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Abstract

We argue that a Golay complementary sequence is naturally viewed as a projection of a multi-
dimensional Golay array. We present a three-stage process for constructing and enumerating
Golay array and sequence pairs:

1. construct suitable Golay array pairs from lower-dimensional Golay array pairs;
2. apply transformations to these Golay array pairs to generate a larger set of Golay array
pairs; and
3. take projections of the resulting Golay array pairs to lower dimensions.
This process greatly simplifies previous approaches, by separating the construction of Golay
arrays from the enumeration of all possible projections of these arrays to lower dimensions.
We use this process to construct and enumerate all 2"-phase Golay sequences of length 2™

obtainable under any known method, including all 4-phase Golay sequences obtainable from
the length 16 examples given in 2005 by Li and Chu [12].

1 Introduction

Golay complementary sequence pairs were introduced by Golay [8] in 1951. They have been applied
in diverse areas of digital information processing, including multislit spectrometry [8], optical time
domain reflectometry [14], and power control for multicarrier wireless transmission [4].

In 1999 Davis and Jedwab [4] gave an explicit algebraic normal form for a set of 2"-phase Golay
sequence pairs of length 2" demonstrating an unexpected connection with Reed-Muller codes.
For the next six years this was sufficient to describe all known 2"-phase Golay sequence pairs of
length 2. But in 2005 Li and Chu [12] discovered 1024 “non-standard” (not having this algebraic
normal form) 4-phase Golay sequences of length 16, by computer search. Although the origin of
these sequences was explained shortly afterwards by means of “cross-over” 4-phase Golay sequence
pairs of length 8 [6], the question as to which other non-standard Golay sequences of length 2™
could be derived from the cross-over pairs using known constructions proved more difficult. In 2006
the present authors explicitly derived new infinite families of such Golay sequences [7], but were
unable to determine explicitly the full generalisation of a key example [7, Example 6]. Furthermore,
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while the framework of constructions for Golay sequences presented in [7] simplifies many of the
previous approaches it is still rather cumbersome.

In this paper we demonstrate the power of the recently-introduced view [11] of a Golay sequence
pair as the “projection” of a multi-dimensional Golay array pair. While the paper [11] focussed on
determining whether at least one Golay array pair of a given size exists, particularly for the binary
case, this paper deals with the systematic construction and enumeration of a large set of distinct
Golay array pairs of a given size. Although Golay arrays have been previously studied by Liike [13]
and especially Dymond [5], and shown to be of use in coded imaging [15], it appears that for the
most part they have been ignored or else regarded as merely another generalisation of a familiar
combinatorial object.

We propose on the contrary that a Golay array, constructed in as many dimensions as possible,
is in fact the fundamental object of study, and that lower-dimensional Golay arrays (in particular
Golay sequences) should be regarded as derived objects! In particular, there is no real distinction
to be made between “interleaving” and “concatenation” constructions for Golay sequences (as
distinguished in [9, General Properties (9) and (10)] and [7, Lemmas 3 and 4], for example): the
two forms are just different projections of the same higher-dimensional construction.

We divide the construction of Golay sequence (and array) pairs into three stages, removing a
great deal of the complication of previous approaches. The first stage is to construct suitable Golay
array pairs from lower-dimensional Golay array (or sequence) pairs explicitly via repeated use of
a generalisation of Dymond’s construction [5]. The second stage is to enlarge the constructed set
of Golay array pairs by means of a simple transformation. The third stage is to take all possible
projections of the resulting Golay array pairs to lower dimensions, including to sequences.

We will illustrate the three-stage process by showing that all “standard” (as constructed in [4])
H-phase Golay sequence pairs of length 2™ can be derived from a single m-dimensional Golay
array pair that is constructed from Golay sequence pairs of length 1 in the first stage. We will then
determine and count the Golay array pairs with 2" elements arising from the same m-dimensional
array under projection to an intermediate number of dimensions between 1 and m. Finally we will
apply the three-stage process once more, using a combination of Golay sequence pairs of length 1
and cross-over 4-phase Golay sequence pairs of length 8 to construct the Golay array pairs of the
first stage. The projections to sequences give the desired full generalisation of [7, Example 6], and
include as special cases all previously known 4-phase Golay sequence pairs with 2™ elements.

The rest of the paper is organised as follows. Section 2 contains definitions and notation.
Section 3 introduces projection mappings for reducing the dimension of an array, and gives a
graphical means of tracking the effect of successive projections. Section 4 describes two methods
for constructing a Golay array pair from two other Golay array (or sequence) pairs, and gives
an explicit form for the result of applying the second method recursively. Section 5 defines a
transformation that generates a set of Golay array pairs from a single Golay array pair. Section 6
uses trivial input Golay array pairs in the explicit construction form, followed by the transformation,
and finally applies successive projection mappings in order to construct Golay array pairs in all
dimensions from 1 to m. Section 7 repeats this process but uses an arbitrary combination of trivial
and cross-over 4-phase Golay sequence pairs as inputs to the explicit form. This gives a concise
construction and enumeration of all 4-phase Golay array pairs with 2 elements obtainable under
any known method. Section 8 contains a summary of results.



2 Definitions and notation

We define an array of size s; X -+ X s, to be an r-dimensional matrix A = (Afiy,...,i,]) of
complex-valued entries, where i1, ...,1%, are integer, for which

Aliy, ... i, =0 if, for any k € {1,2,...,r}, ix <0 or iy > si.
In the case r =1, A = (A[i1]) is a length s; sequence. Call the set of array elements
{Ali1,...,i] | 0<ig < sy for all k}

the in-range entries of A. The energy of A is

e(A) = ) A, (1)
71 .
which equals the volume sy ---s, of Aif |Afi1,...,i]| =1 for all in-range entries of A.

Usually the in-range entries of A are constrained to lie in a small finite set S called the array
alphabet. Let ¢ denote exp(2my/—1/H) (a primitive H-th root of unity) for some H, where H
represents an even integer throughout the paper. If S = {1,¢£,¢2,... 6771} then A is an H-
phase array. Particular cases of interest are the binary case H = 2, for which S = {1, —1}, and the
quaternary case H = 4, for which S = {1,\/—1,—1, —/—1}. If S = Zy then A is an array over Zy.

The in-range entries of an s; X - - - x s, H-phase array A = (A[i1,...,4,]) can be represented in the
form

glvirl .= Aliy,... i), where each aliy,...,i,] € Zy. (2)
We say that the s; x --- x s, array (ali1,...,4,]) given by (2) is the array over Zy corresponding

to A. (Here and elsewhere, in defining the elements of an array of a stated size, the definition
implicitly applies only to the in-range entries.) We will consistently use lower-case letters for
arrays over Zy and upper-case letters for complex-valued arrays; the same letter (for example a
and A) will indicate that the arrays correspond.

The aperiodic autocorrelation function of an s1X- - - X s, complex-valued array A = (Afi1, ..., iy])
is given by

Calug,...,up) = Z...ZA[il, ooy ip)AliL +ur, .0y +uy for integer ug, ... up,  (3)
i i

where bar represents complex conjugation. The aperiodic autocorrelation function of an array
over Zjy is that of the corresponding H-phase array. An s1 X --- X s, Golay array pair is a pair of
81 X -+- X &, arrays A and B for which

Ca(ut,...,up) +Cp(ut,...,uy) =0 forall (ug,...,u,) # (0,...,0).

An array A is called a Golay array if it forms a Golay array pair with some array B. The standard
Golay sequence pairs of length 2™ over Zy are those given in Corollary 10.

