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Abstract

We show that the problem of computing a minimum distortion embedding of a given graph

into a path remains NP-hard when the input graph is restricted to a bipartite, cobipartite, or

split graph. This implies the NP-hardness of the problem also on chordal, cocomparability,

and AT-free graphs. This problem is hard to approximate within a constant factor on

arbitrary graphs. We give polynomial-time constant-factor approximation algorithms for

split and cocomparability graphs. We conclude with some upper bounds for interval graphs

and cographs, on which the computational complexity of the problem is open.
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1 Introduction and definitions

Let G be a simple, undirected, unweighted graph, and let V (G) and E(G) denote the vertex and

edge sets of G, respectively. An embedding into a path for G is a mapping E : V (G) → Z. In this

paper, we use simply embedding to mean an embedding into a path. The distance between two

vertices u and v in G is the length of a shortest path between them and denoted by dG(u, v).

In an embedding E , we define dE(u, v) to be the difference between the positions of u and v in

E . An embedding E for G is non-contractive if dE(u, v) ≥ dG(u, v) for every vertex pair u, v

of G. The distortion, D(G, E), of such an embedding is defined to be the smallest k such that

dE(u, v) ≤ k · dG(u, v) for every vertex pair u, v of G. Since our graphs are unweighted, D(G, E)

is the smallest k such that dE (u, v) ≤ k for every edge uv of G (see also [7]). A minimum

distortion embedding is a non-contractive embedding for G of smallest distortion. In this paper,

the distortion of G, D(G), is the distortion of a minimum distortion embedding for G.
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We define the decision problem Distortion to take as input a graph G and an integer k ≥ 1,

and ask whether D(G) ≤ k. The Distortion problem was obtained by Kenyon et al. [7] as

an important subproblem of computing low-distortion embeddings between metric spaces. This

problem has a long history in mathematics, and there are applications in various disciplines of

computer science, such as computer vision and computational chemistry [5, 6, 16].

In this paper we show that Distortion is NP-complete when the input graph is restricted

to a bipartite, cobipartite or split graph. These are the first hardness results for Distortion

on restricted (unweighted) graph classes; previous hardness result was on general graphs [1].

Polynomial-time algorithms for computing minimum distortion embeddings are known only

for proper interval graphs, threshold graphs, and bipartite permutation graphs [4]. With our

hardness results, we narrow the gap between known tractable and intractable graph classes. It

is known that Distortion is NP-hard to approximate within a constant factor on arbitrary

graphs [1]. Here we show that the distortion of split graphs and cocomparability graphs can be

efficiently approximated within a constant factor.

We use standard graph notation and terminology; some non-standard terms are explained

here. Adjacent vertices are called true twins if every other vertex is adjacent either to both of

them or to none of them. For a vertex x of G, G−x is the subgraph of G induced by V (G)\{x}.

A u, v-path is a path between u and v. For any mapping f from V to (a subset of) Z, the

distance df (u, v) between u and v in f is |f(u)− f(v)|. We write u ≺f v when f(u) < f(v). For

a vertex v of G, every vertex u with u ≺f v is to the left of v, and every vertex w with v ≺f w

is to the right of v in f . For two vertices u, v where u ≺f v, a vertex w is between u and v with

respect to f if f(u) ≤ f(w) ≤ f(v). If w 6= u, v, we say that w is properly between u and v. For

a given vertex v, we refer to the rightmost vertex to the left (right) of v of a certain property

by the close vertex to the left (right) of v and specifying the property.

In an embedding, each integer (position) between the smallest and the largest integers that

are mapped to will be called a slot of the embedding. Exactly |V (G)| slots of a non-contractive

embedding are occupied by the vertices of G, and the other slots are empty slots. The vertex

ordering underlying an embedding E is an ordered list of the vertices occupying the non-empty

slots of E in increasing order of positions. Let β = 〈x1, . . . , xn〉 be a vertex ordering for G and let

E be the embedding for G with underlying vertex ordering β such that dE(xi−1, xi) = dG(xi−1, xi)

for every 1 < i ≤ n. Then, E is non-contractive for G [4]. We call E an embedding without
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unnecessary empty slots. Every connected graph has a minimum distortion embedding without

unnecessary empty slots.

