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Abstract

A linear code is a normed vector space, using the Hamming norm,
where the norm of a codeword usually is calledthe weight. Weights of
codewords is essential for the code’s performance in many applications,
and the minimum weightd and the weight enumeratorAi are well-known
parameters.

In recent years, we have seen the weight concept being generalised
to support weights of subcodes, and a number of new parameters have
been introduced. In this thesis we will look at some of these parame-
ters, namely the weight hierarchy, the support weight distribution, and
the greedy weights, for certain classes of codes.

Projective multisets form an equivalent language describing linear codes,
proving particularly useful for studying weight structure. Basically we
take the columns of some generator matrix, counting multiplicities. All
our results are described in this language.
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Støttevekter i lineære kodar og projektive
multimengder

Samandrag

Ein lineær kode er eit normert vektorrom med hammingnormen. Nor-
men til eit kodeord vert òg kallavektatil kodeordet, og desse vektene er
uvurderlege for å avgjera yteevna til koden. Minstevektad og vektenu-
meratorenAi er dei mest kjende måla.

Dei siste åra har me sett at vektomgrepet er utvida. Me kan tala om
vekta til ein vilkårleg underkode, og slik har me fått ein rekkje nye og
interessante parametrar. I avhandlingan skal me drøfta dei viktigaste av
desse parametrane, nemleg vekthierarkiet (Wei 1991), støttevektforde-
linga (Helleseth et al. 1977) og grådigvektene (Cohen et al. 1998).

Projektive multimengder dannar eit likeverdig språk for å skildra line-
ære kodar, og det har vist seg svært nyttig i arbeidet med høgare vektar
og vert nytta gjennom heile avhandlinga. I utgangspunktet tek me søy-
lene frå ein generatormatrise for å danna multimengda som svarer til ein
gjeven kode. I ei multimengd kan eit og same element vera medlem fleire
gonger.

Nykkelord

vekthierarki, støttevektfordeling, grådigvekter, projektive multimengder,
produktkodar, duale kodar, kjedeføresetnaden
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1 Introduction

1.1 Higher weights

A linear code is a normed space and the weights (or norms) of codewords are crucial
for the code’s performance. In basic text books, we encounter two different param-
eters describing the weight structure of a code, the minimum weight and the weight
enumerator.

The concept of weights can be generalised to subcodes or even arbitrary subsets
of the code. This is often called higher weights, and the common name for classic and
higher weights is support weights, support sizes, or just ‘weights’ for short. In recent
years, we have seen an increased interest in higher weights. One of the key papers
is [Wei91], where Wei defined therth generalised Hamming weight to be the least
weight of ar-dimensional subcode. After Wei’s work, we have seen many attempts
to determine the generalised Hamming weights for different classes of codes.

Weights are alpha and omega for codes. Yet we know very little about the weight
structure of most useful codes. The generalised Hamming weights give some infor-
mation, and several practical applications are known. Still they do not fully answer
all our questions.

One practical application of the generalised Hamming weights is to determine
the trellis complexity of the code. Fujiwara et al. [FKLT93] first found this relation.
Forney [For94b] discussed the relation in more detail and introduced the ordered and
the inverse ordered dimension/length profiles to determine the trellis complexity. It
was evident that the generalised Hamming weights could only give lower bounds on
this complexity in the general case. Recently, Chen and Coffey [CC01] used Forney’s
results to find optimal bit orderings of some self-dual codes.

Several other parameters describing weights of subcodes have been introduced,
and they can perhaps contribute to understanding the structure of linear codes. The
support weight distribution appeared as early as 1977 by [HKM77]. They found that
the weight enumerator of certain infinite classes of irreducible cyclic codes could be
computed from the support weight distribution of one code.

Other interesting parameters are related to chaining of subcodes with minimum
weights. Codes satisfying the chain condition [WY93] appear to behave more nicely,
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at least with respect to weight hierarchies of product codes. The double chain con-
dition from [For94a] was introduced in the research of trellis complexity. Chen and
Kløve have introduced certain sub-chain conditions, which they use to classify codes
in a series of papers, e.g. [CK97a, CK96, CK99b]. Cohen, Encheva, and Zémor
[CEZ99] have introduced a new set of parameters, which we will call CEZ weights,
and they used them to prove that almost all codes violate the chain condition. In-
spired by the CEZ weights, Chen and Kløve [CK01a, CK99a] have introduced the
greedy weights.

1.2 Projective Multisets

We will Consider a linear [n,k] codeC. We usually define a linear code by giv-
ing the generator matrixG. The rows ofG make a basis forC, and as such they
are much studied. Many works consider the columns instead. This gives rise to the
projective multisets[DS98]. The weight hierarchy is easily recognised in this rep-
resentation [HKY92, TV95]. Other terms for projective multisets include projective
systems [TV95] and value assignments [CK97a].

The relationship between projective multisets and linear codes was known as early
as 1956, by Slepian [Sle56] using the term ‘modular representation’. In the special
case of projective codes, i.e. where no column ofG is proportional to another column,
the projective multiset becomes a regular set. Familiar configurations in combinatorial
geometry turn out to correspond to certain special classes of codes. For instance, MDS
codes correspond to arcs in the projective space. There are numerous papers on this
and similar relations. A recent example is new, optimal binary and ternary codes
found through caps inPG(8,2) andPG(8,3) [CS01].

The great advantage of projective multisets is that they do not depend on the coor-
dinate system. Codes, on the other hand, depends heavily on the coordinate system,
as the coordinates determine the weights. Therefore the projective multiset approach
has proved very useful in the study of generalised Hamming weights. Problems which
appear as hard in terms of linear codes may be easy in terms of projective multisets,
e.g. determining the weight hierarchy of product codes [Sch00].

There are at least two ways to develope the correspondence between codes and
multisets. Most coding theorists will probably just take the columns of some generator
matrix (e.g. [HKY92, CK97a]). Some mathematicians (e.g. [DS98, TV95]) develope
the projective multisets abstractly. They take the elements to be the coordinate forms
onC

(c1, c2, . . . , cn) 7→ ci, 1≤ i ≤ n,

and get a multiset on the dual space ofC (this is not the dual code). Hence their
argument does not depend on the (non-unique) generator matrix ofC.





1.3. Overview

We will thoroughly attempt to develope both descriptions of the relation, and ex-
plain the connections between them.

1.3 Overview

This thesis is roughly composed of three projects: extremal non-chain codes, duality,
and product codes, and it includes three published and three submitted papers, as
well as five conference talks. Terminology and notation have changed between the
published papers, following different practices from the literature. In the thesis, I
attempt to make one unified and consistent discourse, causing virtually every part of
the thesis to differ more or less from previous texts.

The first project, on extremal non-chain codes in Chapters 3 through 7, fits into
a series of papers by my supervisor Torleiv Kløve and his coauthor Wende Chen
[CK97a, CK96, CK99b], where they classify possible weight hierarchies in dimen-
sion 4 with respect to the subchain conditions. Extremal non-chain codes is one of
the extreme classes in this classification, and we will discover general bounds on their
weight hierarchies in arbitrary dimension. Moreover, we present optimal construc-
tions for any characteristic in dimension 5, and odd characteristic in dimension 6.

The main results on extremal non-chain codes was presented at ISIT 2000 and
have been published as full papers:

1. ‘Upper bounds on weight hierarchies of extremal non-chain codes’, [Sch01c],
Discrete Mathematics, vol. 241 pp. 449–469 (Tverberg Anniversary volume)
2001.

2. ISIT 2000 in Sorrento, Italy: ‘Projective Systems and Higher Weights’,Proc.
IEEE Intern. Symp. Inform. Theory, 2001 p. 255.

The six-dimensional construction in Chapter 5 is new and has never been published.
The second project, on duality, is concerned with a relation between a linear code

and the projective multiset corresponding to its dual. From this starting point, three
problems are attacked. Chapter 9, about subchain conditions and duality, has not been
published. The results on greedy weights in Chapter 10 was presented at AAECC-14
in Melbourne, Australia 2001 and published as a full article in the proceedings. The
third work, Chapter 11 on support weight distributions, has been submitted.

3. ‘Duality and greedy weights for linear codes and projective multisets’ [Sch01a],
Proceedings of AAECC-14, Springer Lecture Notes in Computer Science vol.
2227 pp. 92–101, Springer-Verlag 2001.

4. ‘Duality and support weight distributions’. Submitted toIEEE Trans. Inform.
Theory2001.





Chapter 1. Introduction

The third project is based on the relation between product codes and the Segre
embedding of two projective multisets. The first result was a proof of the Wei-Yang
conjecture [WY93], which was published in

5. ‘The weight hierarchy of product code’ [Sch00],IEEE Trans. Inform. Theory
volume 46, Nov. 2001, pp. 2648–2651.

A second proof of this conjecture was found a little later by Conchita Martínez-Pérez
and Wolfgang Willems, inspiring a joint project generalising the previous results. This
work has lead to one paper and two conference talks:

6. with Conchita Martínez-Pérez and Wolfgang Willems: ‘On the weight hierar-
chies of product codes. The Wei-Yang Conjecture and more’. In Daniel Augot,
editor, Workshop on Coding and Cryptography, January 2001, pp. 373–379.
(Survey.)

7. with Wolfgang Willems: ‘A lower bound for the weight hierarchy of product
codes and projective multisets’,Proc. IEEE Intern. Symp. Inform. Theory,
2001, p. 59, Washington DC, US. (Talk by Wolfgang Willems.)

8. with Wolfgang Willems: ‘A lower bound for the weight hierarchies of product
codes’, Submitted to Discrete Applied Mathematics 2001 for a special issue for
WCC 2001.

The original proof of the Wei-Yang Conjecture (from item no. 5) is omitted from the
thesis. Instead we include the more general proof introduced in item no. 8. Chapter 12
thus comprise the preliminaries from item no. 5, the proof and improvements of the
Wei-Yang Conjecture from item no. 8, and some special cases from item no. 5.

The last work under this third project (Chapter 13) concerns the greedy weights
of product codes, presented at ISIT 2001 and submitted for publication:

9. ‘A lower bound on the greedy weights of product codes’,Proc. IEEE Intern.
Symp. Inform. Theory, 2001 p. 120, Washington DC, US.

10. ‘A lower bound for the greedy weights of product codes’. Submitted toDesigns,
Codes, and Cryptography, 2001.





2 Preliminaries

This entire thesis will concern linear block codes. Whenever we talk about codes, we
will always mean linear block codes. Basically, an [n,k] codeC is ak-dimensional
subspace of somen-dimensional vector spaceV.

2.1 Vectors, Codes, and Multisets

A multiset is a collection of elements which are not necessarily distinct. More for-
mally, we define a multisetγ on a setS as a map

γ : S → {0,1,2, . . .}.

The numberγ(s) is the number of occurrences ofs in the collectionγ. The mapγ is
always extended to the power set ofS,

γ(S ′) =
∑

s∈S ′
γ(s), ∀S ′ ⊆ S.

The numberγ(s), wheres ∈ S or s ⊆ S, is called the value ofs. The size ofγ
is the valueγ(S). We will be concerned with multisets of vectors and multisets of
projective points (projective multisets). We will always keep the informal view ofγ
as a collection in mind.

We consider a fixed finite fieldGF(q) with q elements. A message word is ak-
tuple overGF(q), while a codeword is ann-tuple overGF(q). LetM be a vector space
of dimensionk (the message space), andV a vector space of dimensionn (the channel
space). The generator matrixG gives a linear, injective transformationG : M→V,
and the codeC is simply the image underG.

As vector spaces,M andC are clearly isomorphic. For every message wordm,
there is a unique codewordc= mG.

A codeword (c1, c2, . . . , cn) = mG is given by the valueci in each coordinate po-
sition i. If we know m, we obtain this value as the inner product ofm and theith
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columngi of G, i.e.

ci = gi ·m =
k
∑

j=1

mjgi,j, (2.1)

where

gi = (gi,1,gi,2, . . . ,gi,k),

m = (m1,m2, . . . ,mk).

The columnsgi are elements ofM. These vectors are not necessarily distinct, so they
make a multiset

γ̄C : M→ {0,1,2, . . .}.

Two codes are said to be permutation equivalent if one is obtained from the other
by reordering the columns of the generator matrix. We note that ¯γC definesC up to
permutation equivalence.

Example 2.1
LetC be the[7,4] Hamming code. The message spaceM has dimension4, while the
channel spaceV has dimension 7. A generator matrix is

G =









1 0 0 0 1 1 0
0 1 0 0 1 0 1
0 0 1 0 0 1 1
0 0 0 1 1 1 1









.

The corresponding vector multisetγ̄C contains the vectors

(1000), (0100), (0010), (0001), (1101), (1011), (0111).

The first symbol of a codeword is determined by the first vector,(1000). For the
message(0110), the first encoded symbol isc1 = (0110)· (1000)= 0. In fact, the
corresponding codeword isc= (0110)G = (0110110).

A codeC is said to be degenerate if there is an all-zero column in the generator
matrix, otherwise it is non-degenerate. It is customary to assume that all codes are
non-degenerate, and it is convenient because it allows us to pass from vector multisets
to projective multisets. Still, all the results in the thesis are valid for degenerate codes
as well.

There is a second type of equivalence for codes, described by replacing columns
in the generator matrix by proportional columns. Thus we can consider the vectors of
γ̄C as projective points, to obtain a multisetγC on the projective spaceP(M), andγC
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also defines the code up to equivalence. Since there is no all-zero point inP(M), we
assume thatC in non-degenerate. We will alternately consider ¯γC andγC , according
to what is most convenient for the analysis.

A projective multisetγ on PG(k−1, q) is said to be degenerate if there is a hy-
perplaneΠ 5 PG(k − 1, q) such thatγ(Π) = γ(PG(k − 1, q)). Otherwise it is non-
degenerate. A degenerate projective multiset onPG(k − 1, q) defines a code of di-
mension strictly less thank. Non-degenerate vector multisets are defined in a similar
way. In the sequel, we assume that all vector multisets and projective multisets are
non-degenerate.

We say that two multisets ¯γ and γ̄ ′ onM are equivalent if ¯γ ′ = γ̄ ◦φ for some
automorphismφ onM. Such an automorphism is given byφ : g 7→ gA whereA
is a square matrix of full rank. Replacing all thegi by giA in (2.1) is equivalent to
replacingm by Am. In other words, equivalent multisets give different encoding,
but they give the same code. This equivalence concept carries over to the projective
multisetγC in an obvious way. This is an important observation, because it implies
that the coordinate systems onM andP(M) are not essential.

Now we seek a way to represent the elements ofγC as vectors ofV. Let bi be
theith coordinate vector ofV, that is the vector with 1 in positioni and 0 in all other
positions. The set of all coordinate vectors is denoted by

B := {b1,b2, . . . ,bn}.

If we know the codewordc corresponding tom, theith coordinate positionci is given
as the inner product ofbi andc.

ci = bi ·c=
n
∑

j=1

cjbi,j, (2.2)

where

bi = (bi,1, bi,2, . . . , bi,k),

c= (c1, c2, . . . , ck).

We note thatbi takes the role ofgi, andc takes the role ofm from (2.1).
However,bi is not the only vector ofV with this property. In fact, for any vector

c′ ∈ C⊥, we have (bi + c′) · c = ci. Therefore, we can consider the vectorbi as the
cosetbi +C⊥ of C⊥. The set of such cosets is usually denotedV/C⊥, and it is a
vector space of dimension

dimV/C⊥ = dimV−dimC⊥ = n− (n−k) = k = dimM.

HenceM ∼=V/C⊥ as vector spaces. Obviouslybi+C⊥ corresponds togi.
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Example 2.1 (cont.)
We still consider the[7,4] Hamming codeC and the codewordc= (0110110). The
first coordinate is determined as

c1 = (0110110)· [(1000000)+C⊥]

= (0110110)· (1000000)+ (0110110)·C⊥ = 0+0= 0.

We letµ denote the natural endomorphism,

µ : V→V/C⊥, (2.3)

µ : g 7→ g+C⊥.

This map is not injective, so ifS ⊆ V, it is reasonable to view the imageµ(S) as a
multiset. Our analysis gives this lemma.

Lemma 2.1
A codeC ⊆ V is defined up to equivalence by the vector multisetγC := µ(B) on
V/C⊥ ∼=M.

Given a collection{s1, s2, . . . , sm} of vectors and/or subsets of a vector spaceV,
we write〈s1, s2, . . . , sm〉 for its span. In other words〈s1, s2, . . . , sm〉 is the intersection
of all subspaces containings1, s2, . . . , sm.

Also note that we writeA ⊂ B only if A is a proper subset ofB. We writeA ⊆ B
if A is an arbitrary subset ofB, possibly equal toB. If U is a subspace ofV , then we
writeU 5 V .

2.2 Weights

We define the supportχ(c) of c∈ C to be the set of coordinate positions not equal to
zero, that is

χ(c) := {i | ci 6= 0}, wherec= (c1, c2, . . . , cn).

The support of a subsetS ⊆ C is

χ(S) =
⋃

c∈S

χ(c).

The weight (or support size)w(S) is the cardinality ofχ(S). Observe thatw(c) is
exactly the Hamming norm ofc. The ith minimum support weight (or generalised
Hamming weight)di(C) is the smallest weight of ani-dimensional subcodeDi ⊆ C.
The subcodeDi will be called a minimumi-subcode. The weight hierarchy ofC is
(d1(C),d2(C), . . . ,dk(C)), and was introduced by Wei [Wei91]. In Section 10.1, we
will present the motivation for his introducing the weight hierarchy, as an introduction
to the greedy weights.





2.2. Weights

Lemma 2.2 (Helleseth-Kløve-Ytrehus 1992)
There is a one-to-one correspondence between subcodesD ⊆ C of dimensionr and
subspacesU ⊆M of codimensionr, such that̄γC (U ) = n−w(D).

Proof: SinceC andM are isomorphic, a subcodeD ⊆ C corresponds to a subspace
M ⊆M. From (2.1) we can see thati ∈ χ(D) if and only if gi is not orthogonal on
M. Hence we get that

γC (M⊥) = n−w(D), (2.4)

whereM⊥ ⊆ M is the subspace of vectors orthogonal onM. If dimD = r, then
dimM⊥ = k− r. The lemma follows withU =M⊥. �

Obviously,U in the lemma corresponds to a projective spaceΠ = P(U ) 5 P(M)
of codimensionr, which in turn also correspond to the subcodeD.

Definition 2.1
Given a subcodeD 5 C, we writeD∗ 5 P(M) for the corresponding projective sub-
space, and for a subspaceΠ5P(M), we writeΠ∗ 5C for the corresponding subcode.

Consider a chain of subcodes

{0} =D0 ⊂D1 ⊂D2 ⊂ . . . ⊂Dk = C.

The proof of Lemma 2.2 implies that the corresponding subspaces ofM form a chain

M = U0 ⊃ U1 ⊃ U2 ⊃ . . . ⊃ Uk = {0},

whereUi corresponds toDi.
We definedk−1−r(γC ) such thatn−dk−1−r(γC ) is the largest value of anr-space

Πr 5 PG(k−1, q). The following proposition follows directly from Lemma 2.2.

Proposition 2.1
If C is a linear code andγC is the corresponding multiset, thendi(γC ) = di(C).

Definition 2.2 (Chain Condition)
We say that a code is chained if there is a chain0=D0 ⊆D1 ⊆ . . . ⊆Dk = C, where
eachDi is a minimumi-subcode ofC.

The chain condition was introduced in [WY93]. Many good codes satisfy the
chain condition, such as the Hamming, Reed-Muller, MDS, and the extended Golay
codes. Nevertheless, most codes do not satisfy this condition [CEZ99]. In terms
of vector systems, the chain of subcodes corresponds to a chain of maximum value
subspaces .
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The difference sequence (δ0, δ1, . . . , δk−1) is defined byδi = dk−i−dk−1−i, and is
occasionally more convenient than the weight hierarchy. The maximum value of a
projectiver-space is

∆r := δ0+ δ1+ . . .+ δr = n−dk−1−r.

Clearly, the maximum value of anr-dimensional vector space is∆r−1.

2.3 Projective geometry

Let PG(k−1, q) ∼= P(M) be the projective geometry of dimensionk−1 overGF(q).
The cardinality ofPG(k−1, q) is θ(k−1), where

θ(m) :=
qm+1−1
q−1

=
m
∑

i=0

qi.

An r-space ofPG(k − 1, q) is a subset which is itself a projective geometry of di-
mensionr. We letPGr(k−1, q) denote the set ofr-spaces. The number of distinct
r-spaces is

#PGr(k−1, q) =

[

k
r+1

]

:=
r
∏

i=0

qk−i−1

qr+1−i−1
.

The number ofr-spaces containing a givenm-space is given by
[

k−m−1
r−m

]

.

Projective 0-, 1-, 2-, and 3-spaces are called points, lines, planes and solids, respec-
tively. The only−1-space is the empty set, and a (k−2)-space is called a prime or a
hyperplane.

It is a well known fact that the smallest subset of a projective space, intersecting
any line in at least one point, is a prime. More generally we know that ifL is a
set of points inPG(k − 1, q) such that, for anyr-spaceΠr, #(L∩Πr) ≥ θ(s), then
#L ≥ θ(k−1− r+ s). Also #L = θ(k−1− r+ s) if and only ifL is a (k−1− r+ s)-
space. (See [Hir98] pp. 87-88 for a proof.)

A subset meeting anyt-space in at least one point, without containing any (k−
1− t)-space is called at-blocking set. Beutelspacher [Beu80] proved that ifL is a
t-blocking set inPG(k−1, q) wherek > t+1, then

#L ≥ θ(t)+ qt−1√q.
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2.4 Sub-multisets and Projection

Viewing the multisetγ as a collection, a sub-collection will be called a sub-multiset.
The formal definition of a sub-multiset is this.

Definition 2.3 (Sub-multiset)
Let γ be a multiset onS. A sub-multisetγ ′ ⊆ γ is a map

γ ′ : S → {0,1,2, . . .},

whereγ ′(s) ≤ γ(s) for all s ∈ S.

Note that passing fromγC to a sub-multiset corresponds to puncturing the codeC.
The most interesting kind of sub-multisets for our purposes are cross-sections.

Definition 2.4 (Cross-sections)
Let γ be a multiset on a vector spaceV, andU ⊆V a subspace. The cross-sectionγ|U
is the sub-multiset given by

γ|U (x) :=

{

γ(x), if x ∈ U,
0, otherwise.

If U has dimensionr in the definition, then we callγ|U an r-dimensional cross-
section. In some cases it is easier to deal with cross-sections and their sizes, than with
subspaces and their values. In Lemma 2.2, we can consider the cross-sectionγC |U
rather than the subspaceU . In particular, we have thatn−dk−r(γC ) is the size of the
largestr-dimensional cross-section ofγC .

Definition 2.5 (Projections)
Consider anm-spaceΠm 5 PG(k−1, q). The projection map

φΠm : PG(k−1, q)\Πm→ PG(k−2−m,q)

takes every(m+1)-space containingΠm to a distinct point ofPG(k−2−m,q). Fur-
thermore, three distinct pointsx,y,z ∈ PG(k−2−m,q) are collinear if and only if

φ−1
Πm

(x) ⊆ 〈φ−1
Πm

(y),φ−1
Πm

(z)〉.

Let C ′ be the code corresponding toγC ′ := γC ◦φ
−1
Πm

. ThenC ′ has parameters
[n− γC (Πm),k−1−m]. The following proposition is found in [DS98].

Proposition 2.2
The codeC ′ defined byγC ◦φ

−1
Πm

is the subcodeΠ∗m, and the cross-sectionγC |Π corre-
sponds to the code obtained by puncturingC onχ(Π∗).
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Proof: First consider the projective multisetγC ◦φ
−1
Πm

. The relation to the subcode
Π∗m is best explained in terms of vector multisets, so letU be the (m+1)-dimensional
subspace such thatP(U ) = Πm. Let D = Π∗m be the subcode corresponding toU .
Remember thatD = U⊥G and that ¯γD = µ′(B) whereµ′ is the natural endomorphism
V→V/D⊥, but this map can be decomposed into maps

V→V/C⊥ ∼=M→M/U,

the latter of which is exactly the projection map throughU , which corresponds toφΠm
in the language of projective multisets. Thus we get the first result.

Finally consider puncturingC on χ(D) for some subcodeD 5 C. According to
the proof of Lemma 2.2, this corresponds to removing the columns not contained
in D∗, or in other words keeping the columns contained inD∗, to be left with the
cross-sectionγ|D∗ . �

2.5 Classes of Non-Chain Codes

We defineMm to be the set of all projectivem-spaces of maximum value, that is

Mm :=
{

Πm
∣

∣ Πm ∈ PGm ∧ γ(Πm) = ∆m
}

.

We define a number of subconditions, which all are implications of the chain
condition. For anyi andj such that 0≤ i < j ≤ k−2, we have the condition:

(Ci.j) :∃α ∈Mi,β ∈Mj, s.t.α ⊂ β.

The negations of these conditions, (Ni.j) := ¬(Ci.j), will be called thenon-chain
conditions. The chain condition will be denoted by (C0).

The order of a condition (Ci.j) or (Ni.j) is the numberj− i. For a code of dimen-
sionk, there arek−2 first-order sub-chain conditions defined. Of ordert, k−1− t
conditions are defined. All together, there are (k−1)(k−2)/2 sub-chain conditions.

Codes may be classified according to which sub-chain conditions they satisfy
[CK96, CK97a]. There are 2(k−1)(k−2)/2 different classes of codes of dimensionk,
not counting the class of chained codes. Extremal non-chain codes are codes satis-
fying all the non-chain conditions (Ni.j). The difference sequence of an extremal
non-chain code will be called an ENDS (extremal non-chain difference sequence).

The class of chained codes has been studied in arbitrary dimension [EK94, CK98b].
In dimension 4, there are eight classes plus the class of chained codes, and all the
classes have been studied. Extremal non-chain codes were studied in [CK99b] (bi-
nary case) and [CK97a] (non-binary), while the other classes were studied in [CK97b]
(non-binary) and [CK98a] (binary).
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We shall study ENDS in Chapters 3 through 7. We will also get some results on
the so-called Class B or B-codes, that is codes satisfying all the subchain conditions,
but not the chain condition, in Chapter 9.
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3 Upper bounds on ENDS

Our first result on ENDS is a general result bounding all differences but the last one.
In Section 3.2, we will prove some necessary conditions for codes meeting the bounds
with equality, and in Section 3.3, we will give a bound on the last difference. Finally,
we will give some remarks on the existence of optimal codes in Section 3.4. In sub-
sequent chapters, we will give optimal constructions and refinements for the binary
case.

The bounds that we give in this chapter and in Chapter 6 are generalisations of the
bounds from [CK97a, CK99b], and fork = 4 they coïncide with them.

3.1 The main bound on ENDS

Theorem 3.1
If (δ0, δ1, . . . , δk−1) is an ENDS and1≤ m ≤ k−2, then

δm ≤ qmδ0−
m
∑

i=0

qi.

If this bound holds with equality form = m̄ > 1, then it also holds with equality for
m = m̄−1.

The proof of this theorem is quite tedious, and we have to start with some auxiliary
results.

Definition 3.1
We say that an ENDS ism-optimal, 1 ≤ m ≤ k − 2, if it satisfies the bound onδm
from Theorem 3.1 with equality. An extremal non-chain codeC is m-optimal if its
difference sequence is anm-optimal ENDS.

Lemma 3.1
Given an arbitrary code with difference sequence(δ0, δ1, . . . , δk−1), we haveδk−1 ≤
qδk−2.
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Proof: Take someΠk−3 ∈Mk−3. There areq + 1 primes throughΠk−3, and for
every such primeΠk−2 we have

γ(Πk−2\Πk−3) ≤ δk−2.

The geometry is partitioned intoq+1 disjoint subsets of the formΠk−2\Πk−3, beside
Πk−3. Hence

k−1
∑

i=0

δi ≤ (q+1)δk−2+
k−3
∑

i=0

δi.

The lemma follows immediately. �

Lemma 3.2
Let (δ0, δ1, . . . , δk−1) be the difference sequence of some non-degenerate value assign-
mentγ, and(δ′0, . . . , δ

′
k−2) the difference sequence ofγ|Πk−2 for someΠk−2 ∈Mk−2.

Thenδk−2 ≤ δ
′
k−2.