The generating function corresponding to the complex-valued array (A[i1,...,,]) is the poly-
nomial

Alyty .. yr) = Z---ZA[il, . ,ir]yil .-yl in indeterminates (y1,...,y,) # (0,...,0)
i i

(where we distinguish the generating function from the complex-valued array by means of round
brackets instead of square brackets). The generating function and energy of an array over Zy are
those of the corresponding H-phase array. Straightforward manipulation shows that

Aoy Al ) =YY Calu, o u )yt -y,
U1 Up
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from which it follows that A = (A[i1,...,i]) and B = (Bli1,...,%]) form an s; x --- x s, Golay
array pair if and only if

A(yl,...,yr)A(yfl,...,yfl)+B(y1,...,yr)B(yf1,...,y;l) is constant for all (y1,...,y,), (4)

and if (4) holds then the value of the constant is €(.A) + €(B), from (1) and (3).
Given a complex-valued sy X -+ X s, array A = (Aliy,...,4,]), define A* = (A*[i1,...,iy]) to
be the s1 X - -+ X s, array given by

A i, .. iy == Als1 — 1 —d1,..., 8, — 1 — ;] forall (i1,...,%,). (5)

It is easy to show that the generating functions of A and A* are related by

-1 — — —
A*(yl)”'ayr):yigl yi lA(yl 1)"'5?/1” 1)5 (6)
and that their aperiodic autocorrelation functions are identical. The corresponding array (a*[i1, . .., i,])
over Zy is given by
a*lit,...,i| =—a[s1 —1—1d1,...,8, — 1 —1i,] forall (i1,...,1). (7)

Since addition of a constant in Zg to all elements of an array over Zy does not change its aperiodic
autocorrelation function, all arrays in the set

E(A) = {(a[i1, ..., i) +¢) | c € Zgy U{(a"[i1s ... i) +¢) | c € Zy}

(which has H elements if (a*[i1,...,4,]) = (a[i1,... ;] + ¢) for some ¢ € Zy, and 2H elements
otherwise) have identical aperiodic autocorrelation function. Therefore, if (A, B) is an s1 X -+ X 8,
Golay array pair over Zy then so is every element of F(A) x E(B).

It is possible that two arrays A, A’ over Zg of the same size have identical aperiodic auto-
correlation function, even though F(A) # E(A’). In this case we say that the pair (A, .A") has
the shared autocorrelation property. Suppose that (A, B) and (A, B') are Golay array pairs, where
E(A) # E(A’) and E(B) # E(B'). If the pair (A, A’) has the shared autocorrelation property,
then so does the pair (B, B’); and moreover (A, B’) and (A’, B) both form Golay array pairs by a
“cross-over” of their autocorrelation functions, as illustrated in Figure 1.

The only known examples of cross-over Golay sequence pairs of length 2™ over Zsn occur for
m = 3 and h = 2. For example, the sequences [0,0,0,2,0,0,2,0] and [0,1,1,2,0,3,3,2] form a
length 8 cross-over Golay pair over Z,4. All 512 ordered cross-over Golay sequence pairs of length 8
over Z4 can be derived from this pair, as shown in Theorem 12. Moreover the existence of the 1024
non-standard length 16 Golay sequences over Z,4 found by Li and Chu [12] can be explained in
terms of these length 8 cross-over pairs [6]. The study of which other non-standard Golay sequence
pairs of length 2™ can be constructed from the length 8 cross-over pairs under known constructions
was begun in [6], continued in [7], and is completed in this paper.

3 Projection of arrays to lower dimensions

In this section we describe projection mappings that reduce the dimension of an array, and give a
graph-theoretic means of tracking the effect of successive projections. The importance of projection
mappings is that they preserve the Golay array property.

We firstly define a mapping 112 from the set of s; x --- x s, arrays (where r > 2) to the set
of 5189 X 83 X -+ X s, arrays. Given an s1 X --- X s, complex-valued array A = (Aliy,...,i,]), the
mapping 1 2(A) is the array (B[i,3,...,1,]) given by

B[il —I-Sliz,ig,...,ir] = A[il,.. . ,ir] for all (i1,...,ir). (8)
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Figure 1: Cross-over of autocorrelation functions for Golay pairs (A, B) and (A’, B), where E(A) #
E(A") and E(B) # E(B)

For distinct j, k € {1,...,r}, the array 1; 1.(A) is given similarly by removing the array argument i,
and replacing the array argument iy, by i;+s;i,. For example, if A = (A[i1, 42,143, 14]) is an 8x5x7x6
array over Zg then ¢ 3(A) = (Bliz,i,14]) is the 5 x 56 x 6 array over Zg given by

B[iz,il + 8i3,i4] = A[il,ig,ig,id for 0<i1 <8, 0<1i5<5,0<i3<7,0<1i4<6,
and 14 2(A) = (Ci1,1,13]) is the 8 x 30 x 7 array over Zg given by
C[il,i4 +6’L'2,Z'3] = A[il,iQ,ig,i4] for 0<i1<8,0<193<5,0<i3<7,0<1iy<6.

We can interpret the action of v, on an array as replacing the s; x s;, “slice” of the array formed
from dimensions j and k by the sequence obtained when the elements of the slice are listed column
by column. The definition of v;; holds without modification for an array over Zpy because the
mapping changes the locations but not the values of array elements. We call ¥, 1(A) a projection
of the array A (from r to r — 1 dimensions), and call 1)} a projection mapping that joins index j
to index k.

The reason for our interest in projection mappings is that they preserve the Golay array prop-
erty:

Theorem 1 (Jedwab and Parker [11, Theorem 11]). For integer v > 2, suppose that A and B
form an s1 x --- x s, Golay array pair over an alphabet S. Then 1o 1(A) and 121(B) form an
5182 X 83 X +++ X 8. Golay array pair over S.

The 8 x 30 x 7 array (C|[i1,1,13]) described above can instead be represented as the 8 x 7 x 30
array (C'[i1,13,1]), where

C'liv,is,i] = Cliv,i,i3] for 0<i; <8,0<i<30,0<i3<7,

by reordering dimensions. However we do not consider arrays obtained by reordering dimensions to
be distinct: they are different formal representations of the same object. By reordering dimensions
in Theorem 1 we see that the arrays 1;(A) and ;,(B) also form a Golay array pair, for any
distinct j, k € {1,...,r}.



We wish to apply successive projection mappings to a given r-dimensional array. In order to
keep track of their effect, we represent the array indices by vertices 1,...,r of a directed graph
and represent successive projection mappings by arcs between vertices (according to the original
index labellings). For example, suppose that three successive projection mappings applied to a
2 X 2 X 2 x 2 array join index 4 to index 3, then the original index 1 to the original index 2, and
finally the joined indices 4 and 3 to the joined indices 1 and 2. The corresponding graph on four
vertices 1, 2, 3, and 4 has an arc from vertex 4 to vertex 3, an arc from vertex 1 to vertex 2, and
an arc from vertex 3 (the final vertex of the path from vertex 4 to vertex 3) to vertex 1 (the initial
vertex of the path from vertex 1 to vertex 2):

4 3
[ ] [ ]

1 2
— [ ] °

— & —>

(9)
The same graph would be obtained by joining index 4 to 3, then joining these joined indices
to index 1, and then joining these joined indices to index 2. Algebraically, this equivalence is a
consequence of the equality of the array arguments (i4 +2i3) +4(i1 +2i2) and ((i4 + 2i3) +44;) + 8ia.

In general, the graph representing the successive application of j projection mappings to an
r-dimensional array comprises 7 vertices and a set of disjoint directed paths, each representing a
set of joined indices; the total length of all paths is j. Applying a further projection mapping
joins the final vertex of the path representing a first set of joined indices to the initial vertex of
the path representing a second set of joined indices. Proposition 2 shows that the projected array
corresponding to such a graph does not depend on the order in which arcs are added (as already
suggested with reference to (9)). In particular, the sequence obtained by applying r — 1 successive
projection mappings to a given r-dimensional array is completely described by a directed path of

the form
o(l)  o(2) o(r)
e — e — ... — e
for some permutation o of {1,...,7}.
Proposition 2. Let (Afi1,...,i.]) be an $1X- - -X s, array over an alphabet S, let o be a permutation

of {1,...,r}, and let j be an integer satisfying 0 < j < r—1. Then the application to (Alii,...,ir))
of any j successive projection mappings whose corresponding graph is

o) 0@ oli#D) o(G+2) o)

— & —

results in the projected array (Bli,ig(j12);---»ia(r)]) of size (Hf;ll sg(k)> X Sg(j42) X ** X Sg(r)
over S given by

B['Ulia(l) + -+ ’Uj+1/l:o—(j+1), io(j+2)7 e ia(r)] = A[il, e ’L'T] for all (il, . ,ir), (10)
where v; := [} Se(ky (and vy :=1).

