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1. Preliminaries

Theorem. (Folklore) Let X be a �nite set with |X | = n and let 1 ≤ s ≤ t ≤
n − s be integers. The inidene matrix Ms,t of all s-element subsets versus all

t-element subsets of X is of rank (
n
s

) over R.

Theorem. (Kantor, 1972) Let 0 ≤ e < f ≤ d − e + 1, and let Me,f be aninidene matrix of all e-spaes versus all f -spaes of PG(d, q) or AG(d, q).Then the rank over R of Me,f is the number of e-spaes in the geometry.

W. M. Kantor, On Inidene Matries of Finite Projetive and A�ne Spaes,Math. Z. 124(1972),315�318.
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2. Finite Chain Rings

De�nition. A ring (assoiative, 1 6= 0, ring homomorphisms preserving 1) isalled a left (right) hain ring if the lattie of its left (right) ideals forms ahain.A. Nehaev, Mat. Sbornik 20(1973).
R > rad R > (rad R)2 > . . . > (rad R)m−1 > (rad R)m = (0).

• m � the length of R;

• Fq � the residue �eld of R;

• ph � the harateristi of R.� WCC 2013, International Workshop on Coding and Cryptography, 15.-19.04.2013, Bergen, Norway � 2



Theorem. Let R be a �nite hain ring of length m, harateristi ph, andresidue �eld of order q. Let S = GR(qh, ph). Then there exist unique integers

k, t satisfying m = (h − 1)k + t, 1 ≤ t ≤ k (k = t = m if h = 1), anautomorphism σ ∈ AutS and an Eisenstein polynomial (not neessarily unique)

g(X) ∈ S[X ;σ] of degree k suh that
R ∼= S[X ;σ]/(g(X), ps−1Xt).By an Eisenstein polynomial we mean a polynomial g(X) from the skewpolynomial ring S[X ;σ] whih is of the form g(X) = Xk + p(gk−1X

k−1 +
. . . + g0), with g0 ∈ S \ pS = S∗.A. Nehaev, Mat. Sbornik 20(1973).W.E. Clark, D. A. Drake, Abh. Math. Sem. der Univ. Hamburg 39(1974),364�382.
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3. Modules over Finite Chain Rings

Theorem. Let R be a �nite hain ring of length m. For any �nite module RMthere exists a uniquely determined partition

λ = (λ1, . . . , λk) ⊢ logq|M |,

0 ≤ λi ≤ m, suh that
RM ∼= R/(rad R)λ1 ⊕ . . . ⊕ R/(rad R)λk.

The partition λ is alled the shape of RM .The number k is alled the rank of RM .� WCC 2013, International Workshop on Coding and Cryptography, 15.-19.04.2013, Bergen, Norway � 4



λ = (λ1, λ2, . . . , λn)

N = λ1 + λ2 + . . . + λn,the onjugate partition: λ′ = (λ′
1, λ

′
2, . . .)

λ′
i = number of parts in λ that are greater or equal to i

N = λ′
1 + λ′

2 + . . .,
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λ = (4, 3, 2, 2, 1) λ′ = (5, 4, 2, 1)
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Theorem. Let RM be a module of shape λ = (λ1, . . . , λn). For every sequene

µ = (µ1, . . . , µn), µ1 ≥ . . . ≥ µn ≥ 0, satisfying µ � λ the module RM hasexatly
[
λ

µ

]

qm

=
m∏

i=1

qµ′
i+1(λ

′
i−µ′

i) ·

[
λ′

i − µ′
i+1

µ′
i − µ′

i+1

]

qsubmodules of shape µ. In partiular, the number of free rank s submodules of

RM equals

qs(λ′
1−s)+...+s(λ′

m−1−s) ·

[
λ′

m

s

]

q

.Here [
n

k

]

q

=
(qn − 1) . . . (qn−k+1 − 1)

(qk − 1) . . . (q − 1)
.are the Gaussian oe�ients.
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4. The Grasmannian GR(n, κ)

Let R be a hain ring with |R| = qm, R/ rad R ∼= Fq.Let κ = (κ1, . . . , κn), m ≥ κ1 ≥ κ2 ≥ . . . ≥ κn ≥ 0.

GR(n, κ) � the set of all submodules of RRn of shape κ.

HR(κ) � the lattie of all submodules of
R/(rad R)κ1 ⊕ . . . ⊕ R/(rad R)κn,ordered by inlusion.