Proof: We haveΠk−2 ∈Mk−2(γ|Πk−2) ⊆Mk−2(γ). LetΠk−3 ∈Mk−3(γ) andΠ′k−3 ∈
Mk−3(γ|Πk−2). Clearlyγ(Π′k−3) ≤ γ(Πk−3). Hence

δk−2 = γ(Πk−2)− γ(Πk−3) ≤ γ(Πk−2)− γ(Π′k−3) = δ′k−2,

as required. �

Lemma 3.3
Let γ be the projective multiset of an extremal non-chain code with difference se-
quence(δ0, δ1, . . . , δk−1). If Πm ∈Mm where0≤ m ≤ k−1 andγ|Πm has difference
sequence(ε0,ε1, . . . ,εm), thenδm ≤ εm−1.

Proof: This goes almost like the proof of Lemma 3.2, except that since the code is
extremal non-chain, we get a stronger bound. We haveΠm ∈Mm(γΠm) ⊆Mm(γ). Let
Πm−1 ∈Mm−1(γ) andΠ′m−1 ∈Mm−1(γ|Πm). Since the code is extremal non-chain, we
haveγ(Π′m) < γ(Πm). Hence

δm = γ(Πm)− γ(Πm−1) ≤ γ(Πm)− (γ(Π′m−1)+1)= εm−1,

as required. �

Lemma 3.4
If k ≥ 3 and(δ0, δ1, . . . , δk−1) satisfies(N0.1), thenδ1 ≤ qδ0− (q+1) andδ0 ≥ 2.

Proof: A line consists ofq + 1 points, and by (N0.1), δ1+ δ0 ≤ (q + 1)(δ0− 1).
Henceδ1 ≤ qδ0− (q+1). Also if δ0 ≤ 1, thenδ1 ≤ −1, which is absurd. �
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Proof of Theorem 3.1: The proof goes by induction onm, so we assume that the
theorem holds for everym < m̄. Lemma 3.4 proves it form = 1. Now we consider an
extremal non-chain codeC such that

δm̄ ≥ qm̄δ0−θ(m̄) (3.1)

δm ≤ qmδ0−θ(m), 1≤ m ≤ m̄−1. (3.2)

Our aim is to prove that then we must have equality both in (3.1) and in (3.2).
Take an arbitraryΘm̄ ∈Mm̄(C), and let

Θ0 ⊂ Θ1 ⊂ . . . ⊂ Θm̄−1 ⊂ Θm̄

be a chain such thatΘi ∈Mi(γ|Θi+1) for 0≤ i ≤ m̄−1. Let (ε(i)
0 , . . . ,ε

(i)
i ) be the differ-

ence sequence ofγ|Θi.
By Lemma 3.3 and (3.1), we get

ε(m̄)
m̄ ≥ δm̄+1≥ qm̄δ0−θ(m̄)+1. (3.3)

Lemmata 3.2 and 3.1 give

ε(m̄−1)
m̄−1 ≥ ε

(m̄)
m̄−1 ≥

⌈

ε(m̄)
m̄

q

⌉

. (3.4)

Repeating this argument ¯m times and substituting from (3.3), we obtain

ε(0)
0 ≥

⌈

ε(m̄)
m̄

qm̄

⌉

≥

⌈

qm̄δ0−θ(m̄)+1

qm̄

⌉

= δ0−1.

Clearlyε(0)
0 is the value ofΘ0, which is a point inΘm̄ ∈Mm̄(C). SinceC is extremal

non-chain, we haveε(0)
0 ≤ δ0−1. We conclude that

ε(l)
0 = γ(Θ0) = δ0−1, ∀l, 0≤ l ≤ m̄. (3.5)

We assume for induction onj that for allj < i where 0< i < m̄, we have

ε(l)
j = ε(j)

j = qjδ0−θ(j), ∀l,s.t.j ≤ l ≤ m̄. (3.6)

We will prove that this equation also holds forj = i, and in the process, we will find
the value ofδi.

Our first step will be to prove thatε(i)
i = qiδ0− θ(i). Repeating the argument of

(3.4) m̄− i times, we get

ε(i)
i ≥

⌈

ε(m̄)
m̄

qm̄−i

⌉

≥

⌈

qm̄δ0−θ(m̄)+1

qm̄−i

⌉

= qiδ0−θ(i). (3.7)
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By definition, we haveε(i)
i = γ(Θi)− γ(Θi−1). SinceC is extremal non-chain, we

get by (3.2) that

γ(Θi) ≤
i
∑

j=0

δj −1≤
i
∑

j=0

[qjδ0−θ(j)],

and according to the induction hypothesis (3.6), we have

γ(Θi−1) =
i−1
∑

j=0

ε(i−1)
j =

i−1
∑

j=0

ε(j)
j =

i−1
∑

j=0

[qjδ0−θ(j)]. (3.8)

Combining these two expressions, we get an upper bound onε(i)
i :

ε(i)
i = γ(Θi)− γ(Θi−1)

≤
i
∑

j=0

[qjδ0−θ(j)]−
i−1
∑

j=0

[qjδ0−θ(j)] = qiδ0−θ(i).
(3.9)

Combining the upper and lower bounds (3.7) and (3.9), we conclude that

ε(i)
i = qiδ0−θ(i). (3.10)

It remains to show thatε(l)
i = ε(i)

i for l > i, but first we will have a short look onδi.
From (3.8) and (3.2) we can see that

i−1
∑

j=0

δj −1≥ γ(Θi−1) =
i−1
∑

j=0

[qjδ0−θ(j)] ≥
i−1
∑

j=0

δj −1,

Henceδi−1 = qi−1δ0−θ(i−1). Also

γ(Θi) = ε
(i)
i + γ(Θi−1) = qiδ0−θ(i)+ γ(Θi−1) ≤

i
∑

j=0

δj −1.

Henceqiδ0−θ(i) ≤ δi, and combining with (3.2), we getδi = qiδ0−θ(i).
It follows from above that

γ(Θi) =
i
∑

j=0

δj −1,
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and this number happens to be an upper bound on the value of any element inMi(Θl)
for any l ≥ i. HenceΘi ∈Mi(Θl). Likewise we haveΘi−1 ∈Mi−1(Θl). Thus we get
ε(l)
i = ε(i)

i . It follows by induction thatδi = qiδ0−θ(i) for i = 1,2, . . . , m̄−1.
We have

ε(m̄)
m̄ = Θm̄−Θm̄−1 =

m̄
∑

i=0

δi−
(

m̄−1
∑

i=0

δi−1
)

= δm̄+1,

and by Lemmata 3.1 and 3.2 and (3.10), we get

δm̄+1= ε(m̄)
m̄ ≤ qε(m̄)

m̄−1 ≤ qε
(m̄−1)
m̄−1 = qm̄δ0−θ(m̄)+1.

Combining with the lower bound from (3.1) we get

δm̄ = ε(m̄)
m̄ −1= qm̄δ0−θ(m̄),

and the theorem follows by induction. �

Corollary 3.1
Let C be anm-optimal code with difference sequence(δ0, δ1, . . . , δk−1) for somem
such that1≤m≤ k−2. For everyΠm ∈Mm, γ|Πm corresponds to a chained code with
difference sequence(δ0−1, δ1, δ2, . . . , δm−1, δm+1).

Proof: In the proof of Theorem 3.1 we proved thatΘi ∈Mi(γ|Θm̄), whereΘm̄ ⊆
Mm̄(γ) was arbitrarily chosen. We also found the difference sequence as given in the
corollary. �

Remark 3.1
We know from Lemma 3.4 thatδ0 ≥ 2, so the difference sequence has only positive
elements as expected. Writing

(ε0 = δ0−1,ε1 = δ1, . . . ,εm−1 = δm−1,εm = δm+1)

for the difference sequence ofγ|Πm, we haveεi = qεi−1− 1 for i = 1, . . . ,m− 1 and
εm = qεm−1.

3.2 Structure of optimal codes

In this section, we will find further requirements for an extremal non-chain code to be
m-optimal. For instance, ifH ∈M3 is a solid of maximum value, then there are a line
` ⊆ H and a planeP ⊆ H such thatγ(p) = δ0−3 if p ∈ ` ∩P, γ(p) = δ0−2 if either
p ∈ ` or p ∈ P, but not both; andγ(p) = δ0−1 otherwise. The general result will be
stated in Theorem 3.2.
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Lemma 3.5
Let (δ0, δ1, . . . , δk−1) be the difference sequence of an unrestricted linear code. If
δi = qδi−1−1 for i = 1, . . . ,k−1, then

k−1
∑

i=m

δi = θ(k−1−m)δm−
k−m−2
∑

i=0

θ(i), 0≤ m ≤ k−1.

Proof: Sinceδi = qδi−1−1, we get

δr = qiδr−i−θ(i−1), 0≤ i ≤ r ≤ k−1,

The equality follows by summation of this expression. �

Lemma 3.6
If 0≤ a ≤ q−1, then

θ(m)−a
m−1
∑

i=0

θ(i) ≥ m+1, 0≤ m ≤ k−1.

Proof: We write

θ(m)−a
m−1
∑

i=0

θ(i) = θ(m)−
a

q−1

m−1
∑

i=0

(qi+1−1)

= θ(m)−
a

q−1
(θ(m)−1−m)

=
q−1−a
q−1

θ(m)+
a

q−1
(1+m).

Note thatθ(m) ≥ m+1, and thus the above expression is at leastm+1, proving the
lemma. �

Lemma 3.7
Let γ be a projective multiset with difference sequence(δ0, δ1, . . . , δk−1) whereδi =
qδi−1−1 for i=1, . . . ,k−2. If Πm ∈Mm, thenγ|Πm has difference sequence(δ0, δ1, . . . , δm).

Proof: The proof is trivial form = k−1, so assumem < k−1. Let

∅ = Θ−1 ⊂ Θ0 ⊂ Θ1 ⊂ . . . ⊂ Θm = Πm

be a chain of subspaces such thatΘi has the greatest value among thei-spaces con-
tainingΘi−1. Defineδ′i = γ(Θi)− γ(Θi−1).
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Let (δ′′0, δ
′′
1, . . . , δ

′′
m) be the difference sequence ofγ|Πm. It is sufficient to prove that

δ′i = δi for all i, because

j
∑

i=0

δ′i ≤
j
∑

i=0

δ′′i ≤
j
∑

i=0

δi, 0≤ j ≤ m. (3.11)

Suppose for contradiction that there is ani such thatδi 6= δ
′
i. Let l be the smallest such

i. Note thatδ′l < δl by (3.11).
Since there are onlyθ(m− l) distinctl-spaces containingΘl−1 in Πm, we get

γ(Πm) ≤ θ(m− l)δ′l+
l−1
∑

i=0

δ′i ≤ θ(m− l)(δl−1)+
l−1
∑

i=0

δi.

Also note that by Lemma 3.5,

γ(Πm) = θ(m− l)δl−
m−l−1
∑

j=0

θ(j)+
l−1
∑

i=0

δi.

Combine the two lines to get

θ(m− l)δl−
m−l−1
∑

j=0

θ(j)+
l−1
∑

i=0

δi ≤ θ(m− l)(δl−1)+
l−1
∑

i=0

δi,

which is equivalent to

θ(m− l)−
m−l−1
∑

j=0

θ(j) ≤ 0,

contradicting Lemma 3.6. �

Corollary 3.2
Any code with difference sequence(δ0, δ1, . . . , δk−1) such thatδi = qδi−1−1 for i =
1, . . . ,k−2 satisfies the chain condition.

Lemma 3.8
Let γ be a projective multiset with difference sequence(δ0, δ1, . . . , δk−1) such that
δk−1 = qδk−2. For every primeΠk−2 ⊃ Πk−3 ∈Mk−3, we haveΠk−2 ∈Mk−2.
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Proof: ConsiderΠk−3 ∈Mk−3. LetB0, . . . ,Bq be the primes such thatΠk−3 ⊂ Bj,
j = 0, . . . , q. We get

γ(PG(k−1, q)) =
q
∑

j=0

γ(Bj\Πk−3)+ γ(Πk−3) =
k−1
∑

j=0

δj.

Sinceδk−1 = qδk−2, we get that

(q+1)δk−2 =
q
∑

j=0

γ(Bj\Πk−3).

Comparing this with the fact thatγ(Bj\Πk−3) ≤ δk−2 for all j, we get thatBj ∈Mk−2,
as required. �

Lemma 3.9
Let γ be a be a projective multiset onPG(k−1, q) with difference sequence(δ0, δ1, . . . , δk−1)
such thatδi = qδi−1−1, 1≤ i ≤ k−1. For everyΠm−1 ∈Mm−1, 0≤ m ≤ k−1,

a. the number of distinctm-spaces of maximum value throughΠm−1 is at least

θ(k−1−m)−
k−2−m
∑

j=0

θ(j).

b. form = k−2 there is a uniquem-spaceΠm 6∈Mm such thatΠm−1 ⊂ Πm, and

γ(Πm) =
m
∑

j=0

δj −1.

Proof: There areθ(k−1−m) m-spacesΘi ⊃ Πm−1. We get that

γ(PG(k−1, q)) =
θ(k−1−m)
∑

j=1

γ(Θj\Πm−1)+ γ(Πm−1) =
k−1
∑

j=0

δj. (3.12)

and by Lemma 3.5,

θ(k−1−m)
∑

j=1

γ(Θj\Πm−1) =
k−1
∑

j=m

δj = θ(k−1−m)δm−
k−2−m
∑

j=0

θ(j). (3.13)

Clearly

γ(Θj\Πm−1) ≤ δm, 1≤ j ≤ θ(k−1−m). (3.14)
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Comparing the last two equations, we note that at least

θ(k−1−m)−
k−2−m
∑

j=0

θ(j)

of theΘi give equality in (3.14). Ifm ≤ k−2, then at least one gives inequality. The
case wherem = k−2, is just a special case whereq of theΘi gives equality and one
gives inequality. The exact value of the one with inequality is easily computed.�

Lemma 3.10
Let C be a code with difference sequence(δ0, δ1, . . . , δk−1). If δi = qδi−1−1 for i =
1, . . . ,k−1, then there exists at most one point which is not contained in any element
of Mk−2.

Proof: Suppose there are two distinct pointsP,Q ∈ PG(k−1, q) which are not
contained in any element ofMk−2. Consider a chain

Π0 ⊂ Π1 ⊂ . . . ⊂ Πk−2 ⊂ PG(k−1, q),

such thatΠi ∈Mi for eachi = 0, . . . ,k−2. Let` := 〈P,Q〉. Obviously there is a point
S ∈ ` ∩Πk−2. By assumptionP,Q 6∈ Πk−2, soS 6= P andS 6=Q.

We claim that we can assume thatS 6∈ Πk−3. By Lemma 3.9b, there areq points
in Π1 which are elements ofM0, so ifS ∈ Π0, then we can replaceΠ0 by some other
point which is inΠ1 and inM0. For all i such that 1≤ i ≤ k−3, there areq i-spaces
in Mi containingΠi−1 in Πi+1. Thus ifS ∈ Πi\Πi−1, we can replaceΠi with some
otheri-space, maintaining the chain. By induction we can assume thatS 6∈ Πk−3, as
required.

There areq+1 distinct primes spanned byΠk−3 and a point oǹ , and only one
of these is not an element ofMk−2 by Lemma 3.9b. Since〈P 〉Πk−3 and〈Q〉Πk−3 are
two distinct primes, eitherP orQ is contained in some element ofMk−2. The lemma
follows by contradiction. �

Lemma 3.11
Assume thatk ≤ 3 and let letγ be a projective multiset with difference sequence
(δ0, δ1, . . . , δk−1) such thatδi = qδi−1−1 for i = 1, . . . ,k−1. Then there exists a col-
lectionS containing exactly onei-space for eachi = 0, . . . ,k−2 such that

γ(p) = δ0−#{Π ∈ S | p ∈ Π}, ∀p ∈ PG(k−1, q).

Proof: Fork = 1 the result is trivial.
For k = 2 there areq+ 1 points. By Lemma 3.9b there is one pointP of value

δ0−1 andq points of valueδ0. HenceS = {P} forms the required collection.
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Considerk = 3. There is a point℘ ∈M0. Let `0, . . . ,`q be the distinct lines
such that℘ ⊂ `i for all i. One of these lines, saỳ0, has valueδ1+ δ0−1, while the
remainingq lines have valueδ0+ δ1 by Lemma 3.9b. This means that for 1≤ i ≤ q,
there is exactly one point,αi ∈ `i, such thatγ(αi) = δ0−1. There are at most two points
in `0 with valueδ0−1 or less. The remaining points have valueδ0. Obviously, every
line in PG(2, q) has value at mostδ0+ δ1, and hence has at least one point of value
δ0−1 or less. A set ofq+2 points cannot meet every line in a plane unless it contains
a line [Beu80, Hir98]. It follows that there must be a lineΠ1 such thatγ(p) ≤ δ0−1
for all p ∈ Π1. Sinceγ(`0) = δ1+ δ0−1, there is either one pointΠ0 = Π1∩`0 which
has valueδ0−2 or two distinct pointsΠ0 andΠ1∩`0 of valueδ0−1. In either case
{Π0,Π1} forms the required collectionS. �

Lemma 3.12
Assume thatq ≥ 3 and letγ be the projective multiset onPG(k−1, q) corresponding
to a chained codeC with difference sequence(δ0, δ1, . . . , δk−1) such thatδi = qδi−1−1
for i= 1, . . . ,k−1. Then there exists a collectionS containing exactly onei-space for
eachi = 0, . . . ,k−2 such that

γ(p) = δ0−#{Π ∈ S | p ∈ Π}, ∀p ∈ PG(k−1, q).

Proof: Lemma 3.11 proves it fork < 4. Now assume that the lemma holds for
k < n, and consider

γ : PG(n,q)→N0, n ≥ 4 ∧ q ≥ 3.

For Πl ∈Ml(C), l < n, let S(Πl) be the collectionS correspondingγ|Πl . By the
induction hypothesis,S(Πl) exists and has the property given in the lemma. We also
defineσi(Πl) to be thei-space inS(Πl).

First we make a general observation. LetΘ1 ∈Mn−2(C) andΘ2 ∈Mn−1(C) such
thatΘ1⊂Θ2. We can use eitherS(Θ1) orS(Θ2) to express the value of a pointp ∈Θ1.
Hence

#{Π ∈ S(Θ1) | p ∈ Π} = #{Π ∈ S(Θ2) | p ∈ Π}. (3.15)

For all i≥ 0,σ′i−1 := σi(Θ2)∩Θ1 is either ani-space ifσi ⊆Θ1, or else an (i−1)-space.
Equation (3.15) can only be satisfied if dimσ′i = i, and then we can letσ′i for i ≥ 0 be
the elements ofS(Θ1). Thus

S(Θ1) = {Π∩Θ1 | Π ∈ S(Θ2)}.

Claim I
If 1 ≤ i ≤ n− 2, then there is an(i+ 1)-spaceσ′i+1 such thatσi(A) ⊂ σ′i+1 for all
A ∈Mn−1.
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ConsiderP ∈Mn−3(C), α0∈Mn−2(C),A1, . . . ,Aq ∈Mn−1(C), andA0 6∈Mn−1(C)
such thatP ⊂ α0⊂Aj for 0≤ j ≤ q. Sinceq ≥ 3, there are at least two distinct (n−2)-
spacesα1,α2 ∈Mn−2(C) such thatP ⊂ αj ⊂ A1 andα0 6= αj for j = 1,2. There are
also at least two distinct (n−2)-spacesβ1,β2 ∈Mn−2(C) such thatP ⊂ βj ⊂ A2 and
α0 6= βj for j = 1,2. Defineσ′i+1 := σi(A1)σi(A2). We haveA1∩A2 = α0 ∈Mn−2(C),
so

σi−1(α0) = σi(A1)∩α0 = σi(A2)∩α0 = σi(A1)∩σi(A2).

Since dimσi−1(α0) = i−1, we get dimσ′i+1 = i+1. It remains to prove that

Mn−1 = S := {A ∈Mn−1 | σi(A) ⊂ σ′i+1,1≤ i ≤ n−2}.

Consider the spacesα1β1 andα2β1. At least one of them is a space inMn−1(C),
denote itB1. Similarly, letB2 be eitherα1β2 or α2β2 such thatB2 ∈Mn−1(C). We
have the following

B1∩A1 = αj ∈Mn−2(C), j = 1∨ j = 2,

B1∩A2 = β1 ∈Mn−2(C),

B2∩A1 = αj ∈Mn−2(C), j = 1∨ j = 2,

B2∩A2 = β2 ∈Mn−2(C).

It follows thatσi(B1) ∩σi(A1) = σi−1(αj) for j = 1 or j = 2, andσi(B1) ∩σi(A2) =
σi−1(β1) are distinct (i− 1)-spaces contained inσ′i+1. Consequentlyσi(B1) ⊂ σ′i+1.
The same argument holds forB2, and henceσi(B2) ⊂ σ′i+1.

At least one of the (n−2)-spacesA3∩B1 orA3∩B2 is an elementα′ ∈Mn−2(C),
becauseP =A3∩B1∩B2 ∈Mn−3. It follows thatσi(A3) meetsσ′i+1 in at least two
distinct (i−1)-spaces,σi−1(α′) andσi−1(α0). We conclude thatσi(A3) ⊂ σ′i+1, and
thus we have shown that

A1,A2,A3,B1,B2 ∈S.

First we note that if there are two distinct elementsE1,E2 ∈ S, andA ∈Mn−1

such thatγj := Ej ∩A ∈Mn−2 for j = 1,2, thenσi(A) meetsσ′i+1 in two distinct
(i−1)-spacesσi−1(γj). HenceA ∈S.

If there are three distinct elementsE1,E2,E3 ∈S andA ∈Mn−3 such that

3
⋂

j=1

Ej ∈Mn−2

∧

A∩
3
⋂

j=1

Ej ∈Mn−3,

then at least two of theEj meetsA in an element ofMn−2, andA ∈S.
An elementA ∈Mn−1 such that

P ⊂A 6∈ {B1,B2,A1,A2,A3}
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meets eitherA1, A2, andA3 orA1, B1, andB2 in three distinct (n−2)-spaces and
hence every suchA is an element ofS.

If A ∈Mn−1(C) such thatP̄ := P ∩A ∈Mn−4, then there isξ ∈Mn−2 such that
P ⊂ ξ andS := ξ∩A∈Mn−3. This is obvious from the fact that there are at leastq2−1
(n−2)-spaces of maximum value throughP by Lemma 3.9, and at mostq+2 (n−3)-
spaces through̄P inA that are not elements ofMn−3. There are at leastq2−q−3≥ 3
subspacesEj ∈Mn−1, j = 1,2,3, throughξ, and

A∩
3
⋂

j=1

Ej = S ∈Mn−3.

HenceA ∈S.
Suppose for induction that if there isR ⊆ P̄ := P ∩A such thatR ∈Mj+1 and

A ∈Mn−1, thenA ∈S. This was proved forj = n−5 in the last paragraph. It even
holds forn = 3, because ifj = −2, thenR = ∅ ∈M−1.

ConsiderA∈Mn−1(C) such that there is̄R ∈Mj such thatR̄ ⊂ P̄ , but there is no
R̄′ ∈Mj+1 such thatR̄′ ⊆ P̄ . LetR ∈Mj+1 be such that̄R ⊂ R ⊂ P . We shall prove
that there isξ ∈Mn−2 such thatR ⊂ ξ andξ ∩A ∈Mn−3. This is sufficient because
then there areq ≥ 3 elements ofS containingξ by the induction hypothesis, and at
least two of them meetA in elements ofMn−2.

We prove the existence ofξ by induction onm. Assume that

∃Rm ∈Mm, s.t. Rm ∩A ∈Mm−1, j+1≤ m ≤ n−3. (3.16)

LetRj+1 = R. By Lemma 3.9, there are at least

θ(n− (m+1))−
n−(m+1)−1
∑

l=0

θ(l)

(m+1)-spaces of maximum value throughRm. Of these at most

n−1−m−1
∑

l=0

θ(l)

meetsA in anm-space which does not have maximum value. Hence at least

θ(n−m−1)−2
n−m−2
∑

l=0

θ(l) ≥ 1

(m+ 1)-spaces satisfies (3.16) by Lemma 3.6. By inductionξ := Rn−2 exists, and
henceS =Mn−1. This proves the claim.
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Claim II
For allA ∈Mn−1, 1≤ i ≤ n−2, σi(A) = σ′i+1∩A.

Assume for contradiction that the claim fails for somei, and letm be the largest
suchi. LetA∈Mn−1 be such thatσ′m+1⊆A. LetB∈Mn−1 such thatσm(A) 6= σm(B).
By Claim I we get thatσm(B) ⊂ σ′i+1 ⊆A. Note that

#σm(B) = θ(m)

#(σm(A)∩σm(B)) ≤ θ(m−1)

#
m−1
⋃

j=0

σj(A) ≤
m−1
∑

j=0

θ(j).

Hence

#
(

σm(B)\
m
⋃

i=0

σi(A)
)

≥ qm−
m−1
∑

j=0

θ(j) ≥ 1,

sinceq ≥ 3. It follows that there exists

P ∈ σm(B)\
m
⋃

i=0

σi(A).

By the induction hypothesis

γ(P ) = δ0−#{i | P ∈ σi(B) ∧ 0≤ i ≤ k−1}

≤ δ0−1−#{i | P ∈ σ′i+1 ∧ m+1≤ i ≤ k−1}

γ(P ) = δ0−#{i | P ∈ σi(A) ∧ 0≤ i ≤ k−1}

= δ0−#{i | P ∈ σ′i+1 ∧ m+1≤ i ≤ k−1},

and these two equations contradict each-other, proving Claim II.
We write

U := {σ0(A) | A ∈Mn−1(C)}.

Lemma 3.10 says that at most one point is not contained in any element ofMn−1(C).
This means that we can form the set

S ′ = U ∪{σ′i | i = 2, . . . ,n−1},

giving the value of all points but at most one by the formula

γ(p) = δ0−#{Π ∈ S ′ | p ∈ Π}.

Claim III
There is a lineσ′1 such thatσ0(A) ⊂ σ′1 for allA ∈Mn−1(C).
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Take a pointF ∈M0(C) such that

F = Π0 ⊂ Π1 ⊂ . . . ⊂ Πn−3 = P

is a chain of subspaces of maximum value. LetφF be the projection map throughF
and defineγF := γ ◦φ−1

F . ThenγF defines an (n−1)-dimensional subcode code with
lengthdn−1 and difference sequence (δ1, . . . , δn). Hence by the induction hypothesis,
there is a collectionS(PG(n− 1, q)) of i-spacesσi(PG(n− 1, q)) for i = 0, . . . ,n− 2
such that

γF (p) = δ1−#{Π ∈ S(PG(n−1, q)) | p ∈ Π}.

ClearlyF 6⊆ Π for anyΠ ∈ S ′. HenceφF (σ′i) is ani-space. We get the following
formula for the values of every point but at most one inPG(n−1, q):

γF (p) = qδ0−#{Π ∈ S ′ | p ∈ φF (Π)}

= δ1−#{Π ∈ S ′\{σ′n−1} | p ∈ φF (Π)}.

It follows that

σi(PG(n−1, q)) = φF (σ′i), 2≤ i ≤ n−2

φF (U ) ⊆ σ1(PG(n−1, q))∪σ0(PG(n−1, q)).

We haveU ∩α0 = ∅ for otherwise the points ofU would become elements ofS(α0).
It follows thatσ0(Ai) for i = 1, . . . , q areq distinct elements ofU . LetU ′ ⊂ U be the
set of theseq points.

Now considerV = σ1(PG(n−1, q))∪σ0(PG(n−1, q)), the inverse image of which
must consist of points inU and points not contained in any element ofMn−1(C). In
factφF (U ′) ⊂ σ1(PG(n−1, q)) becauseσ1(PG(n−1, q)) must contain the images of
one point from each of the hyperplanesAi. HenceU ′ are coplanar points.

There are more chains

F 6= F ′ = Π′0 ⊂ Π′1 ⊂ . . . ⊂ Π′n−3 = P

of subspaces of maximum value. By projecting through such a pointF ′, we can
show thatU ′ is also contained in a plane which is not equal to the first. HenceU ′ is
contained in a line, which we denoteσ′1, andφF (σ′1) = σ1(PG(n−1, q))

We shall prove thatU ∩A0 ⊂ σ
′
1, and consequently thatU ⊆ σ′1. Consider an

arbitrary pointR ∈ U ∩A0. By the definition ofU , there isG ∈Mn−1(C) such that
R ∈ G. By Lemma 3.7 there is a subspaceρ ⊂ G such thatρ ∈Mn−2(C). By the
argument used to prove Lemma 3.10, we can chooseρ such thatR 6∈ ρ. Projecting
through a couple of distinct points contained inM0(C) and inρ, as we did in the
previous paragraph, will show thatR ∈ σ′1, as required. This proves Claim III.
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Claim IV
There is a pointσ′0 which is not contained in any element ofMn−1(C), andS := {σ′i |
i = 0, . . . ,n−1} forms the required collection such that

γ(p) = δ0−#{Π ∈ S | p ∈ Π}, ∀p ∈ Πn.

