A Coarse Space Formulation with good parallel properties for an Additive Schwarz Domain Decomposition Algorithm

Petter E. Bjørstad^�and Maksymilian Dryja^y

Dedicated to Olof Widlund on the occasion of his 60th birthday

Abstract This paper studies a variant of the Additive Average Schwarz algorithm [1] where the coarse space consists of two subspaces. This approach results in a simpler and more parallel algorithm while we retain the essential convergence properties of the original method. Our theory is confirmed by numerical experiments showing that the new algorithm is often superior to the original variant.

1 Introduction

In [1] two additive Schwarz algorithms were described and analyzed. The first, called the Additive Diagonal Scaling method, used a diagonal scaling derived from a coarse space V�_1 (see below), combined with the classical coarse space V^c_0 . This method was not robust when the jumps in the coefficients of the PDE could be arbitrarily distributed across subdomains. The second method, called the Additive Average Schwarz method, was proven robust, but uses a potentially expensive coarse space

V^{avg}_0 = Range(I_A)

with I_Au = { u(x), x ∈ ∂Ω_{ih} ū_i, x ∈ Ω_{ih}, and ū_i = 1 n_i ∑ x2∂Ωih^{u(x).} �Para//ab, Institutt for Informatikk, University of Bergen, N-5020 Bergen, Norway. Email:

petter@ii.uib.no, http://www.ii.uib.no/~petter yDepartment of Mathematics, Warsaw University, Banacha 2, 02-097 Warsaw, Poland.

Email: dryja@mimuw.edu.pl

Here Ω_{ih} denotes the set of all nodal points in a subdomain Ω_i and n_i is the number of nodal points ∂Ω_{ih} on its boundary. In [1], this problem was partially circumvented by considering an approximate bilinear form for the coarse space. In that way, a fairly efficient algorithm for the coarse space problem could be devised, at the expense of a higher overall iteration count for the algorithm.

In this paper we address the same problem by splitting the coarse space used in the Additive Average Method into two pieces

V^{Avg}_0 = V�_1 + V_0

that can be treated independently. The first piece is the diagonal scaling considered previously [1], that is, the restriction of our discrete space V^h to Γ = ∪_i∂Ω_i. Functions in V�_1 vanish at all nodal points outside of the internal substructure boundaries Γ. The second part, V_0, is constructed from the (discontinuous) coefficients ρ_i, of the PDE in a way to be described below. The variational form of our equation is defined using the bilinear form a(u, v) = N∑ i=1 a_i(u, v), a_i(u, v) = ∫ Ω_i ρ_i∇u · ∇vdx (1) where ρ_i are positive constants. Figure 1 shows a two dimensional example with

Ω9 ρ9 = 16 Ω8 ρ8 = 4 Ω7 ρ7 = 4

Ω6 ρ6 = 9 Ω5 ρ5 = 1 Ω4 ρ4 = 9

Ω3 ρ3 = 4 Ω2 ρ2 = 1 Ω1 ρ1 = 1

Figure 1: A domain with ρ_i specified in 9 subdomains

nine subdomains. We assume that our subdomains Ω_i ⊂ R^3 are polygonal and have diameters H_i and that our element mesh has discretization parameter h_i. We are interested in discrete solutions of our variational equation in the space V^h ⊂ H^1_0 (Ω) of piecewise linear, continuous finite element functions where Ω is the union of Ω_i. All subspaces V_i, corresponding to the individual subdomains Ω_i, i = 1, . . . , N are defined by V_i = H^1_0 (Ω_i) ∩ V^h and zero outside of Ω_i.

2 The New Coarse Space

Let the set of substructures Ω_i, i = 1, . . . , N be partitioned into two sets N_I and N_B , where subdomains belonging to N_B intersect the boundary ∂Ω in at least one point, while the substructures in N_I are strictly in the interior of our domain Ω. We further partition N_B into three sets

N_B = N_{BF} + N_{BE} + N_{BV} ,

where N_{BF} is the set of subdomains that share at least one face with ∂Ω, while N_{BE} and N_{BV} contain the domains that only share at least one edge or one vertex with ∂Ω respectively. We will also use the notation N = N_I ∪ N_B to denote the complete set.

