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Abstract

Partial Cover problems are optimization versions of fundamental and well studied prob-
lems like VERTEX COVER and DOMINATING SET. Here one is interested in covering (or
dominating) the maximum number of edges (or vertices) using a given number (k) of ver-
tices, rather than covering all edges (or vertices). In general graphs, these problems are
hard for parameterized complexity classes when parameterized by k. In planar and non
trivial minor closed family of graphs, Amini et. al. [FSTTCS 08] gave a 2°%)n¢ algo-
rithm improving on the naive k°*)n¢ algorithm and ask whether there is a subexponential
algorithm. In this paper, we answer the question affirmatively by giving a subexponential
(QO(ﬂ)nd) algorithms for these problems using a simple degree sequence argument. Though
these parameters are neither minor nor contraction closed, we find a way to apply bidimen-
sionality theory after identifying and removing redundant vertices. This technique can be
of independent interest for other problems on planar graphs.

1 Introduction and Motivation

A generic instance to a covering problem consists of a family of sets over an universe and the
objective is to cover the universe with as few sets from the family as possible. Covering problems
are basic problems not only in combinatorial optimization and algorithms but occur naturally
in variety of applications. One of the prominent covering problem is the classical SET COVER
problem. Other classical problems in the framework of covering include well known problems like
VERTEX COVER, DOMINATING SET, FACILITY LOCATION, k-MEDIAN, k-CENTER problems, on
which hundreds of papers have been written.

As the name suggests in partial cover problems we are not interested in covering the whole
universe but partially, unlike covering problems where the goal is to cover the whole universe.
This makes the partial cover problems natural generalizations to the well known covering prob-
lems. More precisely, in the partial covering problem, for a given integer ¢ > 0, we want to cover
at least t elements rather than covering all the elements. For an example, in PARTIAL VERTEX
CovER (PVC), the goal is to cover at least ¢ edges with the minimum number of vertices not
all the edges while in PARTIAL DOMINATING SET (PDS) the goal is to dominate at least t
vertices of the input graph with the minimum number of vertices. Partial covering problems
have been studied intensively not only because they generalize classical covering problems, but
also because of many real life applications. They have been at forefront of research recently,
see, for example [2, 4, 3, 5, 16, 18|.

Partial cover problems have been investigated extensively and are well understood in the
context of polynomial time approximation [2, 4, 3, 5, 16, 18]. However, these problems hold a
lot of promise and remain hitherto unexplored in the light of parameterized complexity; with
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exceptions that are few and far between [1, 4, 24, 25, 23, 27]. In this paper we study partial cover
problems defined on graphs namely PARTIAL VERTEX COVER and PARTIAL r-DOMINATING
SET from the view point of parameterized algorithms. PARTIAL VERTEX COVER is defined as
follows.

PARTIAL VERTEX COVER (PVC): Given a graph G = (V, E)) and positive integers
k and t, check whether there exists a set of vertices C' C V such that |C| < k and
there are at least ¢t edges incident on C.

The PARTIAL r-DOMINATING SET is a generalization of PARTIAL DOMINATING SET and is
defined as follows.

PARTIAL r-DOMINATING SET (P-r-DS): Given a graph G = (V, E) and positive
integers k and t, check whether there exists a set of vertices D C V such that
|D| < k and there are at least ¢ vertices such that their distance to at least one of
the vertices in D is at most r.

In parameterized algorithms, for decision problems with input size n, and a parameter k, the
goal is to design an algorithm with runtime f(k) -nPM where f is a function of k alone.
Problems having such an algorithm are said to be fixed parameter tractable (FPT). There is
also a theory of hardness using which one can identify parameterized problems that are not
amenable to such algorithms. This hardness hierarchy is represented by Wi] for i > 1. For an
introduction and more recent developments see the books [13, 14, 29]. In this paper, we always
parameterize a problem by the size of the cover, that is, the positive integer k.

