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CFG corresponding to a given
PDA

= Acceptance by empty stack: a string is
accepted if it allows PDA to reach a
configuration in which the stack is

empty.
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Theorem

ppose M = (Q, E.T. gy, Zy, A, §) is a pushdown automaton accepting
¢ langnage L © E*. Then there is ancther PFDA M, = (0, Z., T,
. Z1, Ay, 8;) accepting L by empty stack. In other words, for any string
x € Lifand only if (g1, x, Z)) B3, (g, A, A) for some state g € (.
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Proof

= Make M; a replica of M

= Add one additional state for M,

= What to do if M crashes with empty
stack?

= Add a special symbol under the start
symbol in M
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= L=L,(M) (PDA M accepts L by empty
stack)
= How to define CFG for L?
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Simple approach (not correct)

= Variables in grammar — all possible
stack symbols in PDA (if necessary
rename so no input symbols are
included)

= Take the start symbol to be Z,

= Ignore states

&
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Simple approach (not correct)

= Variables in grammar — all possible
stack symbols in PDA Take the start
symbol to be 7,

= Ignore states

= For V move of PDA that reads ac *~ U
A, and replaces A on the stack by
B,B,...B,

A— aB,B,...B,
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Why this approach does not
work?

= {Xcx' xe {a,b}*}

] Move number  State  Input  Stacksymbol  Move(s)
! L a Zy (go. @Za)
2 0 b Zy (go. bZo)
3 90 a a (g0, aa)
4 4o b a (4o, ba)
3 q0 a b (g0, ab)
6 90 b b (g0, bb)
7 g0 < Zy (g1, Zo)
8 L c a (g1, a)
9 do c b (@1, &)
10 aQ a a (g1, A)
11 @ b b (g1, )
12 q A Zy (g2. Zo)

CALrr (all other combinations) none
o i

Datamaskinteori

Move number  State  Input  Stacksymbol  Move(s)

1 9 a Zy (g0, aZg)
2 0 b Zy (g, bZo)
3 qo a (g0, aa)
4 q b a (g0, ba)
5 @ a b (qo, ab)
6 qu b b (g0, bb)
7 g0 ¢ Zy (g1, Zo)
8 40 I3 a (g1, a)
9 40 ¢ b (q1.0)
10 @ a a (g1, A)
11 @ b b (g1, A)

| 12 @ A Zy (g2, Zod |

Tall oter col .

0(qs A, Zo)={(qs, A)}
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Move number  State  Input  Stacksymbol  Move(s)

1 9 a Zy (g0, aZg)
2 0 b Zy (g, bZo)
3 @ a (g0, a@)
4 a b a (q0. ba)
5 @ a b (qo, ab)
s 5 b b (g0, bb)
7 g0 ¢ Zy (g1, Zo)
8 40 I3 a (g1, a)

9 40 ¢ b (g1, b)

10 @ a a (g1, A)

3

b (g1, &)

12,8, A, Zg={(q,, A}

=We use A and B as stack
symbols instead of a and ».
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Move number ~ State  Tnput  Stack symbol Move(s)
1 o a Zo (g0, aZo)
2 0 b Zy (qu. bZo)
3 g0 a a (gu, aa)
4 qo b a (0. ba)
5 o a b (qo, ab)
6 qo b b (qo, bb)
7 4o < Zy (1, Za)
8 4o c a {q1,a)
9 q0 c b (g1, b)
10 q a a gy, A)
11 b
12

| b (g1, &)
I
(all other combinations

128y A, Z)={(q,, A}

3(q0, a, Zo) = {(go, AZy)}
=We use A and B as stack A

symbols instead of a and 5. S(qi @, 4) = {(g1, A))

P LIE 3(q1. A, Zo) = {(g1, M)}
A ‘
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8(go. @, Zo) = (g0, AZy)}
8lgo, €, A) = [{g1, A)}
3qr.a, A) = {(g1, A))

(g1, A, Zg) = [(g1, A}

Zy — aAZy
A—cA
A—a
Zy— A
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8(qo, a, Zo) = {(g0, AZy)} Zy — aAZy

{
8(go, ¢, A) = (g1, A)) A—cA
3qi,a, A) = {(g1. A)} A—a
(g1, A, Zo) = {(g1, A)) Zo — A
0

aca.