We define V_0 by its basis

V_0 = span {ϕ_i}_i2_N . (2)

Here the continuous, piecewise linear (basis) function ϕ_i is associated with subdomain Ω_i, but defined at all nodal points in the entire domain as

ϕ_i(x) =

ρ1^/2_i (x) ∑ j ρ1^/2_j (x) x ∈

Ω̄_{ih} \ ∂Ω 0 x /∈ Ω̄_{ih} 0 x ∈ ∂Ω. (3)

In (3), we have defined the function ρ_i(x) ∈ V^h by

Figure 2: From left to right: the functions ϕ_5 and ϕ_6 and a modified function ϕ^{BF}_6 . The functions corresponds to the subdomains and coefficients given in Figure 1. Note that Ω_5 ∈ N_I while Ω_6 ∈ N_B .

ρ_i(x) = { ρ_i x ∈ Ω̄_{ih} 0 x /∈ Ω̄_{ih}. (4)

Also, the sum ∑ j ρ^{1/2}_j (x) in (3) shall extend over all Ω̄_j where x ∈ Ω̄_{ih} is a common node. We note that ϕ_i(x) = 1 at all interior nodal points of Ω_i. In addition, ∑ j ϕ_j (x) = 1 on all interior interface nodes x ∈ ∂Ω̄_{ih} \ ∂Ω when the sum extends over all subdomains Ω̄_{jh} that share x as a common node. This property is important for our analysis.

A somewhat similar coarse space defined in terms of discrete harmonic functions v_i with data on ∂Ω_i equal to our ϕ_i(x) was used in [3] for an analysis of the Neumann-Neumann algorithm.

3 Analysis

With our new choice of subspaces we can take the bilinear forms b_i(u, v) : V_i × V_i → R, i = −1, 0, 1, . . . , N all equal to the form a(u, v) defined by (1). Similarly, our linear projection operators T_i : V^h → V_i, i = −1, 0, 1, . . . , N are defined by the corresponding bilinear forms in the standard way b_i(T_iu, v) = a(u, v) ∀v ∈ V_i, i = −1, 0, 1, . . . , N. Let T = ∑_N i=�1^{Ti.}

Theorem 1 The operator T is self adjoint, positive definite in the scalar product a(·, ·) and for any u ∈ V^h we have the estimate: γ_0δ�^1a(u, u) ≤ a(T u, u) ≤ γ_1a(u, u) (5) Here γ_0 and γ_1 are positive constants independent of h_i, H_i and of the jumps in ρ_i. The only mesh dependent parameter is δ = max_i(H_i/h_i).

In a scalable parallel algorithm the ratio δ can often be kept near constant as a finer discretization will use a larger number of substructures.

In order to prove Theorem 1 we apply the general Schwarz framework as described in Chapter 5 of [5]. Three key assumptions must be verified. Referring to the notation of [5], Assumption 2 clearly has ρ(E) = 1 when V_0 and V�_1 are treated as two coarse spaces. Similarly, Assumption 3 has ω = 1 since we use the original bilinear form a(u, v) everywhere.

What remains to consider is the stability, that is, N∑ i=�1^{bi(ui, ui) ≤ cδa(u, u),} of the crucial decomposition u = ∑_N i=�1^{ui, with ui ∈ Vi for any u ∈ V h that is}

required by Assumption 1.

For any u ∈ V^h let u_0 ∈ V_0 be defined by

u_0 = ∑ i2N^{ūiϕi where ūi =} 1 |Ω_i| ∫ Ω_i udx. (6) We use the notation |Ω_i| to denote the volume of subdomain Ω_i. We next state a lemma, but for clarity of presentation defer its proof until the proof of Theorem 1 has been completed.

