in Sec-
tion 3, previously presented priority rules to schedule the
jobs, which are known to be optimal for some classes of
precedence graphs, fail to obtain an optimal schedule on
collections of stars or complete bipartite graphs. A star
or a complete bipartite graph can be compactly encoded
as a pair of integers representing the number of vertices
with in-degree 0 and out-degree 0. In Section 4, we show
that on collections of stars our problem is NP-hard if the
graph is compactly encoded, whereas it can be solved in
polynomial time if the graph is given as an adjacency list.
The hardness under compact encoding explains the failure
of the simplistic rules as at least a hard number theoretical
problem must be solved. In Section 5, we show that the
problem can be solved in polynomial time on a subclass of
collections of stars, namely collections of in–stars and out–
stars, even when these are given in compact encoding. As
an interesting contrast to the NP-hardness on compactly
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encoded stars, in Section 6 we show that the problem can
be solved in polynomial time on a collection of compactly
encoded complete bipartite graphs.

2. Notation and terminology

For a positive integer n, we use [n] = {1, . . . , n}. A
digraph is denoted by D = (J,E), where J is the set of
vertices and E is the set of arcs. An arc (i, j) ∈ E is
directed from i to j. The in-degree of a vertex j, din(j),
is the number of arcs directed to it, and its out-degree
dout(j) is the number of arcs directed from it. A vertex of
in-degree (out-degree) 0 is called an in-leaf (out-leaf). A
path in a digraph is a sequence of vertices i1, i2, . . . , ip such
that (i`, i`+1) is an arc for 1 ≤ ` ≤ p− 1. A cycle is a path
whose first vertex is the same as its last vertex. A digraph
is acyclic if it does not contain a cycle. Every partial order
corresponds to an acyclic digraph; throughout this paper
we assume the input digraph to be acyclic. The height of a
digraph is the number of vertices in a longest path, which
is equivalent to the cardinality of a longest chain in the
corresponding partial order.

Given a digraph D = (J,E) with |J | = n and an in-
teger m representing the number of machines, a feasible
schedule for the parallel machine scheduling problem with
unit processing times is given by a mapping τ : J → [n]
that assigns jobs to time slots and satisfies:

1. τ(i) < τ(j), for every (i, j) ∈ E, and

2. |{j ∈ J | τ(j) = `}| ≤ m, for every time slot ` ∈ [n].

The makespan of a schedule τ is the completion time of the
last job, i.e., maxj∈J τ(j). Hence, it is always possible to
achieve a makespan of at most n. An optimal schedule is a
schedule of minimum makespan. The problem is to com-
pute the minimum makespan over all feasible schedules,
given D and m.

An in–tree is a digraph, whose underlying undirected
graph is a tree, such that dout(j) ≤ 1 for every j ∈ J .
Similarly, an out–tree is a tree such that din(j) ≤ 1 for
every j ∈ J . An in-forest (out-forest) is a collection of
in–trees (out–trees). An in- and out-forest is the union
of an in-forest and an out-forest. We call D a star if the
undirected graph underlying D is a star. The center of a
star with at least three vertices is the only vertex that has
degree at least 2. A star D is an in–star if it is an in–tree,
and an out–star if it is an out–tree. A set consisting of
in–stars and out–stars will be referred to as a collection
of in- and out–stars. In this paper, a complete bipartite
graph is a digraph, whose underlying undirected graph is
complete bipartite, where all the edges are directed from
one bipartition to the other.

A star with center c is uniquely defined by the pair
(din(c), dout(c)). We will call this a compact encoding of a
star as opposed to a graph is given as an adjacency list or
adjacency matrix. Similarly, a complete bipartite graph is
uniquely defined by the number of its in-leaves and out-
leaves. Hence, every complete bipartite graph can also be

compactly encoded by a pair of integers. Note that in
a compact encoding of a collection of stars or complete
bipartite graphs, it is not the number n of vertices (jobs)
but the number of stars or complete bipartite graphs (pairs
of integers) in the collection that is an input parameter.
We denote this number by k.

For simplicity we assume that the logarithms of the
numbers are bounded by a polynomial in k. For an algo-
rithm to be polynomial-time under compact encoding, it
thus has to run in time polynomial in k. Clearly, although
the minimum makespan might be computed in polynomial
time, the corresponding schedule cannot be output explic-
itly, as it would require at least n steps. However, in our
polynomial-time algorithms on compact input, the sched-
ule will be implicit.

