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Abstract

This paper shows how to directly compute a largest set, C, of length N codewords over a given
finite alphabet, such that no codeword in C is a cyclic shift of another codeword in C. The
method uses finite integer rings and can be used to generate irreducible polynomials.

Definitions: |z] is the largest integer value < x. (a),, means the residue of a, mod m.
ordy,(a) is the order of a, mod m, i.e. {a’) #1,0<i<n,(a"),, =1. Rt(n,m) is an nth
of 1, mod m. Thus ord,,(Rt(n,m)) =n.

root

1 Introduction

Consider the finite alphabet, A, and consider the set, V, of all messages, v, of length N over
A. Thus,
vev, v = (v, V1,...,UN—1), v, € A, Vk

Let the fthright cyclic shift operation, s(v, f), be defined as follows,

S(Vo ) = (U f)y s V=) e+ s ON=1—f) )
Consider the codeset C C V, such that,
veCiff vV=s(v,f)gC,v #v, VWeV 0<f<N (1)

In other words, C comprises representative members of V, such that V is generated by the
repeated operation of s on C. Moreover, the repeated operation of s on C never maps a member
of C back into another member of C. The codeset, C, is not uniquely defined by (1) as there
are many possible representatives. C is of interest because there are important functions, H,
acting on members of V, which remain invariant under s (shift-invariant), and C is a smallest
subset of V such that,

where,

H(v) = H(s(v,f)), Vf (2)

Moreover,
H(c)# H(c), ¢ccdeC, c#c
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For instance, if one enumerates members of A arbitrarily, and then performs the N-point
Discrete Fourier Transform of v, given by,

Up = Z vkeQWJ{fnk = DFT,(v)

then H could be chosen to satisfy (2) if H(v) = max(| DFT,(v)|). C would be a useful ’smaller
search space’ over which to look for 'ideal’ channel estimation training sequences [3]. This paper
describes a method for computing C by first mapping A to the integers, and then using finite
integer arithmetic to compute C [1, 2]. Such a scheme is suitable for software and hardware
applications, and also highlights the underlying structure of the message space, V, under cyclic
shifts, this being dependent on the factorisation of integers of the form P —1

2 Theory

If |JA| = P, A can be mapped to an integer alphabet, Iy, where Ip = {0,1,..., P—1}. Without
loss of generalisation, members v of V, will forthwith be considered to be messages from the
alphabet, Ip. Consider the following bijective mapping,

v&w, YveV, and w € Zy, except ve =(P—-1,P—1,...,P—1),
where w = <ZZ 0 vZPZ> , v = <L%j>P€Ip and M = PN — 1 (3)
Both v = (0,0,...,0) and ve = (P —1,P —1,...,P — 1) map to w = 0 under (3) hence the

exclusion of ve. Using the Chinese Remainder Theorem (CRT) [1], each member of Zyg can be
constructed from its R residues over the mutually prime factors of M,

Yw € Zm, W=TgR®T ®...TR—2 Q@ TR_1, ry = <U’>mf_j
J
-1
(4)
" " m;j M
where M = [T Olm ; and "®” means the direct product. Let ne;o; = ord e (P), and
j
( )
Ne; 1,5 = % where,
(b’(me»j) qb(mjj) m; # 2 and/or e; < 2
gb’( )= (b(n; glmy) m; =2 and e; > 2

and ¢ is Euler’s Totient Function [1]. If ged(ne; 0,5, Me;,1,5) = 1, let Be; j = Rt(nej717j,m§j), (a
prime factor combination of the exponents, n). Alternatively, or if ged(ne; 0,5, 7¢;,1,5) > 1, let