Lemma 1 For any u ∈ V^h we have a(u_0, u_0) ≤ cδa(u, u) (7) and_N ∑ i=1 ρ_i||ū_i − u_0||^2_L2_{(Ωi)} ≤ c N∑ i=1 ρ_ih_iH_i|u|^2_H1_{(Ωi )}. (8)

Here c is independent of the mesh parameters and of the jumps of ρ_i and δ is defined above.

We now proceed with Assumption 1 in order to complete the proof of Theorem 1. Let w = u − u_0 and define u�_1 by

u�1 = { w on ∂Ω_i i = 1, . . . N 0 at interior nodal points in each Ω_i. (9)

Clearly, u�_1 ∈ V�_1.

Similarly, we define the functions u_i ∈ V_i, i = 1, . . . , N on each substructure

u_i = w at interior nodal points in Ω_i 0 at ∂Ω_i 0 outside Ω_i.

Again, we see that this construction ensures that u_i ∈ V_i and that u = N∑ i=�1^{ui.} We now proceed to estimate the energy of u�_1, u_0 and u_i, i ≥ 1, separately.

By Lemma 1

b_0(u_0, u_0) ≤ cδa(u, u), since b_0(u, u) = a(u, u).

Next, consider u�_1. By the inverse inequality we have b�1(u�1, u�1) ≤ c N∑ i=1 ρ_ih�^2_i ||u�_1||^2_L2_{(Ωi)}. (10)

Observing the definition (9) of u�_1 and using the equivalence between the L^2 norm and the corresponding discrete norm we have

||u�1||^2L2(Ω_i) ≤ ch^3i^∑_x 2^¯Ωih

u^2�_1(x) = ch^3_i ∑ x2∂Ωih^w 2(x) ≤ ch_i||w||^2_L2_{(∂Ωi)}. (11)

Since w = u−u_0 we can write w = u−ū_i +ū_i −u_0 and use the triangle inequality to get ||w||^2_L2_{(∂Ωi)} ≤ 2||u − ū_i||^2_L2_{(∂Ωi )} + 2||ū_i − u_0||^2_L2_{(∂Ωi )}. (12)

A standard trace inequality [4] applied to the first term gives

||u − ū_i||^2_L2_{(∂Ωi )} ≤ c(H_i|u − ū_i|^2_H1_{(Ωi)} + H�^1_i ||u − ū_i||^2_L2_{(Ωi )}) ≤ cH_i|u|^2_H1_{(Ωi)}, (13) where we have used Poincare’s inequality on the second term of the trace inequality.

The second term in (12) can be changed to the L^2 norm over all of Ω_i by using the discrete norm equivalence at a cost of one factor h�^1_i . With this observation and the results of (11), (12), and (13) inserted into (10) we obtain b�1(u�1, u�1) ≤ c N∑ i=1 ρ_i( H_i h_i |u|^2_H1_{(Ωi )} + h�^2_i ||ū_i − u_0||^2_L2_{(Ωi )}).

We now apply Lemma 1 to the last term and obtain b�1(u�1, u�1) ≤ c N∑ i=1 ρ_i H_i h_i |u|^2_H1_{(Ωi)} = cδa(u, u). It remains to estimate the contribution from u_i, i = 1, . . . , N. We can write u_i = w − u�_1 = (u − u_0) − u�_1 everywhere in Ω̄_i. Therefore N∑ i=1 b_i(u_i, u_i) ≤ 2a(w, w) + 2a(u�_1, u�_1).

The second term has already been estimated and the first term can further be decomposed and estimated by a(w, w) ≤ 2a(u, u) + 2a(u_0, u_0) ≤ cδa(u, u) since we already have considered a(u_0, u_0). This shows that N∑ i=1 b_i(u_i, u_i) ≤ cδa(u, u). Adding the three contributions u�_1, u_0 and u_i, i = 1, . . . , N, finally gives us N∑ i=�1^{bi(ui, ui) ≤ cδa(u, u)} verifying Assumption 1 and therefore concluding the proof of Theorem 1.

We now proceed with the proof of Lemma 1. We first consider, separately, two different cases depending on the location of the subdomain Ω_i. In the first case Ω_i is in N_I while the second case has Ω_i belonging to N_B .