The bandwidth of a vertex ordering σ, bw(G,σ), is the largest value dσ(u, v) of an edge

uv ∈ E(G). The bandwidth of G, bw(G), is the smallest value c such that there is a vertex

ordering for G of bandwidth c. Such orderings are called minimum bandwidth layouts. It holds

that D(G) ≥ bw(G).

2 NP-completeness on split, bipartite, and cobipartite graphs

We show that Distortion is NP-complete on split graphs, bipartite graphs and cobipartite

graphs. Let G be a graph with (A,B) a partition of V (G). If A is an independent set and B is

a clique of G, we call (A,B) a split partition for G, if A and B are cliques of G, we call (A,B) a

cobipartite partition for G, and if A and B are independent sets of G, we call (A,B) a bipartite

partition for G. A graph is a split graph if it has a split partition, a graph is a cobipartite graph

if it has a cobipartite partition, and a graph is a bipartite graph if it has a bipartite partition.

All these mentioned graph classes can be recognised in linear time [2].

Lemma 2.1 ([10]) Let G be a cobipartite graph with cobipartite partition (A,B). There is a

minimum bandwidth layout β for G such that for all a, b with a ∈ A and b ∈ B, a ≺β b.

Theorem 2.2 Distortion is NP-complete on bipartite and cobipartite graphs.

Proof. We will use a reduction from HamiltonianPath which is NP-complete on bipartite

graphs [12]. Let G be a bipartite graph with bipartite partition (A,B), where |A| ≥ |B|. Note

that G has a Hamiltonian path only if |A| ≤ |B|+1. Let |A| = |B|+1. Obtain graph G′ from G by

adding three new vertices a, b, c with c adjacent only to b, and b adjacent only to a, and a adjacent

to all vertices in A. If G has a Hamiltonian path then the last vertex of the path has to be in A.

So, a Hamiltonian path in G can be extended by a, b, c, which witnesses a Hamiltonian path in

G′. Conversely, a Hamiltonian path in G′ has to start (or end) with c, continue with b and then

a. Thus, deleting c, b, a from a Hamiltonian path in G′ yields a Hamiltonian path in G. With this

construction, we can assume in the following that |A| = |B|. Let n =def |A|. Obtain graph H

from G by adding new vertices a, a0, . . . , an, b, b0, . . . , bn, and making a adjacent to all vertices in

B ∪ {b, b0, . . . , bn}, and making b adjacent to all vertices in A∪ {a0, . . . , an}. Observe that H is

bipartite. Let G have a Hamiltonian path (c1, . . . , c2n). We can assume that c1, c3, . . . , c2n−1 ∈ A
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and c2, . . . , c2n−2, c2n ∈ B. Let E be the non-contractive embedding for H without unnecessary

empty slots and with underlying vertex ordering β =def 〈a0, . . . , an, b, c1, . . . , c2n, a, b0, . . . , bn〉.

By construction, dE(a0, b) = dE(a, bn) = dE (b, a) = 2n + 1. Since vertices from A ∪ B are not

adjacent to vertices from {a0, . . . , an}∪{b0, . . . , bn}, it holds that D(H) ≤ D(H, E) = 2n+1. For

the converse, let F be a non-contractive embedding for H with D(H,F) ≤ 2n + 1 and b ≺F a.

Since dF (b, a) ≤ 2n + 1, there are at most 2n vertices properly between b and a in F . Since

neighbours of a are pairwise non-adjacent, there are exactly n + 1 neighbours of a to the left

and to the right of a in F ; similarly for b. Suppose that a vertex from A is to the right of a in

F . Since this vertex has to be adjacent to its close vertex to the left and right, there is at least

one vertex from B to the right of a, thus, there is a vertex x from {b0, . . . , bn} that is to the

left of a. If x ≺F b then the distance between b and its leftmost neighbour or between a and

x is larger than 2n + 1. Thus, b ≺F x ≺F a, i.e., there is a non-neighbour of b with only one

neighbour between the leftmost and rightmost neighbour of b in F , implying that the leftmost or

rightmost neighbour of b is at distance at least 2n + 2 from b. This yields a contradiction to the

assumptions about F . Hence, all vertices from A are to the left of a. Analogously, all vertices

from B are to the right of b. It follows with the distortion condition for F that the vertices

a0, . . . , an are to the left of b and the vertices b0, . . . , bn are to the right of a and all vertices from

A ∪ B are between b and a. By the distance of b and a, there is no empty slot between b and a

in F , which means that consecutive vertices are adjacent. This gives a Hamiltonian path in G.