Most of the research on partial cover problems in parameterized complexity has considered
the number of objects to be covered (t) as a parameter rather than the the size of the cover
(k). Bléser [4] initiated the study of partial cover problems parameterized by t and obtained
a randomized algorithm with running time 5.45'n®®") for PDS. Kneis et al. [25] improved this
algorithm and obtained a randomized algorithm with running time (4 + e)tno(l) for every fixed
e > 0. Recently, Koutis and Williams [27] obtained an even faster randomized algorithm for
PDS, which runs in time 2/n®). Kneis et al. [24] studied the PVC problem when parameterized
by the number edged to be covered (t) and obtained a randomized algorithm running in time
2.0911'n°M). The algorithm for PVC was recently improved by Kneis et al. [23]. They obtain
a randomized algorithm with running time 1.2993tn°1) and a deterministic algorithm with
running time 1.396'n°M for PVC. When parameterized by the size of cover k, PVC is known
to be W[l]-complete [17]. The P-r-DS problem being a generalization of DOMINATING SET is
also known to be W[2]-hard on general graphs when parameterized by the cover size. Amini et
al. [1] considered these problems with the size of the cover k being the parameter and initiated
a study of these problem on sparse graphs namely planar graphs, apex minor free graphs and
H-minor free graphs. They obtained algorithms with running time 29 n®M for PVC and P-
r-DS and left an open question of whether these problems have an algorithm with running time
20(k)pnO1) “like their non partial counterpart on planar graphs or more generally on H-minor
free graphs. In this paper we answer this question in affirmative an obtain algorithms with
running time 20(VE)p0(1) o apex minor free graphs for PVC and P-r-DS.

Most of the known sub-exponential time algorithms on planar graphs, graphs of bounded
genus, apex minor free graphs and H-minor free graphs are based on the meta-algorithmic theory
of Bidimensionality, developed by Demaine et al. [7]. The bidimensionality theory is based on
algorithmic and combinatorial extensions to parts of Graph Minors Theory of Robertson and
Seymour [30] and provides a simple criteria for checking whether a parameterized problem is
solvable in subexponential time on sparse graphs. The theory applies to the graph problems that
are bidimensional in the sense that the value of the solution for the problem in question on k X k
grid or “grid like graph” is at least 2(k?) and the value of solution decreases while contracting or

2



sometime deleting the edges. Problems that are bidimensional include k-FEEDBACK VERTEX
SET, k-EDGE DOMINATING SET, k-LEAF SPANNING TREE, k-PATH, k-rDOMINATING SET,
k-VERTEX COVER and many others. We refer to surveys by Demaine and Hajiaghayi [10]
and Dorn et al. [12] for further details on bidimensionality and subexponential parameterized
algorithms. But neither PVC nor P-r-DS are bidimensional problems and hence this theory is
not amenable to our problems.

However our subexponential time algorithms for PVC and P-r-DS are based on a technique
used to solve the classical D1SJOINT PATH problem in the Graph Minors Theory of Robertson
and Seymour [31], called irrelevant vertex argument. The technique can be described as follows,
in polynomial time we either find a vertex which is irrelevant for the solution and hence can be
deleted or when we can not find an irrelevant vertex then show that the reduced instance has
bounded treewidth. This technique has recently been used to solve several problems around
finding disjoint paths [19, 20, 21, 22, 26]. To obtain subexponential time algorithms for PVC
and P-r-DS we introduce a notion of “lexicographically smallest” solution and use its properties
to obtain an irrelevant vertex in the graph. When we can not find any irrelevant vertex then we
are able to show that that the treewidth of the reduced graph is at most O(v/k). Once we have
a sublinear bound on the treewidth of the input graph, we can solve the problem in 20(Vk) nO(1)
time using dynamic programming over graphs of bounded treewidth.