When Ω_i is in N_I , we estimate |u_0|^2_{H1(Ωi )} by adding a constant since this does not change the H^1 seminorm ρ_i|u_0|^2_H1_{(Ωi )} = ρ_i|u_0 − ū_i|^2_H1_{(Ωi)}.

From the definition of u_0 in (6) it follows that u_0 = ū_iϕ_i + ∑ j ū_j ϕ_j , on Ω̄_i with j running over domains Ω̄_j that share at least one node with Ω̄_i. Since ϕ_i + ∑ j ϕ_j = 1 on all of Ω̄_i it follows that

u_0 − ū_i = ∑ j (ū_j − ū_i)ϕ_j .

Using this, we readily have ρ_i|u_0 − ū_i|^2_H1_{(Ωi )} = ρ_i| ∑ j (ū_j − ū_i)ϕ_j |^2_H1_{(Ωi)} ≤ cρ_i ∑ j (ū_i − ū_j )^2|ϕ_j |^2_H1_{(Ωi)}.

(14) Let G_{ij} be an intersection of Ω̄_i and Ω̄_j . This can be i) a face, ii) an edge, or iii) a common vertex. Let us first consider case i), that is, G_{ij} = F_{ij} , a common face. We proceed to estimate the two factors (ū_i − ū_j )^2 and |ϕ_j |^2_{H1(Ωi )} separately. The first term is (ū_i − ū_j )^2 = ((ū_i − ū_{Fij} ) − (ū_j − ū_{Fij} ))^2, (15) where ū_{Fij} = 1 |F_{ij} | ∫ F_{ij} udx. We also note that ū_i − ū_{Fij} = −(u − ū_i)_{Fij} . Therefore

(u − ū_i)^2_{Fij} = ( 1 |F_{ij} | ∫ F_{ij} (u − ū_i)dx)^2 ≤ cH�^4_i H^2_i ||u − ū_i||^2_L2_{(Fij )} ≤ cH�^2_i (H_i|u − ū_i|^2_H1_{(Ωi)} + H�^1_i ||u − ū_i||^2_L2_{(Ωi )}) ≤ cH�^1_i |u|^2_H1_{(Ωi )}. (16) Here we have used the trace inequality followed by the Poincare inequality. The second term of (15) can be estimated in exactly the same way. Using these inequalities, it is now easy to see that our first term can be estimated by (ū_i − ū_j )^2 ≤ cH�^1_i |u|^2_H1_{(Ωi )} + cH�^1_j |u|^2_H1_{(Ωj )}. (17)

The second factor can be estimated as follows ρ_i|ϕ_j |^2_{H1(Ωi )} ≤ cρ_ih�^2_i ||ϕ_j ||^2_{L2(Ωi)} ≤ cρ_ih�^2_i h^3_i ∑ x2^¯Ωih^{ϕ2}j^{(x)} ≤ cρ_ih_i ∑ x2^¯Fijh^{ϕ2}j^{(x)}

≤ cρ_ih_i(^{Hi}_{hi} )^2 = cρ_i^{H2i}_{hi} ,

(18)

where we have used the inverse inequality, the discrete L^2 norm (keeping in mind that ϕ_{jh}(x) = 0 on all nodes in Ω̄_i except on F̄_{ij} ), ϕ_{jh}(x) ≤ 1 on F̄_{ij} , and that the number of nodes on F̄_{ij} is of order (^{Hi}_{hi} )^2. Since the definition (3) of ϕ_i implies that ρ_iϕ^2_j = ρ_j ϕ^2_i and since h_i = h_j on the common face F_{ij} , we also have ρ_i|ϕ_j |^2_H1_{(Ωi )} ≤ cρ_j

H^2_j h_j . (19)

Combining (17) with (18) and (19)

ρ_i(ū_i − ū_j )^2|ϕ_j |^2_H1_{(Ωi )} ≤ cρ_i H_i h_i |u|^2_H1_{(Ωi)} + cρ_j H_j h_j |u|^2_H1_{(Ωj )}