Be;.; = Rt (¢’ (mjj ) mjj ), (a mixed-radix combination of the exponents, n). For all cases except

mj; = 2, e; > 2, each residue, 7}, can be generated using the following construction,

ti—e: ) . Se. 1,5 .
(S {<mj1 €j pSej 0.4 6]~,Jj ]>mtj , 0 : 1< €j < tj,O < Sejij < Nejijr? € {0, 1}}
j
(5)
When m; = 2 and e; > 2, r; is generated by,

ti—e: DSe;,0,j R°€j 1 ti—e; DSe:,0,j R i 1id
€{<2J R €j,J >2tj ’ <'u2] TP €j1J >2tj ’
0 : 2<e; <t;,0< Sejig < nej7,‘7j,i € {0,1,}}

(6)



where p is given by,

p=-1 if (P4 1)ge; #0
p=2%"141 if (P+1)y; =0

By ranging through all possible values of e; and s, ;; for a given j, (5) and (6) generate
the mzj integers, {1,... ,m? — 1} + {0}. The generation of all w € Zn, (and therefore all
v € V,Vv # V), is achieved by constructing the r; with (5) and/or (6), and then using (4) to
form each w. To generate only codewords, ¢ € C, the criteria of (5), (6), are modified. Consider
the operation s(v,1). This is equivalent to the operation (wP),, which, in turn, is equivalent

J
J

to, (<T0P>m60 ® <T1P>mt11 ®...0 <TR_1P>m;5'11)' From (5) and (6), the operation <’I“jp>mtv

is achieved by replacing s, 0,; with <Sej,07j + 1> , Vej, j, with s, 1; unchanged. Thus, to
nej,(),j

generate w, corresponding to all codewords, ¢ € C, the n; 1 ; in (5) and (6) are left unchanged,
whereas the ne, o ; are replaced by n' Vg, 0 < g < @, where ¢ is constructed using the

R ej70=j7q7
following mixed-radix formulation,
R—-1 j—1 R-1
q:ZejH(tH-l) 0<e; <ty, Q:H(tj+1)
j=0 =0 j=0
The n’ej’o’ ;4 are evaluated as follows,
n/ej,O,j,q = ng(lcm(/y(nejJrLO,jJrl)’ 7(n6j+2707j+2)7 s V(nGR—hO,R*l)’ 1)7 nej,O,j) (7)

where ngo; = 0, Vj, and y(n) =n, n > 0, v(0) = 1. The ngp; are not required in (5) or (6)
(as e; is never zero), so their replacements, n{)’O’j’q, need not be computed in (7). The values,
no,0,; = 0 are only included in (7) for r; = 0. For each ¢, the néj,O,j,q can be computed using (7),
to replace the respective ne; o ; in (5) or (6), and a subset of C, Cgq, can be generated, using
(5) and/or (6), (4), and (3). Thus,

C = (U Cq) Uve

3 Examples
Example 1: Let P = 2, N = 5. Then M = 2° — 1 = 31, and 31 is prime. Thus R = 1,
mo = 31, to = 1, and 19 = {(2%0006%0:1.0),, , 0: 1<ep <1,0 < Segi0 < Meg,i0 )
where n¢j00 = 5, ey 1,0 = 6. To generate w, corresponding to all codewords, ¢ € C, n¢ 0,0 is
limited to ng 094 ¥, 0 < g < 2, as follows,

npooo 18 not required.

n/l,0,0,l = ged(lem(1),n100) =1

With nf 0, = 1, 7o € {2°6°,29%",2°62,2°6%,2°64,296°,0} = {1,6,5,30,25,26,0}. The CRT
construction is trivial, i.e. w. = rg, Vrg. The 8 codewords, c € C, are,

0,0,0,0,1 (we = 1), 0,0,1,1,0 (we = 6), 0,0,1,0,1 (we = 5),
1,1,1,1,0  (we = 30), 1,1,0,0,1  (we = 25), 1,1,0,1,0  (w. = 26),
0,0,0,0,0 (w.=0), 1,1,1,1,1  (Exception = 31)



Example 2: Let P = 15, N = 2. Then M = 152 — 1 = 224 = 2°7. Thus R = 2, mg = 2,
my=17,t)=05,and t; = 1.