We have proved that this holds for all points except possibly forσ′0. If it does fail
for σ′0, it must give us a wrong value forγ(PG(n,q)), but

γ(PG(n,q)) = θ(n)δ0−
∑

Π∈S

#Π = θ(n)δ0−
n−1
∑

i=0

θ(i) =
n
∑

i=0

δi,

by Lemma 3.5, and that is correct. Ifσ′0 did not exist, we would have no point inS,
and the total value would not be correct. This completes the proof of Claim IV and
the lemma. �

Theorem 3.2
LetC be a chained, non-binary code with difference sequence(δ0, δ1, . . . , δm). If

δi = qδi−1−1, i = 1, . . . ,m−1,

δm = qδm−1,

then there exists a collectionS of exactly onei-space inPG(m,q) for eachi=1, . . . ,m−
1, such that

γ(p) = δ0−#{Π ∈ S | p ∈ Π},∀p ∈ PG(m,q).

Proof: Lemma 3.12 says that for eachΠm−1 ∈Mm−1(C), there is a setS(Πm−1)
such thatγ(p) = δ0− #{Π ∈ S(Πm−1) | p ∈ Π} for all p ∈ Πm−1. Let σi denote the
i-space inS. If m ≥ 3 we use the same argument as in the proof of Lemma 3.12, to
show that

σi =
⋃

Π∈Mm−1

σi−1(Π), i = 1,2, . . . ,m−1.

Because every point is contained in someΠm−1 ∈Mm−1(C), there is no point inS.
The cases form ≤ 2 are just as simple as the proof of Lemma 3.11. �
This theorem will of course apply to every subspaceΠm ∈ Mm(C) for an m-

optimal, extremal non-chain codeC, and this fact has been most useful to limit the
search form-optimal constructions (see Chapter 4).

Corollary 3.3
If (δ0, δ1, . . . , δk−1) is an optimal ENDS wherek ≥ 5 andq ≥ 3, thenδ0 ≥ 3.

Proof: Consider the theorem withm= 3, and note that there is a point,P ∈Π3 ∈M3

of valueγ(P ) = δ0−3. �
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3.3 Upper bounds on the total value

We have established bounds for all differences but the last. The following is an exten-
sion of Theorem 3 in [CK97a].

Theorem 3.3
If (δ0, δ1, . . . , δk−1), k ≥ 3, satisfies(Nm−1.m) where1≤ m ≤ k−2, then

γ(PG(k−1, q)) ≤
m−1
∑

i=0

δi+ (δm−1)
k−1−m
∑

i=0

qi.

Proof: Let α ∈Mm−1. In PG(k−1, q), there areθ(k−1−m) m-spaces containing
α, and for any suchm-space,β ⊃ α, we know by condition (Nm−1.m) that

γ(β\α) ≤ δm−1.

Thusγ(PG(k−1, q)\α) ≤ (δm−1)θ(k−1−m). By the definition ofα, we know that

γ(α) =
m−1
∑

i=0

δi,

and the theorem follows. �
For an ENDS, several bounds may be derived from the above theorem. The bound

in the following corollary is tight for the code constructed in Chapter 4. When we
take up the study of binary codes, we will derive another bound from the theorem.

Corollary 3.4
For any(δ0, δ1, . . . , δk−1), k ≥ 3, if (N0.1) is satisfied, then

γ(PG(k−1, q)) ≤ δ0+ (δ1−1)
k−2
∑

i=0

qi ≤

(

k−1
∑

i=0

qi
)

δ0− (q+2)
k−2
∑

i=0

qi.

The bound holds with equality if and only if every line throughX ∈M0 has value
(q+1)δ0− (q+2).

Definition 3.2
An ENDS (δ0, δ1, . . . , δk−1) is said to beoptimal if it is (k−2)-optimal, and

γ(PG(k−1, q)) = θ(k−1)δ0− (q+2)θ(k−2). (3.17)

An extremal non-chain code isoptimalif its difference sequence is an optimal ENDS.





3.4. Closing remarks

Remark 3.2
We note that an ENDS satisfying (3.17) is not necessarily(k− 1)-optimal. In fact
there is a ternary, five-dimensional code with difference sequence(3,5,14,40,101).

Lemma 3.13
If (δ0, δ1, . . . , δk−1) is an optimal ENDS and℘ ∈M0, then for every linè ⊃ ℘, we
haveγ(`) = δ0+ δ1−1.

Proof: This is obvious from the proof of Theorem 3.3, whereα =℘ andβ = `. �

3.4 Closing remarks

Theorem 3.4
There exists an optimal ENDS if one of the following holds:

k = 3 ∧ q = 2 ∧ δ0 ≥ 3 ∨
k = 3 ∧ q ≥ 3 ∧ δ0 ≥ 2 ∨
k = 4 ∧ q = 3 ∧ δ0 ≥ 3 ∨
k = 4 ∧ q ≥ 4 ∧ δ0 ≥ 2 ∨
k = 5 ∧ q ≥ 3 ∧ δ0 ≥ 3 ∨
k = 6 ∧ 2 6 |q ∧ δ0 ≥ 3.

Three-dimensional constructions are presented in the example below. A four-
dimensional construction was first found by Chen and Kløve [CK97a], and this will
be called the C-K construction. Five- and six-dimensional constructions will be pre-
sented in subsequent chapters.

We will also see that no optimal, binary ENDS exists ifk ≥ 4. It is not known if
non-binary ENDS exists fork ≥ 7 nor fork = 6 and 2|q. Of course it would be in-
teresting to find an infinite family of optimal, extremal non-chain codes for arbitrarily
largek.

Example 3.1
An optimal ENDS inPG(2, q) is easily obtained as follows. Let` be a line, andX 6∈ `
a point. Letγ(X) = δ0. Consider each lineα 3X. If q ≥ 3, we choose two points in
α\({X}∪`) to have valueδ0−2. All remaining points have valueδ0−1. Note that
δ0 ≥ 2.

If q = 2, there is only one point inα\({X} ∪ `), so that point must have value
δ0−3, thusδ0 ≥ 3.

We have found several non-equivalent optimal constructions in dimension five, but
only one will be presented in this thesis. We have looked for ways to generalise the
constructions to arbitrary dimension, with no success, yet. Still, we feel like sharing
some general observations relevant to future research for such generalisations.
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The C-K construction contains a cross-section equivalent to the three-dimensional
construction from Example 3.1. However, the C-K construction cannot be embedded
in any optimal construction in dimension five. If the C-K construction were embed-
ded, it would form a prime meeting some prime of maximum value in a plane, but
there is no plane which can be both in the C-K construction and in a solid meeting the
requirements of Theorem 3.2.

The construction given in Chapter 4 does contain a three-dimensional cross-section
defining an optimal ENDS, which obviously cannot be equivalent to the C-K construc-
tion. The following remark outlines the procedure to verify this observation.

Remark 3.3
If Πm ∈Mm andΠ0 ∈M0, such thatγ|〈Πm,Π0〉 defines an ENDS of dimensionm+2,
then it is optimal. This is the case if and only if for eachi= 1, . . .m− i, there isΠi ∈Mi
such thatΠi ⊂ 〈Πm,Π0〉.

It is also possible to construct an optimal ENDS inPG(4,3), for which there do
not existΠm ∈Mm andΠ0 ∈M0 such thatγ|〈Πm,Π0〉 defines an ENDS.

One sufficient criterion to determine that two constructions with the same ENDS
are non-equivalent, is that the cardinalities of the setsMi differ. For instance there are
at least three ENDS constructions inPG(4,3), which do contain hyperplanes defining
optimal ENDS, but which differ in the cardinalities ofM1 andM2.





4 Optimal, 5-dimensional ENDS

In this chapter we simply present a projective multisetγ on PG(4, q) defining a five-
dimensional code as promised by Theorem 3.4.

4.1 The projective multiset

As reference points, we chose five points,A,B,C,D andE, spanningPG(4, q). Con-
sider the line〈D,E〉. It hasq+1 points, which we nameρ0 =D,ρ1 =E,ρ2,ρ3, . . . ,ρq.
These points defineq+1 hyperplanes with〈A,B,C〉 as a subspace, and we call them
Gi := 〈A,B,C,ρi〉 for i= 0,1, . . . , q. We defineF := ρ2 andG := ρ3. We also establish
names for the affine spaces we get by removing〈A,B,C〉 from Gi:

Ai := Gi\〈A,B,C〉, i = 0,1, . . . , q.

During the construction we will pay special attention to the points inG0, G1, G2

andG3. The remaining hyperplanesGi will be similar toG0 in the sense thatγ|Gi is
isomorphic toγ|G0.

4.1.1 Defining subspaces of maximum values

First we decide thatG0 be inM3, and assign values satisfying the requirements from
Theorem 3.2:

γ(p) = δ0−3, ∀p ∈ 〈A,B〉

γ(p) = δ0−2, ∀p ∈ 〈A,B,C〉\〈A,B〉

γ(p) = δ0−1, ∀p ∈ 〈A,B,C,D〉\〈A,B,C〉

We go on by constructing a plane inM2. For this, we chooseP := 〈C,D,G〉 and
assign values such that it satisfies the requirements from Theorem 3.2:

γ(p) = δ0−2, ∀p ∈ 〈C,G〉

γ(p) = δ0−1, ∀p ∈ 〈C,D,G〉\〈C,G〉
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Figure 4.1: Parts of our optimal construction inPG(4, q), q ≥ 3. Black lines are in
〈A,D,G〉, dotted and dashed lines are not.

We note thatP has but one point,C, in common with〈A,B,C〉, which also means
that it intersects each of the affine spaces,Ai, in q points.

Now we choose a point forM0. We want to place it inG1, particularly on the line
〈A,E〉. We will have to refer to two distinct points on this line, so let:

X,Y ∈〈A,E〉\{A,E}, X 6= Y

Let℘ := {X} ∈M0 and assignγ(X) = δ0. It remains to choose a line,`, for M1, so
let ` := 〈F,Y 〉. We know that each point oǹmust have valueδ0−1.

Having established members of the setsM0,M1,M2,M3, we turn to the problem
of giving the remaining points values just low enough to satisfy the non-chain condi-
tions. The pointX will be the only point inM0, so the remaining points will get value
at mostδ0−1.

4.1.2 Lines through X

For every lineα 3X, we must have

γ(α) ≤ (q+1)(δ0−1)−1= δ0+ q(δ0−1)−2,

because the DS is an ENDS. Henceα must have a point of valueδ0−3 or less, or at
least two points of valueδ0−2.





4.1. The projective multiset
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Figure 4.2: The hyperplaneG1 in our optimal construction forPG(4, q). Black lines
are in the plane〈A,C,E〉, dotted lines are not.

First consider the lines throughX, that does not intersect〈A,B,C〉. We can handle
a lot of these lines by assigning the valueδ0−3 to all points inA3 that have not got
any value yet:

γ(p) = δ0−3, ∀p ∈ A3\(P ∪`).

Let αi for i = 1,2, . . . , q be the (distinct) lines throughX meetingA3 in a point of
valueδ0−2, i.e. meeting〈C,G〉\{C}. The lines,αi, meetA2 in distinct points. Let
T be the set of these points:

T :=
q
⋃

i=1

(αi ∩A2) =A2∩〈X,C,G〉.

Let S ⊂A2 be the set of points inA2, to which we have already assigned values.
Thus

S :=A2∩ (P ∪`) =A2∩〈C,D,G〉.

Obviously the plane〈X,C,G〉 does not meetS, and consequentlyT does not meetS.
We assign the valueδ0−2 to each point inT :

γ(p) = δ0−2, ∀p ∈ A2∩〈X,C,G〉.

Now γ(αi) < γ(`) for all i.
There is one point of valueδ0−1 inA3, namely the point oǹ . We call this point

W , and letV be the point where the line〈W,X〉 intersectsA2. We refer to Figure 4.1,
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and note thatV ∈ 〈A,F 〉\{F}, and consequentlyV 6∈ T ∪S. HenceV has no value,
and we can assign a value ofδ0−3, so thatγ(〈W,X〉) < γ(`):

W ∈ ` ∩G3

V ∈ 〈W,X〉∩G2

γ(V ) = δ0−3.

This concludes the study of lines throughX, that does not intersect〈A,B,C〉. Now
we turn to lines throughX that does intersect〈A,B,C〉. In other words, we are to
consider the values of points inA1.

LetM 6= E be a point inA1∩P.

M ∈ P ∩A1\{E}.

Defineψ := 〈A,B,M〉. We have assigned values to{X,Y } ⊂ 〈A,E〉 and to〈C,E〉 ⊂
P. The remaining points inA1 have no value yet. We note that〈A,E〉∩ψ = {A} and
〈C,E〉 ∩ψ = {M}. Hence the only points inψ with assigned values areM and the
points on〈A,B〉. We assign the valueδ0−2 to the remaining points inψ:

γ(p) = δ0−2, ∀p ∈ 〈A,B,M〉\(〈A,B〉∪{M}).

Finally consider the line〈M,X〉. We have assigned values toM andX, and also to
〈M,X〉∩ 〈A,B,C〉. The remaining points on〈M,X〉 have no value, hence there is at
least one pointN ∈ 〈M,X〉 with no value yet. We give it the valueδ0−2:

N ∈〈M,X〉\({M,X}∪〈A,B,C〉)

γ(N) = δ0−2

Now consider a lineα, such thatX ∈ α ⊂ G1. If α meets〈A,B〉, it has a point
of valueδ0−3, and soγ(α) < γ(`). Otherwiseα meets〈A,B,C〉 in a point of value
δ0−2, but then it also meets〈A,B,M〉 in some distinct point,ρ. Eitherγ(ρ) = δ0−2,
or ρ =M, andN ∈ α. In either caseα has at least two points of valueδ0− 2, and
consequentlyγ(α) < γ(`).

The preceding argument proves that for every line,α 3X, γ(α) < γ(`).

4.1.3 Finishing touches

All remaining points get the valueδ0−1. We summarise the assignment in Table 4.1.
The total value is easily verified by summing the values in the table.





4.2. Verifying the non-chain conditions

value ofp p in number of new points

δ0 {X} 1
δ0−3 〈A,B〉 q+1
δ0−2 〈A,B,C〉\〈A,B〉 q2

δ0−1 A0 q3

∪i≥4Ai (q−3)q3

〈C,D,G〉\〈C,G〉 2q
〈F,Y 〉 2

A2\({V }∪〈X,C,G〉) q3−2q−1
A1\({N}∪〈A,B,M〉 q3− q2− q−1

δ0−2 A2∩〈X,C,G〉 q
〈C,G〉 q

〈A,B,M〉\(〈A,B〉∪{M}) q2−1
{N} 1

δ0−3 A3\(P ∪`) q3− q−1
{V } 1

Table 4.1: A projective multiset onPG(4, q), q ≥ 3, δ0 ≥ 3.

4.2 Verifying the non-chain conditions

4.2.1 The point

The only point of valueδ0 or more isX, so

M0 = {{X}}.

4.2.2 Lines

We know thatγ(`) = (q+1)(δ0−1). Any line,α′ 63X, consists ofq+1 points of value
at mostδ0−1, soγ(α′)≤ (q+1)(δ0−1)= γ(`), with equality if and only if every point
on α′ has valueδ0−1. In Section 4.1.2, we proved that every lineα, containingX
have valueγ(α) < γ(`). This proves that̀ ∈M1, and (N1.1) follows.

We observe that every linè′ ∈M1, does not meet〈A,B,C〉, because no point in
〈A,B,C〉 has valueδ0−1. This implies that̀ ′ 6⊂ Gi for all i.

There may be several lines of valueδ1+ δ0, and we don’t give any expression for
the number of such lines, except that at least one such line exists.
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4.2.3 Planes

The study of planes is quite tedious. We will go as far as to prove thatP is the only
plane of maximum value. We suppose for a contradiction thatR 6= P is a plane, such
thatγ(R) ≥ γ(P).

First assume thatX ∈ R. We have shown that every line throughX, has value at
most (q+1)δ0− q−2; and there areq+1 such lines inR. Hence

γ(R) ≤ (q+1)[(q+1)δ0− q−2− δ0]+ δ0

≤ (q2+ q+1)δ0− q2−3q−2< γ(P),

contrary to assumption; henceX 6∈ R. Condition (N1.2) follows immediately.
Suppose thatR⊂ Gi for somei. The intersectionR∩〈A,B,C〉 is a line with one

point of valueδ0−3, andq points of value at mostδ0−2. The remainingq2 points
have value at mostδ0−1, sinceX 6∈ R. Hence the total value is

γ(R) ≤ (q2+ q+1)δ0− q2−2q−3< γ(P),

contrary to assumption. We conclude thatR 6⊂ Gi for all i.
Consider the possibility that〈C,G〉 ⊂ R. All points on〈C,G〉 have valueδ0−2,

so γ(〈C,G〉) = (q+1)δ0−2q−2. There is a point of intersection inR∩〈A,B,M〉.
If R should meet〈A,B〉, R would be inG3, which it is not. IfM ∈ R, thenR = P,
contrary to assumption. ThusR meets〈A,B,M〉 in a point of valueδ0−2. There
areq2−1 more points inR\〈C,G〉, and sinceX 6∈ R, no point has value greater than
δ0− 1. This gives a total value ofγ(R) ≤ (q2+ q + 1)δ0− 2q − 3 < γ(P), which is
impossible.

As 〈C,G〉 6⊂ R, the intersectionR∩A3 has at most two points of valueδ0−2 or
more. One of them may beW , with valueδ0−1; and the other may be on the line
〈C,G〉 and have valueδ0−2. Hence

γ(R∩A3) ≤ qδ0−3q+3, (4.1)

with equality if and only ifW ∈ R, andR meets〈C,G〉 in a point different fromC.
Each of the other affine spaces,Ai for i 6= 1, meetR in q points of value at most

δ0−1. Hence

γ(R∩Ai) ≤ qδ0− q, ∀i 6= 3, (4.2)

with equality if and only if every point inR∩Ai has valueδ0−1.
Finally R meets〈A,B,C〉 in a point,Ψ, of value at mostδ0−2. Thus the total

value

γ(R) ≤ (q2+ q+1)δ0− q2−3q+1. (4.3)
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Figure 4.3: There are two choices forR: 〈M,W,Ξ〉 and 〈M,W,Θ〉. The planes
〈C,G,X〉 andR meet in a line.

For q = 3 this is exactly the value ofP, so equality is necessary. Forq ≥ 4, γ(R) <
γ(P), contrary to assumption. ThusR can only exist ifq = 3.

To get equality in (4.3),γ(Ψ) = δ0−2, soR cannot meet〈A,B〉. Also all points
in R\G3 must have valueδ0−1, thus the intersection ofR and〈A,B,M〉 isM. We
also need equality in (4.1), soW ∈ R, andR meets〈C,G〉\{C}. This shows that

〈W,M〉 ⊂ R ⊂ 〈W,M,C,G〉 = 〈C,D,G,X〉.

LetΠ3 := 〈C,D,G,X〉, which is a three-space (see figure 4.3).
We know that〈C,G,X〉 ∩G2 is a line,β, of points of valueδ0−2. Bothβ andR

are inΠ3, so they meet in some point of valueδ0−2. HoweverC 6∈ R, and all points
inR∩A2 have valueδ0−1, and thus we have a contradiction.

This shows that no other plane has as high value asP, soM2 = {P}. Any line in
P contains a point of valueδ0−2, so (N2.2) is satisfied.

4.2.4 Hyperplanes

We have assigned the valueδ0−1 to every point inA0 and inAi for i > 3. As stated,
G0 has the desired maximum value and so haveGi for i > 3. Each ofA1, A2, and
A3, have several points of value less thanδ0−1 and at most one, namelyX, of value
higher thanδ0−1. HenceG1,G2,G3 6∈M3.

We will prove that the hyperplanes of maximum values are exactlyG0 andGi for
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i > 3. Suppose for a contradiction that there is a hyperplane,ℵ 6= Gi for any i, such
thatγ(ℵ) ≥ γ(G0).

First we assume thatX ∈ ℵ. We have proved that every line throughX has value
at most (q+1)(δ0−1)−1, andℵ containsq2+ q+1 such lines, and has the value

γ(ℵ) ≤ (q3+ q2+ q)(δ0−1)−2(q2+ q+1)+δ0

= (q3+ q2+ q+1)δ0− (q3+3q2+3q+3)< γ(G0),

contrary to assumption. Thus we conclude thatX 6∈ ℵ. Condition (N1.3) follows
immediately.

Nowℵ∩G3 is a plane,α 6= 〈A,B,C〉, which intersects〈A,B,C〉 in a line with one
point of valueδ0−3 andq points of value at mostδ0−2, which gives

γ(ℵ∩〈A,B,C〉) ≤ (q+1)δ0−2q−3. (4.4)

Now consider values of points inA3. Most of the points inA3 have valueδ0−3.
Exceptions are theq points in (〈C,G〉\{C}) ⊂ P with value δ0− 2, and the point
W ∈ ` which has valueδ0−1. Thus the intersectionα ∩A3 has at mostq+1 points
of value greater than or equal toδ0−2, out of which one,W , can have valueδ0−1
and the remainingq points can have valueδ0−2. This gives

γ(ℵ∩A3) ≤ q2δ0−3q2+ q+2. (4.5)

There areq3 points inℵ\G3, and sinceX 6∈ ℵ, all these points have valueδ0−1 or
less. Hence

γ(ℵ\G3) ≤ q3(δ0−1). (4.6)

We sum up equations (4.4), (4.5), and (4.6), to get

γ(ℵ) ≤ θ(3)δ0− q3−3q2− q−1≤ θ(3)δ0− q3−2q2−3q−4< γ(G0),

contrary to assumption.
We conclude that

M3 = {G0,Gi | i > 3}.

We showed in Section 4.2.2, that for every`′ ∈M1, `′ 6⊂ Gi for all i; hence (N2.3)
follows. ObviouslyP 6⊂ Gi for all i, and there is no other plane inM2; this proves
(N3.3).

We have proved that all the non-chain conditions hold, so the construction is an
ENDS.





5 Optimal ENDS of dimension 6

We recall the upper bounds onδ1 throughδ4 given by Theorem 3.1, and the bound on
γ(PG(5, q)) from Corollary 3.4. In this chapter we will give a construction proving
the following theorem.

Theorem 5.1
If q is an odd prime power andδ0 ≥ 3, there exists a six-dimensional,q-ary, extremal
non-chain code with optimal difference sequence.

Let (δ0, δ1, . . . , δ5) be the target difference sequence which meets the bounds from
Theorem 3.1 and Corollary 3.4 with equality.

5.1 Design

As reference points, we chose six points,A, B, C, D, E, andF , spanningPG(5, q).
LetG,H ∈ 〈E,F 〉, such thatE, F , G, andH are four distinct points. LetGi, 0≤ i ≤
q, be theq+1 distinct hyperplanes containingB := 〈A,B,C,D〉, such thatE ∈ G0,
F ∈ G1, G ∈ G2, andH ∈ G3.

First consider the plane〈D,E,F 〉 (cf. Figure 5.1), and name the following points
therein:

X ∈ 〈D,E〉\{D,E}

L ∈ 〈D,F 〉∩ 〈G,X〉

M ∈ 〈D,G〉∩ 〈E,L〉

N ∈ 〈D,E〉∩ 〈F,M〉

Q ∈ 〈D,G〉∩ 〈F,X〉.

We claim that the named pointsD,E,F,G,X,L,M,N,Q are all distinct. From the
definition it is obvious that the seven first points are distinct, and thatN 6=M and
Q 6=X,N. We also note thatQ andM coïncide if and only ifN andX do. If this is
the case, then there is an embeddingPG(2,2)→ 〈D,E,F 〉 whose image is the seven
points{D,E,F,G,L,M = Q,N = X}. Such an embedding exists if and only ifq is
a power of 2, which it is not. Hence holds the claim.
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Figure 5.1: The〈D,E,F 〉 plane.
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Figure 5.2: The〈B,E,F 〉 plane. We have〈B,S4〉 = G4∩〈B,E,F 〉. The intersections
with Gi for i ≥ 5 are not drawn.





5.1. Design

Then consider the plane〈B,E,F 〉 (cf. Figure 5.2). Let

T3 ∈ 〈B,F 〉\{B,F}

S3 ∈ 〈B,H〉∩ 〈E,T3〉

Si ∈ 〈F,S3〉∩Gi, i = 3,4, . . . , q,

Ti ∈ 〈E,Si〉∩ 〈B,F 〉, i = 3,4, . . . , q.

Finally let

K ∈ 〈A,D〉\{A,D}.

Criterion 1 We haveγ(X) = δ0 andγ(p) ≤ δ0−1 for all pointsp 6=X.

Criterion 2 For all i ≥ 3, Gi meets the requirements of Theorem 3.2.

Corollary 5.1
For all i ≥ 3, γ(Gi) = ∆4, and ifξ ⊂ Gi is am-space withm ≤ 3, thenγ(ξ) < ∆m.

We make the following assignments to meet the above criteria:

γ(X) = δ0

γ(p) = δ0−3, ∀p ∈ 〈A,B,C〉∪{D}

γ(p) = δ0−2, ∀p ∈
(

〈A,B,C,D〉∪
q
⋃

i=3

〈D,Si〉
)

\(〈A,B,C〉∪{D})

γ(p) = δ0−1, ∀p ∈
q
⋃

i=3

Ai\〈D,Si〉.

Criterion 3 All lines throughX in G0 have value(q+1)(δ0−1)−1.

We assign the following values to meet the above design criterion:

γ(E) = δ0−1

γ(p) = δ0−2, ∀p ∈ 〈A,B,C,E〉\(〈A,B,C〉∪{E}).

γ(p) = δ0−1, ∀p ∈ G0\(〈A,B,C,D〉∪ 〈A,B,C,E〉∪{X}).
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Finally assign

γ(p) = δ0−2, ∀p ∈
q
⋃

i=3

〈D,Ti〉\{D} ⊂ A1

γ(p) = δ0−2, ∀p ∈ 〈K,L〉∪ 〈K,G〉 ⊂ G1∪G2

γ(Q) = δ0−3, Q ∈ A2,

γ(p) = δ0−1, ∀p ∈ A2\({Q}∪〈K,G〉)

γ(F ) = δ0−1, F ∈ A1,

γ(p) = δ0−3, ∀p ∈ A1\
(

〈K,L〉∪{F}∪
q
⋃

i=3

〈D,Ti〉
)

.

5.2 Analysis

Lemma 5.1
We have

〈K,L,G〉∩ 〈D,Si,Ti〉 = {X}, ∀i,s.t.3≤ i ≤ q.

〈K,L,M〉∩ 〈D,Si,Ti〉 = {E}, ∀i,s.t.3≤ i ≤ q.

Proof: First we prove that〈K,L〉∩ 〈D,Si,Ti〉 = ∅, which is equivalent to

dim〈K,L,D,Si,Ti〉 = 4.

We can see from the definitions that

〈K,L,D,Si,Ti〉 = 〈A,D,E,F,Ti〉 = 〈A,D,E,F,B〉.

SinceA,B,D,E,F are independent by definition, we get the result we want. It fol-
lows that the intersections in the lemma are at most one point each.

It is easily seen from Figures 5.1 and 5.2, that〈D,Si,Ti〉= 〈D,E,Ti〉= 〈X,E,Ti〉.
AlsoX ∈ 〈L,G〉 andE ∈ 〈L,M〉, and the lemma follows. �

Lemma 5.2
Every line throughX has value(q+1)(δ0−1)−1.

Proof: Consider a linè 3X. We have the following possibilities:

1. ` ⊂ G0 in which case the result follows from Criterion 3. Note that

〈K,X〉,〈D,X〉 ⊂ G0.
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2. ` ⊂ 〈K,L,G〉 (but ` 6⊆ G0) in which case there are two points̀∩ 〈K,L〉 and
` ∩〈K,G〉 of valueδ0−2. The remaining points exceptX have valueδ0−1.

3. ` ⊂ 〈D,Si,Ti〉 for somei (but ` 6⊆ G0), in which case there are two points
`∩〈D,Si〉 and`∩〈D,Ti〉 of valueδ0−2. The remaining points exceptX have
valueδ0−1.

4. ` = 〈F,Q〉, whereγ(Q) = δ0− 3 andγ(X) = δ0, while the remaining points
have valueδ0−1.

