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p be an odd prime,
n, k be positive integers,
F, be a finite field with g elements, where g = pX,

We set e = ged(n, k), n1 = n/e, q1 = p® and go = p"/e,

Norm be the relative norm map from F,n to Fg,, where
p"—1

(that is, Norm(x) = xa1-T for any x € Fpn).
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Extensions of Iy,

We work on the following extensions of [Fy,:

F oo = Fo,
pe
n
Fyi Fy=F,
n
Fpe = Fy
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Lemma (Trachtenberg)

Let r,s, and t be pairwise relatively prime. Let o1,02,...,0m,
m <'s, be a set of elements of F,s which are linearly independent
over Fyr. Then 01,02, ...,0m, are linearly independent over IF .
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Lemma (Trachtenberg)

Let r,s, and t be pairwise relatively prime. Let o1,02,...,0m,
m <'s, be a set of elements of F,s which are linearly independent
over Fyr. Then 01,02, ...,0m, are linearly independent over IF .

Let B C Fpn be a non-empty set. If B is linearly independent over
Fg,, then B is also linearly independent over IF.

@ Our lemma is a stronger version of the Trachtenberg’s lemma.
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@ It is possible to decide the number of solutions of certain
linearized equations using our lemma.

@ But, it is not easy to find the exact number of solutions of
that equation.

@ In many cases we can easily find the exact number of
solutions of linearized equations depending on the coefficients
of that equation.
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A Useful Result

Proposition

Let o € Fpn \ {0} and N(«v) denote the number of z € Fpn such
that

z9 —az=0.
Let 1, be the map on IFyn given by

¢0¢ . ]Fpn — ]Fpn
x — x9—ax.
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A Useful Result

Proposition

Let o € Fpn \ {0} and N(«v) denote the number of z € Fpn such
that

z9 —az=0.
Let 1, be the map on IFyn given by

¢0¢ . ]Fpn — ]Fpn
x — x9—ax.

Then we have

1, if Norm(a) #1,
g1, if Norm(a)=1.
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A Useful Result Cont.

Proposition continued

Let Ao(T) € Fpn[T] be the Fg,-linearized polynomial given by

2 3

np—1 np—2 ny—
ta® el T (1)
1

np—1 np—1 ny—
AT) = TH a9 Th

—i 2 _ -
+ ..o 4 Oéqi,l +qfl +---+q% T + O[qfl +q:’l71 +etqr T
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A Useful Result Cont.

Proposition continued

Let Ao(T) € Fpn[T] be the Fg,-linearized polynomial given by

2 3

np—1 np—2 ny—
ta® el T (1)
1

np—1 np—1 ny—
AT) = TH a9 Th

—i 2 _ -
+ ..o 4 Oéqi,l +qfl +---+q% T + O[qfl +q:’l71 +etqr T

If Norm(«) = 1, then we also have the followings:

Q@ Kery), is the roots of the polynomial T™ — aT over Fpn.
This polynomial is separable and splits over IF pn.

@ Imy, is the roots of the polynomial A,(T). This polynomial
is separable and splits over Fpn.
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Main Result

Let o, B be nonzero elements of Fyn. Let N(a, 8) denote the number of
z € Fpn such that

(27 —az)o (27 — Bz) = 27 (a+ B9z +aBz = 0.
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Main Result

Theorem

Let o, B be nonzero elements of Fyn. Let N(a, 8) denote the number of
z € Fpn such that

(27 —az)o (27 — Bz) = 27 (a+ B9z +aBz = 0.
Let C.,3 denote the constant in Fpn defined as

W=
c B 1 N a aq1+l N N a® HreosqF@maFL
= g pautl ﬁ‘ﬁ""h‘*’l ﬁqf172+-~+q1+1

n—

@

2
+otqr+l
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Main Result

Theorem

Let o, B be nonzero elements of Fyn. Let N(a, 8) denote the number of
z € Fpn such that

(27 —az)o (27 — Bz) = 27 (a+ B9z +aBz = 0.
Let C.,3 denote the constant in Fpn defined as

W=
c B 1 N a aq1+l N N a® HreosqF@maFL
= g pautl ﬁ‘ﬁ""h‘*’l ﬁqf172+-~+q1+1

n—

2
+0¢q1 +-~+q1+1.