2 Preliminaries

Let G = (V, E) be an undirected graph where V' is the set of vertices and F is the set of edges.
We denote the number of vertices by n and number of edges by m. For a subset V' C V, by
G[V'] we mean the subgraph of G induced by V’. By N(u) we denote (open) neighborhood of
u that is set of all vertices adjacent to u and by N[u] = N(u)U {u}. Similarly, for a subset
D CV, we define N[D]| = UyepN|[v]. The distance dg(u,v) between two vertices u and v of G
is the length of the shortest path in G from u to v. For r > 0, the r-neighborhood of a vertex
v € V is defined as N,[v] = {u | dg(v,u) < r}. We also let B,(v) = N,[v] and call it a ball of
radius r around v. Similarly B,(A) = UyeaN5[v] for A C V. For a given vertex v € V by 0(v)
we denote the set of edges which are incident with v. For a subset X C V', 9(S5) = Uyes0(v).

Given an edge e = (u,v) of a graph G, the graph G/e is obtained by contracting the edge
(u,v) that is we get G/e by identifying the vertices v and v and removing all the loops and
duplicate edges. A minor of a graph G is a graph H that can be obtained from a subgraph of
G by contracting edges. A graph class C is minor closed if any minor of any graph in C is also
an element of C. A minor closed graph class C is H-minor-free or simply H-free if H ¢ C. A
graph H is called an apex graph if the removal of one vertex makes it a planar graph.

A tree decomposition of a graph G = (V, E) is a pair (X,T') where T is a tree on vertex set
V(T) whose vertices we call nodes and X = ({X; | i € V(T')}) is a collection of subsets of V'
such that

2. for each edge (v,w) € E, there is an i € V(T') such that {v,w} € X;, and
3. for each v € V the set of nodes {i | v € X;} forms a subtree of T

The width of a tree decomposition ({X; | i € V(T)},T) equals max;cy (r){|X;i| — 1}. The
treewidth of a graph G is the minimum width over all tree decompositions of G. We use notation
tw(G) to denote the treewidth of a graph G.

Given a graph G = (V| E) a set of vertices D of V is called a r-dominating set for G if
N, (D) = V. For r = 1 the set D is called a dominating set. In the r~-DOMINATING SET
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problem, we are given a graph G = (V, E) and the objective is to find the smallest sized D such
that N, (D) =V.

3 Subexponential algorithm for Partial Vertex Cover

In this section we consider the PVC problem. In fact we will solve a slightly general problem,
that is, given an undirected graph, a non negative integer k, we find the mazimum number of
edges that can be covered by a subset of at most k vertices. The decision version of the problem
is precisely PVC. If the maximum number of edges covered by any vertex set of size at most k
is at least ¢ then we return “yes” else we return “no”.

The key idea of the algorithm is to identify an irrelevant set of vertices, I, which can be
deleted without destroying at least one set C' C V such that |C| < k and [9(C)| > t. Then we
will show that the tw(G[V \ I]) < O(vk) and hence the dynamic programming over graphs of
bounded treewidth comes into picture. To identify a set of irrelevant vertices we introduce the
notion of lexicographically smallest solution.

Definition 1. Given a graph G = (V, E) and an ordering o = v; ... v, of the vertex set, we say
that a subset X is less that a subset Y if X is smaller than the Y with respect to the lexicographic
ordering defined by o and is denoted by X <, Y. We call a set C' C V a lexicographically
smallest solution for PVC if for any other solution C' for the PVC we have that C <, C'.

We are interested in a particular ordering of a vertex set. Let ¢ = vjvy ... v, be an ordering
of the vertices such that the vertices are in non increasing order of their degrees, with ties being
broken arbitrarily. That is,

d(v1) > d(ve) -+ > d(vp—1) > d(vy).

From now onwards we will assume that the vertex set of the input graph is ordered by this fixed
ordering o and denote the graph by G = (V,, E) to emphasize the fact that the vertex set is
order with respect to o. By V! we denote the vertex set v;...v;. Our goal will be to find a
lexicographically smallest solution for PVC. The algorithm is based on the following properties
of a lexicographically smallest solution for PVC.