= c( H_i h_i a_i(u, u) + H_j h_j a_j (u, u)). (20)

Next, we must show that (20) also holds for the other cases, that is, we must derive estimates similar to (17), (18) and (19). In the case where G_{ij} = E_{ij} , a common edge between Ω_i and Ω_j , we proceed as in the previous case. We estimate ū_i − ū_{Eij} = −(u − ū_i)_{Eij} , where ū_{Eij} = 1 |E_{ij} | ∫ E_{ij} udx. The argument is similar to the development from (15) to (16), we note that (u − ū_i)^2_{Eij} ≤ cH�^2_i H_i||u − ū_i||^2_L2_{(Eij )} ≤ cH�^1_i h�^1_i ||u − ū_i||^2_L2_{(∂Ωi )} ≤ cH�^1_i h�^1_i (H_i|u − ū_i|^2_H1_{(Ωi )} + H�^1_i ||u − ū_i||^2_L2_{(Ωi )}) ≤ ch�^1_i |u|_H1_{(Ωi )}, (21)

where we have used Cauchy-Schwartz, changed from L^2(E_{ij} ) to L^2(∂Ω_i), at the expense of a factor h�^1_i . The inequality is completed by use of the trace inequality and Poincare’s inequality.

The second factor is estimated as in (18) where we now have O(H_i/h_i) nodes along the edge E_{ij} .

ρ_i|ϕ_j |^2_{H1(Ωi )} ≤ cρ_ih�^2_i ||ϕ_j ||^2_{L2(Ωi )} ≤ cρ_ih�^2_i h^3_i ∑ x2^¯Ωih^{ϕ2}jh^{(x)} ≤ cρ_ih_i ∑ x2^¯Eijh^{ϕ2}jh^{(x)} ≤ cρ_ih_i(^{Hi}_{hi} ) = cρ_iH_i.

(22)

Similarly, we also have ρ_i|ϕ_j |^2_H1_{(Ωi )} ≤ cρ_j H_j (23) by the same argument that led to (19). Combining (21) with (22) and (23) verifies (20).

In our third case G_{ij} = ν_{ij} , a common vertex of Ω̄_i and Ω̄_j . Note that

(u(ν_{ij} ) − ū_i)^2 ≤ ch�^2_i ||u − ū_i||^2_L2_{(∂Ωi)} ≤ ch�^2_i (H_i|u − ū_i|^2_H1_{(Ωi)} + H�^1_i ||u − ū_i||^2_L2_{(Ωi )}) ≤ cH_ih�^2_i |u|^2_H1_{(Ωi)}. (24)

For the second term we have ρ_i|ϕ_j |^2_{H1(Ωi )} ≤ cρ_ih�^2_i ||ϕ_j ||^2_{L2(Ωi )} ≤ cρ_ih�^2_i h^3_i ∑ x2^¯Ωih^{ϕ2}jh^{(x)}

≤ cρ_ih_iϕ^2_j (ν_{ij} ) = cρ_ih_i. (25)

Similarly, we again have ρ_i|ϕ_j |^2_H1_{(Ωi)} ≤ cρ_j h_j (26) by the same argument that led to (19). The estimates (24), (25), and (26) show that (20) holds in this case as well.

We can now substitute (20) into (14) and obtain

ρ_i|u_0|^2_H1_{(Ωi)} ≤ c( H_i h_i a_i(u, u) + ∑ j H_j h_j a_j (u, u)), (27)

where the sum is taken over Ω̄_j which intersect Ω̄_i. This concludes our study of the first case where Ω_i ∈ N_I .