5. otherwiseγ(` ∩A1) = δ0− 3, while the remaining points exceptX has value
δ0−1.

�

Proposition 5.1 (Total Value)
We haveγ(PG(k,q)) = ∆5.

Proof: This follows directly from Corollary 3.4 and the above lemma. �

Lemma 5.3
If α is ani-space containingX with i ≥ 1, thenγ(α) < ∆i.

Proof: Lemma 5.2 implies that ifβ 3X is ani-space, then

γ(β) = θ(i−1)[qδ0− (q+2)]+δ0

= θ(i)δ0−θ(i)−2θ(i−1)+1

< θ(i)δ0−
i
∑

j=1

θ(j) = ∆i,

as required. �

Lemma 5.4
If for somei, α ⊆ Gi is a line, thenγ(α) < ∆1.

Proof: Suppose for a contradiction thatγ(α) ≥ ∆1. By Lemma 5.3,X 6∈ α. Hence
all points inα have valueδ0−1 or less. There is at least one point of valueδ0−2 in
α ∩B, soγ(α) ≤ ∆1−1. �

Lemma 5.5
If ` is a line, thenγ(`) ≤ ∆1, and ifF 6∈ `, thenγ(`) < ∆1. Also γ(〈F,N〉) = ∆1.
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Proof: Let ` be a line. IfX ∈ `, thenγ(`) < ∆i by Lemma 5.2. IfX 6∈ `, all points
on` have value at mostδ0−1. Henceγ(`) ≤ ∆1.

Suppose thatγ(`) =∆1. Then all points oǹ has valueδ0−1. By Lemma 5.4, we
get that̀ 6⊆ Gi. Hencè meets each of the setsAi in one point of valueδ0−1. The
only such point inA1 is F , henceF ∈ `.

We know that〈F,N〉∩
⋃2
i=0Gi = {N,F,M}, which are points of valueδ0−1. It

remains to prove that〈F,N〉 does not meet〈D,Si〉 for any i ≥ 3, butF ∈ 〈F,N〉 ∩
〈D,S3,S4〉, andN is not in this intersection. Hence〈F,N〉∩ 〈D,S3,S4〉 = {F}, and
〈F,N〉 does not meet〈D,Si〉 for anyi ≥ 3. Consequentlyγ(〈F,N〉) = ∆1. �

Proposition 5.2 (Lines)
The construction satisfies(N0.1), andδ0 andδ1 are the two first elements of its dif-
ference sequence.

Proof: By Criterion 1,δ0 is the first element of the difference sequence, and by
Lemma 5.5,δ1 is the second one. Condition (N0.1) follows from Lemma 5.3. �

Lemma 5.6
If for somei, β ⊆ Gi is a plane, thenγ(β) < ∆2.

Proof: Suppose for a contradiction thatγ(β) ≥ ∆2. By Lemma 5.3,X 6∈ β. Hence
all points inβ have valueδ0−1 or less.

The intersectionβ ∩B is at least 1 point of valueδ0−3 and at leastq points of
valueδ0−2 or less. Hence

γ(β) ≤ q2(δ0−1)+ q(δ0−2)+ (δ0−3)= ∆2−1,

as required. �

Lemma 5.7
If β is a plane containingF , thenγ(β) < ∆2.

Proof: Assume thatβ 3 F is a plane of valueγ(β) ≥ ∆2. We know from previous
observations thatX 6∈ β andβ 6⊆ Gi for anyi. Hence all points onβ have valueδ0−1
or less, andβ meets each of theAi in q points. The only point inG1 of valueδ0−1
or more isF , so β ∩ G1 contains at leastq points of valueδ0− 2 or less. Because
γ(β) ≥ ∆2, there can be at most one point of valueδ0− 3 in β ∩G1 or one point of
valueδ0−2 in β\G1, but not both.

Consider the intersectionλ := β∩A1 which containsF . We know that most points
in A1 have valueδ0−3, so we consider the exceptions, namely〈D,Ti〉, 〈K,L〉, and
F . If λ meets〈D,Ti〉 for somei, then it meets〈D,Ti〉 for all i, but it does not meet
〈K,L〉, and thus there is one point of valueδ0−3 in λ. If λ meets〈K,L〉\{K}, there
is at leastq−2 ≥ 1 points of valueδ0−3 in λ. If λ meets neither〈K,L〉\{K} nor
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〈D,Ti〉, then it has at leastq−1≥ 2 points of valueδ0−3. We conclude thatβ ∩A1

contains a point of valueδ0−3.
It follows from above thatβ ∩A1 meets either〈D,Ti〉 or 〈K,L〉\{K}, and that it

does not meetD nor 〈A,B,C〉. Furthermore, all points inβ\G1 have valueδ0−1.
If E 6∈ β, thenβ meets〈A,B,C,E〉 in a point of valueδ0−2. Hence〈E,F 〉 ⊂ β.

Now, if β meets〈D,Ti〉, it also meets〈D,Si〉; and if it meets〈K,L〉\{K}, it also
meets〈K,G〉\{K}. In either case we have at least one point of valueδ0−2 in β\G1,
proving the lemma by contradiction. �

Lemma 5.8
If β is a plane, thenγ(β) ≤ ∆2. Also γ(〈K,L,M〉) = ∆2.

Proof: The points on〈K,L〉 have valueδ0− 2. By Lemma 5.1,〈K,L,M〉 ∩
〈D,Si,Ti〉 = 〈E〉 for all i; and〈K,G〉 ∩ 〈K,L,M〉 = {K}. We haveγ(E) = δ0−1.
Hence the points in〈K,L,M〉\〈K,L〉 have valueδ0−1, andγ(〈K,L,M〉) = ∆2.

Supposeγ(β) > ∆2. By Lemma 5.3, all points inβ have valueδ0−1 or less. Also
β can have at mostq points of valueδ0−2 or less, and consequently there is a line
α ⊆ β with q+1 points of valueδ0−1. By Lemma 5.5,F ∈ α, but by Lemma 5.7,
F 6∈ β, which is absurd. �

Proposition 5.3 (Planes)
The construction satisfies(N0.2) and(N1.2), and the second element of the difference
sequence isδ2.

Proof: From Proposition 5.2 and Lemma 5.8, we get thatδ2 is the second difference.
Lemma 5.3 implies (N0.2), and (N1.2) follows from Lemmata 5.5 and 5.7. �

Lemma 5.9
For a solidβ 6⊂ Gi for anyi, we haveγ(β) < ∆3.

Proof: We know that the lemma holds ifX ∈ β, so assumeX 6∈ β. The intersection
β ∩B is a line including one point of valueδ0−3 andq points of valueδ0−2 or less.

The intersectionβ ∩A1 containsq2 points. InA1 there is one point,F , of value
δ0−1. There areq(q−1) points of valueδ0−2, they are on〈D,Ti〉 for i ≥ 3 and on
〈K,G〉. Since dim〈D,T3,T4,K,G〉 = 4, β cannot contain both〈K,G〉 and〈D,Ti〉 for
all i ≥ 3. Henceβ ∩A1 contains at mostq(q−2)+2 points of valueδ0−2 or more.

It follows thatβ ∩A1 contains at least 2q−2 points of valueδ0−3, at most one of
valueδ0−1, andq2−2q+1 of valueδ0−2 or less. This gives

γ(β ∩A1) ≤ q2δ0−2q2+4q−2−1−6q+6

= q2δ0−2q2−2q+3,
(5.1)

γ(β ∩B) ≤ (q+1)δ0−2(q+1)−1, (5.2)

γ(β\G1) ≤ q3(δ0−1). (5.3)
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We will now prove that we cannot have equality in both (5.2) and (5.3). We know that
Θ := 〈A,B,C,E〉 ∩ β is a a line or a plane. IfΘ ⊂ 〈A,B,C〉, it gives more than one
point of valueδ0−3 in β ∩B, and equality fails in (5.2). OtherwiseΘ∩A0 contains
some of the points of valueδ0−2 from 〈A,B,C,E〉, and equality fails in (5.3).

By adding (5.1), (5.2), and (5.3), we get

γ(β) < θ(3)δ0− q3−2q2−4q

= θ(3)δ0−θ(3)+1−θ(2)+1−θ(1)+1− q

≤ ∆3,

as required. �

Lemma 5.10
If β is a solid, thenγ(β) ≤ ∆3. If γ(β) = ∆3, thenβ ⊆ G2. We haveγ(〈B,C,K,M〉) =
∆3.

Proof: First consider some solidβ such thatγ(β) ≥ ∆3. By Lemma 5.3,X 6∈ β. By
Lemma 5.9,β ⊂ Gi for somei, and by Criterion 2,i ≤ 2. Sinceγ(B) < ∆3, β ∩B is
a plane. The highest possible value is obtained ifβ\B consists ofq3 points of value
δ0−1, andβ ∩B contains a line ofq+1 points of valueδ0−3 andq2 points of value
δ0−2. This gives exactly the value of∆3, so by the assumption this maximum must
be attained andγ(β) = ∆3.

Thusβ∩B containsq2 points of valueδ0−2. If i= 0, thenβ meets〈A,B,C,E〉\B
in some point of valueδ0− 2, which is impossible. Also, ifi = 1, thenβ\B must
contain a point of valueδ0−3, and that is impossible as well. Henceβ ⊂ G2.

Now we prove that〈B,C,K,M〉 ⊆ G2 has value∆3. The plane〈B,C,K〉 is a
line 〈B,C〉 of points of valueδ0− 3 andq2 points of valueδ0− 2. The remaining
points are inA2, and the only points of valueδ0−2 or less inA2 are in〈K,G〉∪{Q}.
Note thatG,Q ∈ 〈D,M〉, M ∈ 〈B,C,K,M〉, andD 6∈ 〈B,C,K,M〉, henceG,Q 6∈
〈B,C,K,M〉. Also K ∈ 〈B,C,K,M〉, so 〈K,G〉 ∩ 〈B,C,K,M〉 = {K}. Hence the
points in〈B,C,K,M〉\B have valueδ0−1 as required. �

Proposition 5.4 (Solids)
The construction satisfies(N0.3), (N1.3), and (N2.3); and the third element of the
difference sequence isδ3.

Proof: The third element of the difference sequence follows from Proposition 5.3
and Lemma 5.10. Condition (N0.3) follows from Lemma 5.3. Conditions (N1.3) and
(N2.3) follow from the fact that lines and planes of maximum values are not contained
in Gi for anyi, while solids of maximum value are. �

Lemma 5.11
Let ξ be a hyperplane such thatξ 6= Gi for anyi ≥ 3. Thenγ(ξ) < ∆4.
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Proof: Supposeγ(ξ) ≥ ∆4. Due to Lemma 5.3,X 6∈ ξ. All the Gi containB, so to
prove thatγ(Gi) < γ(G3) for i = 1,2 it suffices to proveγ(Ai) < γ(A3). However,A3

containsq points of valueδ0−2, while the remaining points have valueδ0−1. The
setA2 containsq points of valueδ0−2 and one point of valueδ0−3, andA1 contains
q−1 points of valueδ0−2 and one of valueδ0−1, while the remaining have value
δ0−3. Henceξ 6= Gi for anyi.

We get thatξ ∩G1 is a solidΘ. First note that

γ(Θ∩B) ≤ θ(2)δ0−2θ(2)−θ(1),

γ(ξ\Θ) ≤ q4(δ0−1).

Thus

γ(ξ\A1) ≤ (q4+θ(2))δ0− q4−2θ(2)−θ(1).

Among the remainingq3 points, there are at most 1 of valueδ0−1 andq(q−1) of
valueδ0−2. The other points have valueδ0−3. Hence

γ(ξ ∩A1) ≤ q3δ0−3q3+ q2− q+2.

We add the two inequalities to get

γ(ξ) ≤ θ(4)δ0−θ(4)−θ(3)− q3+ q2−2q+1

≤ θ(4)δ0−θ(4)−θ(3)−θ(2)−θ(1)−2q < ∆4.

The lemma follows by contradiction. �
Combining this lemma with Corollary 5.1 and the maximum values of points,

lines, and planes, we get the following:

Proposition 5.5 (Hyperplanes)
The construction satisfies(N0.4), (N1.4), (N2.4), and (N3.4), andδ4 is the fourth
element in the difference sequence.

Propositions 5.1 through 5.5 state that the construction correspond to an extremal
non-chain code with the claimed difference sequence. Theorem 5.1 follows, q.e.d.
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6 Binary ENDS

We remember from Chapter 3, several bounds on the differences of extremal non-
chain codes. We know from the work of Chen and Kløve [CK99b], that binary, four-
dimensional codes must meet stronger bounds. In this chapter we will prove such
upper bounds for arbitrary dimension. A five-dimensional code meeting the bounds
with equality will be provided in the next chapter.

We start with the general bounds. In Section 6.2 we will prove some special
properties for codes meeting the bounds with equality. Finally we establish a lower
bound onδ0 in Section 6.3.

6.1 General bounds

The following is a generalisation of Lemma 1 part ii) from [CK99b], and it gives a
stronger bound for the second to the last difference,δk−2.

Theorem 6.1
If (δ0, δ1, . . . , δk−1), k ≥ 4, is a binary ENDS, then

δk−2 ≤ 2k−3δ1−2−2k−3.

Proof: TakeΠk−2 ∈Mk−2 andΠk−3 ∈Mk−3, and letΠk−4 :=Πk−2∩Πk−3. Because
the code is extremal non-chain,Πk−4 is a (k−4)-space. Also let{P} ∈M0.

Define

S
def
= Πk−3\Πk−4 = {Si | i = 1,2, . . . ,2k−3},

`i
def
= 〈P,Si〉 = {P,Si,Ti}, i = 1,2, . . . ,2k−3.

Any line throughP meetsΠk−2, so the pointsTi are inΠk−2. Define the set

T
def
= {Ti | i = 1,2, . . . ,2k−3}.

Because the code is an ENDS,γ(`i) ≤ δ0+δ1−1, for all i; hence

γ(Ti) ≤ δ1− γ(Si)−1, i = 1,2, . . .2k−3,
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Figure 6.1: Representation ofPG(4,2) for Theorem 6.1. Black lines are inΠ3, dashed
lines inΠ2, and dotted lines are in neither. White points are inΠ1. The
lineΠ1 andL1 spanL1, andΠ1 andL2 spanL2.

and

γ(T ) ≤ 2k−3δ1− γ(S)−2k−3. (6.1)

We know that

γ(Πk−3) = γ(S)+ γ(Πk−4) =
k−3
∑

i=0

δi, (6.2)

so

γ(T )− γ(Πk−4) ≤ 2k−3δ1−2k−3−
k−3
∑

i=0

δi. (6.3)

The join of{P} andΠk−3 is a prime, intersectingΠk−2 in a (k−3)-space, namely
T ∪Πk−4. LetL1 andL2 be the other two (distinct) (k−3)-spaces, such thatΠk−4 ⊂
Li ⊂ Πk−2, for i = 1,2.

Now we have
k−2
∑

i=0

δi = γ(Πk−2) = γ(L1)+ γ(L2)− γ(Πk−4)+ γ(T )

≤ 2

(

k−3
∑

i=0

δi−1

)

+2k−3δ1−2k−3−
k−3
∑

i=0

δi.
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This is simplified to
δk−2 ≤ 2k−3δ1−2k−3−2,

and the theorem is proved. �
For the last difference,δk−1, we use Theorem 3.3, to get a bound expressed in

terms ofδk−2. This bound coincides with the one given given fork = 4 in [CK99b].

Theorem 6.2
If (δ0, δ1, . . . , δk−1), k ≥ 3, is a binary ENDS, then

δk−1 ≤ 2δk−2−3.

Proof: From Theorem 3.3, we have form = k−2,

k−1
∑

i=0

δi ≤
k−3
∑

i=0

δi+δk−2(q+1)− (q+1)=
k−2
∑

i=0

δi+2δk−2−3,

and the lemma follows immediately. �
Whenk = 5, we get from Theorems 3.1, 6.1, and 6.2 the following bounds.

δ1 ≤ 2δ0−3

δ2 ≤ 4δ0−7

δ3 ≤ 4δ1−6

δ4 ≤ 2δ3−3.

In the next chapter, we will construct a code meeting all these four bounds with equal-
ity.

6.2 Construction requirements

Lemma 6.1
If (δ0, δ1, δ2, δ3, δ4) is a binary ENDS, andδ1 = 2δ0−3 andδ2 = 4δ0−7, then for any
℘ ∈M0, any` ∈M1, and anyP ∈M2, we have:

` ∩P = (`℘)∩P = {X} ∈ PG(0)(4,2).

Proof: Consider the planè℘. It consists of seven points, one of which has valueδ0

and three of which are oǹ and hence have valueδ0−1. The remaining three points
have value at mostδ0−3. Any point inP has valueδ0−1 or δ0−2. It follows that
(`℘)∩P ⊆ ` ∩P. Since two planes always meet inPG(4,2), the left hand side is at
least one point. The left hand side is at most one point from the non-chain condition,
and the lemma follows. �
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6.3 Lower bound on δ0

In practice, our construction of a binary, five-dimensional ENDS requiresδ0≥ 4, so it
is interesting to know if any smaller value forδ0 is possible. We remember that Chen
and Kløve [CK99b] showed thatδ0 ≥ 5 for four-dimensional codes, and they did so
by first proving lower bounds on the other differences. A complete study of lower
bounds is beyond the scope of this thesis, but we introduce two lemmata which will
be used to prove thatδ0 ≥ 4 for any binary, five-dimensional ENDS.

Lemma 6.2
If (δ0, δ1, δ2, δ3, δ4) is a binary ENDS, and

λ = min{γ(p) | p ∈ `},

for somè ∈M1, then
δ4 ≥ δ2+ δ0+1+λ.

Proof: Let℘ ∈M0, ` ∈M1,P ∈M2, andH ∈M3 be subspaces of maximum value.
We know thatH has valueδ0+δ1+ δ2+δ3, and its complement,HC, has valueδ4.

The intersectionP ∩H is a line of value at mostδ1+δ0−1, soγ(P ∩HC) ≥ δ2+1.
We know that̀ has two points inHC, at most one of which may coincide with a point
in P, and the other has value at leastλ. Finally℘ ⊂ HC, soδ4 ≥ δ2+ δ0+1+λ, as
required. �

Lemma 6.3
If (δ0, δ1, . . . , δk−1), k ≥ 4, is a binary ENDS, then

δ1 ≥ 2 (6.4)

δ2 ≥ δ0+1. (6.5)

Proof: Assumeδ1 = 1. Let℘ ∈M0 be a point of maximum value. Obviously℘
cannot be the only point of positive value, so letρ 6=℘ be another such point. The line
℘ρ has value at leastδ0+1= δ1+ δ0, so it is a line of maximum value, and the code
is no ENDS. We conclude thatδ1 ≥ 2.

Let ` ∈M1 and℘ ∈M0 be a line and a point of maximum value. Ifδ2 ≤ δ0, then

γ(`℘) ≥ 2δ0+ δ1 ≥ δ2+ δ1+δ0,

and the code is no ENDS, contrary to assumption. We conclude thatδ2 ≥ δ0+1. �

Theorem 6.3
If (δ0, δ1, δ2, δ3, δ4) is a binary ENDS, thenδ0 ≥ 4.





6.3. Lower bound onδ0

Proof: We let` andλ be defined as in Lemma 6.2. We have from Theorem 6.2 that

δ4 ≤ 16δ0−39,

and from Lemma 6.2 that
δ4 ≥ δ2+ δ0+1+λ.

Combining these inequalities, we have

15δ0 ≥ 40+ δ2+λ.

This gives

δ0 ≥ 2+
10+ δ2+λ

15
.

So eitherδ0 ≥ 4, orδ0 = 3 andδ2+λ ≤ 5.
We considerδ0 = 3. Thenδ2 ≥ δ0+1= 4, so thatλ ≤ 1. We have upper and lower

bounds for the value of̀:

5≤ δ0+ δ1 = γ(`) ≤ 2(δ0−1)+λ = 4+λ ≤ 5.

It follows thatδ1 = 2 andλ = 1, and 4≤ δ2 ≤ 5−λ = 4, soδ2 = 4.
If P ∈M2 is a plane of maximum value, thenγ(P) = δ2+ δ1+ δ0 = 4+2+3= 9.

There are seven points inP, so at least one point has value at leastd9/7e = 2, and no
point has value more thatδ0−1= 2. We letP ∈ P be a point of value 2. There are
three lines throughP in P, each of which has value at most 4, or otherwise it would
be inM1. Thus the value ofP is at most 3·2+2 = 8, which is impossible. Hence
δ0 ≥ 4, as required. �
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7 Binary Construction

In this chapter we construct a value assignment for a five-dimensional, binary code,
with the difference sequence (4,5,9,14,25), which meets the bounds from Chapter 6
with equality. It is easily verified that by uniformly increasing the values of all points,
we can get any value forδ0 ≥ 4, and still meet the bounds with equality.

7.1 The assignment

There are 31 points inPG(4,2), and we name them

A,B,C, . . . ,Y,Z,Γ,∆,Θ,Λ,Ξ.

The geometry is defined by the list of lines in Table 7.1. All points are shown in
Figure 7.1. Figure 7.2 is a simplified version, showing the points treated specially in
the text. We note that the five pointsA, C, G,K andW spanPG(4,2).

We arbitrarily chooseH := 〈A,C,G,W 〉 as a hyperplane of maximum value,
andP := 〈A,C,K〉 as a plane of maximum value. We define the hyperplanesG :=
〈A,C,G,K〉 andI := 〈A,C,G,∆〉. ThusP ⊂ G and the intersection of the three hy-
perplanesG,H, andI, is the plane〈A,C,G〉.

We let the line of maximum value,̀, intersect each of the hyperplanesG,H, and
I in one point. We make sure that it intersectsP, and let̀ := `95 = {H,T,∆}. As a
point of maximum value, we chooseX which is inI.

Now we assign the following values:

γ(X) = 4

γ(p) = 3, ∀p ∈ `

γ(p) = 2, ∀p ∈ 〈C,I〉

γ(p) = 3, ∀p ∈ P\〈C,I〉

This gives us sufficient information to limit our search, so that it may feasibly be
done by trial and error on a computer. It can be verified that it is extremal non-chain,
and that its difference sequence is indeed (4,5,9,14,25). We summarise the result in
the following theorem:
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7.1. The assignment
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Figure 7.1: Representation ofPG(4,2) for construction.
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Figure 7.2: Simplified sketch ofPG(4,2) for construction.





7.1. The assignment

γ(A) = 3 γ(B) = 3 γ(C) = 2 γ(D) = 1 γ(E) = 3 γ(F ) = 3
γ(G) = 2 γ(H) = 3 γ(I) = 2 γ(J ) = 2 γ(K) = 3 γ(L) = 1
γ(M) = 1 γ(N) = 1 γ(O) = 1 γ(P ) = 1 γ(Q) = 2 γ(R) = 2
γ(S) = 1 γ(T ) = 3 γ(U ) = 2 γ(V ) = 2 γ(W ) = 2 γ(X) = 4
γ(Y ) = 1 γ(Z) = 1 γ(Γ) = 1 γ(∆) = 3 γ(Θ) = 1 γ(Λ) = 0
γ(Ξ) = 0

Table 7.2: A value assignment inPG(4,2).

Theorem 7.1
If δ0 ≥ 4, there exists a binary, five-dimensional, extremal non-chain code with the
difference sequence:

δ1 = 2δ0−3

δ2 = 4δ0−7

δ3 = 4δ1−6

δ4 = 2δ3−3.
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8 Duality

Consider a codeC ⊆ V and its orthogonal codeC⊥ ⊆ V. We write (d1, . . . ,dk) for
the weight hierarchy ofC, and (d⊥1 , . . . ,d

⊥
n−k) for the weight hierarchy ofC⊥. Let

B be the set of coordinate vectors forV, and letµ be the natural endomorphism as
defined in (2.3). According to Lemma 2.1, the vector multiset corresponding toC, is
γ̄C := µ(B). The topic of this chapter is the relation between ¯γC andC⊥.

LetB ⊆B. Thenµ(B) is a sub-multiset of ¯γC . Every sub-multiset of ¯γC is obtained
this way. Obviously dim〈B〉 = #B. LetD := 〈B〉 ∩C⊥ be the largest subcode ofC⊥

contained in〈B〉. ThenD is the kernel ofµ|〈B〉, the restriction ofµ to 〈B〉. Hence

dim〈µ(B)〉 = dim〈B〉−dimD. (8.1)

Clearly #B ≥ w(D).
With regard to the problem of support weights, we are not interested in arbitrary

sub-multisets of ¯γC . We are only interested in cross-sections. Therefore, we ask when
µ(B) is a cross-section ofµ(B). This is of course the case if and only ifµ(B) equals
the cross-sectionµ(B)|〈µ(B)〉.

Let U 5 V/C⊥ be a subspace. We haveµ(B)|U = µ(B), whereB = {b ∈ B |
µ(b) ∈ U}. Hence we haveµ(B) = µ(B)|〈µ(B)〉 if and only if there exists no point
b ∈ B\B such thatµ(b) ∈ 〈µ(B)〉.

It follows from (8.1) that a large cross-sectionµ(B) of a given dimension, must
be such that〈B〉 contains a large subcode ofC⊥ of sufficiently small weight.

Define for any subcodeD ⊆ C⊥,

β(D) := {bx | x ∈ χ(D)} ⊆ B. (8.2)

Obviouslyβ(D) is the smallest subset ofB such thatD is contained in its span. It
follows from the above argument that ifD is a minimum subcode andµ(β(D)) is a
cross-section, thenµ(β(D)) is a maximum cross-section forC. Thus we are lead to
the following two lemmas.

Lemma 8.1
If n−dr = d

⊥
i , B ⊆B, and#B = n−dr, thenµ(B) is a cross-section of maximum size

and codimensionr if and onlyB = β(Di) for some minimumi-subcodeDi ⊆ C⊥.
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Lemma 8.2
Let r be an arbitrary number,0< r ≤ n−k. Let i be such thatd⊥i ≤ n−dr < d

⊥
i+1, and

letDi ⊆ C⊥ be a minimumi-subcode. Thenµ(〈B〉) is a maximumr-subspace for any
B ⊆ B such thatDi ⊆ 〈B〉 and#B = n−dr.

As an example of our technique, we include two old results from [Wei91, WY93],
with new proofs based on the argument above.

Proposition 8.1 (Wei 1991)
The weight sets

{d1,d2, . . . ,dk} and {n+1−d⊥1 ,n+1−d⊥2 , . . . ,n+1−d⊥n−k}

are disjoint, and their union is{1,2, . . . ,n}.

Proof: Suppose for a contradiction thatdi = n− s andd⊥j = s+1 for somei, j, and
s. LetDj ⊆ C⊥ be a minimumj-subcode. LetBi ⊆ B such thatµ(Bi) is a maximum
cross-section of codimensioni. We have #β(Dj) = #Bi+1 and thus dim〈Bi〉∩C⊥ < j.
Hence dimµ(Bi) ≥ dimµ(β(Dj)). Thusµ(Bi) cannot be maximum cross-section,
contrary to assumption. �

Proposition 8.2 (Wei and Yang 1993)
If a C is a chained code, then so isC⊥, and vice versa.

Proof: SupposeC⊥ is a chained code. We prove that thenC is a chained code. The
converse follows by duality.

Let
{0} =D0 ⊂D1 ⊂ . . . ⊂Dk = C⊥

be a chain of subcodes of minimum weight. Choose a coordinate ordering, such that

χ(Di) = {1,2, . . . ,d
⊥
i }, ∀i.

For eachr = 1,2, . . . ,n, letBr ⊆ B be the set of ther first coordinate vectors. By our
argument,µ(Br) is a cross-section of maximum size except ifd⊥i = r+1 for somei;
in which case there is no cross-section of maximum size andr elements. Obviously
µ(Br) ⊆ µ(Br+1) for all r. �





9 Sub-chains

We have seen that ifC is chained, then so isC⊥. In Section 2.5, we saw that the
chained codes form but one of numerous classes of codes with respect to the subchain
conditions. We also definedB-codes to be codes satisfying all the subchain conditions
but not the chain condition. In this chapter we will prove that ifC is aB-code, then
so isC⊥.

We shall also see that for somei andj we can determine ifC⊥ satisfies (Ci.j) by
studyingC, but we do not succeed for alli andj.

9.1 Duality relations

Lemma 9.1
If ds−1 = ds−1, then(Ck−1−s.k−s) holds. In fact, for any minimums-subcodeD,
and any subcodeD′ ⊂ D of weightw(D′) ≤ ds−1, we can find a minimum(s−1)-
subcodeD′′, such thatD′ ⊆D′′ ⊂D.