Proof. The proof is by induction on j. The base case j = 0 holds trivially; assume all cases up to

j—1 hold. The graph representing the first j — 1 projection mappings of case j must have the form

o(l)  o(2) o(f) ot+1) o(f+2) o(j+1) o(j+2)  a(r)
[ ] [ ] [ ] [ s

o — — e — e — e — .. — °

for some integer ¢ satisfying 1 < ¢ < j. Regard this graph as arising from the composition of two
sequences of projection mappings, the first corresponding to the path o(1) — o(2) — -+ — o(¥)
and the second corresponding to the path o({+1) — 0(£+2) — --- — o(j +1). By the inductive



. . P . . ¢ i1
hypothesis, the projected array (C[i, 7, iy(j42),- - - »%q(r)]) of size (szl sa(k)) X (Hf;gﬂ sg(k)) X
So(j4+2) X =+ X S4(;) corresponding to the composition mapping then satisfies

Cl(vitgy + - 4 Vo)) » (Wer1ioer1) + -+ + Wit1lo(j41)) > lo(j42) - - - lo(r))
= Ali1, ... iy forall (i1,...,4), (11)

where w; := HZ_:IZH So(k) = Vi/ H£:1 So(k) (and weyq := 1), by the definition of v;. The array
(Bliyig(j4+2)s - - -+ io(r)]) now results from application of the projection mapping ¢4 1 (using the
original index labellings). Therefore (8) and (11) imply (10), since

¢
(v1ig(1y + -+ + Veio(e) + (H Sa(k)> (Wertig@esny + -+ + Wittio(jr1)) = Viie() +- +Vjt1i(j41)-
k=1

This establishes case j and completes the induction. O

We have shown that the application of a sequence of projection mappings to a given r-
dimensional array can be completely described by a graph G on r vertices comprising a set of
disjoint directed paths: repeated application of Proposition 2 (once for each directed path) shows
that the corresponding projected array is independent of the sequence of projection mappings that
leads to G.

4 Construction of Golay array pairs

In this section we generalise Dymond’s construction [5] for a binary Golay array pair from two
other binary Golay array pairs, and derive a second construction from it. We apply this second
construction recursively, producing an explicit form for the resulting Golay array pair over Zpg.
This will be the main construction theorem in later sections.

We begin with Dymond’s construction theorem for binary Golay array pairs, which is a gen-
eralisation to multiple dimensions of Turyn’s 1974 composition theorem [19, Lemma 5] for binary
Golay sequence pairs:

Theorem 3 (Dymond [5, Theorem 4.24]). Let ® represent the Kronecker product of arrays. Sup-
pose that A and B form an sy X---x s, binary Golay array pair, and that C and D form aty x---xt,
binary Golay array pair (where any of the si and ty can take the value 1). Then the arrays

C+D C-D
s (S57) +8s (57).

s (C57) -pe (57

form an sty X -+ X 8.t binary Golay array pair.

Write 1(") to represent 1 x --- x 1, in which r copies of 1 appear, and likewise write n(") to
represent the corresponding expression with r copies of any positive integer n. Consider specialising
Theorem 3 to the case where A and B have size s; X -+ x s, x 1, and C and D have size
1" Xt X -+ X t,, so that the Kronecker product simplifies to the tensor product. (We do not lose
anything by this specialisation: Theorem 3 can be recovered by setting v = r and then applying
Theorem 1 to the resulting binary Golay array pair of size s1 X -+ - X s, Xt1 X - - - X ¢, in order to give
an sit; X - -+ x syt binary Golay array pair.) Now generalise this tensor product construction from
binary to H-phase input arrays, adding a condition on C and D to ensure that the constructed
arrays are also H-phase arrays:



Theorem 4. Abbreviate i1, ..., and j1,...,J, to 1 and j respectively, and abbreviate s1 X --- X s,
and t; X -+ X t, to s and t respectively. Suppose that (A[i]) and (B[i]) form an H-phase Golay
array pair of size s. Suppose that (C[j]) and (D][j]) form an H-phase Golay array pair of size t
and that

for each j, either C[j] = D[j] or C[j] = —DIj]. (12)
Then the H-phase arrays (F[i,J]) and (G[t,J]) of size s x t given by

Flidli= A (5P gy (U5 2H)

gl = Al (U gy (CULEL)

(13)

form a Golay array pair.

Proof. The arrays (F[¢,j]) and (G[i, j]) have size s x t by construction, and are H-phase arrays
by condition (12). We will show that they form a Golay array pair, modelling the proof on the
generating function approach of [5, Theorem 4.24].

Abbreviate y1,...,y, and z1,...,2, to y and z respectively, and abbreviate ;" L y ! and
1 and z7! respectively. From (13) we obtain the generating function equations

2F(y,z) = A(y)(C(2) + D(2)) + B(y)(C(2) — D(2)),
2G(y,2z) = A(y)(C*(2) - D*(2)) — B(y)(C"(2) + D*(2))

4tz (Al (CE D -DE) - B) (CE N +DE D)) .

—1 1 —
Z] .02y tOy

by (6). Straightforward manipulation then shows that, for all (y, z),
Fly, 2)F(yT,21) + Gy, 2)Gly T, 2 7)
1
5 (AW AW ) + BBy ™) (C(x)C=1) + D()DE 1),

which is constant by (4). Therefore (F[¢, j]) and (G]i, j]) form a Golay array pair, by (4). O

Theorem 4 produces an H-phase Golay array pair of size s x t from H-phase Golay array pairs
of size s and t, subject to the condition (12) on the input pair of size t. We now use Theorem 4
to derive an alternative construction which does not require this condition to hold, but instead
produces an H-phase Golay array pair of size s X t X 2 from the same input array pairs:

Theorem 5. Abbreviate iy, ..., and j1,...,Jy to 1 and J respectively, and abbreviate s1 X - - - X s,
and t; X -+ X t, to s and t respectively. Suppose that (A[i]) and (B[i]) form an H-phase Golay
array pair of size s, and that (C[j]) and (D][j]) form an H-phase Golay array pair of size t. Then
the H-phase arrays (F[i,7,z]) and (G[3,J,x]) of size s X t x 2 given by

form a Golay array pair. The corresponding arrays over Zy can be represented as
Plidval = (07 + ] ali = lg]Jo + ol + ]
(15)

ol doal = (ali + dlg) i) =l + 3 )+ 0] + <l



Proof. We construct (F[i,7,x]) and (G[i, 7, x]) as an H-phase Golay array pair by two applications
of Theorem 4.

Since (B*[]) has the same aperiodic autocorrelation function as (B]i]), we see that (A[¢]) and
(B*[3]) form a Golay array pair of size s. Apply Theorem 4, taking the input ((A[z]), (B]2])) to
be the Golay array pair ((A[z]), (B*[Z])) of size s, and the input ((C[j]), (D[j])) to be the Golay
array pair ([1,1],[1, —1]) of size 2 that satisfies (12). This produces an H-phase Golay array pair
((F'[¢,2]), (G'[2,x])) of size s x 2 given by

F'i,0 == A[i],  F'[i,1] .= B*[i],
G'li,0] == A[i],  G'[i,1] == —B*[i].

Now apply Theorem 4 a second time, taking the input ((A[z]), (B]i])) to be the Golay array pair
((C[g]), (D[g])) of size t, and the input ((C[7]), (D[j])) to be the Golay array pair ((F'[z, z]), (G'[3, z]))
of size s x 2 that satisfies (12). Writing F'[i, 2] := A[§](1 — x) + B*[i]x, we see from (5) that
F™[i,x] = A*[i]x + B[t](1 — z), and similarly G™*[¢,x] = A*[i]x — B[i](1 — z). Therefore this second
application of Theorem 4 produces the H-phase Golay array pair ((F[s,7,z]), (G]i,7,x])) of size
s X t x 2 given in (14), as claimed.

