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Abstract. We present a generalised setting for the construction of com-
plementary array pairs and its proof, using a unitary matrix notation.
When the unitaries comprise multivariate polynomials in complex space,
we show that four definitions of conjugation imply four types of com-
plementary pair - types I, II, III, and IV. We provide a construction
for complementary pairs of types I, II, and III over {1, —1}, and further
specialize to a construction for all known 2 x 2 X ... X 2 complementary
array pairs of types I, II, and III over {1, —1}. We present a construction
for type-IV complementary array pairs, and call them Rayleigh quotient
pairs. We then generalise to complementary array sets, provide a con-
struction for complementary sets of types I, II, and III over {1,—1},
further specialize to a construction for all known 2 x 2 X ... X 2 com-
plementary array sets of types I, II, and III over {1,—1}, and derive
closed-form Boolean formulas for these cases.

Key words: Complementary sets, complementary arrays, Golay pairs,
Rayleigh quotient.

1 Introduction

A length d sequence of complex numbers, A := (ag,ay,...,aq_1) € C%, can be
written as a univariate polynomial, A(z) := ag + a1z + ...+ aq—12%7", and the
aperiodic autocorrelation of A comprises the coefficients of A(z)A(z~1), where
A(z=1) means conjugate the coefficients of A(271). Then (A4, B) are a Golay
complementary pair of sequences [TI2I[4J3] if

Aap = A()A(z"1) + B(z)B(z71) =ceR.

A dgxd; x...xd,_1 array of complex numbers, A € ®z:01 C9, can be written
as a multivariate polynomial, A(z), where z := (20, 21,...,2m—1) and A(z) has
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maximum degree dx — 1 in zx. Then a size S complementary set of arrays is a
set of S m-dimensional arrays, Ag = {Ag, A1,...,As_1}, such that

S—1
Ms(z) = Ay(2)A(z7 1) =c€R, (1)
s=0
where z7! := (2o L zy Lo, z;ll_l) Complementary pairs and, more generally,

sets are attractive because the sum of their aperiodic autocorrelations, A4q,
has zero sidelobes, i.e. Aa,(z) has no dependence on z. This means that the
Fourier transform of A4, is completely flat, as Aa (e) = ¢, a constant, for
e = (eg,€1,...,em—1) € C™, |lex| = 1, Vk. Golay proposed a construction
for complementary sequence pairs with sequence elements taken from alphabet
{1, -1} [1I2I413]). This was extended by Turyn and others [56], and generalised
to sets [TU8I9ITO], to other alphabets [TTIT2IT3] to arrays [T4/T5ITOIOUT7ITSITII20],
to near-complementarity [I5121], and to complete complementary codes [22]. A
typical requirement is that any pair so constructed comprises elements taken
from some highly constrained complex alphabet (such as, for instance, {1,—1}
or {1,i,—1,—i}, i = v/—1) - one difficulty with complementary construction lies
in devising methods to suitably restrict the alphabet. In this paper we exam-
ine four types of complementarity, types I, II, III, and IV, of which type-I is
the conventional type. We first express the pair construction as a 2 x 2 unitary
transform action, where we derive unitarity without defining, explicitly, addi-
tion, multiplication, and conjugacy, apart from a few necessary constraints. The
approach allows us to propose A-pairs: from a A4 p pair, (4, B), and a A¢p pair,
(C, D), one constructs a Apg pair, (F,G), where Apg = AapAcp. We then spe-
cialise to the case where the 2 x 2 unitary matrix contains m-variate complex
polynomial elements. By defining conjugacy in three different ways one estab-
lishes that unitarity is preserved when evaluating the polynomial elements of this
matrix over the m-fold unit circle, real axis, or imaginary axis, so as to obtain
constructions for complementary array pairs of types I, II, and III, respectively.
We specialise to constructions for the alphabet {1, -1}, and to 2 x 2 x ... x 2
arrays EL A fourth definition of conjugacy yields type-1V, leading to the char-
acterisation and construction of Rayleigh quotient pairs. We then generalise to
complementary array sets and, in particular, develop constructions for comple-
mentary sets of 2 x 2 X ... X 2 arrays over the alphabet {1, —1} for types I, I,
and III. We derive closed-form Boolean formulae for these constructions.

Whilst types I, II, and III have been proposed and explored in other recent
papers [23124125126], the method of proof in this paper is both more concise and

3 This may seem restrictive but, as discussed in [I9I20], array dimensions can be
combined whilst preserving (near-)complementarity. For instance, properties for a
2 x 2 x 3 array imply properties for a set of 4 x 3, 2 X 6 arrays, or length 12 sequences.
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more general, allowing characterisation and constructions beyond the 2x2x...x
2 case, and is applicable to scenarios beyond complex polynomials. Moreover
the definition and construction of Rayleigh quotient pairs is new, arising from a
consideration of results in [27I28]. Although the formula for the construction of
complementary sets of Boolean functions of type-I was first stated in [16] and
proved in [9], the proof here is more succinct, facilitating the development of
new formulae for complementary sets of Boolean functions of types II and III.

2 New contexts for the complementary pair construction

Let I" be a set and let ‘o’, ‘4+’, and ‘«’ act on I", where o,+ : I'2 — I', and
x: ' — I'. Let ‘=" and ‘/’ be the inverses of ‘4’ and ‘o’, respectively, where,
Va,b € I', —(+(a,b),b) = a, and /(o(a,b),b) = %% = a. In any equation, let ‘*’
take precedence over ‘o’ which, itself, takes precedence over ‘+’. Let A, B,C, D €
I'". A modified and generalised construction for complementary pair (F, G), given

complementary pairs (A, B) and (C, D), and based on [5II4IT7/19], is
F=CoA+D*oB, G=DoA—-C*oB. (2)
Theorem 1 Given @, the identity,
FoF"+GoG*=(AoA"+BoB*)o(CoC"+ Do D"),

J ‘

holds if the following conditions on ‘o’, ‘+’, and %’ are met:

— %748 an involution and is also distributive over ‘o’ and ‘“+ .
— ‘o’ is distributive over “+’.
— Both ‘©’ and “+’ are associative and commutative.