Proof: LetD andD′ be as described. Arbitrarily choosei ∈χ(D)\χ(D′), and define
D′′ := {x ∈ D | xi = 0}. Clearly dimD′′ = s−1,D′ ⊆ D′′ ⊂ D, andw(D′′) ≤ ds−1,
which is also the least possible weight. HenceD′′ is a minimum (s−1)-subcode. �

Corollary 9.1
If ds−i = ds− i for somes andi > 1, then(Ck−1− s.k−1+ i− s) holds.

Lemma 9.2
If dk−1−r = dk−1− r where0≤ r ≤ k−3, then(Cr.s) holds for alls.

Proof: First observe thatdk−1−r′ = dk −1− r′ for all r′ ≤ r. LetDk−1−s ⊆ C be a
minimum (k−1− s)-subcode. By Lemma 9.1, we can form a chain

Dk−1−s ⊂Dk−1−r ⊂Dk−r ⊂ . . . ⊂Dk = C

of minimum subcodes, proving the lemma. �

Lemma 9.3
SupposeC⊥ satisfies(Nn− k − 1− j.n− k − 1− i) wherei < j, d⊥i+1 > d

⊥
i + 1, and

d⊥j+1>d
⊥
j +1. ThenC satisfies(Nk−1−r.k−1−s) whered⊥i = n−dr andd⊥j = n−ds.
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By biduality, the lemma is equivalent to the following remark for which the proof
will look a little cleaner.

Remark 9.1
SupposeC satisfies(Nk−1− j.k−1− i) wherei < j, di+1> di+1, anddj+1> dj+1.
ThenC⊥ satisfies(Nn−k−1− r.n−k−1− s) wheredi = n−d⊥r anddj = n−d⊥s .

Proof: Since the lemma follows from the remark, we will prove the remark. Because
di+1> di+1 anddj+1> dj+1, there arer ands such thatdi = n−d⊥r anddj = n−d⊥s .

Suppose for a contradiction thatC⊥ satisfies (Cn−k−1−r.n−k−1−s). LetDs ⊂
Dr ⊆ C⊥ be minimums- andr-subcodes. By Lemma 8.1,µ(β(Dr)) andµ(β(Ds))
are maximum cross-sections of codimensionsi and j respectively, butµ(β(Dr)) ⊂
µ(β(Ds)); thus the lemma follows by contradiction. �

Lemma 9.4
If d⊥i = n−dr, thenr = k+ i−d⊥i .

Proof: By Proposition 8.1, we have that

{d1, . . . ,dr,n+1−d⊥n−k, . . . ,n+1−d⊥i } = {1,2, . . . ,n+1−d⊥i }.

Clearlyr+n−k− i+1 is the cardinality on the left hand side, whilen+1−d⊥i is the
cardinality on the right hand side. Hencer+n−k− i+1= n+1−d⊥i , and the lemma
is proved. �

Proposition 9.1
If d⊥i+1 > d

⊥
i +1 andd⊥j+1 > d

⊥
j +1, thenC⊥ satisfies(Cn−k−1− j.n−k−1− i) if

and only ifC satisfies(Cd⊥i − i−1.d⊥j − j−1).

Proof: The only-if-part follows directly from Lemmata 9.3 and 9.4. The if-part
follows by duality. �

Lemma 9.5
SupposeC satisfies(Nk−1− r.k−1− s) for somer ands. Let r′′ ≥ r be the least
integer such thatdr′′+1 > dr′′ +1, and lets′′ ≥ s be the least integer such thatds′′+1 >
ds′′+1. ThenC also satisfies(Nk−1−r′.k−1−s′) for all s′ andr′ such thatr≤ r′ ≤ r′′

ands ≤ s′ ≤ s′′.

Note that by Lemma 9.2, there must exist such anr′′ < k, and by Corollary 9.1
there exists such ans′′ < r′′.
Proof: First consider the case whereds+1 = ds+1. Suppose for a contradiction that
(Ck−1− r.k−2− s) holds. Then there is a minimumr-subcodeD and a minimum
(s+1)-subcodeD′ ⊂D. By Lemma 9.1, there is a minimums-subcodeD′′ ⊂D′ ⊂D.
Hence (Nk−1− r.k−2− s) holds by contradiction. By iterating the argument, we
find that (Nk−1− r.k−1− s′) holds fors′ = s,s+1, . . . , s′′.
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Then consider the case wheredr+1 = dr + 1. Suppose for a contradiction that
(Ck−2− r.k−1− s) holds. Then there is a minimums-subcodeD and a minimum
(r+1)-subcodeD′ ⊃D. By Lemma 9.1, there is a minimumr-subcodeD′′ such that
D ⊂D′′ ⊂D′, contradicting (Nk−1−r.k−1−s). Hence (Nk−2−r.k−1−s) holds.
By iterating the argument we prove (Nk−1− r′.k−1− s) for r′ = r,r+1, . . . , r′′.

By combining the two first results, we get thatC satisfies (Nk−1− r′.k−1− s′).
�

Corollary 9.2
If C satisfies(Ck−1− r.k−1−s) for somer ands. Let r′′ ≤ r be the greatest integer
such thatdr′′−1<dr′′−1, and lets′′ ≤ s be the greatest integer such thatds′′−1<ds′′−1.
ThenC also satisfies(Ck−1− r′.k−1− s′) for all r′ ands′ such thatr′′ ≤ r′ ≤ r and
s′′ ≤ s′ ≤ s.

Theorem 9.1
If C satisfies all the sub-chain conditions, then so doesC⊥.

Proof: Suppose for a contradiction thatC satisfies all sub-chain conditions, while
C⊥ satisfies (Nn−k−1−j.n−k−1− i) for somei andj. By Lemma 9.5,C⊥ satisfies
(Nn−k−1−j′.n−k−1− i′), whered⊥i′+1> d

⊥
i′ +1 andd⊥j′+1> d

⊥
j′+1. By Lemma 9.3,

C satisfies (Nk−1−r.k−1−s) whered⊥i′ = n−dr andd⊥j′ = n−ds. The lemma follows
by contradiction. �

Corollary 9.3
If C is a B-code, then so isC⊥.

9.2 A duality example

In Chapter 7, we learnt that an optimal, binary, extremal non-chain codeC has dif-
ference sequence (4,5,9,14,25). This gives a weight hierarchy of (25,39,48,53,57).
The orthogonal codeC⊥ has weight hierarchy

(2,3,4,6,7, . . . ,9,11,12, . . . ,18,20,21, . . . ,32,34,35, . . . ,57),

by Proposition 8.1, and its dimension is 52. We will determine the non-chain condi-
tions satisfied byC⊥, cf. Table 9.1.

We observe thatd⊥i+1 > d
⊥
i +1 if and only if

i ∈ {i0 = 0, i1 = 3, i2 = 7, i3 = 15, i4 = 28}.

Note thatij+1 = ij + δj −1. We also see thatd⊥0 = 0, d⊥3 = 4, d⊥7 = 9, d⊥15 = 18, and
d⊥28 = 32.
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i [0,22] 23 [24,35] 36 [37,43] 44 [45,47] 48 [49,50] 51
dk−1−i [56,34] 32 [31,20] 18 [17,11] 9 [8,6] 4 [3,2] 0
j

[0,22] (Y2) - - - - - - - - -
23 Y3 - - - - - - - - -

[24,35] Y3 Y2 (Y2) - - - - - - -
36 Y3 N1 Y5 - - - - - - -

[37,43] Y3 Y5 Y2 (Y2) - - - - -
44 Y3 N1 N1 - - - - -

[45,47] Y3 Y4 Y4 Y2 (Y2) - - -
48 Y3 N1 N1 N1 - - -

[49,50] Y3 Y4 Y4 Y4 Y4 Y2 (Y2) -
51 - - - - - - - - - -

Table 9.1: The sub-chain conditions satisfied forC⊥. The entry is Y if (Ci.j) is sat-
isfied. Entry - means that he sub-chain condition is not defined, while an
entry in parenthesis means that the sub-chain condition is undefined for
some values ofi andj.

By Proposition 9.1 we get,

C⊥ satisfies (N51− i2.51− i1) = (N44.48)

⇐= C satisfies (N4−3−1.9−7−1)= (N0.1).

C⊥ satisfies (N51− i3.51− i1) = (N36.48)

⇐= C satisfies (N4−3−1.18−15−1)= (N0.2).

C⊥ satisfies (N51− i4.51− i1) = (N23.48)

⇐= C satisfies (N4−3−1.32−28−1)= (N0.3).

And similarly, C⊥ satisfies (N36.44), (N23.44), and (N23.36). This gives us the
entries marked with superscript 1 in Table 9.1.

Now consider an arbitrary pair (r,s) where 0≤ s < r < n− k− 1 = 51 and ask,
doesC⊥ satisfy (C51− r.51− s)?

Define i5 := n − k = 52 for convenience. Ifij < s < r ≤ ij+1, for somej =
0,1,2,3,4, thend⊥s − d

⊥
r = s− r, so (C51− r.51− s) holds by Corollary 9.1. In the

table, the Y-s marked with a superscript ‘2’ follow. From Lemma 9.2, we get the
sub-chain conditions with Y3 in the table.

To find further entries, we need more knowledge aboutC. It was found in Corol-
lary 3.1 that any maximum cross-section of dimension 2 has difference sequence
(δ0− 1, δ1, δ2+ 1), and a maximum cross-section of dimension 1 has difference se-
quence (δ0−1, δ1+1). Hence ifD2 andD3 are minimum 2- and 3-subcodes ofC,
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there are subcodes

E3 ⊃D2,dimE3 = 3,w(E3) = d3+1,

E4 ⊃D2,dimE4 = 4,w(E4) = d4+1,

E ′4 ⊃D3,dimE ′4 = 4,w(E ′4) = d4+1.

Letµ⊥ : V→V/C be the natural endomorphism, and letβ be defined for any subcode
D ⊆ C as follows

β(D) := {bx | x ∈ χ(D)} ⊆ B.

(This a straight-forward extension of (8.2).) The cross-sectionsµ⊥(β(D2))⊂µ⊥(β(E3))
gives us (C36.45). Similarly, we get (C36.49) and (C44.49). From Corollary 9.2, we
get all the Y-s marked with superscript ‘4’.

Finally consider Theorem 3.3. A 2-spaceΠ2 of maximum value must be con-
tained in a 3-spaceΠ3 with valueδ0+ δ1+ δ2+ δ3−1. Hence a minimum 2-subcode
D2 ⊂ C contains a 1-subcode of weightd1+1, and forC⊥, we get (C24.36). From
Corollary 9.2, we get the Y-s marked with a superscript ‘5’.

This is as far as we get with the results we have found. Since there are several non-
equivalent optimal extremal non-chain codes, the remaining sub-chain conditions may
depend on the actual choice ofC.

9.3 Bounds on the Difference Sequences

Chen and Kløve have treated the difference sequences of B-codes in several papers.
The following proposition is from [CK97b]. Possibly, Corollary 9.3 may be of use in
the continuation of their work, but it is difficult since no good bounds have yet been
found for dimensionk ≥ 5.

Proposition 9.2 (Chen and Kløve 1997)
Let (δ0, δ1, δ2, δ3) be a Case B difference sequence. Then

δ3 ≤qδ2− (q+1)

δ2 ≤qδ1− (q+1)

δ1 ≤qδ0− (q+1).

Lemma 9.6
If (δ0, . . . , δk−1) is a Case B difference sequence, thenδi ≤ qδi−1 for all i.

Proof: Let Πi be a minimumi-space andΠi−2 a minimum (i−2)-space such that
Πi−2 ⊂ Πi, where 1≤ i ≤ k−1. There areq+1 (i−1)-spaces containingΠi−2 in Πi.
Hence

γ(Πi) ≤ (q+1)δi−1+δi−2+δi−3+ . . .+ δ0, (9.1)
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and the lemma follows. �
We note that these bounds are considerably weaker than the bounds fork = 4 in

the proposition. The reason is that fork = 4, γ(Πi−1) < δ0+ . . .+ δi−1, lest the chain
condition is satisfied. This holds fork = 4 only. If a code satisfies the bounds in
Lemma 9.6 with equality for alli, then it is a simplex code and hence satisfies the
chain condition.





10 Greedy weights

Cohen, Encheva, and Zémor [CEZ99] have introduced a new set of parameters, which
we will call CEZ weights (g1, . . . ,gk). The greedy weights (e1, . . . , ek) were intro-
duced by Chen and Kløve [CK99a, CK01a] inspired by the CEZ weights. The second
greedy weight coïncides with the second CEZ weight, and it has been studied in detail.
Only a little is known about the higher greedy weights.

10.1 The Wire-Tap Channel of Type II

When Wei introduced the weight hierarchy, the prime motivation was the analysis of
an application of linear codes to the Wire-Tap Channel of Type II [OW84]. This mo-
tivation is useful for presenting the greedy weights as well, even though the impatient
reader may go directly to the formal definitions in the next section.

The Wire-Tap Channel of Type II is depicted in Figure 10.1. Alice hask informa-
tion bits which she wants to send to Bob. She is allowed to usen bits on an error-free
channel, but Eve can eavesdrops bits of her choosing. How can Alice and Bob min-
imise the information Eve gets from hers channel bits?

Wei [Wei91] analysed one scheme due to Ozarow and Wyner [OW84]. LetC be an
[n,k] code. The scheme uses its dualC⊥, which hasqk cosets corresponding to theqk

Alice
I

k inf. bits
Encoder I

n channel bits
Decoder I

Bob
s
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT I
s bits stolen Eve

Figure 10.1: The Wire-Tape Channel of Type II.
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00 01 10 11

00000 10000 00100 00001
11000 01000 11100 11001
00011 10011 00111 00010
10101 00101 10001 10100
01101 11101 01001 01100
01110 11110 01010 01111
10110 00110 10010 10111
11011 01011 11111 11010

Table 10.1: The four cosets ofC⊥ corresponding to four two-bit messages in Exam-
ple 10.1.

possible messages. Alice finds the coset corresponding to her message and transmits
a random vector from this coset. Bob who reads the entire transmitted message may
decode. Eve who gets buts bits of the transmitted message gets only part of the
information. Wei showed that she could getr bits of information if and only ifdr(C)≤
s.

Example 10.1
LetC be defined by the generator matrix

G =

[

11100
00111

]

. (10.1)

TheC⊥ has generator matrix

G⊥ =





11000
00011
10101



 . (10.2)

The cosets ofC⊥ are given in Table 10.1. The weight hierarchy ofC is (3,5). Suppose
Alice wants to send the message ‘01’, and randomly chooses the third vector from the
coset (Table 10.1) ‘10011’. Ifs = 2 and Eve reads the first two message bits, she sees
‘10’. It is easily checked that ‘10’ occurs twice in every coset as the two first bits.
Hence Eve gets no information.

Supposes = 3. Then Eve is, according to Wei, able to get one bit of informa-
tion. This can be achieved by reading the three first bits, containing ‘100’, and then
Eve can observe that only ‘10’ and ‘01’ are possible messages, giving her one bit of
information as expected.

If however, Eve opts to read the first, second, and fourth bits, then she gets no
information at all. These bits read ‘101’ which may correspond to the third vector
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corresponding to ‘01’ or to the seventh vector corresponding to ‘00’, ‘10’, or ‘11’.
The fact that these three bits contain no information can also be seen from the fact
that there exists no codewordc∈ C such thatχ(c) ⊆ {1,2,4}.

No matter if we consider the Wire-Tap Channel II to be a useful communication
model or not, the analysis of it does teach us something about codes. The entropy in
some setS of bits inC corresponds in a way to the maximum size of a subcode of
C⊥ with support contained inC. This is the correspondence exploited in the analysis
of trellis complexity [FKLT93, For94b]. A formalised description in terms of entropy
appears in [RB98, RB99], which considered trellis complexity in the non-linear case.

The greedy weights as defined by Chen and Kløve arise from the analysis of a
greedy adversary. Suppose it takes a significant amount of time for Eve to eavesdrop
each bit, and that her prime concern is to get at least one bit as soon as possible. Then
she will first read somed1(C) bits required to get one bit of information. Then she
will look how she can get a second bit of information. It is not certain that she can get
this bit by eavesdropping onlyd2(C)−d1(C) bits. If C satisfies the chain condition,
thend2(C)−d1(C) bits will suffice, otherwise more bits may be required.

Ther-th greedy weighter(C) can be defined as the number of bits required to get
r bits of information by a greedy adversary. We give an equivalent and more abstract
definition of greedy weights in the next section.

10.2 Definitions
Definition 10.1 (Greedyr-subcode)
A (bottom-up) greedy1-subcode is a minimum 1-subcode. A (bottom-up) greedyr-
subcode,r ≥ 2, is anyr-dimensional subcode containing a (bottom-up) greedy(r−1)-
subcode, such that no other such code has lower weight.

Definition 10.2 (Greedy subspace)
Given a vector multiset̄γ, a (bottom-up) greedy hyperplane is a hyperplane of max-
imum value. A (bottom-up) greedy space of codimensionr, r ≥ 1, is a subspace of
codimensionr contained in a (bottom-up) greedy space of codimensionr− 1, such
that no other such subspace has higher value.

A greedyr-subcode corresponds to a greedy subspace of codimensionr, and the
r-th greedy weight may be defined from either, as follows.

Definition 10.3 (Greedy weights)
Therth (bottom-up) greedy weighter is the weight of a (bottom-up) greedyr-subcode.
For a vector multiset,n−er is the value of a (bottom-up) greedy space of codimension
r.
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The definition of greedy weights are inspired by the CEZ weightsgr defined in
[CEZ99].

Definition 10.4 (CEZ r-subcode)
A CEZ r-subcode,r ≥ 1, is anr-dimensional subcode containing a minimum(r−1)-
subcode, such that no other such code has lower weight.

Definition 10.5 (CEZ weights)
Therth CEZ weight,gr, is the weight of a CEZr-subcode.

Remark 10.1
We have obviously thatd1 = g1 = e1, g2 = e2 anddk = gk = ek, for anyk-dimensional
code. For most codese2 = g2 > d2 [CEZ99]. The chain condition is satisfied if and
only if er = dr for all r.

The only paper we have found on CEZ weights is [CEZ99], and only the second
weightg2 = e2 was studied. The main result of [CEZ99] was the proof that almost all
codes are non-chain, a fact which was obtained by proving a Gilbert-Varshamov type
bound ong2 and showing that it differs from a similar bound ond2.

We introduce a third set of parameters, the top-down greedy weights. It is in
a sense the dual of the greedy weights, and we will see later that top-down greedy
weights can be computed from the greedy weights of the orthogonal code, and vice
versa.

Definition 10.6 (Top-Down Greedy Subspace)
A top-down greedy 0-space of a vector multiset is{0}. A top-down greedyr-space
is anr-space containing a top-down greedy(r−1)-subspace such that no other such
subspace has higher value.

Definition 10.7 (Top-Down Greedy Weights)
The r-th top-down greedy weight̃er is n− γ̄C (Π), whereΠ is a top-down greedy
subspace of codimensionr.

We will occasionally speak of (top-down) greedy cross-sections, which is just
γ̄C |U for some (top-down) greedy spaceU .

Remark 10.2
The top-down greedy weights share many properties with the (bottom-up) greedy
weights. For all codes̃er ≥ dr. The chain condition holds if and only if̃er = dr for all
r.

Example 10.2
We take an example of a B-code from [CK97b]. The projective multiset is presented
in Figure 10.2. A chain of greedy subspaces is

∅ ⊂ 〈A〉 ⊂ 〈A,L〉 ⊂ 〈A,B,C〉 ⊂ PG(4, q),
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γ(p) = for
0 p ∈ 〈A,B,C〉\{A,D}, p ∈ {F,H,I,J}
1 p ∈ 〈B,F 〉\{B,F,H}, p ∈ 〈G,I〉\{G,H,I}, p =D
3 p = C
2 otherwise

Figure 10.2: Case B, Construction 1 inPG(3, q) from [CK97b].

and a chain of top-down greedy subspaces is

∅ ⊂ 〈C〉 ⊂ 〈C,D〉 ⊂ 〈A,C,D〉 ⊂ PG(4, q).

In the binary case, we get greedy weights(4,6,9,12), and top-down greedy weights
(3,6,10,12). The weight hierarchy is(3,6,9,12).

10.3 Basic properties

Theorem 10.1 (Monotonicity)
If (e1, e2, . . . , ek) are greedy weights for some codeC, then0 = e0 < e1 < e2 < . . . <
ek. Similarly, if (ẽ1, ẽ2, . . . , ẽk) are top-down greedy weights for some codeC, then
0= ẽ0 < ẽ1 < ẽ2 < . . . < ẽk.

Proof: Let
{0} = Π0 ⊂ Π1 ⊂ . . . ⊂ Πk =M,

be a chain of greedy subspaces. We are going to show that ¯γC |Πi contains more points
thanγ̄C |Πi−1 for all i. It is sufficient to show that ¯γC |Πi contains a set of points spanning
Πi.

Sinceγ̄C is non-degenerate, it contains a set of points spanningΠk. Suppose for a
contradiction that ¯γC |Πi−1 is degenerate for somei, and letr be the largest suchi. Then
γ̄C |Πr contains a set of points spanningΠr, and there is a pointx ∈ γ̄C |Πr − γ̄C |Πr−1.
Hence we can replaceΠr−1 by 〈γ̄C |Πr−1,x〉 and get a subspaceΠ′r−1 ⊂ Πr with larger
value. This contradicts the assumption thatΠr−1 is a greedy subspace.
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We can replace theΠi with a chain of top-down greedy subspaces, and repeat the
proof to prove the second statement of the lemma. �

Monotonicity also holds for the weight hierarchy by a similar argument [Wei91],
but in general it does not hold for the CEZ weights.

Example 10.3
Consider the[16,4;5]2 code defined by the following generator matrix

G =









1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 1 1 1 0 0 0 0 0 0 0
1 1 0 1 0 0 1 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1









.

The weight hierarchy of the code is(5,9,11,16), the greedy weights are(5,11,14,16),
and the top-down greedy weights are(6,9,11,16).

We can see that the fourth row generates a minimum one-subcode of weight 5.
The first three rows generates a chained code with weight hierarchy(6,9,11), and this
is also a CEZ 3-subcode. A CEZ 2-subcode is generated by the fourth and first rows,
and has weight 11. Henceg2 = g3 = 11.

In general therth CEZ weight may be less than, equal to, or greater than the
rth greedy weight. For a chained codeer = gr. For a B-code,dr = gr for all r, but
er > gr = dr for somer. In the following example,g3 > e3.

Example 10.4
A binary code withg3 > e3 is given by the generator matrix

G =

[

G1 0
0 G2

]

,

where

G1 =





1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 0
1 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1



 ,

G2 =





1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 1 1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 1 1 1 1 1 1 1



 .

The code given byG1 satisfies the chain condition and has weight hierarchy(6,12,16),
whileG2 gives a chained code with(7,11,17) as a weight hierarchy.

The code given byG has weight hierarchy(6,11,16,23,27,33). The greedy
weights differs from the weight hierarchy only ine2 = 12, and the CEZ weights differs
from the greedy weights only ing3 = 17> e3 = d3 = 16.
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10.4 Duality

By using the approach presented in Chapter 8, we will find duality results on the
greedy weights. LetC be a code with top down greedy weights ( ˜e1, . . . , ẽn−k), and
let (e⊥1 , . . . , e

⊥
k ) be the bottom-up greedy weights of the dual codeC⊥. We start by

making a top-down greedy analogue of Lemma 8.1.

Lemma 10.1
If ẽs+1 > ẽs+1 where0≤ s ≤ k−1 ands = k+ i− e⊥i , then

1. U is a top-down greedy subspace of codimensions of γC if and only if U =
µ(β(Di)) for some greedyi-subcodeDi ⊆ C⊥.

2. ẽs = n− e
⊥
i .

Proof: Let s̄ be the largest value ofs≤ k−1 such that ˜es+1> ẽs+1. Thenδj = 1 for
0≤ j ≤ k−2− s̄. It follows that any subsetBj of j ≤ k−1− s̄ elements, gives rise to
a top-down greedy cross-sectionµ(Bj) of dimensionj (and sizej). The codimension
of such aµ(Bj) is k− j ≥ s̄+1, and〈Bj〉∩C⊥ = ∅.

Henceµ(Bk−s̄) is a top-down greedy cross-section of codimension ¯s, if and only
if it is a maximum value cross-section of codimension ¯s. And thus there must be a
minimum ī-subcodeDī = 〈Bk−s̄〉∩C⊥ where

ds = ẽs = n− e
⊥
ī = n−d⊥ī ,

by Lemma 8.1 and Proposition 8.1. By Lemma 9.4, we get that ¯s = k+ ī−e⊥ī ; and the
lemma follows fors = s̄.

Suppose ˜em+1 > ẽm+1, and assume the lemma holds for alls > m. We will prove
the lemma by induction. Define

t := min{t > m | ẽt+1 > ẽt+1}.

Now consider a top-down greedy cross-sectionµ(B) of codimensionm, where
B ⊆ B. Clearly there isB′ ⊂ B such thatµ(B′) is a top-down greedy subspace of
codimensiont. By the induction hypothesis,B′ = β(Dj) for some greedyj-subcode
Dj ⊆ C⊥ wheret = k− e⊥j + j, and

#B′ = w(Dj) = e
⊥
j = n− ẽt.

Note that we can make top-down greedy cross-sections of codimensionx for m <
x ≤ t by addingt−x random elementsby toB′. This implies also that there cannot be
a subcodeDj+1 of dimensionj+1 such thatDj ⊂Dj+1 ⊆ C andw(Dj+1) ≤ w(Dj)+
1+ t−x. Hence

e⊥j+1 ≥ e
⊥
j +1+ t−m = n− ẽt+1+ t−m. (10.4)
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LetB′′ = Bk−(m+1) ⊆ B be such thatµ(B′′) is a top-down greedy cross-section of
codimensionm+1 withB′ ⊂ B′′ ⊂ B. Note thatDj = 〈B′′〉∩C⊥.

Let

z := #B−#B′′ = (n− ẽm)− (n− ẽm+1) = ẽm+1− ẽm ≥ 2. (10.5)

WriteD := 〈B〉∩C⊥. Since dimµ(B)−dimµ(B′′) = 1, we must haveB = β(D), and
there must be a chain ofz subcodes

Dj ⊂Dj+1 ⊂Dj+2 ⊂ . . . ⊂Dj+z−1 =D

whereDl has dimensionl for j≤ l < j+z andw(Dl)=w(Dl+1)−1 for j < l≤ j+z−2.
Moreover, by the bound (10.4), we get

w(D) = w(Dj+z−1) = n− ẽt+ t−m+z−1= e⊥j+z−1. (10.6)

Thus we conclude that a maximum cross-section of codimensionm is given asµ(β(D))
whereD ⊆C⊥ is a minimumi-subcode wherei= j+z−1. To prove the lemma by in-
duction, it remains to show thatm= k+ i−e⊥i . Sincew(D) = #B, we havee⊥i = n− ẽm,
so we get from (10.6) that

m = n− e⊥i − ẽt+ t+z−1

= n− e⊥i − ẽt+k− e
⊥
j + j+z−1

= −e⊥i +k+ j+z−1,

as required. �

Theorem 10.2 (Duality)
Let (ẽ1, . . . , ẽk) be the greedy weight hierarchy of a codeC, and (e⊥1 , . . . , e

⊥
n−k) the

top-down greedy weight hierarchies forC⊥. Then

{ẽ1, ẽ2, . . . , ẽk} and {n+1− e⊥1 ,n+1− e⊥2 , . . . ,n+1− e⊥n−k}

are disjoint sets whose union is{1, . . .n}.

Proof: Let s1 < s2 < . . . be the values ofs for which ẽs+1 > ẽs+1. We have directly
from Lemma 10.1, that there isix such thatn− ẽsx = e

⊥
ix for eachx, andix > ix+1.

By inspecting the proof of the lemma, witht = sx+1 andm = sx, we getj = ix+1 and
i = ix. The subcodesDj, . . . ,Di are minimum subcodes, and the top-down greedy
cross-sectionµ(B′′) of codimensionsx+1 must have sizen− ẽsx+1 ≤ w(Dj+1)−2=
e⊥ix+1+1−2. Hence, forsx+1 ≥ s > sx, we have thatn− ẽs +1 < e⊥i for i > ix+1 and

n− ẽs+1> e⊥i for i ≤ ix+1. This holds for allx, hence the lemma. �
Since the CEZ weights does not form a monotonous sequence in general, an ana-

logue of Theorem 10.2 would not make sense for CEZ weights.
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10.5 Bounds on greedy weights

It is known that for any chained code,dr − dr−1 ≤ q(dr+1− dr). The same relation
holds for the top-down and bottom-up greedy weights of arbitrary codes.