Lemma 1. Let G = (V,, E) be an yes instance to PVC, C = {u;,,...,u;, } be the lezicograph-
ically smallest solution for PVC and u;, = v; for some j. Then C is a dominating set of size
at most k for G[VJ].

Proof. Let us assume to the contrary that C' is not a dominating set for G[Vg ]. Then there exist
a vertex v;, 1 <1 < j such that N[v)NC = 0. Set C' := C'\ {v;} U{v;}. We claim that the
edges covered by C’ is at least as mcuh as the edges covered by C. That is, |9(C")| > |0(C)|.
Since d(v;) > d(v;), we have that

[2(CY)] = 10(C)| = d(vj) + d(vi) = |0(C)].

Hence, |C'| = |C|, C’ is lexicographically smaller than C' and |0(C")| > |9(C)| a contradiction
to the choice of C. O]

We also need the following results for our algorithm.

Lemma 2. Let G be a n-vertex graph excluding an apex graph H as a minor. If G has a
r-dominating set of size at most k, then G has treewidth at most cgrv'k = O(rv/k), where cg
18 a constant only depending on the size of H.



Lemma 2 follows from the fact that r-dominating set is a “contraction bidimensional” pa-
rameter and then applying the result that if a contraction bidimensional parameter has value
at most k on a graph G which excludes an apex graph H then tw(G) < O(rvk) [6, 8, 15] . We
will use the following known algorithm to solve PVC on graphs of bounded treewidth.

Lemma 3 ([28]). Let G be an undireceted graph such that the treewidth of G is at most w. Then
in time 2°n°W we can find a subset C' of at most k vertices that cover the mazimum number
of edges of G.

For our proof we also need the following result by Demaine and Hajiaghayi to obtain a
polynomial time approximation scheme (PTAS) for r-DOMINATING SET.

Lemma 4 ([9]). There is a PTAS for r-DOMINATING SET on apex-minor-free graphs.

® 6 6 6 6 ¢ O o O O O

V\N s N
Figure 1: The Algorithmic Schema

The basic schema of the algorithm is as follows. We start with the vertex set V,, and scan
the vertices following the reverse of the ordering ¢ = vyvs...v,. That is, we scan the vertices
in the order v,v,_1 ...vov1. The algorithm can be viewed intuitively as follows. We think that
we have a stick, initially positioned to the left of v, and then we slide it towards left if the
vertex to its left satisfies certain properties. At any intermediate stage we have a vertex set
N which is a consecutive block of the ordering ¢ at the end of it. The vertex set s is the first
vertex to the left of N. We refer to Figure 1 for a better viewpoint of the scenario we are trying
to describe. The stick essentially represents the fact that lexicographically smallest solution C'
we are looking for lies completely in V'\ N, that is, C € V' \ N. To slide the stick we do as
follows. Let s = v; for some j. Now we check whether G[V¥] has a dominating set of “roughly
size k”. If the dominating set of G[Vg | is not roughly equal to k then we slide. Else we find
an appropriate induce subgraph G’ = (V' E’) of G such that tw(G’) < O(Vk) and G has a
set C of size at most k such that |0(C)| > ¢ if and only if there exists a set C" C V' such that
|C'| <k and |0(C")| > t. A formal description of our algorithm for partial vertex cover is given
in Figure 2. The ALGO-PC is called with the parameter (G = (V;, E), k,¢,0). Now we state
our main theorem for this section.

Theorem 1. Let G = (V, E) a graph that excludes an apex graph H as a minor and k and t

be a positive integers. Then in 200VK)nOM) time we can solve determine whether there exists a
subset C C V' of size at most k such that |0(C)| > t.