Zy = aAZy = acAZy = acaZy = aca

(qo.aca, Zo) & (qu.ca, AZo) b (g1.a, AZg) = (qi. A, Zo) F (g1, A, A)
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aa:

(go.aa, Zy) & (go,a, AZy)

Zy = aAZy = agaZy = aa
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= The idea to avoid this problem is to use
more complicated structures for
variables: [p, A, q]

= So the variable [p, A, q] to be replaced
by a (either A or terminal symbol) if a
PDA reads a, pops A from the stack,
moves machine from state p to state q
and at this move A is removed from the
stack

3 &
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= Variable A can be replaced from the
stack by a sequence of moves (say A-Z-
UV and then removing U and then
removing V)

a, a, ag a,
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= In construction of grammar we are
interested in events consisting of ‘net’
popping of some symbol from the stack
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= More general, the variable [p, A, q] can
represent any sequence of moves
resulting in moving machine from state
p to state g and removing A from the
stack
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= What to do when A is replaced by string
B,B,...B,?

= We allow [p,A,q] to be replaced by any
string of the form

= [plAlq]_>
a[pllBllpz][pZIBZIp3]"'[pmleIpq]

for all possible sequences of states

pll p21 ey pm
=S5 [Clo, ZOI q]
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Theorem

orem 7.4 g
I:M = (0, %.T.q0, Zo. A, 8) be a pushdown aummamnAacceplmg a
language L by empty stack; that is, L = L.(M). Then there is a context-
free grammar G with L(G) = oL

L

il
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Proof

= Define G=(V,z, S, P) as follows:

V=(S)U(lp.A,ql|1A€T, p.g €0}
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V=(S]Ullp. A gl 1 AET, p.g€Q}

The set P contains the following productions
(and only these)

ion | Zp.glisin P.
. For every ¢ € @, the production 8 = lgo. Zo ! :
Forevery g, q; € @,a € BU [A}. and A € I',iE 8(g, a, A) contains (g1, A)s
then the production [g, A. q1] = @ isin P. .
For every ¢.q1 € @.a € TU[ALAEeT. adm = 1. if 8(q, a, A) con-
tains (g1, BiBz -+ Bn) for some By i B, € T, then for every choice of
das o Gns1 € @, the production

[, A, guer] = algi, Br. @212, Br 3l .- [ B quini]

M

w
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= We want to show that for any q,q'c Q, Ae
I, and xe =*

() [g, A.q'1= xif and only if (g, ¥, A) (g AN

Datamaskinteori
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= To prove (1) we use mathematical induction

= Wh
Y = FNand ="
() [q.A.q') =3 x if and only if (g, x, A) by (¢, A, A) = For every n> 1
n

implies the proof?
= If xe L(M) then (qq, X, Zo)F"w (G,A, A) for
some ge Q
= Then (1) implies [qy, Zy, q]="¢ X, thus
S :>[q01 ZOI q]:>*G X
= If xe L(M) then the first step in derivation
of x is S =[qq, Z,, q] which means that

@) Iflg, A, q'] = x, then (g, x, A) Fy (¢, A, A)

3 [Gor Zo, q]="; x and then by (1) xe L,(M)
i Datamaskinteori z; Lo Datamaskinteori 2
@) Ilg. A q'l 5% x then (g, x, A) 5, (', A, A) () Iflq, A q'] =% x, then (g, x, A) F, (@' A, A).
= Forn=1 = Forn=1
» [9AQ]=16 X » [aAQ]=16 X
oy e = Then x is either A or xe £ and 5(q,x,A)
Eweé;q,‘_e 0.0 e BUALad A € T, if Sg.a. A) conais (a, A); contains (q’, A)
S ?:Q:EET;TK:':']:Z‘fﬁ,m:'s i = But then (g, x, A)- (q', A, A)

tains (gy. By By - By) for some By B, & T, then for every choice of

iqatcasy g1 € Q, the production
[ A, dwot] = algy. Brg2llg, Baasl . [dens B, Goii1]

oy '-'.r o
3 || :

Datamaskinteori 27 Datamaskinteori




@ Iflg. A, q'l =% x, then (g, x, A) Fy (@', A, A)

Suppose that (2) is correct for all n< k, for some k> 1.