ro = {(16.155100151.10),
(8.153270’0 182,1,0>32 ,
<4.1533,0,07S3,1,0>32 ) <5.4_153370,0 73371,0>32 ,
(2.15540.0354.1.0) . (9.2.1554.0.0354.1.0) .
<15s5,0,0385,1,0>32 ) <_1555,0’0355,1’0>32 ’
0+ 0< 56,00 <7egii0}

where n100 = 1,m200 = 2,1n30,0 = 2,74,00 = 2,7500 = 2, and n110 = 1,n210 = 1,n310 =
L,ngi0=2,n510 = 4. For ej > 2, (6) is used instead of (5). For e; =3 and 4, =5 and 9,
respectively. For e; =5, u = —1.

— $1,0,1951,1,1 . ' ‘
r={(15 3 )7 ) 0 : 0<s11 <N}
where n1o1 = 1 and ny1,; = 6. To generate w,., corresponding to all codewords, ¢ € C, the

Ne;,0,j are limited to n/ej 0.j.q0 V4, 0 < g < @, where Q = 6.2 = 12, as follows,
1
”6,0,0,0 not required , "/0,0,1,0 not required
71,0,0,1 — 1, n6701071 not required
150,02 = L n0,0,0,2 1Ot required
/ ) ’ . .
73.0,0,3 — 1, n4,0,0,3 1Ot required
”21 0,04 =1 ”{J 0.0.4 Dot required
nS 005 =1 Ny o 0.5 NOt required
5,0,0, ) ,0,0,5 119
10.,0,0,6 not required, n1.0,0,6 = 1
"1,0,07 = L, 710,07 =1
7
n30,08 = L "},0,0,8 =1
"3,0,00 = 1 "1,0,0,9 =1
"4,0,0,10 = L m1.0,0,10 = 1
L =1 n/ =1
5,0,0,11 > 1,0,0,11

For each ¢, 0 < ¢ < 12, 119 different (rg,71) residue pairs are generated:

: (0,0);

: (16, 0);

: (8,0);

: (4,0), (20, 0);

: (2,0), (2.3,0), (9.2,0), (9.2.3,0);

: (1,0), (1.3,0), (1.3%2,0), (1.3%,0), (-1, 0), (—1.3,0), (—1.3%,0), (—1.33, 0);

: (0, 1), (0,1.3), (0, 1.32), (0, 1.3%), (0, 1.3%), (0, 1.3%);

: (16, 1), (16, 1.3), (16, 1.3%), (16, 1.3%), (16, 1.3%), (16, 1.3%);

: (8,1),(8,1.3), (8,1.32), (8,1.3%), (8,1.3%), (8, 1.3%);

i (4,1), (4,1.3), (4,1.32), (4, 1A33I), (4,1.3%), (4,1.3%), (20, 1), (20, 1.3), (20, 1.3%), (20, 1.3%), (20, 1.34), (20, 1.3%);

0:(2,1),(2,1.3),(2,1.3%),(2,1.3%), (2, 1.3%), (2, 1.3%), (2.3, 1), (2.3, 1.3), (2.3, 1.3%), (2.3, 1.33), (2.3, 1.3%), (2.3, 1.3%),
(9.2, 1), (942, 1.3), (92,{1‘32), (9.2,1.3%),(9.2,1.3%), (9.2, 1.3%), (9.2.3, 1), (9.2.3, 1.3), (9.2.3, 1.32), (9.2.3, 1.33),
(9.2.3,1.3%), (9.2.3,1.3%);

g=11:(1,1),(1,1.3), (1,1.3%),(1,1.3%), (1, 1.3%), (1,1.3%), (1.3, 1), (1.3, 1.3), (1.3, 1.3%), (1.3, 1.3%), (1.3, 1.3%), (1.3, 1.3%),

(1.32,1), (1.32%,1.3), (1.3%,1.3?), (1.32, 1.3%), (1.32,1.3%), (1.32, 1.3%), (1.3%, 1), (1.33,1.3), (1.3, 1.3%), (1.33, 1.33),