Proposition 10.1
For any sequence of bottom-up greedy weights(e1, . . . ek) or top-down greedy weights
(ẽ1, . . . , ẽk), we have

er− er−1 ≤ q(er+1− er),

ẽr− ẽr−1 ≤ q(ẽr+1− ẽr),

for 1≤ r < k.

Proof: Let Πr+1 ⊂ Πr ⊂ Πr−1 be a chain of greedy subspaces of codimensions
r+1, r, andr−1 respectively. ClearlyγC (Πr−1\Πr) = er − er−1 andγC (Πr\Πr+1) =
er+1− er.

There areq subspaces containingΠr+1 in Πr−1 in addition toΠr, and each of them
has value at moster. Henceer+1− er ≤ q(er− er−1).

The proof for the top-down greedy weights is similar. �
The following is another analogue of known results on weight hierarchies of

chained codes.

Proposition 10.2
Any set(e1, e2, . . . ek) of greedy weights can be split for anyi, 1≤ i < k, into two sets
of greedy weights,(e1, . . . ei) and(ei+1− ei, ei+2− ei, . . . ek− ei).

Proof: LetC be a code with greedy weights (e1, e2, . . . ek), and let

{0} =D0 ⊂D1 ⊂D2 ⊂ . . . ⊂Dk = C

be a chain of greedy subcodes. The subcodeDi is an [ei, i] code with greedy weights
(e1, . . . ei).

If C is punctured onχ(Di), we get an [ek − ei,k− i] code with greedy weights
(ei+1− ei, ei+2− ei, . . . ek− ei). �

Remark 10.3
Also the top-down greedy weights have the property described by Proposition 10.2.
The proof is similar.
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11 Support weight distributions

Support weight distributions are probably the first parameters to be introduced con-
cerning support weights of subcodes of dimension greater than one [HKM77]. We
shall define the concept shortly and present a way to compute some of the higher
order support weight distributions.

11.1 Definitions

Let Vr
i (C) be the set of allr-spaces of valuei, i.e.

Vr
i (C) = {Π 5 PG(k−1, q) | γC (Π) = i,dimΠ = r}.

We define thevalue distributionof γC to be

V r
i (γC ) = V r

i (C) := #Vr
i (C). (11.1)

Let Ar
i (C) be the set ofr-dimensional subcodes ofC with weight i. The support

weight distribution ofC is given by

Ari (C) := #Ar
i (C).

By Lemma 2.2, there is a one-to-one correspondence betweenVr
i (C) andAk−1−r

n−i (C).
Hence

V r
i (γC ) = V r

i (C) = Ak−1−r
n−i (C).

We will mostly abbreviate and writeV r
i = V r

i (C), Ari = Ari (C), Ãri = Ari (C
⊥), and

Ṽ r
i = V r

i (C⊥).
Trivially, we have

V −1
0 = Akn = 1, (11.2)

V k−1
n = A0

0 = 1. (11.3)

When we determineAri , we split the range ofr into different intervals. Let

mi = mi(C) := di(C⊥)− i−1.

Obviouslym0 = −1 andmn−k = k−1. We will determineV r
i for mj ≤ r < mj+1 for

j = 0 and forj = 1. First, let us observe a relatively simple but yet essential lemma.





Chapter 11. Support weight distributions

Lemma 11.1
If mj+1 > mj, then

V
mj
mj+j+1 = Ã

j
mj+j+1,

V
mj
i = 0, i > mj + j+1.

Proof: Consider a subcodeD ⊆ C⊥ of dimensionj and weightmj + j+ 1 = d⊥j .
This is a minimum subcode, and becausemj+1 > mj implies that there isr such that
n−dr = d

⊥
j , we get thatγ ′ = µ(β(D)) is a maximum size cross-section by Lemma 8.1.

Furthermore, every maximum size cross-section of the same dimension can be written
on the same form. By (8.1),γ ′ has projective dimensionmj. The first equation follows
immediately. The second equation follows becausen−dmj = mj + j+1. �

In this chapter, we will see thatAri (C) can be computed for allr > k+2−d2(C⊥)
if we know the (first) weight enumerator forC⊥. The result will be summarised in
Theorem 11.4.

Definition 11.1
A projective multiset (or a code) is calledr-DMDS (r-dual MDS) or(k−1− r)-MDS
if ∆r = r+1. A projective multiset (or code) is barelyr-DMDS if it is r-DMDS and
not (r+1)-DMDS.

An equivalent and more classic definition is that a code isr-MDS if it meets the
r-th generalised singleton bound with equality, i.e. ifdr = dk −k+ r. Note that any
i-DMDS code is (i−1)-DMDS, and being 0-DMDS is equivalent with being a pro-
jective code.

Consider now the codeC ′ defined byγC ′ := γC ◦φ
−1
Πm

, whereφΠm is the projection
through anm-spaceΠm 5 PG(k−1, q). Everyr-space inPG(k−2−m,q) is the image
of an (r+m+1)-space containingΠm in PG(k−1, q). Hence

∆r(C ′) ≤ ∆r+m+1(C)− γC (Πm).

Hence, ifΠm has maximum value, thenC ′ is (m1−m−2)-DMDS.
We define ther-th support weight enumerator ofC to be

Ar(Z;C) :=
n
∑

i=0

Ari (C)Zi.

As usual, we writeAr(Z) = Ar(Z;C) andÃr(Z) = Ar(Z;C). We also define

[m]r :=
r−1
∏

i=0

(qm− qi).
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11.2 Previous results and motivation

We have mentioned that the support weight distribution was introduced in [HKM77],
in the study of infinite classes of irreducible cyclic codes overGF(q). They started
with an [n1,k1] codeV1 overGF(q) and a generator matrixG for V1. ViewingG as a
matrix overGF(ql), they got an [n1,k1] codeVl overGF(ql). The fundamental result
from [HKM77], says thatVl has weight enumerator

A(Z;Vl) =
n1
∑

i=0

k1
∑

r=0

Ari (V1)[l]rZi. (11.4)

To obtain the infinite class of codes, we letV̂l be the concatenation ofVl with a
[(ql−1)/(q−1), l] simplex codeSl overGF(q). ThusV̂l is an [n1(ql−1)/(q−1),k1l]
code overGF(q), and since every codeword ofSl has the same weight, the weight
enumerator of̂Vl is easily computable from (11.4). An equivalent description would
be to say that̂Vl = V1⊗Sl. Thus we get the following theorem.

Theorem 11.1 (Helleseth-Kløve-Mykkeltveit 1977)
Let C be an[n,k] code andSl the simplex code of dimensionl. Then the weight
enumerator of the product codeC ⊗Sl is given by

A(Z) =
n
∑

i=0

k
∑

r=0

Ari (C)[l]r(C)Ziql−1
.

The above results are general. We just note that ifV1 is an irreducible cyclic code,
then alsoV̂l is an irreducible cyclic code. In fact, any irreducible cyclic code with
block lengthn = n1((ql−1)/N) whereN |q−1, HCF(n1,N) = 1, andHCF(l,N) can
be decomposed as a productC ⊗Sl.

At least two more papers on support weight distributions appeared in the seven-
ties, as well as a related result for the weight distribution of coset leaders [Hel79].
Helleseth treated two special classes of codes in [Hel78], and Kløve found some gen-
eral results in [Klø78]. The main result from the latter paper has been treated again
and presented as generalised MacWilliams identities in [Klø92].

Theorem 11.2 (MacWilliams-Kløve)
LetAr be ther-th support weight enumerator ofC, andÃr that ofC⊥, then we have

m
∑

r=0

[m]rÃr(Z) = q−mk[1+ (qm−1)Z]n
[

m
∑

r=0

[m]rAr
( 1−Z

1+ (qm−1)Z

)]

.
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Simonis [Sim94] has used a completely different technique to generalise the Mac-
Williams identities. He also present his results on a very different form. We have not
been able to locate a proof showing that Simonis’ and Kløve’s results are equivalent,
but they do seem to contain the same information as far as we have seen.

The proof due to Simonis is basically a generalisation of the original proof of
MacWilliams [Mac63]. Kløve on the other hand, developes a sequence of codes and
uses Theorem 11.1 to prove the identities.

Over the last few years we have seen the support weight distribution have been
suggested for classification of self-dual codes. The Gleason theorems have been gen-
eralised for higher weights [DG01, DGO01]. The SWD-s of all the [32,16,8] Type
II codes have been studied in [MCC01], and the SWD-s of various isodual codes are
treated in [Mil01b, Mil01a]. The trellis structure of selfdual codes was studied in
[CC01], and this work contains some links to higher weights. The weight enumera-
tor has often been used in existence and non-existence proofs for codes with certain
parameters, and the SWD may be used in a similar manner.

A particularly interesting code is the [72,36,16] self-dual code of Type II, i.e.,
where all the codewords have weight divisible by 4. We do not know if such a code
exists, but if it does we know its weight enumerator [Dou01] and its second SWD
[DG01]. If this [72,36,16] code exists, it has the largest possible minimum weight. If
we can prove that it does not exist, the largest possible minimum weight of a Type II
code of length 72 must be 12.

In this chapter we devise a general technique to determineAri for high values ofr,
given the weight enumerator of the dual code.

11.3 In the range m0 ≤ r < m1

In this section, we will find the support weight distributionAri for k+1−d⊥1 < r ≤ k.
The results were first proved in [Klø78]. They are proved again here to provide a
softer introduction to the next section.

Note that any code is barelyR-DMDS whereR = m1−1. We writeVri (n,k) =
V r
i (C) for someR-DMDS [n,k] codeC, wherer ≤ R. We will see that this number

is well-defined and independent ofC. Observe thatVk−1−r
n−i (n,k) = Ari if and only if

k+1−d⊥1 < r ≤ k.
When a code isR-DMDS, it means that for allr ≤R, any (r+1)-subset ofγ spans

anr-space ofPG(k−1, q). It follows immediately that

Vrr+1(n,k) =

(

n
r+1

)

, (11.5)

Vrj (n,k) = 0, ∀j > r+1. (11.6)
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Lemma 11.2
For 0≤ r < m1, Vrj (n,k) is well-defined, and we have

Vr0(n,k) =

[

k
r+1

]

−
r+1
∑

j=1

Vrj (n,k), (11.7)

Vrj (n,k) =

(

n
j

)

Vr−j0 (n− j,k− j), 0< j ≤ r+1, (11.8)

Vrj (n,k) = 0, j > r+1. (11.9)

Proof: Equation (11.9) comes from (11.6). Forj = r+1, we get from (11.2) that
(11.8) reduces to

Vrr+1(n,k) =

(

n
r+1

)

,

which has been proved in (11.5). If we can prove (11.8) for 0< j ≤ r, then (11.7)
follows by definition. Thus the lemma becomes trivial forr = 0, and we can proceed
by induction. Hence assume (11.8) hold forr−1, and that 0< j ≤ r. Then also (11.7)
holds forr−1.

An r-spaceΠr of valuej contains a unique (j−1)-spaceΠ of valuej. There are a
totalV j−1

j such subspaces in the geometry, by the induction hypothesis. We consider

the projectionπΠ, which defines an (m1−1− j)-DMDS codeC ′ by γC ◦π
−1
Π .

Theser-spaces correspond to the (r− j)-spaces inimπΠ. HenceΠr has valuej
if and only if πΠ(Πr) has zero value. The number of such (r− j)-spaces isVr−j0 (n−
j,k− j) by the induction hypothesis. Hence

Vrj (n,k) = Vj−1
j (n,k)Vr−j0 (n− j,k− j).

By application of (11.5), we get (11.8). The result follows by induction. �

Lemma 11.3
For−1≤ r < m1, Vr0(n,k) is well-defined, and we have

Vr0(n,k) =
r+1
∑

j=0

(−1)j
[

k− j
r+1− j

](

n
j

)

.

Proof: For r = −1 andr = 0, the lemma reduces to

V−1
0 (n,k) = 1,

V0
0 (n,k) =

[

k
1

]

−n,
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which matches (11.2) and (11.7). We assume that the lemma holds forr − 1 and
proceed by induction.

We have from Lemma 11.2, that

Vr0(n,k) =

[

k
r+1

]

−
r+1
∑

j=1

Vrj (n,k)

=

[

k
r+1

]

−
r+1
∑

j=1

(

n
j

)

Vr−j0 (n− j,k− j).

If we combine this with the induction hypothesis, we get

Vr0(n,k) =

[

k
r+1

]

−
r+1
∑

j=1

(

n
j

) r−j+1
∑

i=0

(−1)i
[

k− j− i
r− j+1− i

](

n− j
i

)

.

We setm = i+ j and rewrite to get

Vr0(n,k) =

[

k
r+1

]

−
r+1
∑

m=1

[

k−m
r+1−m

]m−1
∑

i=0

(−1)i
(

n
m− i

)(

n−m+ i
i

)

=

[

k
r+1

]

−
r+1
∑

m=1

[

k−m
r+1−m

]m−1
∑

i=0

(−1)i
(

n
m

)(

m
i

)

=

[

k
r+1

]

+
r+1
∑

m=1

[

k−m
r+1−m

](

n
m

)

(−1)m

=
r+1
∑

j=0

[

k− j
r+1− j

](

n
j

)

(−1)j,

as required. The lemma follows by induction. �
The following theorem is a direct result of Lemmata 11.2 and 11.3.

Theorem 11.3
For−1≤ r < m1, Vrj (n,k) is well-defined, and we have

Vrj (n,k) =

(

n
j

) r−j+1
∑

i=0

(−1)i
[

k− j− i
r− j+1− i

](

n− j
i

)

.
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11.4 In the range m1 ≤ r < m2

In this section we considerm1 ≤ r < m2. We know thatV r
i = 0 for all i > r+2.

Consider anr-spaceΠ of valuer+2. The cross-sectionγC |Π defines an [r+2, r+
1] codeC ′. Let s := m1(C ′). We say thatΠ has types. Clearlym1 ≤ s ≤ r. The set of
r-spaces of types is denoted byS(r,s).

Given anr-spaceΠ′ of value i ≤ r+ 1, we say thatΠ′ is Type I if it contains a
(i−2)-spaceΠ′′ of valuei. This (i−2)-space is unique when it exists. ClearlyΠ′′ has
types for somes, and then we say thatΠ′ is Type I(s).

If Π′ is not Type I, we say that it is Type II, and then it contains a unique (i−1)-
space of valuei. Let Uri (X) be the set ofr-spaces of valuei and TypeX, whereX is
I, II, or I(s) for somes. WriteU r

i (X) := #Uri (X).

11.4.1 Subspaces of Maximum Value

If C is an [n,n−1] code, there is a uniques such thatδs(C) = 2, andδi(C) = 1 for
i 6= s. Clearlym1(C) = s. In this case, we callC an [n,n−1] code of types.

Lemma 11.4
Let γC be a projective multiset defining an[n,n−1] codeC of types. Then there is a
uniques-spaceΠs of values+2.

Proof: There exists at least one suchs-space sinces = m1 = ∆s(C)−2. Suppose
there are two distincts-spacesΘ1 andΘ2 of values+2. Let i be the dimension of
Θ := Θ1∩Θ2. Clearlyi < s and thusγC (Θ) ≤ i+1. We get

γ(〈Θ1,Θ2〉) ≥ 2(s+2)− (i+1)= 2s− i+3,

but
dim〈Θ1,Θ2〉 = 2s− i = 2s− i,

so
γ(〈Θ1,Θ2〉) ≤ ∆2s−i(C) = 2s− i+2.

The lemma follows by contradiction. �
There is only one [n,n−1] code of Types up to equivalence. The corresponding

projective multiset is obtained by taking a frame for a projectives-space and then
adding projectively independent points to obtain an (n−2)-space.

Lemma 11.5
For any codeC, if m1 ≤ s ≤ r < m2, we have

#S(r,s) = Ã1
s+2

(

n− s−2
r− s

)

.
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Proof: The number of maximumr-spaces of typer = s is

#S(s,s) = Ã1
s+2, (11.10)

by Lemma 11.1.
An r-spaceΠr of types contains a uniques-spaceΠs of values+2 by Lemma 11.4.

Hence there is a one-to-one correspondence betweenr-spaces of types and pairs
(Πs,S) whereΠs ∈ S(s,s) andS ⊂ γC\Πs is a set ofr− s points. There arẽA1

s+2

ways to chooseΠs by (11.10) and
(n−s−2
r−s

)

ways to chooseS. Hence we get the result.
�

Lemma 11.6
If m1 ≤ r < m2, then

V r
r+2 =

r
∑

s=m1

Ã1
s+2

(

n− s−2
r− s

)

,

V r
i = 0, i > r+2.

Proof: An r-space of valuer+2 has types for somes wherem1 ≤ s ≤ r. Thus we
can take the sum of the equation in Lemma 11.5. Hence the result. �

11.4.2 When n = k+1

In this section we study an [n,n− 1] codeC of type s. We will need the number
F (j,n,s) := Un−3

j (II) for C in the later sections.
We obviously have thatF (j,n,s) = 0 if j ≥ n−1. Whenn = s+2,C is MDS, so

F (j,s+2, s) = Vs−1
j (s+2, s+1). (11.11)

Lemma 11.7
For any[n,n−1] code of types, if j ≤ n−2, thenUn−3

j (II) is given by

F (i,n,s) =
i
∑

j=0

Vs−1
j (s+2, s+1)

(

n− s−2
i− j

)

(q−1)n−2−s−i+j.

Proof: Note that ifn = s+2, the lemma reduces to (11.11).
We consider the projective spacePG(n−2, q). We want to find the numberF (i,n,s)

of hyperplanes of valuei and Type II. Consider an arbitrary such hyperplaneΠ. There
is a uniques-spaceΘ 5 PG(n−2, q) of values+2. Every hyperplane must meetΘ in
a subspace of dimensions−1 or more. SinceΠ has Type II,Θ′ := Θ∩Π is exactly an
(s−1)-space. Letj = γC (Θ′).
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Givenj (0≤ j ≤ s), there areF (j,s+2, s) ways to chooseΘ′. LetΠ′ 5 Π be the
smallest subspace of valuei and containingΘ′. GivenΘ′, we findΠ′ by choosingi−j
points among then− s−2 points of positive value not contained inΘ. Givenj, there
are thus

F (j,s+2, s)

(

n− s−2
i− j

)

= Vs−1
j (s+2, s+1)

(

n− s−2
i− j

)

ways to chooseΠ′.
Consider now the projectionπΠ′. The multisetγ ′′ := γC ◦ π

−1
Π′ defines an [n−

i,n−1− s− i+ j] code. There is but one pointx of valueγ ′′(x) = s+2− j, namely
x = πΠ′ (Θ). The remaining points have value 0 or 1. We define a new projective
multisetγ ′ by γ ′(x) = 1 andγ ′(y) = γ ′′(y) for y 6= x. The corresponding code is a
projective [n′,n′] code wheren′ = n− i− s−1+ j.

FindingΠ = Π′ of valuei is the same as finding a hyperplane of zero value forγ ′,
which is the same as counting one-dimensional subcodes of weightn′ for the [n′,n′]
code. This number is (q−1)n

′−1. The lemma follows by summing over allj. �

11.4.3 Other subspaces

Now we return to the general [n,k] codeC, in order to determineV r
j for j ≤ r+1.

Proposition 11.1
Form1 ≤ r < m2 andr ≥ i−2, we have

U r
i (I(s)) = Vr+1−i

0 (n− i,k+1− i)Ã1
s+2

(

n− s−2
i− s−2

)

,

U r
i (I) = Vr+1−i

0 (n− i,k+1− i)V i−2
i .

For r < i−2, we haveU r
i (I) = U r

i (I(s)) = 0.

Proof: We have from Lemma 11.5, that

U i−2
i (I(s)) = Ã1

s+2

(

n− s−2
i−2− s

)

.

An r-space of valuei and types contains a unique (i−2)-spaceΠ′ of valuei and type
s. There areU i−2

i (I(s)) ways to chooseΠ′.
Consider then the multisetγ ′ := γC ◦π

−1
Π′ obtained by projection throughΠ′. We

know thatγ ′ defines an [n− i,k+1− i] codeC ′. Finding anr-spaceΠ = Π′ of valuei
corresponds to finding an (r+1− i)-space of value 0 forγ ′. Furthermoreγ ′ defines a
code with

∆m2−i(C
′) ≤ ∆m2−1(C)− i = m2+1− i.
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HenceC ′ is (m2− i)-DMDS, and sincer+1− i≤m2− i, there areVr+1−i
0 (n− i,k+1−

i) ways to chooseΠ = Π′. This proves the first equation, and the second one follows
by summing over alls. �

Proposition 11.2
If m1 < j ≤ m2, we have

U j−1
j (II) =

(

n
j

)

−U j−2
j (I) −

j−1
∑

s=m1

(s+2)U j−1
j+1 (I(s)).

For i > j, we haveU j−1
i (II) = 0.

Proof: We consider all the
(n
j

)

possible ways to chose a setS of j points of positive

value. To findU j−1
j (II), we must subtract the number of cases where thesej points

generate a subspace of type I.
Sincej−1< m2, we have three cases:

1. dim〈S〉 = j−1 andγC (〈S〉) = j. (Type II)

2. dim〈S〉 = j−2 andγC (〈S〉) = j. (Type I)

3. dim〈S〉 = j−1 andγC (〈S〉) = j+1. (Type I)

The number of setsS giving the first case isU j−1
j (II), while for the second case, it

is U j−2
j (I). The third case is more difficult, becauseS does not contain all points of

positive value in〈S〉. Suppose〈S〉 has types. Then〈S〉 can be chosen inU j−1
j+1 (I(s))

different ways. There is one pointx 6∈ S of positive value in〈S〉, andx must be
contained in the uniques-spaceΠs 5 〈S〉 of values+2. Moreoverx can be any point
of positive value inΠs, hence there ares+2 different choices forS giving the same
〈S〉 of the third case. This gives the lemma. �

Let

U(r1, v1,X1;r2, v2,X2) = {(Π1,Π2) | Π1 5 Π2,Πj ∈ U
rj
vj (Xj), j = 1,2}.

We will write vj = ∗ resp.Xj = ∗, when we allow any value ofvj resp.Xj.

Lemma 11.8
If m1 ≤ r < m2 and0≤ j ≤ r, then

U r
j (II) =

q−1

qr+1−j −1

(

U r−1
j (II)

qk−r−1
q−1

−
r+2
∑

v=j+1

#U(r−1, j, II; r,v,∗)
)

.





11.4. In the rangem1 ≤ r < m2

Proof: We will count the number of elements ofU(r−1, j, II; r, j, II) in two different
ways. Consider a pair

(Π′,Π) ∈ U(r−1, j, II; r, j, II) .

There areU r
j (II) ways to chooseΠ. ForΠ′, we can choose any (r−1)-space contain-

ing the unique (j−1)-space of valuej in Π. Hence

#U(r−1, j, II; r, j, II) = U r
j (II)

[

r+1− j
r− j

]

= U r
j (II)

qr+1−j −1
q−1

. (11.12)

This gives the first of the two expressions we seek.
Now we observe that

#U(r−1, j, II; r,∗,∗) =
r+2
∑

v=j

#U(r−1, j, II; r,v,∗). (11.13)

This number can equivalently be obtained by counting the number of (r−1)-spaces
of valuej and Type II, and the number ofr-spaces containing each such space. This
gives

#U(r−1, j, II; r,∗,∗) = U r−1
j (II)

[

k− r
1

]

= U r−1
j (II)

qk−r−1
q−1

. (11.14)

Clearly we have that

#U(r−1, j, II; r, j, I) = 0,

and if we combine this with with (11.13) and (11.14), we get

#U(r−1, j, II; r, j, II) = U r−1
j (II)

qk−r−1
q−1

−
r+2
∑

v=j+1

#U(r−1, j, II; r,v,∗),

which is our second expression for #U(r−1, j, II; r, j, II). Combining this with (11.12),
we get the lemma. �

Lemma 11.9
If j < v−1, then

#U(r−1, j, II; r,v, I(s)) = U r
v (I(s))F (j,v,s)qr+2−v.
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Proof: Consider a pair

(Π′,Π) ∈ U(r−1, j, II; r,v, I(s)).

There areU r
v (I(s)) ways to chooseΠ. There is a unique (v−2)-spaceΘ 5 Π of value

v and types. The intersectionΘ′ := Π′ ∩Θ is a (v−3)-space of valuej. There are
F (j,v,s) ways to chooseΘ′.

Consider the projectionπΘ′ . FindingΠ′ is the same as finding a hyperplane in
imπΘ′ not meetingπΘ′ (Θ), which is a point. There are (qr+3−v − 1)/(q− 1) hyper-
planes inimπΘ′, of which (qr+2−v −1)/(q−1) meetπΘ′ (Θ). Hence there areqr+2−v

hyperplanes not meetingπΘ′ (Θ). �

Lemma 11.10
If j < v, then

#U(r−1, j, II; r,v, II) = U r
v (II)Vv−2

j (v,v)qr+1−v.

Proof: Consider a pair

(Π′,Π) ∈ U(r−1, j, II; r,v, II) .

There areU r
v (II) ways to chooseΠ. There is a unique (v−1)-spaceΘ 5 Π of value

v, andγC |Θ defines a [v,v] code. The intersectionΘ′ := Π′ ∩Θ is a (v−2)-space of
valuej. There areVv−2

j (v,v) ways to chooseΘ′.
Consider the projectionπΘ′ . FindingΠ′ is the same as finding a hyperplane in

imπΘ′ not meetingπΘ′ (Θ), which is a point. There areqr+1−v such hyperplanes. �
We define for brevity:

F(r, j) :=
r+2
∑

v=j+1

#U(r−1, j, II; r,v,∗).

Proposition 11.3
We have

F(r, j) =
r+2
∑

v=j+2

qr+2−v
[

U r
v−1(II)Vv−3

j (v−1, v−1)+
r
∑

s=m1

U r
v (I(s))F (j,v,s)

]

.

Proof: First note that

#U(r−1, j, II; r,r+2, II) = 0,

becauseU r
r+2(II) = 0, and that

#U(r−1, j, II; r, j+1, I) = 0,

because there is no subspace of valuej in a subspace of valuej+1 and Type I. Now
the result follows from Lemmata 11.9 and 11.10. �





11.5. Discussion of future works

Proposition 11.4
If m1 ≤ r < m2 and0≤ j ≤ r, then

U r
j (II) =

qk−r−1

qr+1−j −1
U r−1
j (II) −

q−1

qr+1−j −1
F(r, j),

whereF(r, j) is given by Proposition 11.3.

Proof: This is simply a rephrase of Lemma 11.8. �
If we combine all the results of this chapter, we get the following theorem as a

conclusion.

Theorem 11.4
Fork ≥ r > k+2−d2(C⊥), it is possible to computeAri (C) for all i provided we know
the (first) weight enumerator ofC⊥. We have fork+1−d1(C⊥) < r ≤ k, that

Ari (C) =

(

n
n− i

)k+i−r−n
∑

j=0

(−1)j
[

k−n+ i− j
k− r−n+ i− j

](

i
j

)

,

and fork+2−d2(C⊥) < r ≤ k+1−d1(C⊥), that

Ari (C) = Uk−1−r
n−i (II) +Uk−1−r

n−i (I),

whereUk−1−r
n−i (II) andUk−1−r

n−i (I) are given by Propositions 11.1, 11.2 and 11.4.

11.5 Discussion of future works

We have found formulæ for computing some high order support weight distributions.
The formulæ are good for electronic computation of the parameters, and for instance
computing the third through the 24th support weight distribution of the [24,12] Golay
code is a matter of seconds. On the other hand, simplified formulæ more comprehen-
sible to human readers would definitely be an improvement.

It will not be too difficult to continue and computeAri (C) for

k−d⊥2 +2≥ r > k+3−min{d⊥3 ,2d
⊥
1},

provided the second support weight distribution ofC⊥ is known. We have omitted
these results, because they would be too tedious, without adding significantly to the
understanding of the subject.

To go belowk + 3− 2d⊥1 is more difficult, because ifi ≥ 2d⊥1 , we may have a
codewordc ∈ C⊥ and a subcodeD ⊆ C⊥ of dimension more than one, such that
χ(c) = χ(D). This codewordc will be counted inÃ1

i , but for computingArj, onlyD
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should be counted. It is a long way to making a general statement forr ≤ k+3−2d⊥1 ,
but in special cases there may be possibilities.