3. Natural scheduling rules fail on simple digraphs

Several natural scheduling rules do not produce an op-
timal schedule, even when restricted to collections of sim-
ple digraphs of small height. An example is Hu’s algo-
rithm [6], which solves the problem on in–trees. It sched-
ules first the jobs having the longest directed path to any
other job in the precedence graph. This rule is clearly not
helpful for collections of stars or collections of complete
bipartite graphs.

We provide more examples of such rules, illustrated in
the figures below. In all of them we consider m = 3 ma-
chines. In each figure, the horizontal rows indicate the time
slots; hence there can be at most three vertices per row.
On the left side of the vertical line, the schedule result-
ing from the proposed rule is shown, whereas an optimal
schedule is shown on the right side.

In the first three examples we consider collections of
stars. Every presented rule describes a priority for the cen-
ter vertex of each star, which dictates an ordering of the
stars. The schedule is obtained by processing each center
as soon as possible, in the order given by the rule. Fig-
ure 1 illustrates each of the rules: highest ratio between
out-degree and in-degree, largest out-degree, and largest
in-degree. Figures 2 and 3, respectively, illustrate the
rules: highest ratio between in-degree and out-degree, and
smallest in-degree with ties broken by largest out-degree.
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Figure 1: (Left) Largest
out-degree
in-degree

, Largest out-degree, Largest in-

degree. (Right) Optimal schedule.
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Figure 2: (Left) Largest
in-degree

out-degree
. (Right) Optimal schedule.
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Figure 3: (Left) Smallest in-degree; ties broken by largest out-degree.
(Right) Optimal schedule.
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Figure 4: (Left) Largest
out-degree
in-degree

, Largest out-degree, Largest in-

degree. (Right) Optimal schedule.
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Figure 5: (Left) Smallest
out-degree
in-degree

, Smallest out-degree, Smallest

in-degree. (Right) Optimal schedule.

In the last two examples we consider collections of com-
plete bipartite graphs. Since all in-leaves of a complete
bipartite graph have to be processed before any out-leaf
of that graph, we draw each graph as a star by insert-
ing a smaller half-filled center vertex representing a job
of processing time 0 that separates the in-leaves from the
out-leaves. We apply the same idea of processing the cen-
ters as soon as possible, subject to the order of the graphs
dictated by the following rules. Figure 4: highest ratio be-
tween out-leaves and in-leaves, largest number of in-leaves,
and largest number of out-leaves. Figure 5: lowest ratio
between out-leaves and in-leaves, smallest number of in-
leaves, and smallest number of out-leaves.

4. Complexity of scheduling stars

In this section we first show that our optimization prob-
lem is NP-hard on collections of compactly encoded stars.
Our main focus in this paper is on compactly encoded in-
puts, however, to give a complete picture we show at the
end of this section that the problem can be solved in poly-
nomial time when the stars are given as adjacency lists.

We obtain our hardness result by showing that the de-
cision version of our problem on compactly encoded stars is
NP-complete. In particular, we show that deciding whether
the minimum makespan is at most 4 is NP-complete on
collections of stars if each star Si is given as a pair of inte-
gers (din(ci), dout(ci)), where ci is the center vertex of Si.
Note that, for any collection of stars, it is easy to decide
whether the minimum makespan is at most 3.

Theorem 1. Deciding whether the minimum makespan
is at most 4 is NP-complete on a collection of compactly
encoded stars.

Proof. The mentioned decision problem is clearly in NP.
We use a reduction from the well-known NP-complete [14]
problem Partition: Given positive integers a1, ..., ak and
an integer b with

∑k
i=1 ai = 2b, is there a subset T ⊂ [k]

such that
∑
i∈T ai = b?

Given an instance of Partition, we define an instance
of our problem as follows. For every ai we make a star Si
whose center has in-degree and out-degree 2kai, and we
let the number of machines be m = 2kb + k. Note that
this instance can be compactly encoded in size polynomial
in the size of the Partition instance. We claim that the
answer to the Partition instance is yes if and only if there
exists a schedule with makespan 4.

Let T ⊂ [k] in the Partition instance, such that∑
i∈T ai = b. For all the stars Si with i ∈ T , we can

schedule their in-leaves in time slot 1, their centers in time
slot 2, and their out-leaves in time slot 3. For the remain-
ing stars, their jobs are scheduled in time slots 2, 3 and 4
accordingly, and thus we obtain makespan 4. Note that
there will be k idle machines in time slots 1 and 4.