From (14), the arrays over Zg corresponding to (F'[¢,j,x]) and (G]i, 7, z]) are defined by

f[6,3,0] == alt] +clg],  [fli,5,1] := b"[¢] + d[5],
gli, 3,00 :==0li] + clg],  glé,3,1] = a”[d] + d[5] + H/2,
and these definitions can be represented in the form (15), as claimed. t

Example 6. The length 8 sequences (ali]) := [0,0,0,2,0,0,2,0] and (bz]) := [2,1,1,0,2,3,3,0]
over Zy form a (cross-over) Golay sequence pair, and likewise so do the length 8 sequences (c[j]) :=
[0,0,0,2,0,0,2,0] and (d[j]) :=[2,3,3,0,2,1,1,0]. Apply Theorem 5 with H =4 and s =t =8 to
obtain the 8 x 8 x 2 Golay array pair

0002002 0] 233021107
00020020 30013221
00020020 30013221
oo ll22202202 0112033 2
el =110 00200 2 0 23302110 :
000200 20 12231003
2220220 2 12231003
(0000 20020] o0 (00112033 2] o
i (afd]+<lj) (b= [i]-+dj]) -
721102 33 07 00200200 07
21102330 13113111
21102330 13113111
o llos3 320112 202202 2 2
WD =119 1102 3 3 0 02002000 :
21102330 31331333
0332011 2 3133133 3
(2110233 0] a0 (202202 2 2] o1
! (®lil+<li]) (a*[i]+d[j]+2)

where the horizontal and vertical direction of each 8 x 8 array corresponds to the array arguments
i and j respectively. Project this Golay array pair to a length 128 Golay sequence pair over Zg
by joining index 2 to index 1 to index 3: for each array of the pair this corresponds to listing the



elements of both 8 X 8 arrays in turn, column by column. The resulting sequence pair is precisely
that of [7, Example 6].

We now apply Theorem 5 recursively to obtain the main construction theorem of the paper.

Theorem 7. Let m > 1 be an integer and abbreviate x1,...,xy, to x; for k = 0,1,...,m, ab-
breviate i1, ..., lky, 10 1 and Sp1 X -+ X Sy, to Si. Suppose that (ax[ig]) and (bg[éx]) form a
Golay array pair of size sy over Ly, for k =0,1,...,m. Then the arrays (fmlto, ..., tm,x]) and
(gm0, - - &m,x]) of size Sg X -+ X Sy X 2(M) over Zy given by
fmlto, -y m, ] =
m—1 H
S (anli + aili] — uli] i) + 5 ) s +
k=1
m m
> (Bioalina] + bxlir] — an—1[ik1] — arlén]) mr + Y arlinl,
k=1 k=0
gm[i07 ey ima w} = f;n[7’07 ey ima w} + E‘Th
form a Golay array pair, where f),[40, ..., %m, ] iS fm[to, ..., im, 2] with aglio], bo[io] interchanged

and with ajligl, bi[io] interchanged.

Proof. For ease of presentation we will suppress the dependence of each a; and b, on %, writing

fi = (b8+b1—a0—a1)m1+ao+a1, (16)

g = (ag+bi—byp—a1+ H/2)z1 + by + ai, (17)

fm = f1+2€k, (18)
k=2

gm = G+ ek (19)
k=2

where
er = (ag—1+aj_1—bp—1—bj_1+H/2)xp_12+ (bj_1 +bp —ar—1—ar)xr+ap for 2 <k <m. (20)
We firstly prove by induction on m that
g, — fm = (am +a), — by, — b}, + H/2)x), + by, — ayy + (mmod 2)H /2 for m > 1. (21)
The array (c[io,x1]) := (ao[io]z1) satisfies ¢*[ig, z1] = a§[io](1 — z1) by (7), so from (16) and (17)
we find
gi—fi = (ap+b]—=by—al+H/2)(1 —21)+b)+a] — (b5 + b1 —ao —a1)x1 —ap — ax
= (a1 —FGT —b1 —bT +H/2){E1 —{—b}{ — a1 —|—H/2,
which is the base case m = 1 of (21). For m > 2, assume that (21) holds up to m — 1. By (18),
(19) and (20),
g:n —fm = g;kn—l — fm—1 +€:<n —€m
= g1~ 1+ (@me1 +ah_ —bmo1 — b5+ H/2)(1 — 1) (1 — )
+ (b1 + b5 — a1 — a3,) (1 = @) + @y — (@m—1 + @y — b1 — by + H/2) 2 12m
- (b:n_l + bm — Qm—-1 — am)xm — Qm
= (g:n—l = fm—1 = (@m—1+ ay, 4 — b1 — b1 + H/Q)xm—l)
+ (am +ay, — b — by, + H/2)xp, + ayp—1 — @y, — by, + 0}, + H/2.

10



Applying the inductive hypothesis to the bracketed expression involving g, _; — fim—1 gives (21),
completing the induction.
Furthermore, writing f — gm = — (g5, — fm)", it follows from (21) that

I = 9m = Gny — fn + H/2 for m > 1. (22)

We now prove by induction on m that f,,, and g,, form a Golay array pair of size s X - - - X 8, x 2(™)
for m > 1, making use of (21) and (22). The base case m = 1 is given by applying Theorem 5, taking
the input ((a[é]), (b[Z])) to be the Golay array pair (ag,bo) of size so and the input ((c[4]), (d[5]))
to be the Golay array pair (a1, by) of size s1. For m > 2, assume by the inductive hypothesis that
fm—1 and gm,—1 form a Golay array pair. Apply Theorem 5, taking ((a[z]), (b[¢])) to be (fm—1,gm—1)
of size 89 X - -+ X 81 x 2™~V and ((c[4]), (d[])) to be (am, (b + (1+m mod 2)H/2)) of size s,
to yield a Golay pair (f,g) of size so X --- X 8y, x 2™, (The second pair inherits the Golay
property from the array pair (am,bp), since (by[tn]) and (by[im] + ¢) have identical aperiodic
autocorrelation functions for any constant ¢ € Zg.) Then from (15) and (21) we have

= fm1 = [9;71_fm—1+bm—am+(1+mmod 2)H/2} T + G,
= [(am_1 +ar 1 —bpo1—b 1+ H/2)Tpm1+ b — am—1+ by — am} T + Gm
= em
by (20). Therefore f = f,,, by (18). Similarly
J—GJm-1 = [f,fl_l — gm—1 + b, — @y, + (m mod 2)H/2] Tm + Qm

= em

using (22), and so g = g, by (19). Therefore f,, and g, form a Golay array pair of size sg X - -+ x
Sm x 2™ completing the induction. 0

Theorem 7 can take any Golay array pairs as inputs, but it is sufficient for our purposes to
restrict the inputs to be Golay sequence pairs, either trivial pairs (of length 1) or cross-over pairs
of length 8 over Zj4.

5 Affine Offsets

Theorem 7 constructs a Golay array pair from m + 1 smaller Golay array pairs, which is the first
stage of the three-stage construction process of the paper. We now show that, by taking “affine
offsets”, we can generate a set of Golay array pairs from a single Golay array pair. This generalises
[6, Corollary 2] to multiple dimensions, and is the second stage of the process.

Lemma 8. Suppose that ((ali1,. .., ir]), (bli1,...,ir])) is an s1 X -+ X 8, Golay array pair over Zy .
Then the affine offset

<<a[i1...,ir]+26kik+eo> , (b[il...,ir]—f—zekik—l-eé))

k=1 k=1
is also an s1 X --- x s, Golay array pair over Ly, for all e, eq, €1, ... e, € Zy.
Proof. Let £ denote exp(2mv/—1/H) (a primitive H-th root of unity), and let A, B, A" and B’ be

the complex-valued arrays corresponding to the four given arrays over Zg, in the order in which
they are mentioned. Fix (u1,...,u,) # (0,...,0). By the definition of aperiodic autocorrelation,

Culuy,... u) = E .. E ga[ih---,ir}-l-zzzl ekik+€0€a[i1+u1,.A.,iTJruT}JrZ};:l ex (i +ug)+eo
11 i

= 57 ZZ=1 ekUkCA(u17 cee )UT)a

11



and the same relation holds when A" and A are replaced by B’ and B respectively. Therefore

[

C_A’(Ul,...,ur)+CB/(U1,..-,UT) = g_zk 1ekuk(CA(u17"'aur)+CB(u1>"'7u7‘))
0,

since A, B form a Golay pair. Therefore A’, B’ form a Golay pair. O

6 Golay array pairs of volume 2" from trivial Golay sequence pairs

In this section we construct a single m-dimensional Golay array pair from m + 1 trivial input
Golay array pairs using Theorem 7, and take affine offsets using Lemma 8. The third stage of the
three-stage construction process is then to project these array pairs to lower dimensions.