Then N(c, B) € {1, q1, 43}
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Main Result

Let o, B be nonzero elements of Fyn. Let N(a, 8) denote the number of
z € Fpn such that

(27 —az)o (27 — Bz) = 27 (a+ B9z +aBz = 0.
Let C.,3 denote the constant in Fpn defined as

-3
at g+l =

1 « atl «a
Ca,ﬁ ==+ + aql

g pautl ﬁ‘ﬁ""h‘*’l ot ﬁqf172+-~+q1+1

2
+otqr+l

Then N(c, 3) € {1, q1,qi}. Moreover we have the followings:
@ N(a,B) =1 ifand only if Norm(a)) # 1 and Norm(3) # 1.
@ N(«,B) = qu if and only if one of the followings hold:

©® Norm(a) =1 and Norm(() # 1.
® Norm(a) # 1 and Norm(3) = 1.
© Norm(a) = Norm(f8) =1 and C, g # 0.

@ N(a,B) = q? if and only if Norm(a) = Norm(8) = 1 and C.,5 = 0.
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More results

Let m > 2 be an integer. Let

m—1

AT) =T + Ana T 4+ AT+ AT € Fpo[T]
be an IF4-linearized polynomial with Ag # 0.
If there exists ) € Fpn \ {0} such that A(n) = 0, then there exist

B € Fpn \ {0} and Fq-linearized monic and separable polynomial
B(T) € Fpo[T] such that

A(T)=B(T)o(T9—pT).

@ This result is well known if k | n.

@ It is a slight extension, including the case k { n as well.
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Let a,b € Fpn \ {0}. Let N denote the number of z € Fpn s.t.

z7 4+ az9+ bz =0.
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Let a,b € Fpn \ {0}. Let N denote the number of z € Fpn s.t.

z7 4+ az9+ bz =0.

@ The main problem is to compute N explicitly.
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Let a,b € Fpn \ {0}. Let N denote the number of z € Fpn s.t.

z7 4+ az9+ bz =0.

@ The main problem is to compute N explicitly.

@ This problem is now reduced to a “factorization” problem in
the following sense:

o If there exist o, 3 € Fpn \ {0} such that

27 4 az9 4 bz = (29 — az) o (29 — B2), (2)

then N is computed explicitly using our Theorem as
N = N(a, B3).

o If there is no o, 5 € Fpn \ {0} such that (2) holds, then N =1
by our Proposition.

Ferruh Ozbudak
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An example

Example

Let p=3,n=3, k=1 and

7 be a primitive element in F33, s.t.y3 +2y4+1=0.
Then by computer search we see that

o +77z3 +z

can not be written of the form (23 — az) o (23 — 8z) for all

a, 3 € Fa3 \ {0}.
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A connection of the factorization problem above with a

result of Bluher

e We want to find o, 3 € Fppn \ {0} such that
27 +az9+ bz = (29— az) o (29— B2)
= 27— (a+ 5 z9 4+ afz,
which means that
a=a+4%and b= ap.
@ Then by substituting a = b/f3 in the first equality

azg—i-ﬁq.

@ That is, § is a solution of the equation

0=x9" —ax+ b & Fplx].
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A result of Trachtenberg

Proposition (Trachtenberg)

Let v be a nonzero element of IFpn where p is prime and n is odd.
Then the equation

zp4m _ (27)p2m2p2m + 7 — 0 (3)

has exactly 1, p, or p*® roots in Fpn, where e = gcd(m, n).

@ Remark that using our Theorem and Proposition it possible to
find the exact number of roots of (3) depending on . Note
that kK = 2m in our notation.
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More equations

Now, it is possible to find the exact number of solutions of the
following linearized equations depending on the coefficients of that
equation.

2% +az% 4+ bz9 + cz = 0. (4)

@ The problem of finding the exact number of solutions of (4)
can be reduced to a “factorization” problem.

@ Note that using Trachtenberg’'s Lemma the number of
solutions of (4) is in the set {1,q1,9%,q3}.

@ But in many cases depending on the coefficients of the
equations, the number of solutions of (4) will not take all the
values in the set {1, q1,4%, ¢} }.
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A result of Trachtenberg

Proposition

Let v be a nonzero element of F,» where p is an odd prime and n
is odd. Then the equation

Zpﬁm _ ’Yp3mzp4m . ,yp2mzp2m + 7 — 0 (5)

has exactly 1, p, or p°® roots in Fn, where e = gcd(m, n).

@ The proof of the proposition is suggested by L. Welch.
@ The equation (5) is of the form
0=27 + P29 4 b9 1 z € Fpnlz]  (k=2m).
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Remarks on the last result

6m

zp . ,Yp3mzp4m . ryp2mzp2m + 7 — 0 (6)

o If the equation (6) has a nonzero root then
27 + bPY 27 bz 4 2 = (29 —aqz) o (29 — anz) o (29 — a3z)

for some a1, an, a3 € Fpn.

e Using this observation it is proved that the equation (6) can
not have g3 solutions in Fpn.

@ Furthermore, using similar techniques as in our Theorem it is
possible to make further improvements depending on the
values of a, ap and as.
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Thank you for your attention...
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