For the opposite direction, assume that there exists a
schedule with makespan 4. This means that all in-leaves
are scheduled in time slots 1 and 2, all centers are sched-
uled in time slots 2 and 3, and all out-leaves are sched-
uled in time slots 3 and 4. Let T be the set of indices i
such that all in-leaves of the star Si are scheduled in time
slot 1. Clearly,

∑
i∈T 2kai ≤ 2kb + k = m, and hence∑

i∈T ai ≤ b + 1/2. We claim that
∑
i∈T ai = b. Let

`3 and `4 be the number of out-leaves scheduled in time
slots 3 and 4, respectively. Certainly, `3 + `4 = 4kb and
thus `3 ≥ 2kb− k since `4 ≤ 2kb+ k = m. Moreover, if an
out-leaf is scheduled in time slot 3, then all the in-leaves
of the same star must be scheduled in time slot 1, hence∑
i∈T 2kai ≥ `3. Combining the inequalities involving `3

yields
∑
i∈T ai ≥ b − 1/2. Since all numbers are integers

it follows that there is a partition as claimed.
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Corollary 2. It is NP-hard to approximate the minimum
makespan within 5/4 on a collection of compactly encoded
stars.

To tighten our hardness result, we now show that the
problem becomes polynomial-time solvable when the input
is given in standard encoding, i.e., as an adjacency list
or adjacency matrix. The following lemma is central in
several of our results.

Lemma 3 (folklore). The minimum makespan of a di-
graph D with n jobs and m machines is at most

⌈
n
m

⌉
+h−1,

where h is the height of D.

The following notation will be used throughout this
and the next section. Let D = {S1, . . . , Sk} be the collec-
tion of stars that are given in the input. Let Ai and Bi be
the sets of in-leaves and out-leaves of each star excluding
the center, respectively, for 1 ≤ i ≤ k. Let furthermore A
be the union of all in-leaves, B the union of all out-leaves,
and C the set of all centers. For any schedule τ we define
the switchpoint sτ = min

y∈B
τ(y) to be the first time slot in

τ when an out-leaf is scheduled.

Out leaves

In leaves

Centers

time
sτ − 1 sτ sτ + 1

Figure 6: Switchpoint sτ for schedule τ .

Lemma 4. There is an optimal schedule τ that satisfies
all of the following properties.

(Q1) Jobs with no predecessors are scheduled no later than
jobs with no successors;

(Q2) τ(x) ≤ τ(y) for all x ∈ A and y ∈ B;

(Q3) τ(x) ≤ τ(y) for all x ∈ A and τ(x) < sτ and y ∈ C
and τ(y) < sτ .

Proof. Property (Q1) is easy to verify. Property (Q2) fol-
lows from (Q1), and property (Q3) follows from the obser-
vation that no jobs from B are scheduled before time sτ
therefore we can reorder the jobs such that jobs from A
are scheduled no later than jobs from C. Figure 7 depicts
such an optimal schedule.

Theorem 5. An optimal schedule for a collection of stars
can be computed in time polynomial in the number of jobs.

Proof. As this result is not within the main focus of the
paper and it is given mainly to complement the hard-
ness result, we only sketch its proof. The described dy-
namic programming algorithm is far from efficient, as our
goal is merely to prove polynomial-time solvability. For

time

sτ

A

BA

C

B C

C

t1 t2

Figure 7: Typical schedule satisfying Lemma 4.

a given schedule τ satisfying Lemma 4, let t1(τ) be the
first time slot at which a center vertex is scheduled, and
let t2(τ) be the last time slot at which a center vertex is
scheduled. Clearly the number of possibilities for triples
(t1(τ), sτ , t2(τ)) is O(n3), and hence we can loop over all
such possibilities which will add a polynomial factor to
what is explained next. Consequently, we now assume
that t1(τ), sτ , t2(τ) are known (fixed). From Lemma 4
(See Figure 7) we have that the time slots are essentially
partitioned into 7 different intervals. If stars S1, ..., Sj are
already scheduled, the only information needed to schedule
Sj+1, ..., Sk is how many in-leaves, centers, and out-leaves
are scheduled in every partition. In other words, from
a dynamic programming perspective there are at most a
polynomial number of states. Notice that to decide where
to assign the jobs from Sj , there are 5 options to place its
center, and its in-leaves can be distributed over at most 3
places and equivalently 3 places for its out-leaves. There-
fore, evaluating each state we spend polynomial time, and
the total running time is polynomial in n, the number of
jobs.