We begin with a special case of this process, in which we consider just the projection to se-
quences. We will see in Corollary 10 that this recovers the “standard” Golay sequence pairs of
length 2™ given in [4].

Theorem 9. Let m > 1 be integer and let e, ep,e1,...,em € Zy. For any permutation © of
{1,...,m}, the sequences (a[z]) and (b[z]) of length 2™ over Zg given by

H m—1 m
a[tm + 2Tpmq + -+ 277 y] = 5 Z Tr(k)Tr(kt1) T Z ekTr(k) T €0,
k:11 k=1
H & “ H
blxm + 2Tm_1 + -+ 2’"*1:61] = 5 Tr(k)Tr(k41) T Z €kTr(k) + 66 + 5%(1)
k=1 k=1

for all (x1,...,xy) € Z5

form a Golay sequence pair.
As e, €ep,€1,...,em and T Tange over all their possible values, the number of Golay sequences
of length 2™ over Zy of this form is

H™Mml/2 form > 1
H? form =1,

and the corresponding number of ordered Golay sequence pairs is at least H™ 2m)

Proof. We construct the Golay sequence pair ((a[z]), (b[x])) according to the three-stage process.

Stage 1. Apply Theorem 7, taking each of the input pairs ((ax[ig]), (bx[tr])) for £ =0,1,...,m
to be the trivial length 1 Golay pair ([0], [0]) over Zg. This gives a Golay array pair of size
1™+ 5 2(M) gyer Zy. By removing all dimensions equalling 1 we can write this as a Golay
array pair ((f'[z1,...,2m)), (¢'[z1,. .., Tm])) of size 2™ over Zj, where

el
e, yxm] = 5 Z LeLk+1,

= for all (21,...,2m) € Z5.
g/[fUl, ,l‘m] = g TETr+1 + %xl

k=1

12



Stage 2. Apply Lemma 8 with = m to show that the affine offset ((f[z1,...,2m]), (9[T1,...,2m]))
is a Golay array pair of size 2™ over Zp, where

H m—1 m
flz1, - xm] = 5 Z TpTht1 + Zekxk + eo,
" 7]2:711 k;l " for all (z1,...,zy) € Z5".
g1, .. Ty = 5 TpTht1 +Z€k$k+€6+ 5 o1
k=1 k=1
(23)
Stage 3. Apply m — 1 successive projection mappings to the m-dimensional arrays (f[z1,...,Zm])
and (g[z1,...,zn]), where the associated directed graph G on m vertices is
7 lm) 7 Ym-—-1) 71(1)
[ ] _— [ —— e — 'Y
(see Section 3). By Proposition 2 withr = m, j = m—1, and s, = 2and (k) = 7~} (m+1—k)

)
for 1 < k < m, the resulting sequences of length 2™ over Zy are (a’[z]) and (b'[z]), where

a' [T =1 () + 281 () F o+ 2™ = flz1, ... 20,
/[ Hom) HmD) . o) flo | for all (z1,...,xm) € Z3".
b [1'7r71(m) + 21‘7T71(m_1) + -4 2m .’IJW—I(I)} = glr1,. .., T

These forms are equivalent to

a[Tm 4+ 2Tm_1+ -+ 2" ] = fleeay,.. ., ,
/[ " mel . 1 Jax (m)] for all (z1,...,2y) € 2T,
b [:Em +2Tpm1 -+ 2™ :L‘l] = g[xﬂ(l)’ s axw(m)}
so that (a’[z]) = (alz]) and (b'[z]) = (b[z]) by (23). Furthermore, by Theorem 1, (a’[z])
and (V'[z]) form a Golay sequence pair since (f[z1,...,2zn]) and (g[z1,...,zy]) form a Golay
array pair.
It remains to determine the sequence and sequence pair counts, as e, €, €1,..., e, € Zyg
and 7w range over all their possible values. For m = 1 we have a[z1] := ejz1 + e and blx4] :=

(e1 + H/2)x1 + e, giving H 2 distinct Golay sequences and H? ordered Golay sequence pairs, as
required. For the rest of the proof, take m > 1.
Each permutation 7 corresponds to a unique projection graph G. Consider the multiset S of

Golay sequences obtained under projection, as (eq,e1,...,en) and G range over their H™ 1m!
values. Observe that f[z1,...,x,,] is invariant under the mapping
T = Tr1—k and ex — €11 for 1 <k <m, (24)

and that this mapping relabels each vertex k of G as m + 1 — k to give a distinct projection
graph G’ (in which all arc directions are reversed). Therefore the projected sequence obtained
from (eg,e1,...,6n,) and G is the same as the projected sequence obtained from (eg, ey, ..., €1)
and G’, so the multiplicity of each sequence in S is 2. (This multiplicity is exact, rather than
a lower bound, because by Proposition 2 two projected sequences in S are identical only if their
unprojected m-dimensional arrays are identical under reordering of dimensions, and the only non-
identity permutation mapping of the xp and e under which fxi,...,x,,] is invariant is (24).)
Therefore the number of distinct Golay sequences in S is H™ 1m!/2.
For given (eq, e1,. .., en), thearray (f[z1,...,zy]) forms a Golay sequence pair with (g[z1, ..., Tn])

for any of H values of ¢ € Zy. Furthermore, f[z1,...,zy] is invariant under the mapping (24)

13



but glz1,...,zy] maps to g[z1,...,zn] + %(:L‘l + x,,), which is distinct from g[z1,...,zy,] for
any e(, € Zpg because m > 1. Therefore each distinct m-dimensional array (f[z1,...,zy]) forms
an ordered Golay array pair with at least 2H other arrays. By applying the same sequence of
projection mappings to any such pair we see that the number of ordered Golay sequence pairs
of length 2™ over Zy is at least 2H times the corresponding number of distinct Golay sequences
(using Proposition 2 to rule out the possibility that two distinct m-dimensional array pairs project
to the same sequence pair in S), namely 2H - H™im!/2 = H™+2m) O

In the language of Section 2, the final paragraph of the proof of Theorem 9 shows that |E(A)| =
2H for each constructed Golay sequence A = (a[z]). The use of “at least” in the final sentence of
the proof is required, because two such sequences could have the shared autocorrelation property
(as do the sequence pairs of Theorem 12).

Now the algebraic normal form of a sequence (f[z]) of length 2™ over Zp is the unique function
f(x1,... ) ZY — Zpg satistying

F (@ Bm) = Flim + 20m1 + -+ 27 y] for all (21,33, ..., 5m) € ZE

(The sequences [0,0,0,0,1,1,1,1], [0,0,1,1,0,0,1,1], and [0,1,0,1,0,1,0,1] of length 8 over Zg
have algebraic normal form x1, xs, and x3 respectively; note some authors use a different labelling
convention for these sequences.) The algebraic normal form of the Golay sequence pair (alz])
and (b[z]) of Theorem 9 is immediate, as stated in Corollary 10; the case H = 2" of this corollary
was given by Davis and Jedwab [4, Theorem 3], and Paterson [17] showed that the case H # 2"
holds without modification to the construction in [4]:

Corollary 10. Let m > 1 be integer and let ej, eq, €1, ... ,em € Zy. For any permutation © of
{1,...,m}, the sequences of length 2™ over Zy having algebraic normal form
H m—1 m
a(xl, . ,mm) = 5 Tr(k)Tr(k-+1) + Z €kTr(k) + €o,
k:ll k=1
H'& i H
b(xl, R ,a:m) = 5 Lo (k) T (k+1) + Z €kTr (k) + 66 + ?a:,r(l)
k=1 k=1

form a Golay sequence pair, called a standard Golay sequence pair in [7].