(1.3%,1.3%), (1.3%,1.3%), (-1, 1), (-1, 1.3), (=1, 1.3%), (-1, 1.3%), (-1, 1.3%), (-1, 1.3%), (—1.3, 1), (1.3, 1.3),

(—1.3,1.3%2),(—1.3,1.3%), (=1.3,1.3%), (—1.3,1.3%), (—=1.32%, 1), (—1.32, 1.3), (—1.32,1.32), (—1.32,1.33), (—1.32,1.3%),

(—1.32,1.3%), (—1.33,1), (—1.3%,1.3), (—-1.3%,1.3%), (—1.3%,1.3%), (—1.33, 1.3%), (—1.33,1.3%);
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Using the CRT, w, = (16179 + 64r1)9,. The 119 integers, w., each corresponding to a code-
word, ¢ € C, can be computed from the above.

4 The Generation of Irreducible Polynomials

This section describes how to use the above method to generate irreducible polynomials. If
pe GF(Y), 8¢ GF("),n|N,n # N, then B’ gPt, ..., 8P " is a normal basis for GF(p™).
Moreover, the N conjugates of [ are roots of a degree N irreducible polynomial, I(x), over
GF(p),
N—-1 )
I(z) = [] (= —5")

=0



Let us represent $* using the normal basis in 3. Then successive cyclic shifts, s, of the basis
coefficients generate all conjugates of 3*. If s"(8%) = ¥, s”/(ﬁk) £ (% 0 < n' <n, then g*
has n conjugates, where n|N, and the n conjugates of 3 are roots of a degree n irreducible
polynomial, I(x), over GF(p),

n—1
Ii(x) = [] (@ - 6"

i=0
Therefore each irreducible polynomial, Ij(x), of degree n, n|N, can be uniquely associated with
one of its roots, 3*7°, and the generation of a maximum subset, C, of length N words over
an integer alphabet, I, such that no word is a cyclic shift of another, is equivalent to the
generation of a representative root of all possible I} (x) of degree n, n|N. |C]| is equal to the
number of irreducible polynomials over GF(p) of degree n, n|N. This paper has shown how
to directly compute C and this section has shown that, when P = p is a power of a prime,
each member of C is a root of a different irreducible polynomial, I}(x), when interpreted over
a normal basis. Thus the method of this paper can be used to generate all possible irreducible
polynomials over a given field. It is straightforward to extend the technique to all integer values
of P by use of Residue Number Systems [2]. From [1] it is known that the number of irreducible
polynomials over GF(p) of degree n, n|N, satisfies,

> ®)

n|N — dn

where 1 is the Mobius Function. This can be used to verify the method of this paper for the
cases where P = p is a power of a prime. For instance, when p = 2, N = 5, then (8) gives 8
irreducible polynomials, and this is verified by Example 1.

5 Conclusion

This paper has described a method for the generation of a largest subset of length N messages
over a finite alphabet so that no two messages in the subset are equivalent under cyclic shift.
The method requires finite integer arithmetic. A similar method would use finite polynomial
arithmetic to achieve the same ends. It has also been shown how the method can be used to
generate all irreducible polynomials over a given field.

References

[1] R.Lidl,H.Niederreiter, Introduction to Finite Fields and their Applications, Cam-
bridge Univ Press, ’86

[2] M.G.Parker, ”VLSI Algorithms and Architectures for the Implementation of Number-
Theoretic Transforms, Residue and Polynomial Residue Number Systems,” PhD thesis,
School of Eng, University of Huddersfield, March ’95

[3] C.Tellambura,M.G.Parker,Y.J.Guo,S.J.Shepherd,S.K.Barton, ”Optimal Sequences for
Channel Estimation Using Discrete Fourier Transform Techniques,” Accepted for Publi-
cation in IEEE Trans on Communications, 96