5. Collections of in- and out–stars

In this section we show that if D is a collection of k
in– and out–stars, then the problem can be solved in time
polynomial in k. Particularly, this means that the running
time is polynomial in the size of the compactly encoded
input.

Let {(din(c1), dout(c1)), . . ., (din(ck), dout(ck))} and m
be the input to our scheduling problem. Note that ei-
ther din(ci) ≤ 1 or dout(ci) ≤ 1, for 1 ≤ i ≤ k, since
we have a collection of in– and out–stars. We assume
that the input is ordered such that din(ci) ≤ din(cj), and
dout(ci) ≥ dout(cj) if din(ci) = din(cj), for 1 ≤ i < j ≤ k.
Let the sets A1, ..., Ak, B1, ..., Bk, A,B be defined as in the
previous section. Although these sets are not given explic-
itly, we will use them for ease of discussion below.

Lemma 6. There is an optimal schedule τ that satisfies
all of the following properties.

(P1) τ(x) ≤ τ(y), for all x ∈ A and y ∈ B;

(P2) τ(ci) ≤ τ(cj), for all i < j;

(P3) τ(x) ≤ τ(y), for all i < j, x ∈ Ai and y ∈ Aj;
(P4) τ(c) ≤ sτ + 1, for any center c.
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(P5) There is no i ∈ {1, . . . , k} such that τ(ci) = sτ + 1
and τ(x) < sτ for every x in Ai.

Proof. Property (P1) follows from Lemma 4.
Suppose there is an optimal schedule τ that satisfies

property (P1), such that there are two centers ci, cj with
i < j and τ(cj) < τ(ci). By the ordering assumption,
|Ai| ≤ |Aj |, and if |Ai| = |Aj | then |Bi| ≥ |Bj |. We
can obtain a new schedule τ ′ with the same makespan
and with τ ′(ci) ≤ τ ′(cj) as follows. First swap ci and cj
and then swap the jobs in Ai with |Ai| jobs from Aj . If
|Aj | > 1, then |Bj | = 1 and the sole job from Bj can be
swapped with any job from Bi. Otherwise, i.e., if |Ai| =
|Aj | = 1, then |Bi| ≥ |Bj |, and all jobs from Bj can be
scheduled after cj by swapping them with |Bj | many jobs
from Bi. Hence τ ′ satisfies property (P2). Property (P1)
is maintained as no job from B is moved to a time where
previously no job from B was present.

Suppose there is an optimal schedule τ that satisfies
properties (P1) and (P2), such that i < j, x ∈ Ai, y ∈ Aj ,
and τ(x) > τ(y). Then τ(y) < τ(x) < τ(ci) ≤ τ(cj), from
which it can be observed that swapping x and y in the
schedule neither changes the feasibility nor the makespan
of τ . Repeating this, we obtain property (P3). Properties
(P1) and (P2) are both maintained, as no jobs from B are
moved and no centers are moved.

Suppose there is an optimal schedule τ that satisfies
properties (P1), (P2), and (P3). Among all such optimal
schedules let τ be one that has the maximum number of
centers scheduled before or at time sτ + 1. By definition
of sτ , all jobs from A are scheduled in time slot sτ or
earlier. Assume now that there is a center c such that
τ(c) > sτ + 1. We will show that without increase of
the makespan we can change the schedule in such a way
that τ(c) becomes at most sτ + 1. If there is y ∈ B with
τ(y) = sτ+1, then we can switch y and c without changing
feasibility or the makespan. If there is an idle machine in
time slot sτ + 1, then we can move c to time sτ + 1. If
the previous two cases do not occur, then during time slot
sτ + 1 only centers are scheduled. Therefore, in time slot
sτ at most m − 1 centers and jobs from A are scheduled
and at least one job z ∈ B with τ(z) = sτ . The center c`
with ` = min{l | 1 ≤ l ≤ k and τ(cl) = sτ + 1} can be
swapped with z since all jobs in A` are scheduled before
time slot sτ . Because of property (P3) we can swap c`
with z and then z with c, which gives us property (P4)
as argued above. Property (P1) is maintained since jobs
from B are only moved to later times. Property (P2) is
maintained because the center with the lowest index is
moved to sτ + 1. Property (P3) is maintained since no
jobs from A are moved.