Hence, Distortion is NP-complete for bipartite graphs.

For cobipartite graphs, the reduction is from Bandwidth which is NP-complete on this

class [9]. Let G be a cobipartite graph; obtain a new cobipartite graph H from G by adding

a new vertex and making it adjacent to all vertices of G. With Lemma 2.1, we can show that

D(H) = bw(H) = bw(G) + 1, and NP-completeness of Distortion follows.

Theorem 2.3 Distortion is NP-complete on split graphs.

Proof. Again we use a reduction from Bandwidth on cobipartite graphs. Let G be a cobipar-

tite graph and k an integer. Let (A,B) be a cobipartite partition for G where |A| ≥ |B|. We

will construct a split graph H so that bw(G) ≤ k if and only if D(H) ≤ 2k + 3. If k < |A| − 1

then bw(G) > k, so in this case we set H to be a complete graph on 2k + 5 vertices. Note that

bw(G) < |A| if and only if A contains a vertex x without neighbour in B and bw(G−x) < |A|.
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If k = |A| − 1 then we apply this result. Hence for the following, we can assume k ≥ |A|. Let A′

and B′ be sets of new vertices where |A′| = k − (|A| − 1) and |B′| = |A|+ 1, and let w be a new

vertex. We define first an intermediate graph H ′ with vertex set A∪A′ ∪B ∪B′ ∪ {w} and the

following edges: A∪A′∪{w} is a clique and B∪B′ is an independent set, all vertices from A′ are

adjacent to all vertices from B′, edges between vertices in A and B are as in G, w is adjacent to

every vertex in B. Obtain H from H ′ by adding a true twin of every vertex in A∪A′∪{w}. Both

H ′ and H are split graphs. Let C be the set containing the vertices in A′ ∪ A ∪ {w} and their

true twins. Let bw(G) ≤ k and let β be a minimum bandwidth layout for G with the properties

of Lemma 2.1. Let β′ be a vertex ordering for H of this form: B′, A′, A,w,B where the vertices

from A ∪ B appear in order as in β and the true twins are placed to the close right of their

corresponding vertices. Let E be the non-contractive embedding for H with underlying vertex

ordering β′. There is exactly one empty slot between every pair of consecutive vertices from

B′∪B in E , and there are no further empty slots. The distance between the leftmost vertex from

B′ and the true twin of the rightmost vertex from A′ is 2|B′|−1+2|A′|−1 = 2(k+2)−2 = 2k+2.

The distance between the leftmost vertex in A′ and the true twin of w is |C| − 1 = 2k + 3. For

a, b a vertex pair with a ∈ A and b ∈ B, dE(a, b) = 2(dβ(a, b) + 1 + |{w}|) − 2 ≤ 2k + 2. Hence,

D(H) ≤ D(H, E) = 2k + 3.

For the converse, let E be a non-contractive embedding for H with D(H, E) ≤ 2k + 3. Let

c and c′ be the respectively leftmost and rightmost vertex from C with respect to E . Since

|C| = 2k + 4, there is no vertex from B′ ∪B between c and c′. Let b be the leftmost vertex from

B′ with respect to E . Without loss of generality, b ≺E c. Let a′ be the rightmost neighbour of

b. As a structural auxiliary result, we show that the vertices from B are all on the same side

of c. As the first case, assume that all vertices from B′ are to the left of c. Then, dE (b, a′) =

dE(b, c) + dE (c, a′) ≥ 2|B′| − 1 + 2|A′| − 1 = 2k + 2. Since the distance between vertices from

B and B′ in H is 3, a vertex from B between b and c implies dE(b, a′) ≥ 2k + 5. If a vertex

from B is to the left of b then the distance to w or the true twin of w is larger than 2k + 3 or

dE(c, a′) ≥ 2|A′| − 1 + 2. All cases contradict D(H, E) ≤ 2k + 3, so that all vertices from B are

to the right of c′, which completes the first case. Let b′ be the rightmost vertex from B′ with

respect to E , and let a be the leftmost neighbour of b. As the second case, assume c′ ≺E b′. If

c = a or c′ = a′ then dE(b, a′) > 2k + 3 or dE(a, b′) > 2k + 3. Thus, c and c′ are not neighbours

of vertices from B′. Then, dE(b, a′) + dE (a, b′) = dE(b, c) + dE(c, a′) + dE(a, c′) + dE(c′, b′) =
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dE(b, c) + dE(c′, b′) + dE (c, a′) + dE(a′, c′) + dE(a, a′) = 2|B′| − 2 + 2 + |C| − 1 + 2|A′| − 1 =