Proof. From ,

FoF*=(CoA+D*oB)o(CoA+ D*o B)*
=(CoA+D*oB)o(C*oA* + (D*)* o BY) * distrib. over o, +

=(CoA+D*oB)o(C*o A*+ Do B*) * an involution

=CoAoC*0oA*+D*oBo(C*o0 A* o distrib. over +
+CoAoDoB*+D*oBoDoB*

=CoC*o0AoA*+ A*o Bo(C* o D* o commut., assoc.
+AoB*oCoD+DoD*oBoB*

=CoC*o0AoA*+ DoD*oBoB* + commut., assoc.

+A*oBo(C*oD*+AoB*oCoD
Likewise,

GoG*=DoD*0AoA*"+Co(C*oBoB*"—A*oBo(C*oD*—AoB*o(CoD,
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and the theorem follows from F o F* 4+ G o G*. O

Let U be a 2 x 2 matrix with elements in I", with multiplication of matrices

taken with respect to ‘o’ and ‘4’ in the obvious way. Let T take U := (? Z) to

b* d*
to ‘o’, ‘+’, and ‘*’, if UUT = I, where I is the 2 x 2 identity matrix.

Ut .= (a* c ) (i.e. transpose-‘conjugate’). Then U is called unitary with respect

Definition: (C, D) is called a Acp-pair, where Agp := C o C* + D o D*.
We abbreviate to

-2 -

where A := Agp and T := ) is unitary One associates

1 c D*
VCoC*+DoD* (D -c*
A with unitary, T, and with its constituent pair, (C, D). By definition, T is
a complete complementary code [22], where the matrix elements are not fixed

elements of the space, but are variables.

The inner product, (-,-), of two length S vectors, u,v € I'°, is given by
(u,v) == uwl =ugovy+uyovi+...+us_10v} |, = Zf;oluiovf, and u and
v are called orthogonal if (u,v) = 0.

Lemma 1 Let (gi) =V (g) Then Ac'pr = Aep if V is unitary.

Proof. Let v := (g), and express Acp of (C, D) as the inner product of v
with itself, i.e. A\cp = (v,v). Then (Vu, Vo) = 0T VIVy = vlv = (v, v). O

We summarise theorem [1|in terms of Aap, Acp,and Apg:

AFG = Acp © AaB. (4)

2.1 Polynomial context

The above presentation is very general, allowing one to examine different sce-
narios without having to re-prove complementarity. In this paper we consider
just a few special cases, where we focus, primarily, on varying the definition of
‘«’. Let I' be the space of complex multivariate rational functions. Let ‘o’ and
‘4’ be conventional multiplication and addition of complex multivariate rational
functions, respectively. Henceforth, although we deal with rational functions, i.e.
the powers of our variables may be negative, for brevity we shall refer to ratio-
nal functions as polynomials. Let A(zg, 21,-..,2m—1) = A(z) be an m-variate

4 ¢/X is the member or members of I" that satisfy v X o vA = X - such a root must

necessarily exist in I
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polynomial with complex coefficients, of minimum degree zero and maximum
degree di — 1 in 2. We can interpret A(z) as a dg X d; X ... X d,,—1 array of
complex numbers. We write A for both polynomial and array interpretations,
where meaning is clear from context. Then Ay, 1 = (lg,ly,...,lm_1) € ZT™, is
the coefficient of the monomial HZZOI zfj in A(z), i.e. the Ith element of the
m-~dimensional array, A, where A; = 0, V1 where [, > d;, for one or more k. The
first three definitions of ‘*’; acting on A are as follows:

Type-I: A (20, 215+ -y Zm—1) = A(zo_l7 2t z;tl_l) =A(z"1)
Type-1II: A* (20,215 -y 2m—1) = A(2).
Type-III: A* (20,215« 2Zm—1) := A(—2),

(5)
where A means conjugate the complex coefficients of A. The above three defini-
tions for ‘¢’ are all involutions, as required. For instance, let A(z) = 2 + iz —
321 + z02z1. Then A*(z) =2 — izgl — 32{1 + zalzfl or 2 —izg — 321 + 2921 Or
2 +izg + 321 + 2021, for types I or II or III, respectively.

Let pairs A(z), B(z), and C(y),D(y), and F(x),G(x), be m-variate, m/'-
variate, and m” = m + m/-variate polynomials, respectively, where the variable
elements of y and z are disjoint, and where x = y|z is the concatenation of
y and z. A generalised spectral analysis in the complex plane requires us to
evaluate these polynomials, and /A(y)T(y), by assigning every variable to a
complex number. For brevity, define VAT (y) := /A(y)T(y). If, after evalu-
ation at a point y = e € C™, vAT(e)(v/AT'(e))! # A(e)I, then the com-
plementary pair property does not carry over to spectral evaluation y = e.
This leads to natural restrictions on the evaluation space, so as to preserve uni-
tarity in complex space. For example, for type-I, although, \(y)T(y)T*(y) =
(+ 7;(;2) (“;‘2 jjlyQ) — (3442 +y ) = Ay)I holds for both y = 3
and y = i, i = y/—1, one finds that vAT(3)(vAT(i))T = X@)I = I, but
VAT(3)(VAT(3))T = (0 i) (g ,T) £ AB3) = 197 Let E € C™ be the
subset of complex space where evaluation and conjugation commute:

E:={e | ecC™, (VAT(e))! = (VAT) (e)},

where e := (eg, e1,...,em—1). We call E the commuting evaluation set. For our
example ¢ € E but 3 ¢ E. One finds that

Type-I: E={e | |ej|=1,Yj} (m/-fold unit circle),
Type-1I: E = R™ (m/-fold real axis),
Type-III: E =1 (m/-fold imaginary axis).
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Evaluations of A in the complex plane are the multi-set {A(z =€) | e¢€
(Cm,}. When d;, = 2, Vk, these spectral evaluations can be realised, to within row
normalisation, by the action of a special set of unitary transforms on the array,
A. For r € R, and |3] = 1, evaluation of ag 4+ a1z at both z =rf and z = _75 is

given by V (Z‘l’ ), for V' a matrix from the evaluation set, F,

E={(1%) | rerg=1}

Restrictions to the commuting evaluation set put constraints on r or 5: r = 1
for type-1, 6 = 1 for type-II, and 3 = i for type-III. Row normalisation of F
then gives unitary evaluation set, £,

L 1 10 1 rp _
g_{m(Or)<1%ﬁ> ‘ TERv‘/B|_1}7
which, for types I, IT and III, yields unitary commuting evaluation sets [25]
1 B
EI:{\}§<1_6> | T:17|5|:1}7
1 r cos¢ sing
=l (0 0) 1 rer=n= (S0 0) | v o)

111 = {m<1 M) | TER,ﬂ:i}Z{(C?S¢ .isin¢> | Vo).

sin ¢ —i cos ¢

From @ the normalisation factors of types I, II, and IIT for the dx = 2

< / =m! m/-1 1 1
case, 0 < k <m/, are 272, [[,_, \/OT de m,
So one must normalise )\( ) = C(y)C*(y) + D(y)D*(y) by dividing by 2™,

(1 +y?), and [[,—, ( —y3), for types I, II, and III, respectively. But the

normahsatlon argument can be extended to any combination of array dimensions,

respectively.

dj, even if we can’t specify the associated dj x dj unitaries explicitly. One makes
the first row of the kth matrix equal to (1, 3, 8%,..., 8% 1), (1,r,r2, ... r&=1)

and (1,7i,—r2, ..., r3=1i%=1) for types I, II, and HI respectlvely Then for
types I, II, and III, A(y) must be divided by Hk 0 L4y, | J (1 +yi + Y+

St yi(d’“_l)) and H;n_,al(l —y 4yt — . ()%t Q(d’“ 1)) respectively.
Definition: (C, D) is a perfect type-1, II, or III pair, iff A = ¢, ch 0 'a +yi+
y,‘i—i—...—i—yi(d’“ 1)) or ch 0 (1 vityi—. . (=1)%~ 1yi(d’“ D),respectwely,
where c € R.

For instance, the conventional Golay complementary pair of sequences of
length d is here called a perfect type-I pair, (C, D), where m’ = 1, and dg = d.
1 . .
Example: Let VAT = (—y 31) . Then T is a type-III unitary but not a type-I

or II unitary, as N\T'T" = I for ‘*” of type-III, but not for ‘«’ of types I or II.
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However, for this very special case (C' = 1,D = —y) is a perfect type-I, II, and
III pair, as Acp = 2, or 1 4+ 42, or 1 — y2 for types I or II or III, respectively.
Instead, let C'= 14+yo+y1 —yoy1, D = 1 —yo—y1 —yoy1. Then (C, D) is a perfect
type-11 pair as Acp = 2(1+y3)(1+%?), but not a perfect type-I or type-III pair.
Evaluating C(yo,y1) and D(yo,y1) at yo € {£1}, y1 € {0,000} (four points on
the 2-fold real axis) gives Acp(£1,{0,00}) = 4,4, 400, 400. Normalising Acp by

T 2 2\ : . )\CD —
dividing by (1+ y3)(1+ y7) in each case gives (7(“'93)(1“4%))yoe{il},yle{O,oo}
2,2,2,2. This is equivalent to applying the type-II unitary commuting evaluation

matrix H ® I € £5? to C and to D, where H = L (i j), to obtain

2

V2 0
A 0 2
(C7D): ) f
0 -2
V2 0

1 10 0 1 1 10 0 1

| l1-10 0 1] 1 [1-10 0 -1

Tl v2lo0 01 1 1'v2{o0 01 1 -1 ’
0 01-1 -1 0 01-1 -1

and then verifying that the sum of the point-products of C' with itself and of
D with itself is C.C + D.D = (2,2,2,2)7. In general the two arrays, C and D,
satisty C.C + D.D = (2,2,2,2)7 for C = ((COS"’O Si““’o) ® (COW1 Si"”)) C,

sin g — cos ¢q sin¢) —cos ¢
Yo, ¢1, and similarly for D.

Whilst £ is the m-dimensional Fourier transform, £5™ and €577 are less
familiar, although types I, II, and III may make sense to some as characteris-
ing the three axes of a Bloch sphere in the context of qubit quantum systems
[29]. We have discussed evaluations when d; = 2, Vk, and proposed suitable
normalisation, irrespective of the value of dj, even if one does not know the
associated dj x dj evaluation unitary. But for type-I a unitary is known for

general di = d, by replacing % (1 _g) = % (1 _1) (ég), B8] =1, in @) by

11 1.1 10 0 ... 0
2 . ad? 0 0o ... o0 ;

e e 0t ) where o = €7/% and [8] = 1.

d 1 o=l od=2 0 o o o o ... pi-1

For types II and III, although it remains an open problem for us to characterise
these generalisations, we can still envisage unitary evaluation sets, £, without
explicit characterisation. In this context, let A = A(y) be an m/-variate polyno-
mial, and let Ay := U\ for U taken from some m/-variate unitary evaluation set
&= ®...0¢&,,_,. We then obtain an evaluated form of , for Aap,
Acp, and A\pg m-variate, m/-variate, and m” = m + m/-variate, respectively:

Aur . FG = A\U",CDAU,AB, (7)
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for U"=U'@U, U €& ,Uec& and &’ =& RE. Let || UM« be the maximum
size of an element in array U\. Let Amax ¢ := maxpeg (||UA| o). Then a variant

ofis

Amax,£”,FG = Amax,&/,cDAmax,s, AB» (8)
which allows one to characterise and construct near-complementary A-pairs [I5121],
i.e. where A\¢» pe is not constant, but ‘near-constant’. (One could, similarly, re-
place ‘max’ by ‘min’ throughout). Equations and become identical when
(A, B) and (C, D) are perfect, in which case, from (), (F,G) is also perfect.

3 Pair recursion

To recurse for polynomials, we combine and lemma to give

(1)
Fi(z) \ _ (1700 [ Civi) D3\ v (o Fj_1(zj-1)
(Gj(zj)> - (U](yj) (Dj(Yj) —Ci(y; )) Vj(yj)> (Gj—l(zj—1)> ()

- (Uj(y]')\/XjTj(yj)‘/j(yj))(T) ( i—1(zj-1) ) 7

Gj-1(zj-1)
where VA, T;(y;) abbreviates VA, (y;)T;(y;), U; and V; are 2 x 2 unitary, V7,
with y; = (Z/J/j7zluj‘+17' . ~azmu,~+mj—1) M = Zk omka z; = Y_]|Zj 1, Vj, and

‘(t)’ means optional transpose-conjugate. U;, V;, and (}) are inserted to generate
symmetry classes by lemma [I} If the starting conditions are F_; = G_; = 1,
then one obtains A-pair (F,G) := (Fy,—1,Gn—1), where A = H;L:_Ol A

3.1 Coeflicients restricted to {1, —1}

To construct A-pairs whose coefficients are from a restricted alphabet, one must
choose (C}, D;), U; and Vj}, appropriately. Let d;j := (d,,;, dmu+1,- -+ duj4m;—1)-
Wlog we assume C; and D; have minimum degree zero and maximum degree
dy;+k — 1 in 2,4k, so as to facilitate the mapping to and from arrays. Let
y;ij ! mean | g ! zijfkk_l - this term is added for type-I below so as to facil-
itate this mapping to and from arrays. Here is a recursive formula to generate
all known A-pairs of types I, II, and III, with coefficients restricted to {1, —1},

where (F_1,G_1) and (C}, D;) have only {1, —1} coefficients, Vj:

)= (08 (e (o)) (L) (52)
% 2 (00) vamen” (L) (6.

s (anen)” (41) (6

o
H,

Q
i

&
I
S

N N N
o

{

(10)
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In all three cases, the final pair, (2’:)7 is given by (O fl) (QJ), where one
J

does not distinguish between <ZJ;) and ( ) The use of {(T)’, (‘transpose’),
instead of ‘() for type-I, is just a convenience to ensure positive powers of 2, 1,
Vj, k, throughout. The expression for type-I is, essentially, a re-formulation of
expressions in [19120].

Example: Let mg=m; =1,dg =3,d1 =2, Fs =14 2 —|—z(2), and Gy =
1 — 29 — 28. Then, for type-1II, N = FyF§ + GoGy = 2(1 — 22 + 2§), so (Fy, Go)
is a perfect type-III pair. Let y; = (21), C1 = 1+ 21 and Dy = 1 + 2;. Then
A1 = C1CF + D1D7 = 2(1 — 2%), so (Cy, D) is a perfect type-III pair. Then
applying a particular instance of the type-III construction of

L\ (l+z 1-=z 11 14 20 + 22
<G1>\/5(1+Z1—1+21)<—11>(1—20—23)
\@ 1—zo—z§+z1+zoz1+z§z1

1+zo+z§+z1—zoz1—z§z1

3

and one can verify that A = F1Fy + G1G5 = 4(1 — 22)(1 — 22 + 28) = M\,
as expected, so (F1,G1) is type-III perfect. Evaluation of normalised A is the

evaluation of M on the imaginary axis, which is the constant, 4.

When d,,; 1 = 2, Vj, k then, from @, as well as type-I unitary evaluation, we
also know explicit type-II and III unitary evaluations. Moreover, when m; = 1,
Vj then, to within symmetry, we can identify a unique T}, Vj, for each of I, 1I,

and III, such that (C;, D;) are perfect, and (F_1,G_1) and (C}, D;) have only
{1, —1} coefficients, Vj. We obtain
I' Fj _ +1 1 0 1 + Zj ijl
' G, V2 \ 0 +1 1—z; fzj -1 il ¥1 Gj-1
1 Fj_ )
II F]' :g 1 0 1+Z] 1—2] F]'_1
o\ Gy V2 \ 041 ) \1—2; —1—z; 11 ;1 Gji_1 (1)
_if 1 ZJ)OPQJ <F
Zj G] 1
- 1 Zj ) Fj_1
-=2(53)o(an),

::t2HPfy’j (0 )Pe,g G-
I F; a1tz 1z +11 Fy
"Gy V2 \1+z —1+z Fl1 Gj-1

where O; € {< ?),( )} and P, , Py, E{(é?),(?é)} In all three cases,

1
0
the final pair, ( , is given by Oj41 ZJ] , where one does not distinguish

between (2@) and ( v )
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4 Type-IV: the Rayleigh quotient pair

gave three types of involution, ‘+’. Here is a fourth, where we must also modify
the definition of ‘o’ accordingly. Let M be an m-dimensional unitary Hermitian
matrix (i.e. Mt = M, MMT = I), where M is of size dg X dj X ... X dpp_1.
Remembering that A(zg, z1,...,2m—1) can be interpreted as an m-dimensional
array, A, define ‘x’ as