We have tried to compute support weight distributions of the tentative [72,36,16]
Type II self-dual code. We have determined the 15th through the 36th SWD with
Theorem 11.4. The MacWilliams-Kløve identities from Theorem 11.2 may be solved
in reasonable time by first solving modulo (say) ten-digit primes and thereafter com-
bining the solutions with the Chinese Remainder Theorem. Thus we have determined
the 12th, 13th, and 14th SWD, and the 3rd through the 11th SWD are determined by
linear formulæ in 30 free parameters. Listings of SWD-s of orders 1, 2, and 15-36 can
be found in [Sch01b].

It is interesting to go on with this work and possibly determine more parameters
from the SWD-s or the weight hierarchy. That might give us enough information on
the structure of such a [72,36,16] Type II code to prove existence or non-existence.

There are also plenty of other codes which may or may not exist, and which can
be attacked with this technique.





12 Product codes

A product codeC1⊗C2 is the tensor product of two linear codes,C1 andC2. The
weight hierarchy of product codes was first studied by Wei and Yang in [WY93], a
paper which is also remembered for having introduced the chain condition (Defini-
tion 2.2). They gave a conjecture on the weight hierarchy for products of two chained
codes.

12.1 Introduction

The tensor productC1⊗C2 is the vector space generated by the vectors on the form

x⊗y := (xiyj | 1≤ i ≤ n1,1≤ j ≤ n2),

wherex = (x1, . . .xn1) ∈ C1 andy = (y1, . . .yn2) ∈ C2. WhenC1 andC2 are [n1,k1]
and [n2,k2] linear codes,C1⊗C2 is an [n1n2,k1k2] code.

Definition 12.1
Given two linear codesC1 andC2, let

d∗r (C1⊗C2) = min
{

s
∑

i=1

(di(C1)−di−1(C1))dti (C2)

∣

∣

∣

∣

1≤ ts ≤ . . . ≤ t1 ≤ k2, s ≤ k1,
s
∑

i=1

ti = r
}

.

Wei and Yang conjectured thatdr = d∗r for the product of chained codes. Barbero
and Tena [BT95] studieddr for r ≤ 4 for arbitrary product codes, and when both
component codes are chained, they found that their results coïncide with the Wei-Yang
Conjecture. The numberd∗r is rather difficult to compute, but calculations for some
special classes of codes are found in [HK96a, Par00b]. Park [Par00b] also verified
the conjecture for the codes she studied. The first complete proof of the conjecture
appeared in [Sch00], in the form of the following, stronger theorem.
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Theorem 12.1
For any two linear codesC1 andC2, dr(C1⊗C2) ≥ d∗r (C1⊗C2) for 0≤ r ≤ k1k2. If
C1 andC2 are chained codes, then equality holds for allr.

A second proof of the Wei-Yang conjecture, completely different, was presented
by Martínez-Pérez and Willems in [MPW01], and it also covered product codes of
more than two terms, but only products of chained codes. Following this second
proof, Willems and the present author [SW01] proved a lower bound on the weight
hierarchy of products of more than two codes, not necessarily chained, by using the
techniques from [Sch00].

In this chapter, we include the proofs from [SW01], the preliminaries from [Sch00],
and some special cases (Section 12.3) from [Sch00]. The original proof of Theo-
rem 12.1 was modified to serve the general result, and only the modified version from
[SW01] is included.

12.1.1 The Segre embedding

Our first step is to describe the projective multisetγ corresponding toC = C1⊗C2, in
terms of the projective multisetsγ1 andγ2 corresponding toC1 andC2.

Lemma 12.1 (Basis lemma)
If {xi | i = 1, . . .k1} and{yi | i = 1, . . .k2} are bases forC1 andC2, then{xi⊗yj | 1≤
i ≤ k1,1≤ j ≤ k2} is a basis forC1⊗C2.

This is a well-known fact, so we omit the proof. With regard to product codes, it
basically says that we can form a generator matrix forC1⊗C2, by taking as rows all
possible productx⊗y, wherex is a row from some fixed generator matrix ofC1, and
y is a row from a fixed generator matrix forC2.

The following proposition says that we can equivalently form the generator matrix
by taking products of columns.

Proposition 12.1
If C1 andC2 are linear codes defined by the vector multisetsγ̄1 andγ̄2, then the vector
multiset definingC := C1⊗C2 is

γ̄C = {x⊗y | x ∈ γ̄1,y ∈ γ̄2},

considered as a multiset.

Proof: For any vectorx we writex[i] for its ith coordinate. Let{ai} and{bj} be
bases forC1 andC2 respectively, and let{cij = ai⊗bj} be the induced basis forC.
Let the code parameters be [n1,k1] for C1, [n2,k2] for C2, and [n,k] for C.
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Now, a codewordc∈ C is written as

c=
k1
∑

i=1

k2
∑

j=1

m[i, j]cij,

wherem is a message word, i.e. ak1×k2 matrix over the base field.
The coordinates are given as

c[a,b] =
k1
∑

i=1

k2
∑

j=1

m[i, j]cij[a,b]

=
k1
∑

i=1

k2
∑

j=1

m[i, j]ai[a]bj[b] = gabm,

wheregab is a vector of lengthk. In fact

gab = (ai[a] : 1 ≤ i ≤ k1)⊗ (bi[b] : 1 ≤ i ≤ k2),

i.e.gab is the⊗-product of one column from the generator matrix ofC1 and one from
that ofC2. �

The definition of (a,b) 7→ a⊗b works also for projective points, and then the map
is known as the Segre embedding

PG(k1−1, q)×PG(k2−1, q)→ PG(k1k2−1, q),

which is well known from algebraic geometry. This map is bijective on its image,
which is called a Segre varietyY . In other words, a pointc ∈ PG(k1k2−1, q) can be
decomposed asc = a⊗b, a ∈ PG(k1−1, q) andb ∈ PG(k2−1, q), if and only if c ∈ Y .
The decomposition is unique when it exists. The following theorem follows directly
from the proposition above.

Theorem 12.2
Let γ1, γ2, andγ be the projective multisets definingC1, C2, andC = C1⊗C2 respec-
tively. Then we have that

γ(a⊗b) = γ1(a) · γ2(b),

∀a ∈ PG(k1−1, q),∀b ∈ PG(k2−1, q),
(12.1)

γ(c) = 0, ∀c 6∈ Y.
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12.2 The general result

Consider now the tensor productC = C1⊗ . . .⊗Ct of t component codes, whereCi
has parameters [ni,ki]. Clearly, C is an [n,k] code, wheren = n1n2 . . .nt andk =
k1k2 . . .kt. We will state a generalisation of Theorem 12.1 for such codes. First we
give a generalised definition ofd∗r due to [MPW01].

Define

Mt := {i = (i1, i2, . . . , it−1) | 1≤ ij ≤ kj,1≤ j < t}. (12.2)

Definition 12.2 (Partitions)
Let π be a mapMt → {0,1, . . . ,kt} given by i 7→ ti . We call π a (k1,k2, . . . ,kt)-
partition ofr if

1.
∑

i∈Mt
ti = r, and

2. π is a decreasing function in each coordinate, i.e.

ti1,...,ij ,...,it−1 ≤ ti1,...,ij−1,...,it−1

for j = 1, . . . , t−1 and1< ij.

Let P (k1,k2, . . . ,kt;r) denote the set of all (k1,k2, . . . ,kt)-partitions ofr. Forπ ∈
P (k1,k2, . . . ,kt;r), we define

∇(π) :=
∑

i∈Mt

dπ(i)(Ct)
t−1
∏

j=1

(dij (Cj)−dij−1(Cj)). (12.3)

Note that∇(π) depends on the weight hierarchies of all the codesCi. Now let

d∗r (C1⊗C2⊗ . . .⊗Ct) := min
{

∇(π) | π ∈ P (k1,k2, . . . ,kt;r)
}

,

for r = 1,2, . . . ,k. Note that this definition coïncides with Definition 12.1 fort = 2.

Theorem 12.3
LetC = C1⊗C2⊗ . . .⊗Ct be the product of linear codesCi. Thendr(C) ≥ d∗r (C) for
all r = 1,2, . . . ,k. Moreover, equality holds if all the componentsCi are chained.

The remainder of this section will be devoted to proving this theorem. We will
first reformulate the result in terms of projective multisets, then we prove the bound
for t = 2 in Section 12.2.2 and fort > 2 in Section 12.2.3. The case when the chain
condition holds will be proved in Section 12.2.4.
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12.2.1 Projective Multisets

We recall that∆r(C)= n−dk−1−r(C). Analogously, we write∆∗r (C) := n−d∗k−1−r(C).
Evidently, Theorem 12.3 is equivalent to∆r(C) ≤ ∆∗r (C) for r = 0,1, . . . ,k−1, with
equality if all the component codes are chained. This is what we will prove shortly.

Definition 12.3 (Sub-partition)
Let π ∈ P (k1,k2, . . . ,kt;r), and takes ∈ {1,2, . . . ,k1}. Thes-th sub-partitionπ|s of π
is given by

π|s(i2, i3, . . . , it−1) = π(s, i2, i3, . . . , it−1).

Clearlyπ|s ∈ P (k2,k3, . . . ,kt;rs) for some integerrs, andr1+ r2+ . . .+ rk1 = r.
Define also

M1
t := {i = (i2, i3, . . . , it−1) | 1≤ ij ≤ kj,1< j < t}.

Definition 12.4 (Dual partition)
For everyπ ∈ P (k1,k2, . . . ,kt;r), the dual partition is defined as

π∗(i) := kt−π((k1+1,k2+1, . . . ,kt−1+1)− i).

Note thatπ∗ ∈ P (k1,k2, . . . ,kt;k−r) and (π∗)∗ = π. We define∆(π) := n−∇(π∗)
for all π ∈ P (k1,k2, . . . ,kt;r). By the definitions we get that

∆∗r (C) = max
{

∆(π) | π ∈ P (k1,k2, . . . ,kt;r+1)
}

.

Lemma 12.2 (Dual sub-partition)
The dual(π|s)∗ of π|s is the(k1− s+1)-th sub-partitionπ∗|k1−s+1 of π∗.

Proof: We have

(π|s)∗(i) = kt−π|s(k2+1− i2,k3+1− i3, . . . ,kt−1+1− it−1)

= kt−π(s,k2+1− i2,k3+1− i3, . . . ,kt−1+1− it−1).

On the other hand, we have

π∗|k1−s+1(i) = π∗(k1− s+1, i2, i3, . . . , it−1)

= kt−π(s,k2+1− i2,k3+1− i3, . . . ,kt−1+1− it−1).

Comparing the two equations, we see that the lemma holds. �

Lemma 12.3
We have

∆(π) =
∑

i∈Mt

∆π(i)−1(Ct)
t−1
∏

j=1

δij−1(Cj),

for all π ∈ P (k1,k2, . . . ,kt;r+1) and0≤ r ≤ k−1.
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Proof: The proof runs by induction ont. We prove first that it holds fort = 2, so
consider

∆(π) = n−∇(π∗) = n−
∑

i∈M2

[di(C1)−di−1(C1)]dπ∗(i)(C2)

= n−
∑

i∈M2

δk1−i(C1)(n2−∆k2−1−π∗(i)(C2)).

Now we setj = k1+1− i to get

∆(π) = n−n2

∑

j∈M2

δj−1(C1)+
∑

j∈M2

δj−1(C1)∆π(j)−1(C2)

=
∑

j∈M2

δj−1(C1)∆π(j)−1(C2).

This proves the lemma fort = 2. To proceed with induction, we assume that the
lemma holds fort−1 and recall again the definition of∇(π) from (12.3), to get

∇(π∗) =
k1
∑

i1=1

[

∑

i∈M1
t

dπ∗|i1(i)(Ct)
t−1
∏

j=2

δkj−ij (Cj)
]

δk1−i1(C1)

=
k1
∑

i1=1

[

∑

i∈M1
t

d(π|k1+1−i1)∗(i)(Ct)
t−1
∏

j=2

δkj−ij (Cj)
]

δk1−i1(C1).

The part in brackets is∇((π|k1+1−i1)∗) computed for the codeC2⊗ . . .⊗Ct. Hence we
get

∇(π∗) =
k1
∑

i1=1

[

n2 ·n3 · . . . ·nt−∆(π|k1+1−i1)
]

δk1−i1(C1)

= n−
k1
∑

i1=1

∆(π|k1+1−i1)δk1−i1(C1).

Hence

∆(π) =
k1
∑

i1=1

∆(π|k1+1−i1)δk1−i1(C1) =
k1
∑

i1=1

∆(π|i1)δi1−1(C1). (12.4)
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By the induction hypothesis, we get

∆(π) =
k1
∑

i1=1

[

∑

i∈M1
t

∆π(i)−1(Ct)
t−1
∏

j=2

δij−1(Cj)
]

δi1−1(C1).

=
∑

i∈Mt

∆π(i)−1(Ct)
t−1
∏

j=1

δij−1(Cj),

as required. �
Define

P̂ (k1,k2, . . . ,kt;r) :=
⋃

r′≤r

P (k1,k2, . . . ,kt;r′).

We have a partial ordering on̂P (k1,k2, . . . ,kt;r) by settingπ′ ≤ π if π′(i) ≤ π(i) for
all i ∈ Mt. If π ∈ P (k1,k2, . . . ,kt;r) is a partition, writeΣπ = r for the sum of its
values. Note that if we have a sequence of (k2,k3, . . . ,kt)-partitions

π1 ≥ π2 ≥ . . . ≥ πk1,

then theπi define the sub-partitionsπ|i of some partitionπ ∈P (k1,k2, . . . ,kt;r), where
r = Σπ1+Σπ2+ . . .+Σπk1.

12.2.2 The simple case

In this section we study the caset = 2 only. LetC = C1⊗C2, where dimC = k. Let
γ1, γ2, andγ be the projective multiset corresponding toC1, C2, andC respectively.

Definition 12.5
LetΠ5PG(k−1, q). For0≤ i≤ k1−1, letΘi(Π) be the set of pointsp ∈PG(k2−1, q)
such that there is ani-spaceΦiΠ(p)5PG(k1−1, q) withΦiΠ(p)⊗p⊆Π. Theassociated
partitionof Π is given by

π(Π)(i) = dim〈Θi−1(Π)〉+1.

ObviouslyΘi(Π) ⊆Θi−1(Π), soπ(Π) is indeed a partition. When confusion is not
likely, we will write Θi for Θi(Π). For brevity we write

ti := dim〈Θi〉 = π(Π)(i+1)−1.

Forx ∈ PG(k2−1, q) define

R(x) := {p⊗x ∈ Π | p ∈ PG(k1−1, q)}.

By the bilinearity of the Segre embedding we haveR(x) 5 PG(k−1, q).
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Lemma 12.4
If Π 5 PG(k−1, q) is anr-space, thenπ(Π) ∈ P̂ (k1,k2;r+1).

Proof: Let b0, b1, . . . , bk2−1 be a basis forPG(k2−1, q) such thatb0, b1, . . . , bti ∈ Θi.
For eachi where 0≤ i < k2, let b0

i , b
1
i , . . . , b

ri
i be a basis forR(bi) whereri = max{j |

i ≤ tj}. Clearlybji = a
j
i ⊗bi for someaji ∈ PG(k1−1, q).

Consider the set

B := {bji | 0≤ j ≤ k1−1,0≤ i ≤ tj}.

Clearly

#B =
k1−1
∑

j=0

(tj +1).

The setB is a set of projectively independent points, andB ⊆Π. Since dimΠ = r, we
get

Σπ(Π) =
k1−1
∑

i=0

(ti+1)= #B ≤ r+1,

proving the lemma. �

Lemma 12.5
If Π 5 PG(k−1, q), thenγ(Π) ≤ ∆(π(Π)).

Proof: For convenience, we writeΘk1 := ∅. If b ∈ Θi\Θi+1, thenR(b) = Φi(b)⊗ b,
whereΦi(b) is ani-space inPG(k1−1, q). We have

Π∩Y = R(Θ0) =
⋃

b∈Θ0

R(b) =
k1−1
⋃

i=0

⋃

b∈Θi\Θi+1

(Φi(b)⊗b),

whereY is the Segre variety. Note that the union is disjoint. Hence

γ(Π) = γ
(

⋃

b∈Θ0

R(b)
)

=
k1−1
∑

i=0

∑

b∈Θi\Θi+1

γ1(Φi(b)) · γ2(b)

≤
k1−1
∑

i=0

∑

b∈Θi\Θi+1

∆i(C1) · γ2(b) =
k1−1
∑

i=0

δi(C1)
∑

b∈Θi

γ2(b)

≤
k1−1
∑

i=0

δi(C1)∆ti (C2) =
k1−1
∑

i=0

δi(C1)∆π(i+1)−1(C2)

=
k1
∑

i=1

δi−1(C1)∆π(i)−1(C2) = ∆(π(Π)).

(12.5)
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Thus the lemma is proved. �
We observe that this lemma implies∆r(C1⊗C2) ≤ ∆∗r (C1⊗C2) and thus proves

the bound from Theorem 12.3 fort = 2.

Lemma 12.6
If Π′ 5 Π 5 PG(k−1, q), thenπ(Π′) ≤ π(Π).

Proof: Let Θi and ti be as in the definition ofπ(Π), and letΘ′i and t′i be the
corresponding objects forΠ′. We only have to prove thatt′i ≤ ti for all i. We obtainΠ′

fromΠ by removing points. HenceΘ′i ⊆ Θi for all i, and thust′i ≤ ti as required. �

12.2.3 The general case

Thet component codesCi correspond tot projective multisetsγi on PG(ki−1, q) for
i = 1,2, . . . , t. Let γ be the multiset corresponding toC = C1⊗C2⊗ . . .⊗Ct, and let
k := dimC.

Lemma 12.7
For every subspaceΠ5 PG(k−1, q) of dimensionr there is a well-defined associated
partitionπ(Π) ∈ P̂ (k1,k2, . . . ,kt;r+1) such that

a. γ(Π) ≤ ∆(π(Π)); and

b. if Π′ 5 Π 5 PG(k−1, q), thenπ(Π′) ≤ π(Π).

Proof: We argue by induction ont. The base case,t= 2, is proved in Lemmata 12.4,
12.5, and 12.6. Writek′ := k2 ·k3 · . . . ·kt. Letγ ′ be the projective multiset correspond-
ing toC2⊗C3⊗ . . .⊗Ct.

Let Θi ⊆ PG(k′−1, q) be the set of pointsp such that there exists ani-spaceΦi 5
PG(k1−1, q) whereΦi⊗p ⊆ Π. ObviouslyΘi ⊆ Θi−1. Let ti := dim〈Θi〉.

By the inductive hypothesis (b) there is a well-defined associated partitionπi ∈
P̂ (k2,k3, . . . ,kt; ti+1) to 〈Θi〉 such that

γ ′(Θi) ≤ γ ′(〈Θi〉) ≤ ∆(πi) (12.6)

for eachi. Furthermoreπi ≤ πi−1 by the inductive hypothesis (b) sinceΘi ⊆ Θi−1.
Hence theπi can be viewed as thek1 sub-partitions of some partition

π ∈ P̂ (k1,k2, . . . ,kt;r′+1), wherer′ :=
k1−1
∑

i=0

(ti+1)−1.

More precisely,π(i1, i2, . . . , it−1) = πi1−1(i2, i3, . . . , it−1). By an argument similar to
that in the proof of Lemma 12.4, we get thatr′ ≤ r. Hence

π ∈ P̂ (k1,k2, . . . ,kt;r+1).
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Forx ∈ PG(k′−1, q) define

R(x) := {p⊗x ∈ Π | p ∈ PG(k1−1, q)}.

By the bilinearity of the Segre embedding,R(x) 5 PG(k−1, q). If b ∈ Θi\Θi+1, then
R(b) = Φi(b)⊗b for somei-spaceΦi(b) ∈ PG(k1−1, q).

Now we can write (as in the proof of Lemma 12.5),

Π∩Y = R(Θ0) =
k1−1
⋃

i=0

⋃

b∈Θi\Θi+1

R(b),

whereY is the Segre varietyPG(k1−1, q)⊗PG(k′−1, q). We get the value as follows,

γ(Π) =
k1−1
∑

i=0

∑

b∈Θi\Θi+1

γ1(Φi(b))γ ′(b)

≤
k1−1
∑

i=0

∆i(C1)
∑

b∈Θi\Θi+1

γ ′(b) =
k1−1
∑

i=0

δi(C1)
∑

b∈Θi

γ ′(b)

=
k1−1
∑

i=0

δi(C1)γ ′(Θi) ≤
k1−1
∑

i=0

δi(C1)∆(πi) = ∆(π).

(12.7)

The bound in the last line follows from (12.6), and the very last equality follows from
(12.4). This proves (a) assuming that (a) and (b) holds fort−1. It remains to prove
that (b) holds.

Let π′ be the partition associated withΠ′ 5 Π, and letπ′i := π′|i be the associated
sub-partitions. It is sufficient to show thatπ′i ≤ πi for all i. Write Θ′i = Θi(Π′), and
recall thatπ′i = π(〈Θ′i〉). We obtainΠ′ by removing points fromΠ. Hence〈Θ′i〉5 〈Θi〉,
and by the inductive hypothesisπ′i ≤ πi as required. �

12.2.4 When the Chain Condition holds
Lemma 12.8
If C1,C2, . . . ,Ct satisfy the chain condition, then for every

π ∈ P (k1,k2, . . . ,kt;r+1)

there is anr-spaceΠ 5 PG(k−1, q) such thatπ(Π) = π and∆(π) = γ(Π).
Moreover, ifπ′ ∈ P (k1,k2, . . . ,kt;r′+1) andπ′ ≤ π, then there is anr′-spaceΠ′ 5

Π such thatπ(Π′) = π′ and∆(π′) = γ(Π′).
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Proof: First consider the case wheret = 2. Let p0,p1, . . . ,pk1−1 be a basis for
PG(k1−1, q) such that〈p0,p1, . . . ,pi〉 is ani-space of maximum value forC1. Let

∅ = Ψ−1 ⊂Ψ0 ⊂ . . . ⊂Ψk2−1 = PG(k2−1, q)

be a chain of subspaces of maximum value forC2. Write ti = π(i+ 1)− 1 for i =
0,1, . . . ,k1−1, and letΠ = 〈pi⊗Ψti | i = 0,1, . . . ,k1−1〉. Observe thatΘi(Π) = Ψti,
henceπ(Π) = π and dimΠ = r. As for the value, it is not hard to verify equality in
(12.5). This proves the first statement of the lemma fort = 2.

Let t′i = π
′(i+1)−1 for i = 0,1, . . . ,k1−1, and letΠ′ = 〈pi⊗Ψt′i | i = 0,1, . . . ,k1−

1〉. ClearlyΠ′ ⊆Π, and the remaining properties ofΠ′ follows by the argument above.
Hence the lemma is proved fort = 2.

Assuming that the lemma holds fort−1, the inductive step is similar. Letk′ =
k2k3 . . .kt, andγ ′ the projective multiset corresponding toC ′ = C2⊗ . . .⊗Ct. Let
p0,p1, . . . ,pk1−1 be a basis forPG(k1−1, q) such that〈p0,p1, . . . ,pi〉 is ani-space of
maximum value forC1. Let πi = π|i+1 be the sub-partitions ofπ. By the inductive
hypothesis, there is a chain

Ψ(πk1−1) 5Ψ(πk1−2) 5 . . . 5Ψ(π0) 5 PG(k′−1, q),

of subspaces of valueγ ′(Ψ(πi)) = ∆′(πi), where∆′(π) is computed with the weight
hierarchy ofC ′. The dimension is given by dimΨ(πi) = Σπi−1. We define

Π = 〈pi⊗Ψ(πi) | i = 0,1, . . . ,k1−1〉.

Observe thatΘi(Π) = Ψ(πi). Clearly dimΠ =
∑k1−1
i=0 Σπi−1= r. The value is given

by (12.7), and it may be verified that equality holds.
Consider at last a partitionπ′ ≤ π. We construct as above a chain of subspaces

Ψ(π′k1
) 5Ψ(π′k1−1) 5 . . . 5Ψ(π′1) 5 PG(k1−1, q).

This can, by the induction hypothesis, be done such thatΨ(π′i) 5Ψ(πi). We define

Π′ = 〈pi⊗Ψ(π′i) | i = 0,1, . . . ,k1−1〉.

ClearlyΠ′ ⊆Π, and the remaining properties are proved as in the previous paragraph.
�

12.3 Some special cases

In this section, we return to the simple product code of two terms, to discuss certain
special cases and specific examples.
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Theorem 12.4
For any two codesC1 andC2, dr(C1⊗C2) = d∗r (C1⊗C2) for r ∈ {0,1,2,k−2,k−
1,k}.

Proof: For r = 0 this is trivial, and forr = 1 andr = k it is well known. Wei and
Yang [WY93] proved it forr = 2. Thus it suffices to prove that

∆0(C1⊗C2) = ∆∗0(C1⊗C2) = δ0(C1)δ0(C2),

∆1(C1⊗C2) = ∆∗1(C1⊗C2).

Let γ1, γ2, andγ be the projective multisets corresponding toC1,C2, andC :=C1⊗C2.
We know that∆i(C) ≤ ∆∗i (C), so it remains only to prove that there exists a point
℘ ∈ PG(k−1, q) of valueγ(℘) = δ0(C1)δ0(C2) and a linè ⊆ PG(k−1, q) of value
γ(`) = ∆∗1(C).

The required point is℘ := p1⊗p2 whereγ1(p1) = δ0(C1) andγ2(p2) = δ0(C2). Let
l1 andl2 be lines of maximum value forC1 andC2 respectively. Then we have two
lines: l1⊗ p2 of value∆1(C1)δ0(C2) andp1⊗ l2 of valueδ0(C1)∆1(C2), and at least
one of these lines has value∆∗1(C). �

Corollary 12.1
For any product codeC1⊗C2 of dimension at most 5,dr(C1⊗C2) = d∗r (C1⊗C2),
0≤ r ≤ k1k2.

The following examples show that for a six-dimensional product code this may or
may not hold forr = 3= k−3.

Example 12.1
Let a ∈ PG(2,2) be a point and̀ 63 a a line, and define a projective multiset byγ1(p) =
1 for p ∈ ` or p = a, andγ1(p) = 0 otherwise. Nowγ1 corresponds to a binary[4,3]
codeC1, which satisfies the chain condition and has difference sequence(1,2,1).

We define a second projective multiset byγ2(a) = 5, γ2(p) = 4 for p ∈ `, and
γ2(p) = 0 otherwise. Thusγ2 defines a binary[17,3] codeC2, which does not satisfy
the chain condition and whose difference sequence is(5,7,5).

Now considerC := C1⊗C2. To find∆∗2(C) we consider the three possible parti-
tionsπ ∈ P (k1,k2;3) which we write as[π(1),π(2),π(3)]:

[3,0,0] : ∆(π) = δ0(C1)∆2(C2) = 17,

[2,1,0] : ∆(π) = δ0(C1)∆1(C2)+δ1(C1)∆0(C2) = 22,

[1,1,1] : ∆(π) = ∆2(C1)∆0(C2) = 20.

The maximum is∆∗2(C) = 22, and we conclude thatd∗3 = 4·17−22= 46.
The construction to obtain a planeP of value 22, assumes that all factorisable

points inP are contained in the union of two intersecting lines. The best we can do
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with this approach is to takeP := 〈a′⊗` ∪`⊗b′〉 wherea′ ∈ ` andb′ ∈ `. This gives
∆2(C) = γ(P ) = 20< 22. Henced3(C) = 48> 46.

Example 12.2
Take the previous example and reduce the length ofC2 by settingγ2(a) = 3, and
γ2(p) = 2 for p ∈ `. Now C2 is a [9,3] non-chain code with difference sequence
(3,3,3). This gives the following choices for the maximisation of∆∗2(C):

[3,0,0] : ∆(π) = δ0(C1)∆2(C2) = 9

[2,1,0] : ∆(π) = δ0(C1)∆1(C2)+ δ1(C1)∆0(C2) = 12

[1,1,1] : ∆(π) = ∆2(C1)∆0(C2) = 12.

The maximum is∆∗2(C) = 12, and this is realised by the planePG(2,2)⊗ a. Hence
we getd3(C) = d∗3(C) = 4·9−12= 24.

Remark 12.1
If C1 andC2 are chained codes,C1⊗C2 may be chained or non-chained.

ThatC1⊗C2 may be chained is clear. Let for instanceC1 andC2 be two simplex
codes. Then it is simple to verify that the product code satisfies the chain condition.
The example below shows a non-chained product code of two chained terms.