Suppose that there is an optimal schedule τ that sat-
isfies properties (P1), (P2), (P3) and (P4). For property
(P5) assume that in timeslot sτ + 1 there is a center ci
scheduled and all jobs in Ai are scheduled before timeslot
sτ . By the definition of sτ there is at least one job y from
B scheduled in timeslot sτ . Because all predecessors of

ci are scheduled before timeslot sτ , we can swap y and ci
without increasing the makespan. Clearly properties (P1),
(P2), (P3) and (P4) remain satisfied.

Due to Lemma 6, we can restrict ourselves to schedules
τ satisfying properties (P1)-(P5). By property (P1) we
have in particular that τ(x) ≤ sτ for any x ∈ A.

To be used in this and also in the next section, the
number of machines that are not assigned any jobs at a
time slot will be called the idle time of that time slot. The
idle time of a schedule is the sum of the idle times of all
the time slots of the schedule.

Let s[i] be the minimum makespan needed to schedule
all jobs in A1, ..., Ai and the centers c1, ..., ci, for 1 ≤ i ≤ k.
Let f [i] be the amount of idle time in such a schedule.
Observe that f [i] = m·s[i]−(|A1|+. . .+|Ai|+i). We define
s[0] = f [0] = 0. Let us show how s[i] can be computed.

Lemma 7. All values s[1], . . . , s[k] and the center place-
ments in the corresponding schedules can be computed al-
together in total time O(k2) using the following formula:
For 1 ≤ i ≤ k, s[i] =

min
0<`≤i

{
s[i− `] + max

{
0,

⌈∑i
j=i−`+1 |Aj | − f [i− `]

m

⌉}
+

⌈
`

m

⌉}
.

Proof. First we prove that the formula for s[i] is correct.
The proof is by induction on i, and for i = 1 we clearly

have s[1] =
⌈
|A1|
m

⌉
+1. Now consider i > 1. To see that the

right-hand side of the equation is an upper bound on s[i],
observe that the following is a feasible schedule, for every
` ∈ {1, . . . , i}: ci−`+1, . . . , ci are scheduled in the last

⌈
`
m

⌉
time slots, A1, . . . , Ai−` and c1, . . . , ci−` are scheduled in
the first s[i− `] time slots, and the remaining in-leaves in
Ai−`+1, . . ., A` either fit in the idle time or are scheduled

the idle time plus

⌈∑i
j=i−`+1 |Aj |−f [i−`]

m

⌉
slots.

To see that the right-hand side of the equation is also
a lower bound on s[i], consider an optimal schedule τ
for all jobs in A1, ..., Ai and the centers c1, ..., ci that has
makespan s[i]. According to property (P2) of Lemma 6 we
can assume that τ(cj1) ≤ τ(cj2), for all 1 ≤ j1 < j2 ≤ i. In
the last time slot only centers are scheduled, and because
of the previous property these are ci−`+1, ..., ci for some
` ∈ {1, . . . , i}. When we remove the centers ci−`+1, ..., ci
and the last time slot from the schedule, we obtain a feasi-
ble schedule for A1, . . . , Ai and c1, . . . , ci−l with makespan
s[i]−1. However, if we scheduleA1, . . . , Ai−l and c1, . . . , ci−l
optimally with makespan s[i− l] and schedule the remain-
ing jobs in Ai−l+1, . . . , Ai as described above, we obtain
an optimal schedule for A1, . . . , Ai and c1, . . . , ci−l with

makespan s[i− `]+max

{
0,

⌈∑i
j=i−`+1 |Aj |−f [i−`]

m

⌉}
. Such

an schedule is optimal since it either has makespan s[i− l]
or at most one time slot has idle time (if

∑i
j=i−`+1 |Aj | >

f [i − `]). Therefore s[i] − d lme = s[i] − 1 ≥ s[i − `] +

max

{
0,

⌈∑i
j=i−`+1 |Aj |−f [i−`]

m

⌉}
, which proves the lower

bound.
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For the running time, recall first that we have every
number |Aj | readily available as din(cj) for 1 ≤ j ≤ k. As

a preprocessing step, we can compute and store
∑i
j=1 |Aj |

for every i ∈ {1, . . . , k}. Since for every i this value can
be computed from the value for i − 1 in constant time, it
can be done in total O(k) time. The values s[1] and f [1]
can be computed in constant time from s[0] and f [0] using
the formulas. Now, for every i ∈ {2, . . . , i}, f [i] can be
computed in constant time from the previously computed
values f [0], . . . , f [i − 1] and s[0], . . . , s[i − 1] in constant
time, whereas s[i] can be computed from those values in
O(i) time. Hence in total, all mentioned values can be
computed and stored in O(k2) time and space. For center
placements in the corresponding schedules, for 1 ≤ i ≤ k,
we can clearly compute and store τi(cj) for 1 ≤ j ≤ i,
where τi is the schedule with makespan s[i], in O(i) time,
as described above. Hence the computation and storage
of all center placements for all s[1], . . . , s[k] takes also in
total O(k2) time and space.