2(|A|+ 1) + 2(|A′|+ |A|+ 1) + 2|A′| − 2 = 4|A|+ 4|A′|+ 2 = 4|A|+ 4(k − |A|+ 1) + 2 = 4k + 6,

which means that dE(b, a′) = dE(a, b′) = 2k + 3. Similar to the previous case, there is no vertex

from B between b and c and between c′ and b′, and there are only neighbours of b between a and

a′. In particular, w is either to the left of a or to the right of a′. This means that the vertices

from B are either all to the left of b or all to the right of b′.

Let β be the vertex ordering underlying E restricted to A∪B. We determine bw(G,β). Since

k ≥ |A| ≥ |B|, vertices from A and vertices from B are at distance at most k from each other. Let

uv ∈ E(G) with u ∈ A and v ∈ B. Without loss of generality, we can assume that the true twin

of u is between u and v in E . Let there be r and s vertices from respectively B and A between u

and v in E (including u and v). Note that dβ(u, v) = r+s−1. Since no vertex from C is between

vertices from B in E , there are at least r−1 empty slots between u and v in E and s true twins of

vertices from A. Hence, 2k +3 ≥ dE (u, v) ≥ 2r−1+2s−1 = 2(r + s−1). If w and its true twin

are between u and v in E then dE(u, v) ≥ 2(r + s− 1)+2, if w and its true twin are not between

u and v then 2k + 1 ≥ dE(u, v), in the two other cases, 2k + 2 ≥ dE(u, v) ≥ 2(r + s − 1) + 1. It

follows that r + s − 1 ≤ k, thus dβ(u, v) ≤ k. Hence, bw(G) ≤ bw(G,β) ≤ k. NP-completeness

of Distortion for split graphs follows.

3 Approximation algorithms for cocomparability and split graphs

A graph G is a cocomparability graph if and only if it has a vertex ordering σ such that for

every vertex triple u, v,w of G where u ≺σ v ≺σ w, uw ∈ E implies uv ∈ E or vw ∈ E

[11]. Cocomparability graphs contain cobipartite graphs as a subclass; hence by the results of

the previous section Distortion is NP-complete on this graph class as well. Cocomparability

graphs can be recognised in polynomial time [2].

Theorem 3.1 ([3]) Let G be a cocomparability graph with cocomparability ordering σ. There

is a minimum bandwidth layout β for G such that for every pair u, v of non-adjacent vertices of

G, u ≺σ v implies u ≺β v.

Lemma 3.2 For a connected cocomparability or split graph G, D(G) ≤ 3 · bw(G).

Proof. Let G be a connected split graph. Let β be a minimum bandwidth layout for G, and

let E be the non-contractive embedding for G without empty slots and with underlying vertex
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ordering β. Since pairs of vertices are at distance at most 3 in G, dE(u, v) ≤ 3 ·dβ(u, v) for every

edge uv ∈ E(G). Hence, D(G) ≤ D(G, E) ≤ 3 · bw(G,β) = 3 · bw(G).

Now, let G be a connected cocomparability graph with ordering σ. Let β be a minimum

bandwidth layout for G with the property of Theorem 3.1. Let E be the non-contractive em-

bedding for G without unnecessary empty slots and with underlying vertex ordering β. Let

u, x, v be vertices of G with u ≺E x ≺E v and uv ∈ E(G). If x is non-adjacent to u and v then

u ≺σ x ≺σ v by the properties of β. This, however, yields a contradiction to the properties of

cocomparability orderings. Hence, for every pair x, y of consecutive vertices in E between u and

v, dG(x, y) ≤ 3, and the result follows as in the first case.

There is a linear-time 2-approximation algorithm for bandwidth of split graphs [10, 17],

and there is an O(n · log2 n + m)-time 2-approximation algorithm for bandwidth of cocompa-

rability graphs [13]. The following two theorems then follow from combining these results with

Lemma 3.2.

Theorem 3.3 There is a linear-time 6-approximation algorithm for distortion of split graphs.