(In general, let (a[z]) be a sequence of length 2™ over Z g, obtained from an array (f[z1,. .., Zm))
of size 2(™) over Zg by applying m — 1 successive projection mappings. Stage 3 of the proof of The-
orem 9, together with Corollary 10, illustrates how to find the algebraic normal form a(z1, ..., zm,)
of (alx]): interpret the array arguments z1,...,x,, as variables of the algebraic normal form, and
represent the projection mappings using a permutation 7.)

Theorem 9 deals with the special case in which the m-dimensional Golay array pair (23) is
projected to 1 dimension. We now extend the argument used in Stage 3 of the proof of Theorem 9,
in order to describe the projection to j dimensions for any j satisfying 1 < j < m. (In Theorem 11,
0! takes its usual value 1, and the binomial coefficient (:) for integer r and ¢ is 1 for ¢ = 0 and is 0
for nonzero i > r.)

Theorem 11. Let m and j be integers satisfying m > 1 and 1 < j < m. The number of j-
dimensional Golay arrays of volume 2™ over Zy that can be derived from affine offsets and pro-
jection mappings, after taking all input array pairs in Theorem 7 to be trivial, is

1

5 (Hmﬂnm,j(m) + H(m/2'|+1tm7j(m)) ’
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and the corresponding number of ordered Golay array pairs is at least 2H times this number, where

ni(m) = zv<7j) (mZ_l) fori >0,

{ nisa(lm/2]) - 2/2 for i even,
tl(m) =
0 for i odd.

Proof. From Stage 2 of the proof of Theorem 9, the arrays (f[z1,...,zy]) and (g[z1,...,Zn]) of
size 2(™) over Zy given by

H m— m
f[xl, .. ,xm] = 5 Z TpThy1 + Zekxk + e,
o 7’;:_11 k=1 i for all (z1,...,2m) € ZY
glry, ..., o] = 5 k$k+1+zekﬂﬁk+€6+§x1
k=1 k=1
form a Golay array pair, for any choice of affine offset variables e, eg, €1, ..., em € Zy. Let Gi(m)

be the set of all graphs comprising m distinguished vertices and ¢ arcs arranged as disjoint directed
paths. Consider applying any m — j successive projection mappings to the m-dimensional Golay
array (f[xi,...,zm]). Each resulting j-dimensional array of volume 2™ over Zy is a Golay array
by Theorem 1, and can be represented by the pair ((eg, e1,...,em), G) for some G € G,,,—j(m) (see
Section 3).

Let S be the multiset of j-dimensional Golay arrays arising in this way, as ((eg, €1, ..., emn), G)
ranges over all H™1|Gyy,—;(m)| values in Z5+" x Gy,—;(m). We now show that each array in S
occurs with multiplicity 1 or 2. As before, f[z1,...,zy] is invariant under the mapping

Tk = Tmy1—k and eg — ey for 1 <k <m.

For a given G € Gp,—;j(m), let G’ € Gp—j(m) be the graph obtained by relabelling each vertex k
asm+1—k, for 1 <k < m. Since this relabelling corresponds to the mapping xx — Zpt1—k,
we see that the array represented by the pair ((eg,e1,...,€n),G) is the same as the array repre-
sented by the pair ((eg, ém, - -.,€1), G’). The multiplicity in S of the array represented by the pair
((eo,e1,...,em),G) is therefore 1 if

(€1, em) = (em,...,e1) and G = G, (25)

and 2 otherwise. (These multiplicities are exact, by a similar argument to that used in the proof
of Theorem 9.)

We claim firstly that |G;(m)| = n;(m), so that the total number of pairs ((ep, €1, ...,em),G) €
ZH X G j(m) is H™ 'y, j(m). We claim secondly that the number of G' € G;(m) satisfying
G = G'is t;(m), so that the number of pairs ((eg, e1, . . . , em), G) satisfying (25) is HI™/2141¢, . (m).
It follows that the number of distinct arrays in S (each of which is a j-dimensional Golay array of
volume 2™ over Zp) is

% (Hmﬂnm,j(m) o H[m/QHltm,j(m)) + H[m/ﬂﬂtm,j(m),
as required. The corresponding number of ordered Golay array pairs is at least 2H times this
number, by a similar argument to that used in the proof of Theorem 9 (replacing “sequence of
length 2™” by “j-dimensional array of volume 2™”).

For the first claim, each graph in G;(m) has exactly m distinguished vertices and i arcs arranged
as disjoint directed paths. Consider enumerating the graphs in G;(m) by choosing i of the m vertices
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to have an outgoing arc and then assigning to each of these 7 arcs in turn any destination vertex
that has no incoming arc so that no loop or cycle is created. This gives |G;(m)| = (') (m —1)(m —
2)---(m — i) = n;(m), establishing the first claim.

For the second claim, each graph G € G;(m) satisfying G = G’ has i arcs that are arranged in
pairs joining vertex ki to ko and vertex m+ 1 — k1 to m+ 1 — ko. If 7 is odd then clearly there are
no such graphs, so take i to be even. In the case that m is odd, vertex (m + 1)/2 cannot have any
incoming or outgoing arc. We can therefore enumerate all such graphs as follows:

1. choose a graph in G/5(|m/2]) on the first [m/2] vertices (where |[m /2] > 1 since m > 1);

2. for each of the i/2 arcs of this graph independently, choose to leave the destination vertex k
unchanged or to replace it by m + 1 — k, so that each arc now joins a vertex k1 < |m/2] to
a vertex ko;

3. for each arc joining a vertex k1 < [m/2] to a vertex ko, add the arc joining vertex m + 1 — k;
tom —+ 1 — ko.

The total number of such graphs is therefore n;/o([m/2]) - 2i/2 = t;(m) for i even, establishing the
second claim. O

In the sequence case j = 1, the counts in Theorem 11 for m > 1 match those in Theorem 9
(noting that t,,—1(m) = 0 for m > 1, reflecting the fact that no graph G € G,,—1(m) satisfies
G = G’ for m > 1). We can obtain explicit forms for the j-dimensional Golay array pairs counted
in Theorem 11, by representing each graph G € G,—j(m) using a permutation ¢ and applying
Proposition 2 to the array pair (23). The Golay array count given in Theorem 11 has been verified
computationally for 3<m <6 and 1 < j <m.

7 Golay array pairs from length 8 cross-over pairs over Z,

In this section we use Theorem 7 to obtain Golay array pairs of length 2" over Z,. that are
different from those counted in Theorem 11. Since Theorem 7 captures the result of applying a
construction method (Theorem 5) recursively, we require at least one input Golay array pair of
length 2™ over Z,n not contained in Theorem 11. The only source of such array pairs currently
known is the 512 cross-over Golay sequence pairs of length 8 over Z4:

Theorem 12 (Fiedler and Jedwab [6]). Each of the sequence pairs in the set
P:={(AB), (AB), (A"B), (A".B"), (B,A), (B,A"), (B"A), (B"A")}
s a cross-over Golay sequence pair of length 8 over Zy, where

A = [0,0,0,2,0,0,2,0],
B = [0,1,1,2,0,3,3,2].

All 512 ordered cross-over Golay sequence pairs of length 8 over Zy occur as affine offsets of the 8
pairs in P, using Lemma 8.

Theorem 12 simplifies the results of [6], showing how 4 - 42 = 64 standard Golay sequences give
rise to 8 - 43 = 512 non-standard Golay sequence pairs. In Theorem 14 we will take ¢ > 1 of the
m+1 input Golay array pairs for Theorem 7 to be from the set P, and the rest of the input pairs to
be trivial. In preparation, we show that certain related input arrays for Theorem 7 lead to related
output arrays; the proof consists of straightforward algebraic manipulation.
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Lemma 13. Let the output array (fm) of Theorem 7 for the input Golay array pairs

((ak[ix]), (bk[ik])) for k=0,1,...,m
be (hmltos - -y emy X1, ..., Tm]). Then the output array (fm) of Theorem 7 for the input Golay array

pairs
((amfk[imfk])v (brn_k[szk])) fOT‘ k= 07 17 L
18 (hm[’to, PN ,’im,l'm, PN ,:L'l]).