We are now ready to prove the main theorem of this
section.

Theorem 8. The minimum makespan for a collection of k
compactly encoded in- and out–stars and the corresponding
implicit optimal schedule can be computed in time O(k2).

Proof. We describe an algorithm for this purpose with the
given running time. Our algorithm has k iterations. For
i ∈ {1, . . . k}, it runs the following steps, and after com-
pleting the k iterations, it picks the schedule that has the
smallest makespan:

1. Create a schedule of the jobs A1, ..., Ai and centers
c1, ..., ci with makespan s[i] and idle time f [i], ac-
cording to Lemma 7.

2. Greedily insert jobs Ai+1, ..., Ak into the schedule by
first filling up idle time.

3. Let t > s[i] be the first timeslot after the switch
point that has idle time and let q denote the amount
of idle time in timeslot t.

4. Schedule as many of the centers ci+1, ..., ci+q−1 as
possible in timeslot t, and the remaining centers greed-
ily in timeslot t+ 1 and further.

5. Greedily schedule jobs from B1, ..., Bk starting at
timeslot t.

Note that step 4 leaves idle time at least 1 in timeslot t
(only q− 1 centers are scheduled at time t), and thus step
5 places at least one job from B in timeslot t.

Let τ be an optimal schedule satisfying properties (P1)-
(P5) of Lemma 6, and let i∗ = max{i | τ(ci) < sτ}, i.e., the
index of the last center scheduled before the switchpoint.

By property (P1) in both schedules, τ and τalg, before
or at the switchpoint all jobs in A as well as the centers
c1, . . . , ci∗ are scheduled. Therefore we have sτalg

= sτ =⌊
|A|+i∗
m

⌋
+ 1.

Note in particular that no center is placed in time slot
sτ + 2 or further by either schedule. This is true for τ
since it satisfies property (P4), and it is true for τalg by
construction since there is enough space to place all jobs
ci∗+1, . . . , ck in time slots sτ and sτ + 1 as described, by
the choice of i∗.

Consequently, the difference between schedules τ and
τalg lies in which centers are scheduled in timeslot sτ and
which in timeslot sτ + 1. Let ci∗+1, ..., cp be scheduled by
τ and let ci∗+1, ..., cpalg

be scheduled by τalg in timeslot
sτ . By the description of our algorithm, palg ≥ p, and
by property (P5), p ≥ palg. Consequently p = palg and
the two schedules have identical makespan. Since our al-
gorithm outputs a schedule with makespan less than or
equal to this makespan, it outputs an optimal schedule.

For the running time, instead of running step 1 sepa-
rately at each iteration, we can run it as a preprocessing
step and compute all values s[1], . . . , s[k] and the center
placements in the corresponding schedules in O(k2) time,
due to Lemma 7. For a given i, all other steps take O(i),
and hence the total running time is O(k2). Furthermore,
outputting τalg(ci) for each center i defines an implicit
schedule and this can be done within the overall running
time by Lemma 7 and the description of our algorithm.

6. Collections of complete bipartite graphs

In this section we show that on a collection of k com-
pactly encoded complete bipartite graphs, our optimiza-
tion problem can be solved in time polynomial in k.

Let {(a1, b1), (a2, b2), . . . , (ak, bk)} and m be the input
to our problem, where each (ai, bi) represents a complete
bipartite graph Gi with ai in-leaves and bi out-leaves. We
assume the input to be sorted so that ai ≤ aj if i < j.
As before, for convenience we let Ai be the set of in-leaves
of Gi and Bi be the set of out-leaves of Gi. We let A
be the union of all in-leaves and B the union of all out-
leaves, with a = |A|, b = |B|, and a+ b = n. Note that if
ai = 0 or bi = 0 then Gi consists of isolated independent
jobs that can be scheduled to fill-in the idle time in any
optimal schedule. Hence we will assume that ai, bi > 0, for
1 ≤ i ≤ k. Finally, let OPT be the minimum makespan
for this instance.

From Lemma 3 it follows that there are only two pos-
sible values for the minimum makespan:⌈

a+ b

m

⌉
≤ OPT ≤

⌈ a
m

⌉
+

⌈
b

m

⌉
≤
⌈
a+ b

m

⌉
+ 1.