Type-1V: A* = MA. (12)

Remember that A;, 1 € Z*™, is the lth coefficient of the monomial ]_[Z:()l sz in
A(z). Then, for A(zo,21,.-.,2m-1) and B(z0, 21,...,2m-1), both of degree less
than dy in zg, Vk, the inner-product of A and B is given by

(A(z), B(z)) = (4,B)= ) ABy,

1ez*m

i.e., viewing A and B as arrays, the inner-product is element-wise. For y and z
disjoint vectors of variables, we define ‘o’ as

Type-1V: C(y)o A(z) :== C(y)A(z)

A(z) o B(z) := (A, B), (13)

i.e. ‘o’ is conventional polynomial multiplication between polynomials in disjoint
variables (a tensor-product of the associated arrays), but is the inner-product of
polynomials in the same variables. It can be verified that ‘*’ is an involution, and
that the required distributivity, commutativity, and associativity relationships
hold between ‘x’, ‘o’ and ‘4’, apart from the caveat that ‘x’ is not distributive
over ‘o’ when ‘o’ acts as the inner-product, i.e. (C(y)oC’(y))* # C*(y)oC"™*(y) =
(C*(y),C"™(y)). But this scenario is not required in the proof of theorem
The definition of the Rayleigh quotient of A with respect to M is given by
_{AMaA)
RQ(A, M) := W,

where M is unitary Hermitian. We have that |RQ| < 1, with RQ(A, M) = +1
iff A is an eigenvector (eigenarray) of M. It follows that

Ao A*
(A, A4)7

RQ(4, M) = (14)
We similarly define the Rayleigh quotient pair of (A, B) with respect to M
by
(A,MA)+ (B, MB)
(4,4) + (B, B)

RQQ((AvB)vM) =
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We have that |RQ,| < 1, with RQ,((4, B), M) = £1 iff both A and B are

eigenvectors of M. The type-IV definition of ‘+” and ‘o’ implies that

Ao A* + Bo B*
RQ,((A4,B),M) = m

(15)

Let M, bead,; Xxd,, +1X...Xdy, 1+m,—1 Hermitian unitary matrix, and let
M; =M, ®M;_1,Vj, where M_1 = 1 and M := M,,_;. We apply construction
@ for ‘+’ and ‘o’ of type-IV, with respect to M, at step j. Then (F,G) :=
(Fr—1,Gp—1) is a A-pair, where A = H;L:_Ol A;j (note that, in this case, the \; are
complex numbers, not polynomials). In particular,

FoF*+GoG* A
R F,G),M) = = , 16
QPO M =T H G~ F A+ 6.0 (16)
where F'_; = G_; = 1. If both C; and D, are eigenvectors of M, ., Vj, then both
F and G are eigenvectors of M. So we have a way of computing sets of eigen-

vectors of M = ®;1:()1 M, given a set of eigenvectors, {C;,D; | M, C; =

Cj,M,,D; = D;}, Vj. Trivial eigenvectors of M can be obtained by assigning
Cj = D7, Vj, and are not interesting - the interesting eigenvectors are obtained
if C; # D; for one or more j.

5 Set recursion

The A-pair construction @D is generalised to a A-set construction of size S, as

follows:
Fjo(z;) Fj1,0(2-1)
Fj1(z; M Fj_11(z5-1)
By | 0 () A mai) | )
Fj5-1(z;) Fj1,5-1(2-1)
17)
. , j—1
where U; and V; are unitary, V5, y; := (24,5 Zu 41 - > Zujamy—1)s j = D50 Mis

and z; = y;|z;_1, Vj. From starting conditions (F_; s =1,0 < s < S), one ob-
tains A-set (F := Fj,_1,,0 < s < S), where A = H?:_()l Aj.

5.1 Size-2! sets
A special case is when S = 2¢ and /A, 7; decomposes as y/\;T; = ®Z_:B Xk L ks

where /A Tk = (gjz 7?’1’;) is a matrix function of my; j; variables. For this
J» Js

decomposition of the construction, unitary evaluation sets of types I, II, and

IIT are then just a t-fold tensoring of the evaluations described in (@, where

mj = 32—t mjx. It follows that

Definition: F is a perfect type-I, II, or Il set iff, V5, &k, A; = c, CHZ;lo(l"‘Zij-s-k)’
and CHZ_:IO(l - zﬁj+k), for types I, II, and III, respectively, where ¢ € R.
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5.2 Size-2! sets of 2 X 2 X ... X 2 bipolar arrays

If we further restrict, such that m;, = 1 and d,,; 4 = d¢j1x = 2, Vj, k, and where
the constructed polynomials have coefficients restricted to {1, —1} then, gener-
alising , and observing that ;1; = tj, one can substitute in for U; \//\77}Vj in
to obtain

Fjo(z)) Fj_1,0,(2j-1)
F; _ F._ i
L 51(21) = +H'P, ; g <1 : ) O;Po; |’ itz
. 0 z¢j4k e
Fjoe_1(z5) Fj120-1,(25-1)
Fjjo(z;) Fj_1,0(2j-1)
I (7. B , I o
1I: ],1(Z]) — :|:®2:10 ( 1 Zt]+’€> ija,j J 171(ZJ 1)
.. Ztj+k —1 .
Fjoi_1(z5) Fj_12t-1(2j-1)
Fjo(z;) Fj1,0(zj-1)
e FjJ(Zj) -+ ®2—:1 ( 1 th+k> OjPG,j Fj—l,l(Zj—l) :
.. Ztj+k 1 ..
Fjor_1(z;) Fj_12t-1(2j-1)
(18)
where P, ;, Py ; are 2t x 2! permutation matrices, and O; := diag(oj), 0; €