Theorem 14. Let m, j and c be integers satisfyingm > 1 and 1 <c<m+1andl1<j<m+ec.
The number of j-dimensional Golay arrays of volume 8°2™ over Z4 that can be derived from affine
offsets and projection mappings, after taking c of the m + 1 input array pairs in Theorem 7 to be
from the set P of Theorem 12 and the remaining m + 1 — ¢ input array pairs to be trivial, is

1 1 2
2 Km : >804m+0+1nm+c—j (m+c)+ (DZ//2 1) 82T o j(m+0)|

and the corresponding number of ordered Golay array pairs is at least 8 times this number, where

ni(m) = z'(T) <m;1> fori >0,

{ nia(lm/2]) - 272 for i even,
tl' (m) =
0 for i odd.

Proof.

Stage 1. The sequence of Golay array pairs (ag, bo), - - . (am, by) used as input to Theorem 7 is de-
termined by the indices k of the ¢ non-trivial array pairs, and by which of the 8 possible values
in P each non-trivial array pair takes. Therefore the number of allowed values for this se-
quence of pairs is (mjl)SC. Apply Theorem 7 to any of these choices of input array pairs, then
remove any dimensions equalling 1 and relabel the remaining array arguments iy as i1,..., .
in order to give a Golay array pair ((f'[i1,... %, %15+, Zm)), (§'[t1, -+ icy @1, .., Tm])) of
size 8(9) x 2(M) gyer Zy.

Stage 2. For any choice of affine offset variables ef), €}, ... €., ep,e1,...,€m € Z4, apply Lemma 8
with 7 = m+c to give the Golay array pair ((f[i1, ... ic, 1,y Tm]), (g[i1s - -y ic, 1, -y Tm])),
where

(& m
f[il,...,z'c,xl,...,a:m] = f’[il,...,ic,xl,...,xm]—i—Zeﬁcik—i—Zekxk—Feo,
kil k;l (26)
Glit, - yie, T1y. ey T] = g/[i1,---,ic,$1,---,$m]+Z€;€ik+zekxk+€{)
k=1 k=1
for all (i1,...,0c, @1,...,%m) € Z§ X Z5".

Stage 3. Define G;(m) as in the proof of Theorem 11, recalling that |G;(m)| = n;(m) and that, for
m > 1, t;(m) is the number of graphs in G;(m) that are invariant under the vertex relabelling
k— m+1—Fkfor 1 <k < m. Consider applying any p := m + ¢ — j successive projection
mappings to the (m + ¢)-dimensional Golay array (f[i1,..., e *1,...,2Zn]). Each resulting
j-dimensional array of volume 8°2™ over Z,4 is a Golay array by Theorem 1, and can be
represented by the triple

(((a0sb0), - -+ (Am, b)), (1, ... el e, €1y ...y em), G) (27)

for some G € G,(m+ c), where we label the vertices of G(m+c) as x1,..., 2y, and i1, ... ic.
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Let S be the multiset of j-dimensional Golay arrays arising in this way, as the triple (27) ranges
over all its

m+1
< . )86 . 4m+0+1np(m + C) (28)

allowed values. By Lemma 13, f'[i1,...,%c, X1,..., &) is invariant under the mapping

(ag,br) = (am—g, b, ;) for 0 <k <m; i +—idcp1—p for 1 <k <c
T = Tmy1—k for 1 <k <m

(where the given mapping of the relabelled array arguments i1, ...,i. is equivalent to the map-
ping “ix — iy for 0 < k < m” for the original array arguments ig,...,4y). Therefore
flity .- yic, @1, ..., Xy is invariant under the mapping

(ak; ) = (@m—k, b}, ;) for 0 <k <m; ip i pand ey e, for 1 <k<g

Tk = Tma1—k and e — e for 1 <k <m,

and (by reference to the proof of Theorem 9) under no other non-identity permutation mapping of
the xy, ey, ip and e). Therefore the multiplicity in S of the array represented by the triple (27)

is 1if
((@0,b0); - - - (Amy b)) = ((@m, b%,), - - -, (ag, b)) and }

(29)
(e),...,ele1,....em) = (e, ....€,em,...,e1) and G = G,

and 2 otherwise, where G’ € Gp(m + ¢) is the graph obtained from G under the vertex relabelling
T = Ty g for 1<k <m; i —iepqg for 1 <k <ec. (30)
We claim that the number of triples (27) satisfying (29) is

0 for ¢ odd,

(“Z//;W) 8c/24[m/21+0/2+1tp(m +c¢) for c even.

Since the total number of allowed triples (27) is given by (28), and p = m + ¢ — j, the number
of distinct arrays in S (each of which is a j-dimensional Golay array of volume 8°2™ over Zyj) is
then as required. The corresponding number of ordered Golay array pairs is at least 8 times this
number, by a similar argument to that used in the proof of Theorems 9 and 11.

To prove the claim, note that the first equality of (29) forces the indices of the ¢ non-trivial
array pairs taken from the set P to occur in pairs {k,m — k} (where k # m/2 for m even,
since no array pair (a,b) from the set P satisfies b = b*). Therefore when ¢ is odd there are no
triples (27) satisfying (29). We therefore take ¢ to be even, and determine the required number of
triples (27) as the product of three terms, one for each of the equalities in (29). The number of
allowed sequences ((ag, by), - - ., (am,bm)) satisfying the first equality of (29) is ([T/g])SC/ 2 which
gives the first term. The number of (m + ¢ + 1)-tuples (e},..., €., eo, €1, ..., €n) satisfying the
second equality of (29) is 4Im/21+¢/2+1  which gives the second term. For the third term, relabel
the vertices i1,...,4c/2, %1, -, Tm,icj241, - - -, ic Of the graph G € Gp(m+c) as 1,...,m+cin that
order. The mapping (30) then becomes

k—m+c+1—Fk forl<k<m+ec,

and so the number of graphs G € Gp(m + ¢) satisfying G = G’ is t,(m + ¢), which gives the third
term of the product. Multiplication of these three terms establishes the claim. O
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We can obtain explicit forms for the j-dimensional Golay array pairs counted in Theorem 14, by
representing the graph G € Gp1.—j(m+c) using a permutation o and applying Proposition 2 to the
array pair (26); this array pair can itself be obtained explicitly by substituting the input Golay array
pairs (a, bg) taken from the set P into Theorem 7. The Golay array count given in Theorem 14 has
been verified computationally for 1 < j < m + ¢, where (m,c) € {(1,1),(2,1),(3,1),(1,2),(2,2)}.

The case j = 1 of Theorem 14, giving Golay sequence pairs, is of particular interest:

Corollary 15. Let m and c be integers satisfying m > 1 and 1 < ¢ < m + 1. The number of
(non-standard) Golay sequences of length 23 over Zy that can be derived from affine offsets and
projection mappings, after taking c of the m + 1 input array pairs in Theorem 7 to be from the
set P of Theorem 12 and the remaining m + 1 — ¢ input array pairs to be trivial, is

22m+5c+1 <m + 1> (m + C)!,
C

and the corresponding number of ordered Golay sequence pairs is at least 8 times this number.

The case ¢ = 1 of Corollary 15 gives a count of 227+6(m + 1)(m + 1)! non-standard Golay
sequences over Z4 and at least 22719 (m+1)(m+1)! non-standard Golay pairs over Zg, in agreement
with [7, Corollary 11]. The subcase of the case ¢ = 1, in which the single cross-over Golay sequence
pair is either the input (ag,bp) or the input (am, by,) of Theorem 7, is related to the constructions
for “near-complementary” sequences given by Parker and Tellambura [16, Theorem 6] and Schmidt
[18, Theorem 7] (see [7, Section 8] for details).