HR(n) � the lattie of all submodules of RRn.� WCC 2013, International Workshop on Coding and Cryptography, 15.-19.04.2013, Bergen, Norway � 8



HZ4(2)

(0)

〈01, 10〉

〈20〉 〈02〉 〈22〉

〈10, 02〉 〈01, 20〉 〈11, 02〉

〈20, 02〉〈10〉 〈12〉 〈01〉 〈21〉 〈11〉 〈13〉
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HR(κ), κ = (2, 2, 1)

(0)

〈100, 010, 002〉

〈200〉 〈020〉 〈220〉 〈002〉 〈202〉 〈022〉 〈222〉

〈200, 020, 002〉
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5. The Theorem

R � a �nite hain ring with |R| = qm, R/ rad R ∼= Fq

Ω = PHG(RRn)

σ = (σ1, . . . , σn) and τ = (τ1, . . . , τn): non-inreasing sequenes of non-negative integers m ≥ σ1 ≥ . . . ≥ σn ≥ 0, m ≥ τ1 ≥ . . . ≥ τn ≥ 0, with

σ � τ

Supp(σ) � the set of indies j for whih σj 6= 0.
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Mσ,τ : a (0, 1)-matrix in whih
• the rows are indexed by the elements G(n, σ),

• the olumns are indexed by the elements of G(n, τ),

• the element m(S, T ) whih is in the row indexed by S ∈ G(n, σ) and theolumn indexed by T ∈ G(n, τ) is de�ned by
m(S, T ) =

{
1 if S ⊂ T,
0 if S 6⊂ T.
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An Important Speial CaseThe ase when σ = (m, 0, . . . , 0) and τ = (m, . . . , m, 0) uses the followinglemma.Lemma. Let m be a positive integer, let k0, k1, . . . , km be positive integerswith k0 = 1, k1|k2, . . . , km−1|km. Let a0, a1, . . . , am be arbitrary elementsof a �eld F and let A = (aij) be the km × km matrix over F given by

aij = a
min

n

t:
j

i
kt

k

=
j

j
kt

ko, where the rows and olumns are labeled from 0 up to

km − 1. Then

det(A) =
m∏

i=0





i∑

j=0

kj(aj − aj+1)





km
ki

− km
ki+1

,where by onvention am+1 = 0 and km+1 = +∞.� WCC 2013, International Workshop on Coding and Cryptography, 15.-19.04.2013, Bergen, Norway � 13



We have
Mσ,τM

T
σ,τ = A,where

k0 = 1, k1 = qn−1, k2 = q2(n−1), . . . ,

km−1 = q(m−1)(n−1), km = q(m−1)(n−1)q
n − 1

q − 1
.and

a0 = q(m−1)(n−2)q
n−1 − 1

q − 1
, ai = q(m−1)(n−2)−i+1q

n−2 − 1

q − 1
, i = 1, . . . ,m.Obviously, then

detA 6= 0and Mσ,τ is of full rank.� WCC 2013, International Workshop on Coding and Cryptography, 15.-19.04.2013, Bergen, Norway � 14



The General CaseLemma. Let R be a hain ring with |R| = qm, R/ rad R ∼= Fq, and let

Ω = PHG(RRn). Let further s and t be integers with 1 ≤ s ≤ t ≤ n − s and

σ = m
s, τ = m

t. Then the rank of Mσ,τ(Ω) is equal to the number of freeHjelmslev subspaes of Ω of dimension s − 1 i.e. the rank is equal to [
m

n

m
s

]

q

.Corollary. Let σ = m
s and let τ be an arbitrary sequene with σ � τ �

m
n − σ. Then Mσ,τ is of full rank.Lemma. Let τ = m

t and let σ be an arbitrary sequene with σ � τ � mn−σ.Then Mσ,τ is of full rank.

Here m
s = (m, . . . , m

︸ ︷︷ ︸
s

, 0, . . . , 0
︸ ︷︷ ︸

n−s

).
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Main Theorem. Let σ = (σ1, . . . , σn) and τ = (τ1, . . . , τn) be two non-inreasing sequenes of non-negative integers with

σ � τ and m
| Supp(τ)| � m

n − σ.Then the rank of Mσ,τ(Ω) is equal to the number of shape σ subspaes of Ω,i.e. [
m

n

σ

]

qm.
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Remark. The theorem overs the most important ases when σ = m
s, or

τ = m
t, or both.It does not over the ase where there is no k with σ � m

k � τ . This ase willrequire an additional argument.
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Example.
• m = 2,
• σ = (2, 1, 0, 0, . . . , 0)

• τ = (2, 1, 1, 0, . . . , 0)

• Mσ,τ = I⊗A, where A is the lines-by-planes inidene matrix of PG(n−1, q)
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