We next consider the case where Ω_i belongs to the set N_B . In this case on Ω_i u_0 = ū_iϕ_i + ∑ j ū_j ϕ_j , (28) where, as usual, the sum is over Ω̄_j that intersects Ω̄_i. We write u_0 = u^{(1)}_0 + u^{(2)}_0 where u^{(1)}_0 = ū_iϕ̃_i + ∑ j2NI^{ūj ϕj +} ∑ j2NB^{ūj} ϕ̃_j (29) and u^{(2)}_0 = ū_i(ϕ_i − ϕ̃_i) + ∑ j2NB^{ūj (ϕj −} ϕ̃_j ). (30)

Here we have introduced modified functions ϕ̃_i in the domains Ω_i belonging to N_B . These functions are defined almost like the basis functions ϕ_i, the only difference being the removal of the third condition in (3), that is, they are nonzero on the boundary ∂Ω. More precisely, we denote ϕ̃_i by ϕ^{BF}_i , ϕ^{BE}_i , and ϕ^{BV}_i when it is nonzero on at least one face, edge, or vertex belonging to ∂Ω, respectively. In Figure 2 we show both ϕ_6 and the modified function ϕ^{BF}_6 for the two dimensional example in Figure 1.

By way of this construction the first part, u^{(1)}_0 , now has the same form as u_0 on Ω_i when Ω_i ∈ N_I , hence our estimate (27) from the previous case is valid. We therefore proceed to estimate each term in u^{(2)}_0 . In order to do this, we must consider three different subcases depending on whether Ω_i or Ω_j are in the sets N_{BF} , N_{BE} , or N_{BV} .

If i ∈ N_{BF} , that is, ϕ̃_i = ϕ^{BF}_i , then

ū^2_i ≤ c H^3_i

||u||^2_L2_{(Ωi )} ≤ c H_i |u|^2_H1_{(Ωi )} (31)

by Friedrichs’ inequality, observing that u is zero on a face of Ω_i. We note that the other factor ϕ_i − ϕ^{BF}_i is nonzero on this face and (see also (18))

|ϕ_i − ϕ^{BF}_i |^2_H1_{(Ωi )} ≤ c

H^2_i h_i . Therefore ρ_i|ū_i(ϕ_i − ϕ^{BF}_i )|^2_H1_{(Ωi)} ≤ c H_i h_i a_i(u, u). (32) In a similar way we estimate the terms ū_j (ϕ_j − ϕ^{BF}_j ) in (30).

Next, if Ω_i belongs to N_{BE} , that is, ϕ̃_i = ϕ^{BE}_i , we have a slightly weaker estimate than (31) for the term ū_i

ū^2_i ≤ c(1 + log^{Hi}_{hi} ) H_i |u|^2_H1_{(Ωi)} (33)

by Lemma 6 in [3]. The difference (ϕ_i − ϕ^{BE}_i ) which is nonzero only on an edge contributes a factor H_i (see (22)), so that

ρ_i|ū_i(ϕ_i − ϕ^{BE}_i )|^2_H1_{(Ωi )} ≤ c H_i h_i a_i(u, u), where we have replaced (1 + log(H_i/h_i) by its upper bound H_i/h_i. We again estimate the terms ū_j (ϕ_j − ϕ^{BE}_j ) from (30) similarly.

Finally, if Ω_i belongs to N_{BV} , that is, ϕ̃_i = ϕ^{BV}_i we have

ū^2_i ≤ c H_i h_i |u|^2_H1_{(Ωi )}

by Lemma 2.3 in [2]. The difference (ϕ_i −ϕ^{BV}_i ) which is nonzero at the boundary vertex contributes a factor h_i and we obtain

ρ_i|ū_i(ϕ_i − ϕ^{BV}_i )|^2_H1_{(Ωi )} ≤ cH_ia_i(u, u).

Again, we estimate the terms ū_j (ϕ_j − ϕ^{BV}_j ) from (30) in a similar way. From this analysis it is clear that the inequality (27) also holds for u^{(2)}_0 in (30) and therefore that this estimate is valid for u_0 in Ω_i when Ω_i ∈ N_B .