Consequently, if
⌈
a
m

⌉
+
⌈
b
m

⌉
=
⌈
a+b
m

⌉
, then it is trivial

to find the optimal schedule. Hence from now on we as-
sume that

⌈
a
m

⌉
+
⌈
b
m

⌉
=
⌈
a+b
m

⌉
+ 1. Let tA ≡ a mod m,

and tB ≡ b mod m. If tA = 0 or tA+ tB > m then clearly⌈
a
m

⌉
+
⌈
b
m

⌉
=
⌈
a+b
m

⌉
. Thus our assumption implies that

0 < tA + tB ≤ m.
Without loss of generality, by the same arguments as

in Lemma 4, we consider only schedules where all jobs in A
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are scheduled no later than any job in B. In particular, we
define a specific schedule τ of this type as follows: Schedule
first all the jobs in A1, then all the jobs in A2, and so on,
until all the jobs in Ak are scheduled. Then schedule jobs
from B1 in the earliest time slot which is available for these
jobs, and continue with B2 and so on, until all the jobs are
scheduled. We know by the examples from Section 3 that
τ is not necessarily optimal. We will show that either τ is
optimal or we can modify it in polynomial time to obtain
an optimal schedule τ . If the makespan of τ is

⌈
a+b
m

⌉
, then

we know by Lemma 3 that τ is optimal. Hence for the rest
of the section we assume that τ has makespan

⌈
a+b
m

⌉
+ 1.

Similar to what we did in Section 4, we define the
switchpoint of τ to be the first time slot sτ in which a
job from B is scheduled.

Lemma 9. If one of the following conditions is satisfied
then τ is an optimal schedule.

(R1) a ≤ m or b ≤ m or k = 1;

(R2) there is no idle time in time slot sτ ;

(R3) the makespan of τ is sτ + 1.

Proof. Due to our assumption that every vertex in B has
an arc directed to it, in any optimal schedule the first time
slot cannot contain any jobs from B and the last time slot
cannot contain any job from A. Hence if τ satisfies (R1),
it follows that τ is an optimal schedule.

Assume that τ does not satisfy (R1). Hence, a > m,
b > m, and k > 1. Let s =

⌈
a
m

⌉
. Since tA 6= 0, time

slot s of τ contains at least 1 and at most m − 1 jobs
from A. Note that sτ = s or sτ = s + 1. Assume that
τ satisfies (R2); hence time slot sτ has no idle time. If
sτ = s, this means that s contains jobs both from A and
from B, and hence there is no idle time in any time slot of
τ except possibly the last. Consequently, τ is optimal. If
sτ = s+ 1, then since no job from B1 could be scheduled
in time slot s, there are jobs from A1 in time slot s. Since
a1 is the smallest among all ai, this means that s = 1 or
k = 1. In both cases τ is optimal.

Assume finally that τ does not satisfy (R1) or (R2),
and it satisfies (R3). By assumption b > m and n > 1 and
any optimal schedule must use time slot sτ + 1, and hence
τ is optimal.

Assume for the rest of the section that none of the
properties (R1)-(R3) is satisfied by τ . In particular, we
have idle time in time slot sτ of τ and the makespan of τ
is at least sτ + 2. Furthermore, recall that the makespan
of τ is

⌈
a+b
m

⌉
+ 1. Let h be the smallest index such that

time slot sτ of τ contains a job from Ah. More formally:

h = min{i | τ(x) = sτ and x ∈ Ai}

Lemma 10. Let h = k. If ak ≤ (sτ − 1)m then OPT =⌈
a+b
m

⌉
, and τ can be transformed into a schedule having

this makespan in time O(k). If ak > (sτ − 1)m then τ is
an optimal schedule.

Proof. Because h = k, the only jobs from A in time slot sτ
are from Ak. Since time slot sτ has idle time and b > m,
we can conclude that

∑k−1
i=1 bi < m− tA. Hence only jobs

from Bk (and all jobs from Bk) are scheduled by τ in time
slot sτ + 1 or later. Since we assume that property (R3)
is not satisfied, we have bk ≥ m.

Suppose that ak ≤ (sτ − 1)m. We can schedule all
jobs in Ak before all other jobs and before time slot sτ ,
which allows us to fill time slot sτ with jobs from Bk,
and consequently we get a schedule with makespan

⌈
a+b
m

⌉
.