{1, —1}2t. For type-I, when comparing with 7 the application of O; on the

right-hand side is no longer redundant so is included. For type-III, the inclusion of
Ffo(z5)

. F! ; . .
Py ; is for the same reason. In all three cases, the final set, <”Jj1(zj) ) , is given
F;,zt—l(zﬁ
Fj,0(25) Fj,0(25)
F; z; . . . F z;
by Oj41 Fi1 (=) , where one does not distinguish between | 1% and

Fj gt (25)
;j’O(zj;
Py | 1 .
gt _1(=25)

6 Generalised Boolean A-sets

Fjpt_y(z5)

We now develop closed-form Boolean expressions for a special case of the sets
described by subsection where d,,; 1 = 2, Vj, k, and where the coefficients
are in {1,—1}. Let pjp = p; + Ef:_ol m;ji, and C; and D;j be polynomi-
als in y;r, where yjx = (2,0, Zuj 1>+ » 2y tmy o—1)- I , let /N7, =

2;10 \/mTj,k, where \/)\jiijk = (;’;: jﬁi) As we are recursing we can,
WLOG, assign U; = I, Vj <n —1, i.e. only U,_; is not constrained to identity
if our final A-set is F = F,,_;. We restrict to a {1, —1} alphabet, for both C}
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ot
and D, and for the resulting F;, by assigning V; = (i ,i) O; Py ;. We have

t—1
®t Ci .+ DY, C,;. — D*
(vam (:2)") =@ (e i) (19
k=0
is, essentially, an array generalisation of Turyn’s construction [5], in more
general context. To begin with, set O; = Py ; = I, Vj, and ignore (t). Then

simplifies to
t—1

P =@ (51 D) P 0
k=0

As Cj and Dj i, are 2 X 2 X ... x 2 arrays with elements from {1, —1}, then they
can be represented by Boolean functions c¢;,d;x : IE‘Qm""c — Ty, of u;x, where
Wi o= (T s Ty oty - o> Ty otmy o—1) € Fy 2, and where Cjp = (—=1)%* and
Dj = (=1)%*. Our claim is that, given ¢k ik, and fj_1 s Boolean functions
Vk, s, and that C7,, D7, have elements in {1, —1}, Vj, k, then f; s is a Boolean

function Vs.
Let us first derive for ¢t = 1, and subsequently develop for more general t. For

F; C,;_1+ D¥ Cc,;,_, — D¥ F; .
= 73,0 ) — Jj—1 j—1 “i-1 -1 i—1,0
t=1, (Fj.1> (Dj—lfcg*a Dj1+Cj_4 Fj1a ) BIVES

Fjo=(Cj-1=D;_1)Cj-1Fj—1,0+ (Cjo1 = =D;_1)Cj1 Fj1,
Fj1=(Dj-1=-C;_)Dj_1Fj_10+ (Dj—1=C;_)Dj_1Fj_1,1.

J

(21)

Conditions (Cj—1 = D;_;) € {0,1} and (Cj—1 = —=Dj_,) € {0,1} are mutually
exclusive, and similarly for (D;—; = —C7_;) and (D1 = Cj_;). So Fj ¢ and Fj
have elements only from the alphabet {1, -1} if C;_1, Dj_1, Fj_1,0 and F;_11
have elements only from {1, —1}. Assuming that C7 and D7 have coefficients in
{1,-1} if C; and D; do[f], then let Cf = (=1)% and D} = (=1)%. Then, from
e,

fio=(cjm1+dj_1 + 1)(cj—1 + fim1,0) + (¢j—1 + dj_1)(cj—1 + fi—1,1),
fin=(cj_1 +dj—1)(dj—1 + fj—1,0) + (¢j_1 + dj—1 + 1)(dj—1 + fj—1,1).
= (22)

(fj,()) _ <Cj1 +di_+1 ci1+diy ) (fjm) n (Cj1>
fin ¢y +dji-n ¢y +di—1+1 fi-1a di—1 )~
Consider the optional ‘i’, i.e.
(Fm) — (Cj—1+D};4 Cj-1 —D;l)T (ijm) _ (%}1 +Dj—1 Di —Cj—l) (%‘ﬂ,o)
Fjq Dj_1—Cj_y Dj_1+C5_,4 Fj_11 C; 1 —-Dj_1 D;_;+Cj1 Fi_11 )"
In general this possibility does not preserve the {1,—1} alphabet as (C7_; =
Dj_1) and (D;_; = —Cj_1) are not, in general, mutually exclusive conditions,

5 The type-IV definition of ‘*’ does not satisfy this requirement in general.
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and neither are (C7_; = —D;_1) and (Dj_; = C;_1). However mutual exclusiv-
ity is realised in this case when c}[l +dj_1=cj_1+ d;*-fl, from which
fio 1+ di_ +1 cio1t+di fi—1,0 iy . .
0\ _ : aCh_y +djadi_ .
(fj,l Gty gatd 1) \fon ) T d, ) Temaa T g

(23)
For reasons of page count we do not develop further in this paper.