Now that (27) has been verified in both cases we obtain (7), the first part of Lemma 1, by summation with respect to i across the inequality. We take δ = max_i(H_i/h_i) outside and remember that the sum with respect to j on the right side of (27) only runs over the neighbors of Ω̄_i. Assuming that the maximal number of neighbors of a single subdomain Ω̄_i is fixed and independent of the total number of subdomains, N, completes the proof of the first part of Lemma 1. The second part of Lemma 1 follows from the proof of the first part. We have ρ_i||ū_i − u_0||^2_L2_{(Ωi )} ≤ cρ_i ∑ j (ū_i − ū_j )^2||ϕ_j ||^2_L2_{(Ωi)}, (34)

where we have replaced the H^1-norm with the L_2-norm in (14). As can be seen from for example (18) our estimates for |ϕ_j |^2_{L2(Ωi )} will gain a factor h^2_i compared with |ϕ_j |^2_{H1(Ωi )}. It can be easily verified that all cases behave similarly and that estimate (20) therefore takes the form

ρ_i(ū_i − ū_j )^2|ϕ_j |^2_L2_{(Ωi )} ≤ c(h_iH_ia_i(u, u) + h_j H_j a_j (u, u)).

Substitution of this into (34) leads to

ρ_i||ū_i − u_0||^2_L2_{(Ωi )} ≤ c(h_iH_ia_i(u, u) + ∑ j h_j H_j a_j (u, u)).

A final summation of this estimate over the index i gives the second statement of Lemma 1.

Remark: If we define our coarse space V_0 to be spanned by ϕ_i for i ∈ (N_I ∪ N_{BE} ∪ N_{BV} ) only (that is, we exclude subdomains that share a face with the external boundary ∂Ω) then both Lemma 1 and Theorem 1 still holds, but we introduce a factor 2H_i since the effective diameter H_i in the proof now extends across two subdomains. This is clearly seen in a regular case and effectively increases the condition number by a factor two.

If we restrict the coarse space even further by only using a basis ϕ_i derived from the interior subdomains, that is, with i ∈ N_I and there exist subdomains Ω_i with i ∈ (N_{BE} ∪ N_{BV} ), then the estimate (7) for a(u_0, u_0) in Lemma 1 will have δ = max_i H_i h_i ( H^2_i h_i + log H_i h_i ), this follows by comparing with our analysis of the case when Ω_i ∈ N_B. The factor log(H_i/h_i) will arise when Ω_i ∈ N_I , but a neighbor Ω_j ∈ N_{BE} while the factor H^2_i /h_i arises when the neighbor Ω_j ∈ N_{BV} .

4 Numerical Results

The algorithm is currently being implemented in both two and three dimensions as part of the European ESPRIT project PARASOL, a common library of parallel algorithms for sparse linear systems. Several refinements of the algorithm will be needed in practice. For example, it is possible to use a more efficient inexact solver for the problem on the coarse space V�_1. This effort and a more detailed description of the parallel implementation will be reported elsewhere. Here we focus on some simple numerical tests in order to compare this algorithm with the previous variant called Additive Average Schwarz.

In our numerical experiments we have compared the method proposed in this paper with two alternative implementations described in [1]. The methods differ in the construction of the coarse space solver. In order to solve a problem corresponding to the coarse space V^{Avg}_0 efficiently the bilinear form a(u, v) defined in (1) was replaced by the approximation b(u, v) = ∑ i ρ_ih^d�^2_i ∑ x2∂Ωih^{(u(x) − ūi)(v(x) − v̄i). (35)} The second alternative is to use the correct bilinear form from (1). This is not practical in actual computations due to the large coarse space problem that results, but has been included here to show the best results one can obtain with methods using this particular coarse space construction.