This can clearly be done in time O(k), since we do not
move the jobs explicitly, but we can do it implicitly since
all jobs of Ak go together.

Suppose that ak > (sτ − 1)m. Then the jobs in Ak
cannot be scheduled before time slot sτ , and no job from
Bk can be scheduled before or in time slot sτ . This means
that τ is optimal.

Lemma 11. If h ≤ k−1, then OPT =
⌈
a+b
m

⌉
and τ can be

transformed into a schedule having this makespan in time
O(k).

Proof. Because h ≤ k − 1 all jobs from Ah+1, . . . , Ak are
scheduled in time slot sτ by τ , and sτ contains a job
from Ah. Since there is idle time in sτ , all jobs from
B1, B2, . . . , Bh−1 are scheduled by τ in time slot sτ . Con-

sequently,
∑h−1
i=1 bi < m − tA. Since we assumed that

property (R3) is not satisfied,
∑k
i=h bi ≥ m. Recall that

tA + tB ≤ m, and the number of jobs from A in time slot
sτ is tA.

Suppose that tB ≤ m/2. Hence if we can schedule at
least m/2 jobs from B in time slot sτ , we will obtain a

schedule with makespan
⌈
a+b
m

⌉
. Since

∑k
i=h bi ≥ m, then

either bh ≥ m/2 or
∑k
i=h+1 bi ≥ m/2. By the way τ is

constructed, we know that ah ≤
∑k
i=h+1 ai ≤ m. Thus

we can either move all the jobs in Ah or all the jobs in
Ah+1∪. . .∪Ak to the first time slot, and be able to schedule
at least m/2 jobs from B in time slot sτ .

Suppose that tB > m/2. Then we know that tA <

m/2, and hence ah ≤
∑k
i=h+1 ai < m/2. Therefore, we

can move all jobs in Ah ∪Ah+1 ∪ . . .∪Ak to the first time
slot of the schedule. This will allow us to fill time slot sτ
with jobs from Bh ∪Bh+1 ∪ . . .∪Bk and obtain makespan⌈
a+b
m

⌉
.

In either case, the resulting schedule can be computed
implicitly in time O(k): we simply output an ordering
of graphs representing the order of the the jobs from A.
Then, the ordering of the jobs from B always follows the
ordering of the jobs from A.

Theorem 12. The minimum makespan for a collection of
k compactly encoded complete bipartite graphs can be com-
puted and an optimal schedule can be computed implicitly
in time O(k log k).

Proof. We describe an algorithm for this purpose. Our
algorithm initially checks whether or not

⌈
a
m

⌉
+
⌈
b
m

⌉
=
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⌈
a+b
m

⌉
, and outputs in the case of affirmative this as the

minimum makespan. Otherwise it starts by implicitly
computing the schedule τ defined above. Then it checks
whether τ satisfies one of the properties (R1)-(R3) of Lemma
9. If one of these properties is satisfied then the algorithm
simply outputs the makespan of τ and stops. If not, it
continues to compute h as described above. Then it trans-
forms τ into an optimal schedule according to Lemma 10
and Lemma 11. During these modifications, idle time is
removed by moving jobs to earlier time slots wherever pos-
sible. This completes the description of the algorithm.

The correctness of the algorithm follows from Lemmas
9, 10, 11, and the preceding discussion. The described ini-
tial schedule τ can be implicitly constructed in polynomial
time, as it amounts to a number of arithmetic operations
that is polynomial in k. In fact the step that dominates
the running time in the construction of τ is the sorting
of the ai, which can be done in O(k log k) time. The rest
of the steps sum up to O(k) time by Lemmas 10 and 11
and since each of the conditions (R1)-(R3) can easily be
checked in O(k) time.

7. Open problems

It would be interesting to study the complexity of our
problem on collections of graphs belonging to superclasses
of stars or complete bipartite graphs. One such graph class
is the class of chain graphs. In the undirected version, a
bipartite graph is a chain graph if the vertices of the two
independent sets A and B can be ordered by neighborhood
inclusion, i.e., there is an order x1, x2, . . . of the vertices in
A such that the neighbors of xi form a subset of the neigh-
bors of xi+1 for i = 1, 2, . . .. A can be ordered in this way if
and only if B can be ordered in this way at the same time.
We can now define directed chain graphs as digraphs whose
underlying undirected graphs are chains, and all edges are
directed from A to B. What is the computational com-
plexity of scheduling unit-length jobs on parallel identical
machines if the precedence graph is a collection of chain
graphs?
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