Example 12.3
Let a,b,c ∈ PG(2,2) be projectively independent points, and define two projective
multisets as follows:

γ1(a) = γ1(b) = 3

γ1(c) = 1

γ1(p) = 0, ∀p 6∈ {a,b,c}

γ2(a) = 3

γ2(p) = 1, ∀p 6= a.

The projective multisets define two chained codesC1 andC2. The productC = C1⊗
C2 corresponds to a projective multisetγ on PG(8,2). All points of positive value in
PG(8,2) are located in three disjoint planes,Πa, Πb, andΠc, consisting of the points
with a, b, or c respectively as the first factor. We have

γ(a⊗a) = γ(b⊗a) = 9

γ(a⊗p) = γ(b⊗p) = 3, ∀p 6= a

γ(c⊗a) = 3

γ(c⊗p) = 1, ∀p 6= a.

We see that the only line of maximum value is` := 〈a⊗ a,b⊗ a〉, and the planes of
maximum value areΠa andΠb, neither of which contains̀. HenceC is non-chain.
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13 Greedy weights of product codes

In Chapter 10, we introduced the greedy weights and proved some duality relations
concerning them. In this chapter, we will use techniques from Chapter 12 to find a
lower bound on the greedy weights of product codes.

13.1 The result

We use the notation and terminology from Chapter 12. Recall in particular the defini-
tion ofMt from (12.2), and that of partitions from Definition 12.2. We define below
the top-down and bottom-up greedy weight analogues ofd∗r , ∇, and∆∗r .

Define the greedy differences

εi(C) := ek−i(C)− ek−1−i(C),

ε̃i(C) := ẽk−i(C)− ẽk−1−i(C).

We define the greedy analogues of∇ as follows.

∇E (π) :=
∑

i∈Mt

eπ(i)(Ct)
t−1
∏

j=1

εkj−ij (Cj),

∇̃E (π) :=
∑

i∈Mt

ẽπ(i)(Ct)
t−1
∏

j=1

ε̃kj−ij (Cj).

We also definee∗r andẽ∗r analogously tod∗r .

e∗r (C1⊗C2⊗ . . .⊗Ct) := min
{

∇E (π) | π ∈ P (k1,k2, . . . ,kt;r)
}

,

ẽ∗r (C1⊗C2⊗ . . .⊗Ct) := min
{

∇̃E (π) | π ∈ P (k1,k2, . . . ,kt;r)
}

.

Theorem 13.1
We have

er(C1⊗C2⊗ . . .⊗Ct) ≥ e∗r (C1⊗C2⊗ . . .⊗Ct),

ẽr(C1⊗C2⊗ . . .⊗Ct) ≥ ẽ∗r (C1⊗C2⊗ . . .⊗Ct).
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The above bound may or may not be met with equality. This is obvious if we
consider chained component codes. Thendj(Ci) = ej(Ci), anddr = e∗r . If the product
code is chained, thener = dr = e∗r . Otherwiseer > dr = e∗r for somer.

13.2 Redefining the problem

Analogously to the approach for weight hierarchies we will now reformulate the prob-
lem in terms of projective multisets. Letπ∗ be the dual partition ofπ, as defined in
Definition 12.4.

Analogously to∆i(C), we define

Ei(C) :=
i
∑

j=0

εi = ek(C)− ek−1−i(C), (13.1)

Ẽi(C) :=
i
∑

j=0

ε̃i = ẽk(C)− ẽk−1−i(C), (13.2)

and analogously to∆(π), we let

E(π) :=
∑

i∈Mt

Eπ(i)−1(Ct)
t−1
∏

j=1

εij−1(Cj), (13.3)

Ẽ(π) :=
∑

i∈Mt

Ẽπ(i)−1(Ct)
t−1
∏

j=1

ε̃ij−1(Cj). (13.4)

Lemma 13.1
The above definition is equivalent to

E(π) = n−∇E (π∗),

Ẽ(π) = n−∇̃E (π∗).

Proof: We prove the first statement explicitly. The second statement is proved
similarly by replacingεi(Cj) with ε̃i(Cj).

First note that

∇E (π∗) =
∑

i∈Mt

eπ∗(i)(Ct)
t−1
∏

j=1

εkj−ij (Cj) =
∑

i∈Mt

eπ∗(k+1−i)(Ct)
t−1
∏

j=1

εij−1(Cj),

wherek = (k1, . . . ,kt−1), and1 is an all-1 vector. Hence

∇E (π∗) =
∑

i∈Mt

ekt−π(i)(Ct)
t−1
∏

j=1

εij−1(Cj).
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We combine this with (13.3) to get

E(π)+∇E (π∗) =
∑

i∈Mt

(Eπ(i)−1(Ct)+ ekt−π(i)(Ct))
t−1
∏

j=1

εij−1(Cj)

=nt
∑

i∈Mt

t−1
∏

j=1

εij−1(Cj).

It only remains to prove that

∑

i∈Mt

t−1
∏

j=1

εij−1(Cj) = n1 ·n2 · . . . ·nt−1. (13.5)

This is obviously true ift = 2, so we prove it by induction. We have

∑

i∈Mt

t−1
∏

j=1

εij−1(Cj) =
kt−1
∑

it−1=1

εit−1−1(Ct−1)
∑

i∈Mt−1

t−2
∏

j=1

εij−1(Cj)

= nt−1

∑

i∈Mt−1

t−2
∏

j=1

εij−1(Cj).

Hence (13.5) follows by induction, and the lemma is proved. �
Similarly to e∗r and ẽ∗r , we defineE∗r andẼ∗r , which will give bounds onEr and

Ẽr.

E∗r (C1⊗C2⊗ . . .⊗Ct) := max{E(π) | π ∈ P (k1,k2, . . . ,kt;r+1)},

Ẽ∗r (C1⊗C2⊗ . . .⊗Ct) := max{Ẽ(π) | π ∈ P (k1,k2, . . . ,kt;r+1)}.

Lemma 13.2
The following two statements are equivalent

er(C1⊗C2⊗ . . .⊗Ct) ≥ e∗r (C1⊗C2⊗ . . .⊗Ct),

Er(C1⊗C2⊗ . . .⊗Ct) ≤ E∗r (C1⊗C2⊗ . . .⊗Ct).

Also the following two equations are equivalent

ẽr(C1⊗C2⊗ . . .⊗Ct) ≥ ẽ∗r (C1⊗C2⊗ . . .⊗Ct),

Ẽr(C1⊗C2⊗ . . .⊗Ct) ≤ Ẽ∗r (C1⊗C2⊗ . . .⊗Ct).

Proof: By Lemma 13.1, we get that

E∗r (C1⊗C2⊗ . . .⊗Ct)+ e∗r (C1⊗C2⊗ . . .⊗Ct) = n.

By definitionEr+er = n. Hence the first equivalence follows. The second equivalence
is proved in the same way. �
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13.3 The proof

13.3.1 The Simple Case

We start with the simple case wheret = 2. We shall proceed by induction ont in Sec-
tion 13.3.2. Recall the definition of the associated partitionπ(Π) from Definition 12.5.
We writeΦΠ(x) = ΦiΠ(x) for the largesti for which this is defined.

Definition 13.1
Let Π 5 PG(k−1, q) andπ = π(Π) ∈ P (k1,k2;r+1). We callΠ a normal subspace
associated withπ if

1. all the〈Θi(Π)〉 are greedy subspaces;

2. for eachi and for allx ∈ 〈Θi〉\〈Θi+1〉with γ2(x) > 0, ΦΠ(x) is a greedyi-space;
and

3. dimΠ = r.

Note that Part 2 of the definition implies thatγ2(x) = 0 for all x ∈ 〈Θi〉\Θi and
consequently thatγ2(Θi) = γ2(〈Θi〉).

Lemma 13.3
Let Π be a normalr-space, and letΠ′′ < Π. Then, for any partitionπ′ ∈ P (k1,k2;r)
such thatπ(Π′′) ≤ π′ < π(Π), we haveγ(Π′′) ≤ E(π′). Equality holds if and only if
Π′′ is a normal subspace associated withπ′.

Note that sinceΠ is a normal subspace,Σπ(Π) = r+1, andΣπ(Π′) ≤ dimΠ′′+1<
r+1. Henceπ(Π′′) < π(Π) and there exists indeed someπ′.
Proof: We writeΘ′′i = Θi(Π′′) andΘi = Θi(Π). Observe that

γ(Π′′) =
k1−1
∑

i=0

∑

x∈Θ′′i \Θ
′′
i+1

γ2(x)γ1(ΦΠ′′ (x)). (13.6)

We choose a partitionπ′ according to the lemma. There is a uniques such that
π′(s+1)= π(s+1)−1. LetΘ′s be an arbitrary subspace such that

Θ′′s ⊆ Θ′s < 〈Θs〉,

dimΘ′s = dimΘs−1= π′(s+1)−1.

Since〈Θs〉 is a greedy subspace, we get thatγ(Θ′s) ≤ Eπ′(s+1)−1(C2). Write Θ′i = Θi
for all i 6= s. Thus we get, for alli,

Θ′′i ⊆ Θ′i, (13.7)

γ2(Θ′′i ) ≤ γ2(Θ′i) ≤ Eπ′(i+1)−1(C2). (13.8)





13.3. The proof

If y ∈ Θs\Θ′s, thenΦΠ′′ (y) < ΦΠ(y). SinceΦΠ(y) is a greedys-space whenever
γ2(y) 6= 0, we get that

γ1(ΦΠ′′ (y))γ2(y) ≤ Es−1(C1)γ2(y).

ClearlyΦΠ′′ (x) 5 ΦΠ(x) for all x ∈ PG(k2−1, q), and

γ1(ΦΠ(x))γ2(x) ≤ Ei(C1)γ2(x), ∀x ∈ Θi\Θi+1.

Hence we get for anyi that

γ1(ΦΠ′′ (x))γ2(x) ≤ Ei(C1)γ2(x), ∀x ∈ Θ′i\Θ
′
i+1. (13.9)

Thus we get from (13.6) that

γ(Π′′) ≤
k1−1
∑

i=0

∑

x∈Θ′′i \Θ
′′
i+1

γ2(x)Ei(C1). (13.10)

This may be simplified further to

γ(Π′′) ≤
k1−1
∑

i=0

Ei(C1)γ2(Θ′′i \Θ
′′
i+1)

=
k1−1
∑

i=0

Ei(C1)(γ2(Θ′′i )− γ2(Θ′′i+1))

=
k1−1
∑

i=0

Ei(C1)γ2(Θ′′i )−
k1
∑

i=1

Ei−1(C1)γ2(Θ′′i ).

Now observe thatΘ′′k1
is the empty set, andε0(C1) = E0(C1). Hence

γ(Π′′) ≤
k1−1
∑

i=0

εi(C1)γ2(Θ′′i ) ≤
k1
∑

i=1

εi−1(C1)Eπ′(i)−1(C2) = E(π′),

by (13.8). This proves the bound in the lemma.
It remains to prove that equality depends onΠ′′ being a normal subspace asso-

ciated withπ′. Assume therefore thatγ(Π′′) = E(π′). To obtain this, we must have
equality in (13.9), which means thatΦΠ′′ (x)) is a greedyi-space wheneverγ2(x) > 0,
proving Property 2 in the definition. Equality is also required in (13.8), which implies
that 〈Θ′′i 〉 must be a greedy subspace of dimensionπ′(i+1)−1, proving Property 1
and the fact thatπ(Π′′) = π′.

Finally we observe that dimΠ′′ ≤ r−1 since it is a proper subspace ofΠ. Also
dimΠ′′ ≥ Σπ′ − 1 = r− 1. Hence dimΠ′′ = r− 1, which is the third property in the
definition. The lemma follows by induction. �
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Definition 13.2
A greedy basis ofPG(ki−1, q) is a basisp0,p1, . . . ,pk1−1 such that〈p0,p1, . . . ,pr〉 is a
greedyr-space for eachr.

Lemma 13.4
Given a fixed greedy basis for each spacePG(k1−1, q) andPG(k2−1, q), there is a
well-defined normal subspaceΠπ associated with every partitionπ, such that ifπ′ ≤ π,
thenΠπ′ 5 Ππ.

Proof: Let b0, b1, . . . , bk2−1 be the greedy basis forPG(k2−1, q). Write

Ψi = 〈b0, b1, . . . , bi〉.

Let p0,p1, . . . ,pk1−1 be the greedy basis forPG(k1−1, q). We defineΠπ by the fol-
lowing formula,

Ππ = 〈pi⊗Ψπ(i+1)−1 | 0≤ i < k1〉.

It is straight forward to verify the properties ofΠπ. �

Proposition 13.1
If Π 5 PG(k−1, q) is a greedy subspace of dimensionr, thenΠ is a normal subspace
andγ(Π) = E(π) whereπ = π(Π) ∈ P (k1,k2;r+1)

We omit the proof, which is exactly identical to that of Proposition 13.2.

Corollary 13.1
For all codesC1 andC2, we have

Er(C1⊗C2) ≤max{E(π) | π ∈ P (k1,k2;r+1)}.

13.3.2 The General Case

We shall generalise the results from the last section by induction ont. Let the as-
sociated partitionπ(Π) be defined as in Lemma 12.7. We define normal subspaces
recursively as follows.

Definition 13.3
Let Π 5 PG(k − 1, q) andπ = π(Π) ∈ P (k1,k2, . . . ,kt;r + 1). We callΠ a normal
subspaceassociated withπ if

1. for eachi, 〈Θi(Π)〉 is a normal subspace associated withπ|i+1;

2. for eachi and for allx ∈ 〈Θi〉\〈Θi+1〉 with γ ′(x) > 0, ΦΠ(x) is a greedyi-space;
and

3. dimΠ = r.





13.3. The proof

Lemma 13.5
Let Π be a normalr-space, and letΠ′′ < Π be a subspace. Then for any partition
π′ ∈P (k1,k2, . . . ,kt;r) such thatπ(Π′′)≤ π′ <π(Π), we haveγ(Π′′)≤E(π′). Equality
holds if and only ifΠ′′ is a normal subspace associated withπ′.

Note that there must existπ′ by the same reasoning used in conjunction with
Lemma 13.3.
Proof: This was proved fort = 2 in Lemma 13.3. We assume that it holds fort−1
and prove it fort.

We writeΘ′′i = Θi(Π′′) andΘi = Θi(Π). Observe that

γ(Π′′) =
k1−1
∑

i=0

∑

x∈Θ′′i \Θ
′′
i+1

γ ′(x)γ1(ΦΠ′′ (x)). (13.11)

We choose an arbitrary partitionπ′ according to the lemma. We writeui :=
Σπ|i+1−1 andu′i := Σπ′|i+1−1 for brevity. There is a uniques such thatu′s = us−1.
LetΘ′s be an arbitrary subspace such that

Θ′′s ⊆ Θ′s < 〈Θs〉,

dimΘ′s = dim〈Θs〉−1= u′s.

Since〈Θs〉 is a normal subspace, we get thatγ ′(Θ′s) ≤ E(π′|s+1), by the induction
hypothesis. WriteΘ′i = Θi for all i 6= s. Thus we get, for alli,

Θ′′i ⊆ Θ′i, (13.12)

γ ′(Θ′′i ) ≤ γ
′(Θ′i) ≤ E(π′|i+1). (13.13)

If y ∈ Θs\Θ′s, thenΦΠ′′ (y) < ΦΠ(y). SinceΦΠ(y) is a greedy subspace of dimen-
sions wheneverγ ′(y) > 0, we get that

γ1(ΦΠ′′ (y))γ ′(y) ≤ Es−1(C1)γ ′(y).

ClearlyΦΠ′′ (x) 5 ΦΠ(x) for all x ∈ PG(k′−1, q), and

γ1(ΦΠ(x))γ ′(x) ≤ Ei(C1)γ ′(x), ∀x ∈ Θi\Θi+1.

Hence we get for anyi that

γ1(ΦΠ′′ (x))γ ′(x) ≤ Ei(C1)γ ′(x), ∀x ∈ Θ′i\Θ
′
i+1. (13.14)

From (13.11) we find that

γ(Π′′) ≤
k1−1
∑

i=0

∑

x∈Θ′′i \Θ
′′
i+1

γ ′(x)Ei(C1). (13.15)
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This may be simplified further to

γ(Π′′) ≤
k1−1
∑

i=0

Ei(C1)γ ′(Θ′′i \Θ
′′
i+1)

=
k1−1
∑

i=0

Ei(C1)(γ ′(Θ′′i )− γ
′(Θ′′i+1))

=
k1−1
∑

i=0

Ei(C1)γ ′(Θ′′i )−
k1
∑

i=1

Ei−1(C1)γ ′(Θ′′i ).

Now observe thatΘ′′k1
is the empty set, andε0(C1) = E0(C1). Hence

γ(Π′′) ≤
k1−1
∑

i=0

εi(C1)γ ′(Θ′′i ) ≤
k1
∑

i=1

εi−1(C1)E(π′|i+1) = E(π′),

by (13.13) and the induction hypothesis. This proves the bound in the lemma.
It remains to prove that equality depends onΠ′′ being a normal subspace asso-

ciated withπ′. Assume therefore thatγ(Π′′) = E(π′). Then we must have equality
in (13.13), which requires equality in (13.12). It follows thatπ(Π′′) = π′. Another
necessary condition for equality in (13.13), is that all theΘ′i be greedy subspaces. By
the induction hypothesis it follows thatΘi is a normal subspace associated withπ′|i+1,
which is Property 1 in Definition 13.3

We must also have equality in (13.15), which in turn depends on equality in
(13.14). HenceΦΠ′′ (x) must be a greedy subspace for allx ∈ PG(k′ − 1, q) such
thatγ ′(x) > 0. This proves Property 2 in Definition 13.3.

Finally we observe that dimΠ′′ ≤ r−1 since it is a proper subspace ofΠ. Also
dimΠ′′ ≥ Σπ′ − 1 = r− 1. Hence dimΠ′′ = r− 1, which is the third property in the
definition. The lemma follows by induction. �

Lemma 13.6
Given a fixed greedy basis for each spacePG(ki−1, q), there is a well-defined normal
subspaceΠπ associated with every partitionπ, such that ifπ′ ≤ π, thenΠπ′ 5 Ππ.

Proof: This holds fort = 2 by Lemma 13.4. We prove it for allt by induction.
Therefore we assume that for everyπr ∈ P (k2,k3, . . . ,kt;r+1), there is a well-defined
normal subspaceΨπr 5 PG(k′ − 1, q) associated withπr. Let p0,p1, . . . ,pk1−1 be a
greedy basis forPG(k1−1, q).

TheΠπ may be given by the following formula,

Ππ = 〈pi−1⊗Ψπ|i | 1≤ i ≤ k1〉.

It is straight forward to verify the properties of this subspace. �





13.3. The proof

Proposition 13.2
If Π 5 PG(k−1, q) is a greedy subspace of dimensionr, thenΠ is a normal subspace
andγ(Π) = E(π) whereπ = π(Π) ∈ P (k1,k2, . . . ,kt;r+1).

Proof: Note thatPG(k−1, q) is a normal subspace associated withπ whereπ(i) = kt
for all i ∈Mt. Also PG(k−1, q) is the unique greedy (k−1)-space. Hence the lemma
holds forr = k−1. Assume that the lemma holds forr. We will prove that then it also
holds forr−1.

LetΠ andΠ′ be greedy subspaces of dimensionsr andr−1 respectively, such that
Π′ < Π. By the inductive hypothesis,Π is a normal subspace associated with some
partitionπ. Also writeπ′ = π(Π′). By Lemma 13.5,γ(Π′) ≤E(π′′) for every partition
π′′ ∈ P (k1,k2, . . . ,kt;r) with π′ ≤ π′′ < π.

By Lemma 13.4, there exists, for every such partitionπ′′, a normal subspaceΠπ′′ <
Π of valueE(π′′), soEr−1 ≥ E(π′′), and thusγ(Π′) = E(π′′) andΠ′ is a normal
subspace by Lemma 13.5. The lemma follows by induction. �

Corollary 13.2
For any family codesC1,C2, . . . ,Ct, we have

Er(C1⊗C2⊗ . . .⊗Ct) ≤max{E(π) | π ∈ P (k1,k2, . . . ,kt;r+1)}.

This proves the first bound of Theorem 13.1. We can in fact phrase a stronger
result. We know that equality holds forr = k − 1, sinceEk−1 = ∆k−1. Let Pr ⊆
P (k1,k2, . . . ,kt;r+1) be the set of partitions achieving the maximum in the corollary.
Then we have that

Er(C) = max{E(π) | π ∈ P (k1,k2, . . . ,kt;r+1),∃π′ ∈ Pr+1,π ≤ π′}.

The problem with such an expression is of course that we must compute all theEr in
sequence, and we must find all partitions achieving maximum in each step.

13.3.3 Top-down Greedy Weights

The proof for top-down greedy weights is very similar to that for bottom-up greedy
weights (and just as long). We will only list the definitions and the main lemmata
for the induction step. The proofs can be filled in by following the pattern of the
preceding sections.

Definition 13.4
Let Π 5 PG(k−1, q) andπ = π(Π) ∈ P (k1,k2, . . . ,kt;r+1). We callΠ a top-down
normal subspaceassociated withπ if

1. for eachi, Θi(Π) is a top-down normal subspace associated withπ|i+1 (or if
t = 2, a top-down greedyi-space).
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2. for eachi and for allx ∈ Θi\Θ
′
i with γ ′(x) > 0, ΦΠ(x) is a top-down greedy

i-space.

3. dimΠ = r.

Lemma 13.7
Let Π be a top-down normalr-space, and letΠ′′ > Π be an(r + 1)-space. Then
γ(Π′′) ≤ E(π(Π′′)). Equality holds if and only ifΠ′′ is a top-down normal subspace.

Definition 13.5
A top-down greedy basisPG(ki −1, q) is a basisp0,p1, . . . ,pk1−1 such that〈pi | 0≤
i ≤ r〉 is a top-down greedyr-space.

Lemma 13.8
Given a fixed top-down greedy basis for each spacePG(ki − 1, q), there is a well-
defined top-down normal subspaceΠπ associated with every partitionπ, such that if
π′ ≤ π, thenΠπ′ 5 Ππ.

Proposition 13.3
If Π 5 PG(k−1, q) is a top-down greedy subspace of dimensionr, thenΠ is a normal
subspace andγ(Π) = Ẽ(π) where

π = π(Π) ∈ P (k1,k2, . . . ,kt;r+1).

Corollary 13.3
For any family codesC1,C2, . . . ,Ct, we have

Ẽr(C1⊗C2⊗ . . .⊗Ct) ≤max{Ẽ(π) | π ∈ P (k1,k2, . . . ,kt;r+1)}.

This proves the second bound of Theorem 13.1.





14 Future research

The central theme of the thesis has been the relation between projective multisets and
linear codes. From this single starting point, several problems have been studied,
but even more problems remain. I do not think there are any limits to what coding
problems we may try to solve with projective multisets. Below we will present some
examples of such problems as well as some possible applications of the parameters
we have studied. Recollect that we discussed problems regarding the SWD in Sec-
tion 11.5.

14.1 Product codes

Product codes have been suggested for turbo coding schemes during the last couple
of years. Usually their performance is estimated by simulation, but for some applica-
tions, extremely low bit error rates are required, and then simulation is not practically
feasible. Hence it will be of great value to compute (or even estimate) the weight enu-
merator for such codes, from which the bit error rate may be computed analytically.

Projective multisets have been useful for computing the weight hierarchy of prod-
uct codes, and they might become useful for computing support weight distributions
as well. Then we must remember Theorem 11.1, which give weight enumerators from
support weight enumerators. The low-order terms of the weight enumerator of an ar-
bitrary product code is known from [TBHN98]. Our interest should therefore be in
the high-order terms, and it is probably best to expect the best results for particular
classes of codes.

Problem 14.1
Can the proof of Theorem 11.1 be modified or extended to give the weight enumerator
for a product codeC⊗Pl wherePl is an[l+1, l] parity check code andC an arbitrary
linear code with known SWD?

Similar questions may questions may be posed whenPl is replaced by other codes
with well-known and simple structure.

The weight enumerator for product codes where the terms are [n,n− 1] parity
check codes, first-order Reed-Muller codes, or simplex codes were studied in [And00].
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By solving the following problem we will obtain weight enumerators for some three-
term product codes by Theorem 11.1.

Problem 14.2
Compute the SWD for product codes where each component is a simplex code, an
even parity check code, or a first-order Reed-Muller code.

A more difficult problem ishyper-product codes(HPC) as considered by Wang
[Wan00]. An HPC is a product code, possibly multi-dimensional, with extra parity
bits computed along each hyper-diagonal. Wang seems to get good estimates on the
bit error rate for 2-D and 3-D HPC-s based on Hamming codes and even parity check
codes, but nevertheless he relies to some extent on estimates and not accurate expres-
sions for the weight enumerators. An important issue in his thesis is design rules to
construct HPC-s with good properties.

Problem 14.3
Describe HPC-s in terms of projective multisets, and study their weight hierarchies.

Problem 14.4
Compute the weight enumerator of some HPC-s built from simple parity check codes.

14.2 Cyclic codes

The projective multisets corresponding to irreducible cyclic codes have a very nice
structure. Consider an [n,k] q-ary irreducible cyclic codeC. We know thatq-ary
vectors of lengthk can be viewed as elements of the fieldGF(qk). Taking a cyclic
subgroup of the multiplicative groupGF(qk)∗ and viewing the elements as vectors,
we get the vector multiset ¯γC corresponding toC.

Problem 14.5
Can we obtain results on the weight hierarchy or the support weight distribution for
the vector multiset̄γC described above?

In the literature we find several partly answered questions about higher weights of
cyclic codes.

Problem 14.6
The weight hierarchy of the binary Kasami codes was computed in [HK95]. Compute
the weight hierarchy of the non-binary Kasami codes.

Problem 14.7
An irreducible cyclic[n,k] code is said to be semiprimitive ifn = (2k −1)/N where
N > 2 divides2j+1 for somej ≥ 1. The weight hierarchy of the semiprimitive codes
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wherek/2j is odd was found in [HK96b]. Can it be found in the remaining cases as
well?

BCH codes have received much attention in the research on weight hierarchies.
The most recent work we have seen is [Ich99] which deals with asymptotic weight
hierarchy of BCH codes. Most other works deals withd2 andd3 for 2- and 3-error
correcting BCH codes and their duals. Here seems to be plenty of interesting open
problems.

14.3 Trellis complexity

According to Forney [For94b], the weight hierarchy gives on the trellis complexity a
bound, which can only be met with equality if the code satisfies the two-way chain
condition.

Problem 14.8
Can the greedy weights be used to improve the bound on the trellis complexity? If
not, can new and better parameters for projective multisets be found to improve said
bounds?

Problem 14.9
Can the trellis complexity ofC1⊗C2 be computed from the individual complexities
of C1 andC2?

14.4 Sub-chain conditions

A considerable part of this dissertation is occupied by the discussion of the weight
hierarchy of extremal non-chain codes. This forms but a tiny part of a huge project
undertaken by Wende Chen, Torleiv Kløve, and others, namely a classification of
possible weight hierarchies with respect to the sub-chain conditions.

For chained codes, we approach a full classification of possible weight hierar-
chies. The most recent work we have seen is [LCF01]. There are substantial results
for arbitraryq and arbitrary dimension. Ternary codes of dimension five is consid-
ered specifically and only a very few potential weight hierarchies remain open. The
completists may want to solve the remaining cases.

Extremal non-chain codes have been studied in dimension four by Chen and
Kløve. In this thesis we have found a general bound on the difference sequence of
such codes. We have also proved the bounds to be optimal in dimension five (and
partly in dimension six), but it would still be interesting to see optimal constructions
working for arbitrarily high dimension.
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In the binary case, Chen and Kløve have been more thorough [CK99b], by finding
both upper and lower bounds. We have not yet seen any attempts to generalise these
results to higher dimension nor for non-binary codes. Both these generalisations may
be interesting.

We have also seen an extensive work on the remaining seven classes of codes in
dimension four, with bounds in the non-binary case [CK97b] and a near full classifi-
cation in the binary case [CK98a]. Similar work in higher dimension seems like an
endless project at present, since the number of classes increases so rapidly. Yet, new
works seem to appear steadily. The latest we have seen is [CK01b], which introduces
a subcase of B-codes, defined by the so-called ‘almost chain condition’.

14.5 Other problems

Separating codes were introduced in [FGU69], and have been revitalised recently in
the research on fingerprinting codes. Fingerprinting is a technique for copyright pro-
tection. A decent introduction to the topic may be found in [BS98]. Recent research
[CES01] indicates some links between separating properties and higher weights.
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