In Table 1, we compare three different algorithms on a simple test problem in two dimensions. Our domain is the unit square and in the case when ρ_i = 1 (a Poisson equation), we take the exact solution to be u(x, y) = sin(ωπx) sin(ωπy) with ω = 1.2. The ratio H_i/h_i = 6 in this example. In the first column, we show the Additive Average Schwarz method using the inexact bilinear form (35). The second column has the same results for the new method described in this paper. These results should be compared with column four where we have used the very expensive (and therefore unattractive) Additive Average Schwarz method using the exact bilinear form (1). That is, we use the proper Galerkin projection on the coarse space V_0 as a reference method. This provides a lower bound for the condition number of our iteration operator, since the method analyzed in this paper decomposes V_0 into two parts and adds the corresponding coarse space

Sub - Approximate Decomposed Decomposed Exact Domains bilinear form V�_1 + V_0 V�_1 + V_0 bilinear form N = ρ_i = 1 ρ_i = 1 ρ_i = 1, . . . N ρ_i = 1 3 × 3 28 (20.2) 22 (12.7) 22 (13.1) 22 (11.0) 6 × 6 28 (20.9) 23 (13.7) 23 (14.2) 22 (11.5) 12 × 12 28 (21.2) 23 (14.1) 24 (14.8) 21 (11.6)

Table 1: Comparison of three algorithms. A square domain is decomposed into square subdomains each consisting of 72 triangular, linear finite elements. The table shows iteration counts required to reduce the residual by a factor of 10^6 and, in parentheses, an estimate for the condition number of the iteration operator.

corrections in the overall method. We observe that the method analyzed here performs better than the original Additive Average Schwarz method and that the results are indeed very close to the best we could hope for.

The third column of Table 1 verifies that the method is insensitive to jumps in the coefficient ρ_i across subdomain boundaries. We have taken ρ_i = i in Ω_i in this example. We have also verified our remark at the end of the proof computationally. If we take V_0 = span{ϕ_i}_i2_{NI} then we need 37 iterations and estimate the condition number to 35.3 in the case where we have N = 12 × 12 above.

Sub - Approximate Decomposed Decomposed Exact Domains bilinear form V�_1 + V_0 V�_1 + V_0 bilinear form N = ρ_i = 1 ρ_i = 1 ρ_i = 1, . . . N ρ_i = 1 9 45 (85.6) 26 (19.1) 25 (19.5) 27 (19.9) 36 74 (267.0) 36 (40.1) 35 (40.5) 36 (38.0) 144 116 (579.8) 47 (80.3) 47 (80.2) 48 (71.9)

Table 2: Comparison of three algorithms. The domain used in Table 1 has been deformed and the finite element discretization is now irregular. Iteration count and the corresponding operator condition number estimates are given.

In Table 2, we consider the same methods as in the first table, but now on a finite element problem where the elements has been significantly distorted. The resulting finite element mesh is now irregular. In this case we see an even more pronounced advantage of the new method. The condition number roughly doubles when we increase the number of unknowns in the problem by a factor of four, but it is still very close to the ‘best possible’ use of this coarse space (as seen in the rightmost column). Our previous method requires about twice as many iterations in this case.

5 Acknowledgement

We thank Talal Rahman and Eero Vainikko for help with programming of the methods discussed in this paper. The Norwegian Research Council has provided financial support to this project under Grant 113492/420. The work of the second author was supported in part by the National Science Foundation under Grant NSF-CCR-9503408, in part by Polish Scientific Grant P03A00909.

References

[1] P. E. Bjørstad, M. Dryja, and E. Vainikko, Additive Schwarz methods without subdomain overlap and with new coarse spaces, in Domain Decomposition Methods in Sciences and Engineering, R. Glowinski, J. Périaux, Z. Shi, and O. B. Widlund, eds., John Wiley & Sons, 1997. Proceedings from the Eight International Conference on Domain Decomposition Metods, May 1995, Beijing.

[2] J. Bramble and J. Xu, Estimates for a weighted L^2 projection, Math.

Comp., 56 (1991), pp. 463–476.

[3] M. Dryja and O. B. Widlund, Schwarz methods of Neumann-Neumann type for three-dimensional elliptic finite element problems, Comm. Pure Appl. Math., 48 (1995), pp. 121–155.

[4] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.

[5] B. F. Smith, P. E. Bjørstad, and W. D. Gropp, Domain Decomposition: Parallel Multilevel Methods for Elliptic Partial Differential Equations, Cambridge University Press, 1996.