Now consider more general t. Let f; := (f; 5,5 € F5), where f;, : Fy/™" — Fy
is a function of (zg,21,...,2,,,,-1), Vs. Then, from and 7

t—1
o N — N I N ) .
fj = IOg—l(Fj) = ® ( Fptdin et +1 fjfl +vj,
k=0

where v; = ((s+1)-¢c;+s-d;j,s € Fy), ¢; = (¢jx,0 < k <t),and dj = (dj 1,0 <
k< t) Let Wik = Cjk + d;,k . F;nj'k — ]FQ. Then U};,k = C;,k: =+ dj,k and

t—1
f; :® (w];;;i_yzlwf,i’il)fj—lJrvj' (24)
k=0

Unwrapping , and setting, wlog, f_1 = 0, gives

L 7 t—1 [ wyp+1 wgy )
f; =110 Qo ( wr g Wi 1 f1+v;
=1 174 t—1 (w1 weg
+ Zq:() r=q+1 ®k:0 wie wrig+1 ) Ve (25)
I Jj—1 7 t—1 ((wyp+1 w.p
= v+ 2 gm0 [[1=g11 ®ro wihe  wr+1 ) Ve

,
k

o =1 ont—1 (11i Wi+ 1wy,

=V;+ Eq:() k=0 r=q+1 \wi, wiit1)) Vo

where the ‘]’ sign means ‘multiply matrices on the left‘, e.g. H;:o M; = M M.
We now present two alternative derivations, A and B, taking as their
starting point. They yield different, but equivalent, expressions for f;.

6.1 Derivation A

We require extra notation. For g : F§ — Fy for some positive integer, a, then,
for b € 5, define
g =y, b=0,
=g, b=1.

More generally, for a = (ag, a1,...,a;_1) € Z+, g : FS* — Fo, g = (9o, g1, Gi—1) :
((F§* — F2),0 <k <t), and b € F}, then

#*by_1

gAb:= g*b—i—b:: (g;bo,gikbl,...,gt_l )+ b. (26)
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Define a recursive extension of ‘A’:

J J
/\gp::gi/\(/\ gp)a 1< j,
p=t

p=i+1

where g, : (Fy,"™” — F3),0 < k; < t), and /\;:j gp =8;-

Let wj = (wj0,wj1,...,w;t—1). Then, for b = (bg,by,...,bi—1) € Fh, assign
h, = /\;leﬂ w,,, where w; 1 = s. Then, from ,
J
fj = (fj,575 € F;), fj,s = qu(hq)- (27)
q=0

Proof.  (of , sketch) - Observe that, for v = (XE?;), (w:fl wﬁl)v =

v(w) /[ w+1 w _ v(w) : I _ I *S
(v(w+1)). Therefore v/ = ( o w*“) v = (V(w*+1)), ie. v = (vl = v(w* +

s) =v(wAs),s €Fq)T. Now observe that v/ = (W“ w;L) (WLH w;h) v

w3 i
(wigl “,21”11) (‘,(‘f,,(f“}r)l)) = (V(w{((53+f>++12’+1)>. Therefore v/ = (v = v(wy A
(wa A s)) = v(/\z:1 wp)), s € Fo)T, where w3 = s.
Applying these techniques to yields , where more general ¢ implies
function vectors, w;. O

Remark: Potential confusion is possible here by reading v(h) and similar,
incorrectly, as v x (h). The real meaning should be clear from the proof of ,
and by context in the ensuing discussion.

Re-introducing more general O; and Py ; to modifies . In partic-
ular, Py ; is a 2! x 2! permutation matrix. Let 6; := (6o ;,61,,...,0t-1,5) :
F: — % represent this permutation, and let it act on wj, i.e. define wy ; :=
(0o, (w;), 01 ;(W;),...,0i—1;(w;)), where 0 j(w;) : F4 — Fy. Then

J
fj = (fjss€ F3), fis = qu(h&q) + 0q(Wg), (28)
q=0

where hg , = /\;ﬂHl Wo,p, P < j, Wo j+1 =8, and o, : F5 — Fy is arbitrary.

The action of ‘A” and ‘/\’, in the context of (28)), is simplified if, Vj, k, Wiy =
wjk OF Wi =wj + 1:

® wi, = wjyk, Vj,k:  From , if g; = gx, then g +b =g+ b. So the
action of ‘A’ on wj y becomes ‘+’, hg , =s+> 7 _ . wy,, and becomes

P=q+

J
fj = (fisr5 € F3), fis = qu(ha,q) + 0q(Wq)- (29)

q=0
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o wi, =wj,+1, Vjk  From , if gf = gr + 1, then g** +b = g. So

;Z;H Wp = Wqt1, hg g = Wo g41, and becomes
j—1

fj = (fis8 €F),  fis=Vi(s)0;(Wj)+ > ve(Wogr1)+04(Wy). (30)
q=0

¢ Consider, Yk, and one or more j,
Condition X: c;’k = cj,k—ka?d;yk =djr+a+laclF;= w;-"k =wj i+ 1.

If, wlog, one sets a = 0, then condition X implies that D; — C’;k =

—(Cjx + Dj,.), and Djj + C5y = Cj . — Dy, leading to factorisation
of the matrix in (20):

Cik+ D5y =Dy \ _ [ 11) [ G+ Djy 0
Dj,k—C;-"k Dj,k"‘c;’k —-11 0 Dj,k+C’;k
If, for fixed j, condition X holds Vk, 0 < k < t, then one can employ
permutations 7y; and 6; on the columns of the two matrix factors. Thus,

becomes

®t t—1
11 Ci+ D* 0
F; = P ® I gk Py iFj_
J (_1 1> Y,J st ( 0 Dj’k; _’_C;:k) 0,54 j—15

and, in Boolean terms, this extra permutation generalises v; to v, ; :=

(70.5(v5), 715 (V3)s -+ -1,5(V5)), where 75 = (Yo, V15 -5 Ve15)
F, — F% is a permutation, and 4 ;(v;) : F4 — Fy, and we obtain,

j—1

£ = (fj,srs € F3), fis = V%j(s)"'oj(wj)"'zVv,q(w97q+1)+0q(wq)a
q=0

(31)

where ; is the identity permutation Vj where condition X does not hold.