For [g,A,q']=**1; x we wish to show
that (g, x, A= (q’, A, A)

= The first derivation of x is of type

[9. 4.9l = alg1. B1, allga, Ba.as]- - [qm, Buig']l
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By the induction hypothesis
(i %i Bi) 7 (g1, A, A)
= [q, B, 1] tO X; . - SR
= [qmr Bm/ Q'] to Xm
m X=aX;...Xn,
= Each ¥ is derived in < k steps @m» Xm: Bu) E* (¢, A, A)
" &
I Datamaskinteori 31 L Datamaskinteori 32
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= If M is in the configuration
(qIXIA)=(anX1X2"'XmI A)

(g,a,A) contains (q,, B,...B,,), and M can
go to

(qlr X1X2"'erBl---Bm)

then (by a sequence of steps) to
(93 X9+--X/B5...Byy), then to

(93s X34+ XsB3---B)s- o

(a’, A, A) and (2) follows
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() [g. A g1 =5 x ifandonly if (g, x, 4) iy (¢, A, A)

DONE

(2) Iflg, A q'1 =7 x, then (g, x, 4) F5; (g', A, A)

B) If(g.x, A)F" (g A, A), then[g, A, gl ="x

3 &
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(3) If(g,x A)F" (g A, A), then[g, A. gl =" x

s N=1

= X is of length 0 or 1

8(q,x,A) contains (q’,A)

= Then x can be derived from [q,A,q] by
[9,A.07— x
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(3) If(g,x A)F" (g A, A), then[g, A. gl =" x

= X can be derived from [q,A,q] by [q,A.qT—

X

g L glisin P

T Forevery 7 © g5 thep

then the production [g, A.q1] — & isin P.

3 Forevery g € O, € TU A} and A e T, if4(g.a, A) contains (@A)

A) condd

. For every q.q1 € @, @ € L O ), L = kAT

S

CRT T
T g

i (1, BBz - Ba) for soms Bi,.... Bu & T\, then for every choice *

T Gmet € O, the production
(4, A, gmetl = algy, Br, 221042 Ba @3] - [dus: By 1)
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= Suppose that (3) correct for all n< k, for
some k> 1

Since M ends in (g’, A, A), there should be
intermediate points when the stack contains
precisely BB,,;...B,

q; the state when the stack contains BB, ;...B,
for the first time

x; portion of the string consumed in going from

" "
& =}
. ]
4, Y
Ty Datamaskinteori 39

e For (q,x,A) <1 (g, A,A) we wish to show q to Gy
that [q,A,q"]="; x So
. o B LA )
= x=ay for some ac =U {A} and the first move (@, 5 B F” (@i
is
5 A) = (q.ay, A F (g1, 3. BiBa - Be) o
e : @ X B 7 (@ B )
% 7 Datamaskinteori 37 % 3 Datamaskinteori 38
(gi, xi2 B (@i B A) (qi, x: B E (g, A )
Each of the Each of the
sequences has sequences has
<k moves <k moves
@ X Ba) 7 (@' B0 ) @ X Ba) 7 (@' B0 )
By induction hypothesis

[gi, Bigi+1] =X [gnes B+ q:] =" I
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= 5 (qg,a,A) contains (q;, B;...B,,), we
know that

[q. A.q'] = algi. Bi. @21la2, Bz»_qzl.“ qm: B al

1. For every g € @, the production 8 = [qo. Zo. qlizin P.

e ThE protuctom s Agrt

2. Foreveryg,q € @, ¢ € BY (A} and A € T, ifd(g.a, A) contains (g1, A),
FP T

@2 -<-1du+1 § O, the production
(9. A, dner] = alan, B, gallg2. Be. qs)- .- [dm: B o]

isin P.

3. Foreverygq,qi € Q.a € TUALAel adm = 1, if (g, a, A) con-
tains (g1, BBy -+ Bu) for some By.....B, & T, then for every choice of
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= We conclude that

[g. A, g1 = axixy - dm = X

= Thus

3 Igx, A (¢ A A), thenlg, A.q7="x
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(1) Iq. A.q'] = x if and only if (g, %, A) Py (g A A)

DONE

@ g, A q'l 5% x. then (g, x, 4) F (g 4, A)

@) IflgxA)F @A 4, men[q,A’q}]ﬂ*x:_

DONE
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