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Datamaskinteori 1

Lecture 18
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Reminder
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CFG corresponding to a given 
PDA

Acceptance by empty stack: a string is 
accepted if it allows PDA to reach a 
configuration in which the stack is 
empty.
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Theorem
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Proof

Make M1 a replica of M
Add one additional state for M1

What to do if M crashes with empty 
stack?
Add a special symbol under the start 
symbol in M
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L=Le(M) (PDA M accepts L by empty 
stack)
How to define CFG for L?
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Simple approach (not correct)

Variables in grammar – all possible 
stack symbols in PDA (if necessary 
rename so no input symbols are 
included)
Take the start symbol to be Z0

Ignore states
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Simple approach (not correct)

Variables in grammar – all possible 
stack symbols in PDA Take the start 
symbol to be Z0

Ignore states 
For ∀ move of PDA that reads a∈ Σ ∪
Λ,  and replaces A on the stack by 
B1B2…Bn

A→ aB1B2…Bn
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Why this approach does not 
work?

{xcxr x∈ {a,b}*}
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δ (q1, Λ, Z0)={(q1, Λ)}
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12.   δ(q1, Λ, Z0)={(q1, Λ)}

We use A and B as stack 
symbols instead of a and b.
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12.   δ(q1, Λ, Z0)={(q1, Λ)}

We use A and B as stack 
symbols instead of a and b.
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aca:
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aa:
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The idea to avoid this problem is to use 
more complicated structures for 
variables: [p, A, q] 
So the variable [p, A, q] to be replaced 
by a (either Λ or terminal symbol) if a 
PDA reads a, pops A from the stack, 
moves machine from state p to state q 
and at this move A is removed from the 
stack     
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Variable A can be replaced from the 
stack by a sequence of moves (say A-Z-
UV and then removing U and then 
removing V)

A1

A2

A3

a1 a2 a3
a4

q1

q2

q3
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In construction of grammar we are 
interested in events consisting of ‘net’ 
popping of some symbol from the stack
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More general,  the variable [p, A, q] can 
represent any sequence of moves 
resulting in moving machine from state 
p to state q and removing A from the 
stack
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What to do when A is replaced by string 
B1B2…Bm?
We allow [p,A,q] to be replaced by any 
string of the form 
[p,A,q]→
a[p1,B1,p2][p2,B2,p3]…[pm,Bm,pq]

for all possible sequences of states 
p1, p2, …, pm

S→ [q0, Z0, q] 
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Theorem
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Proof

Define G=(V,Σ, S, P) as follows:

Datamaskinteori 23

The set P contains the following productions 
(and only these)
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We want to show that for any q,q’∈ Q, A∈
Γ, and x∈ Σ*
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Why

implies the proof?
If x∈ Le(M) then (q0, x, Z0)`*

M (q,Λ, Λ) for 
some q∈ Q
Then (1) implies [q0, Z0, q]⇒*

G x, thus 
S ⇒[q0, Z0, q]⇒*

G x
If x∈ L(M) then the first step in derivation 

of x is S ⇒[q0, Z0, q] which means that 
[q0, Z0, q]⇒*

G x and then by (1) x∈ Le(M)
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To prove (1) we use mathematical induction
`n and ⇒n

For every n≥ 1
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For n=1
[q,A,q’]⇒1

G x
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For n=1
[q,A,q’]⇒1

G x
Then x is either Λ or x∈ Σ and δ(q,x,A)
contains (q’, Λ)
But then (q, x, A)` (q’, Λ, Λ)
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Suppose that (2) is correct for all n· k, for some k≥ 1. 

For [q,A,q’]⇒k+1
G x we wish to show 

that (q, x, A)`* (q’, Λ, Λ)
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The first derivation of x is of type
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[qi, Bi, qi+1] to xi

[qm, Bm, q’] to xm

x=ax1…xm

Each xi is derived in · k steps
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By the induction hypothesis
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If M is in the configuration 
(q,x,A)=(q,ax1x2…xm, A)
(q,a,A) contains (q1, B1…Bm), and M can 
go to 

(q1, x1x2…xm,B1…Bm)
then (by a sequence of steps) to 
(q2, x2…xm,B2…Bm), then to 
(q3, x3…xm,B3…Bm),…
(q’, Λ, Λ) and (2) follows

Datamaskinteori 34

DONE
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n=1
x is of length 0 or 1 
δ(q,x,A) contains (q’,Λ)

Then x can be derived from [q,A,q’] by 
[q,A,q’]→ x 
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x can be derived from [q,A,q’] by [q,A,q’]→
x 



ICALP 2003 10

Datamaskinteori 37

Suppose that (3) correct for all n· k, for 
some k≥ 1

• For (q,x,A) `k+1 (q’, Λ,Λ) we wish to show 
that [q,A,q’]⇒*

G x
x=ay for some a∈ Σ∪ {Λ} and the first move 
is
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Since M ends in (q’, Λ, Λ), there should be 
intermediate points when the stack contains 
precisely BiBi+1…Bm

qi the state when the stack contains BiBi+1…Bm
for the first time 
xi portion of the string consumed in going from 
qi to qi+1

So 
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Each of the 
sequences has 
· k moves
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Each of the 
sequences has 
· k moves

By induction hypothesis 
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δ (q,a,A) contains (q1, B1…Bm), we 
know that  
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We conclude that 

Thus
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DONE

DONE