6.2 Derivation B

Let J = (1 i), I= (é;’), and let ejx = wjx + wj, + 1. For U some 2 x 2
unitary, let U, = @2y V), where V) = I, Vi # k, and V*) = U. From (25),

i—1 ont—1 j wpr 0 1
fj=v; + ng:o 2:0 ( ;]gzo < 8 w* > J (Hf:q—&-l erk) +I) Vq

p,k

i—1 —1 wpr 0 —1
=V + E;:O <I®t + ZZ:O ;:O ( 8 w* k) Jk ( f:qul er,k)) Vg
PR/ k
+ ()T + oo+ )Tk i + o () TR vy,
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where Hr g+16rk =0 and 1 for ¢ > p and ¢ = p—1, respectively. But JiJp vy =
Jka/Jk//Vq .= J®tv =0. So
j=1t—1 j p—1
f—qu+Z Z(wp’ > Jk(H er,k>v
q=0 q=0 k=0 p=0 k r=q+1
With re-arranging,
J t—1 w 0 p—1 p—1
:Z<VP+Z< g’kw* ) JkZ<H enk)vq).
p=0 k=0 Pk ) g=0 \r=g+1
Re-introduce more general O; and Py ; to (20). Abbreviate 6, x(w;) to 0, k,
and let eg . :=0r 1 + 07’% + 1. Then

J

t—1 9 0 p—1 / p—1
&
=3 (st + 3 (%0 ) A (L o))
p=0 k=0 b, k q=0 \r=g+1
is simplified if, Vj, k, W} = Wk O Wr = wjp + 1:

* J— . . .
® Wi, =wjk  ej) reduces to 1 and (32)) becomes

j t—1 p—1
f; = Z <Vp + op(wp) + Z Op.k Z(Cq,k + dq,k)) : (33)

p=0 k=0 q=0
° w;f’k = wj;i + 1: ejr reduces to 0 and 1 for 0 < j < p and j = p,
respectively, so @ ) becomes

t—1
f—VJ—i-Z(Opr +29, k(ep—1,k + dp— 1k)+cp 1k> (34)
p=0 k=0

¢ If condition X holds for one or more j, then v; becomes v, ;, and

j t—1
fj=vy;+ Z <OP(WP) + Z Op,k(Cyp—1k + dyp—1,8) + C%pl,k> :

p=0 k=0
(35)
where ; is the identity permutation Vj where condition X does not hold.

Equation pairs and (32), and (33), and (34), and and (35),
are all equivalent. In subsections and we assign these equations to
type-I, I, and III, as appropriate. To equate with , observe that

t—1

Up—1(Wp + ) = vp—1(s) Z“’pkcp Lkt dp—1k)-
k=0

To equate with , observe that
t—1

Up— lwp E wpkrcp 1k:+dp lkr)+cp 1,k-
k=0
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6.3 Type-I Boolean

From , the action of 4" on Cjx(y;x) = (—1)%+Wik) takes ¢; . to Gr =
¢je(ujr + 1). In general we cannot simplify and further but both
wi = wjk and wj, = wjr + 1 could occur as special cases, in which case
and or and are the constructions, respectively. Moreover, if
condition X holds for one or more j, then one can further generalise and
to and (33]), respectively. The special case where ¢;x = 0, dj, = x4, Vj, k,
allows for the application of or to generate the type-I complementary
set of size 2! first proposed in [9].

6.4 Type-II Boolean

From lj the +” has an identity action on Cjx(y;x) = (—1)%*Wr) 5o C*, =
Cjk and ¢} = ¢;p. Similarly for d; . So wj, = wj, and or is the

construction.

6.5 Type-11I Boolean

From , the action of *" on Cjx(y;x) = (—1)%+Mik) takes ¢, to i =
Cik + ik, where ljp =wjp -1 =2, + Ty 1+ + Ty tm, 1. Similarly
for dj . So wj i = w;‘,k =cjr +djr+ 1, and or is the construction.
The only difference between types II and III is the definition of w; k.

6.6 Comments on the closed-form Boolean expressions

The equivalent type-I expressions of and are also equivalent to that
previously stated in [16] and derived in [9], but the proof given here is more
concise, and demonstrating, via condition X, that both 6 and ~ permutations
are possible for type-I. We can characterise the Boolean A-pairs, i.e. t = 1, as
follows. From , with ¢ = 1, we obtain

foj = (cj +d})(foj—1+ frj—1) +¢j + foj-1,

frj = (cj +dj)(foj—1+ frj-1) +dj + fi-1, (36)

where, for types I, Il and IIL, ¢ = c¢;(u; + 1), ¢j = ¢;, and ¢ = ¢; + [;, re-
spectively, where [; = u; - 1. For type-IV in section 4} when C; and D; are both
eigenvectors (eigenarrays) of M, , Vj, then C7 = C; and D} = D;, Vj, which is
then the same as type-II. So one can, in that case, use the type-II pair construc-
tion. The papers [27128] examine the Rayleigh quotient of 2 x 2 X ... x 2 arrays
from the alphabet {1, —1}, being a special case of section {4} where M = H®™

and H = % (1 ] ) The matrix H®™ is the Walsh-Hadamard transform, and an
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eigenvector of H®™ with elements from {1, —1}, can be described by a Boolean

function, in which case it is called an (anti-)self-dual Boolean function. [28] gave
a secondary construction for a self-dual Boolean function in Theorem 4.9, and

that construction is the same as in the type-II case, i.e. the construction

of theorem 4.9 of [28] is a special case of the complementary pair construction.

It was this observation, amongst others, that motivated the generalisations of

this paper. Closed-form Boolean function constructions for complementary sets

of types II and III have also been given in [26], that overlap with the functions
constructed by and , but are not identical to them.
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