Theorem 3.4 There is an O(n · log2 n + m)-time 6-approximation algorithm for distortion of

cocomparability graphs.

The proof of Theorem 2.2 implicitly shows that for a connected cobipartite graph G, D(G) ≤

bw(G)+1. There is a linear-time 2-approximation algorithm for bandwidth of cobipartite graphs

[13]. Thus, there is a linear-time algorithm that, given a cobipartite graph G, computes a

number α with D(G) ≤ α ≤ 2 · D(G) + 1.

4 Interval graphs and cographs

A cograph is a graph that does not contain an induced path on four vertices as induced subgraph.

An interval graph is a graph whose vertices can be assigned closed intervals of the real line such

that two vertices are adjacent if and only if their assigned intervals have a non-empty intersec-

tion. Interval graphs and cographs are cocomparability graphs. Bandwidth is polynomial-time

solvable for both graph classes [8, 18]. What is the complexity of Distortion when restricted

to interval graphs or cographs? The close relationship between bandwidth and distortion does

not seem to help for resolving this question, since the known bandwidth algorithms for inter-
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val graphs and cographs do not work for computing their distortion. Here we show that these

algorithms provide very efficient distortion approximation algorithms.

The proof of Lemma 3.2 actually shows the more general result: for G a connected graph,

D(G) ≤ diam(G) ·bw(G). This bound is particularly interesting for graphs of bounded diameter.

A special such case are joined graphs, that have diameter at most 2. A graph is a joined graph

if its vertex set can be partitioned into two (non-empty) sets so that all vertices from the one

set are adjacent to all vertices from the other set.

Lemma 4.1 For G a joined graph, D(G) ≤ 2 · bw(G) − 1.

Proof. Let (A,B) be a partition of V (G) so that all vertices from A are adjacent to all

vertices from B. Let β be a minimum bandwidth layout for G, and let E be the non-contractive

embedding for G without unnecessary empty slots and with underlying vertex ordering β. Since

pairs of vertices are at distance at most 2 in G, there is at most one empty slot between

consecutive vertices in E . Suppose that there is a pair u, v of adjacent vertices with dE(u, v) ≥

2 ·bw(G). The vertices between u and v in E are all either from A or from B, say from A. Since

all vertices in B are adjacent to v and at distance at most dE(u, v) to v, all vertices from B are

to the right of v. This means that u has a neighbour at distance more than dE(u, v), which gives

a contradiction.

The bound of Lemma 4.1 is tight. The star on n+1 vertices, where n is even, has bandwidth n
2

and distortion n−1 [4]. Connected cographs are joined graphs. The bandwidth of cographs can

be computed in linear time [18]. Thus, with Lemma 4.1, there is a linear-time 2-approximation

algorithm for distortion of cographs.

Lemma 4.2 For G a connected interval graph, D(G) ≤ 2 · bw(G) − 1.

Proof. A graph G is an interval graph if and only if there is a vertex ordering σ for G such

that for every vertex triple u, v,w of G with u ≺σ v ≺σ w, uw ∈ E implies vw ∈ E [14].

Let σ be such an ordering. Let β be a minimum bandwidth layout for G with the property

of Theorem 3.1. Let E be the non-contractive embedding for G without unnecessary empty

slots and with underlying vertex ordering β. Let u and v be consecutive vertices in E and let

u and v be non-adjacent. By the definition of E and the properties of β, u ≺σ v. Since G is

connected, there is a neighbour w of u with v ≺σ w, and the properties of σ imply vw ∈ E(G).
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Hence, dE(u, v) = 2. Now, let a and b be adjacent vertices with a ≺E b. Let x0, . . . , xr be

the vertices between a and b in E with x0 = a and xr = b and x0 ≺E · · · ≺E xr. Suppose

dE(xi−1, xi) = 2 for every 1 ≤ i ≤ r. Then, xi−1xi 6∈ E(G), and xi−1 ≺σ xi. This particularly

means x0 ≺σ xr−1 ≺σ xr, and since x0xr ∈ E(G), then xr−1xr ∈ E(G) by the properties of σ.

Hence, dE(a, b) ≤ 2r − 1 ≤ 2 · bw(G) − 1.

The bandwidth of interval graphs can be computed in time O(n · log2 n) [15]. Thus, with

Lemma 4.2, there is an efficient 2-approximation algorithm for distortion of interval graphs.
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