We can combine the counts for Golay sequences and Golay sequence pairs given in Theorem 9
and Corollary 15:

Corollary 16. Let n > 3 be an integer. There are at least

L(n+1)/4]
Z 22nfc+1 <n 3c+ 1> (n o 26)'
C
c=0

Golay sequences of length 2™ over Z4, and at least 8 times this number of Golay sequence pairs of
length 2™ over Z,4.

Proof. Write n = m+ 3¢, where m and ¢ are any integers satisfying m > 1 and 0 < ¢ < m+1 (and
m > 3 if ¢ = 0). There are 227~ ¢+1 (”_?’CCH) (n — 2¢)! Golay sequences of length 2" over Z4, and at
least 8 times as many Golay sequence pairs: use Corollary 15 for ¢ > 1, and Theorem 9 for ¢ = 0.
We claim that any two Golay sequences arising from different values of ¢ and ¢’ are distinct. The
required lower bound on the number of Golay sequences and Golay sequence pairs then follows by
summing over the allowed values of ¢, noting that n = m+3¢ > (¢— 1) + 3¢ = 4¢ — 1; the condition
m =n — 3c > 1 imposes an extra constraint only when n = 3, which is excluded.

It remains to prove the claim. Let F = (f[i1,...,ic, Z1,...,2Tm]) be a Golay array of size
8(9) % 2(m) gver Z,, obtained by taking exactly ¢ > 0 of the m + 1 input array pairs in Theorem 7
to be from the set P of Theorem 12 and the others to be trivial, followed by addition of an affine
offset (as described in (26) for ¢ > 1 and in (23) for ¢ = 0). Similarly let G be a Golay array of
size 8(¢) x 2(m) over Z, formed by taking exactly ¢’ of m/ + 1 input array pairs in Theorem 7 to
be from the set P and the others to be trivial, where ¢ > ¢ and n = m + 3¢ = m’ + 3¢.

Suppose, for a contradiction, that the same Golay sequence of length 2" is obtained under
projection from F and under projection from G. It follows from Proposition 2 that G can be
obtained from F by applying 2(¢’ — ¢) successive projection mappings. Set r := 3(¢/ — ¢ — 1) and
reorder dimensions so that we can write G = (g[i1, ..., 0, Triq, ..., Tm]), where by Proposition 2

glit, .. yic,dx1 +2x0 423, . oo A% 1 + 2810+ Tyt 3, Tpgdy e ooy Tn) = [li1ye oy le, T1ye vy ). (31)
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Now Theorem 7 associates an input array pair (ag,by) with array arguments iy and xj (prior to
removal of any dimensions equalling 1 and subsequent relabelling of the ix). In the construction
of G from Theorem 7, let the array argument ¢ := 4x1 + 222 + x3 be associated with an input array
pair (a,b) € P and the array argument z;, where j > r + 4. Write g[i, z;] for the 8 x 2 array
obtained from g[i1,...,%¢, Tyri4,-..,Tm] by setting all of the iy except i to 0, and all of the zy
except z; to 0. From Theorem 7 and (26) we have

gli,z;] = (bli] — ali]))z; + ali] + €'i+ ejzj+ep for 0 <i<8and 0 <zj; <2
for some affine offset variables €', ej, eg, so that
gli, 1] — g[i, 0] = b[i] — a[i] +e; for 0 <i < 8. (32)

Now let flx1,xa, 23, ;] be the 2 X 2 x 2 x 2 array obtained from f[i1,...,ic, Z1,...,Zy] by setting
all of the ij to 0, and all of the x) except 1, x2, 23, z; to 0. By (31),

gldx1 + 229 + x3, xj] = ?[3?1, 2,3, xj]

and so

gz, + 29 + 23, 1] — gldzy + 229 + 23,0] = flz1, x2, 23, 1] — flz1, 22, 23,0].
But the left hand side is quadratic in 1, 22 and x3 for any cross-over pair (a,b) € P (as can
easily be verified from (32) and the algebraic normal forms given in [7, Theorem 2]), whereas the
right hand side is linear in x1, 9 and z3 (by examination of Theorem 7). This gives the required
contradiction. O

The smallest value of n for which the minimum Golay sequence count in Corollary 16 exceeds
the previously known minimum count [7, Table 1] is n = 7, for which the value ¢ = 2 gives an
additional 24 - 3! Golay sequences. The minimum Golay sequence and sequence pair counts in
Corollary 16 are known by exhaustive search to be exact for lengths 2, 4, 8 and 16, but it is not
currently known whether they are exact for larger lengths of the form 2.

8 Summary

We have argued that the natural viewpoint for a Golay complementary sequence is as a projection
of a multi-dimensional Golay array. We have given a greatly simplified and completely elementary
process for constructing Golay array and sequence pairs:

1. construct suitable Golay array pairs from lower-dimensional Golay array pairs using Theo-
rem 7;

2. take affine offsets of these Golay array pairs using Lemma 8; and

3. take projections of the resulting Golay array pairs to lower dimensions, using a directed graph
representation and Proposition 2.

We have used this process to construct new infinite families of Golay sequences of length 2™
over Z4. All Golay arrays and sequences of volume 2" over Z,. obtainable under any known
method can be constructed in this way (see Theorems 11 and 14). In particular we have found the
full generalisation of [7, Example 6] that was sought in [7].

Howard, Calderbank and Moran [10] have recently given an alternative explanation for the
existence of binary Golay sequences of length 2™ in terms of the (2m 4+ 1)-dimensional discrete
Heisenberg-Weyl group over the field Zs. Although this makes a connection between such Golay
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sequences and higher-dimensional structures, it does not mention Golay arrays, does not construct
new Golay sequences, and is restricted to a binary alphabet. Our methods relate m-dimensional
Golay arrays to Golay arrays of all lower dimensions, apply to any alphabet Zy (where H is
necessarily even), and construct and enumerate infinite new families of Golay array and sequence
pairs.

We can also now answer a question posed in [6]: why do standard Golay sequences of length 2™
over Zp occur as complete cosets of the first-order Reed-Muller code (that is, their algebraic normal
form in the variables x1,...,z,, contains a term Y ;" | exx) + €o for arbitrary ey € Zp), whereas
the non-standard examples of Li and Chu [12] and their derived Golay sequences do not? The
structural explanation sought in [6] is found in the form of the inputs to Theorem 7. We have
seen in Theorem 9 and Corollary 10 that standard Golay sequence pairs can be constructed from
trivial input array pairs, and that the affine offsets provided by Lemma 8 give complete first-order
cosets under the mapping to algebraic normal form. In contrast, the known non-standard pairs are
constructed from at least one cross-over Golay sequence pair of length 8 over Z4, which crucially
cannot be represented as a 2 x 2 x 2 (or even 4 x 2) Golay array. Application of Lemma 8, followed
by the mapping to algebraic normal form, then gives an incomplete subset of the first-order Reed-
Muller code.

The algebraic normal form of any length 8 sequence is expressed using three Zs variables, and it
is easy to check from [7, Theorem 2] that, for any cross-over Golay sequence pair (a,b) of length 8
given in Theorem 12, the expression a4+ a* —b— b* is linear in these three variables. It follows from
the form of Theorem 7 that all the non-standard Golay sequences counted in Corollary 15 (which
are constructed using Theorem 7) have a cubic algebraic normal form. However, even in the case
¢ = 1, this algebraic normal form is unwieldy (and rather uninformative) when written explicitly,
as seen in [7, Theorem 10].

We conclude with some open questions:

1. How can the three-stage construction process of this paper be used to simplify or extend
known results on the construction of Golay sequences in other contexts, such as 16-QAM
modulation [1], a ternary alphabet {1,0,—1} [3], or quaternary sequences whose length is
not a power of 2 [2]?

2. What underlies the shared autocorrelation property that gives rise to the length 8 quaternary
cross-over Golay sequence pairs of Theorem 127 Are there further examples of Golay pairs of
length 2™ over Zoyrn having the shared autocorrelation property? If so, this would allow the
construction of further infinite families of non-standard Golay sequences and pairs via a new
cross-over of autocorrelation functions.
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