Proof. We argue the correctness of the algorithm. In the first part of the algorithm we try to
identify the subset N of vertices such that it does not intersect with the lexicographically least
solution, C, we are looking for. We iteratively run through the vertices in the reverse order
and try to maintain the invariant that N is a subset of the vertices that does not intersect with
the lexicographically least solution. Initially N is empty, so the invariant trivially holds. The
set N only grows if in any step we have that G[V \ N] has a dominating set of size more than
(14 €)k. Let v, be the largest indexed vertex in V' \ N, that is, v, is to the left of the set N in
the ordering 0. Now by Lemma 1, we know that if v, € C then G[V \ N] has a dominating set
of size at most k£ and hence the PTAS from Lemma 4 would find an approximate dominating
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ALco-PC(G = (V,, E), k,e,N)

(Here G is a graph, k is a non negative integer, € > 0 is an arbitrary fixed constant, N is
a set of vertices, and the goal is to find a subset of V' \ N of size at most k that covers the
maximum number of edges of G = (V, E).)

1. Let p:=n and yesdom < false.
2. While yesdom = false

e Using Lemma 4 find, if exists, a dominating set D of size at most (1 + €)k
for G[V \ NJ]. If such a dominating set exists, then yesdom « true. Else set
N:=NU{v,} and p:=p— 1.

endwhile

3. Let I ={u|ue N,N(u) C N} and set V' = V'\ I. Find a tree-decomposition (U, T)
of G[V'] using the constant factor approximation algorithm of Demaine et al. [11] for
computing the treewidth of H-minor free graph. Now applying the Lemma 3 find a
subset C” of size at most k of G[V'] which covers the maximum number of edges.

Figure 2: Description of the partial cover Algorithm

set of size at most (1 + €)k. This implies that v, ¢ C' and hence we can safely place v, in N.
This proves the correctness of the first part.

Note that edges in G[N] will not be covered by C, and hence vertices in N that have
neighbors only in N are deleted at the end. The set I is the irrelevant set of vertices we were
looking for. Let V/ = V' \ I. Thus we have shown that G has a set C of size at most k such
that |0(C')| > t if and only if there exists a set C’ C V’ such that |C'| < k and |0(C")| > t. Now
applying the Lemma 3 we find a subset C” of size at most k of G[V'] which covers the maximum
number of edges. So if |0(C”)| > ¢ then we return “yes” else we return “no”. The correctness of
this step follows from Lemma 3.

Now we analyze the time complexity of the algorithm. We know that G[V \ N] has a
dominating set of size at most (1 4 €)k. Let D be a dominating set of G[V \ N] of size at most
(1 4+ €)k. This implies that D is a 2-dominating set of G[V'] as every vertex v € (N NV’) has
a neighbor in V' \ N. Hence by Lemma 2, tw(G’) < O(y/(1 + €)k) = O(Vk). Now using the
constant factor approximation algorithm of Demaine et al. [11] for computing the treewidth
of H-minor free graph, we find a tree-decomposition of G[V'] of width O(vk) in time n©(),
Finally, the dynamic programming algorithm mentioned in Lemma 3 runs in time 2¢n°™) on
graphs of treewidth w and hence our algorithm has running time 20(Vk) o), O

4 Partial dominating set problems

Here the problem is to cover (dominate) as many vertices as possible using at most k vertices,
in their balls of radius r.
We first modify the Lemma ?? to prove the following.

Lemma 5. Given an undirected graph G(V, E), let vy, v, ...v, be an ordering of the vertices in
non increasing order of their sizes of Nyp(v), i.e. |Nyp(v;)| > |Ny(vit1)| with ties being broken
arbitrarily. Let S be the lexicographically smallest subset of at most k vertices that r-dominates



the mazimum number of vertices of G. (L.e. whenever we have a choice of two sets of size at
most k that r-dominate the same number of vertices, we pick the set which has a smaller label
when we order the vertices in increasing order of their labels.). If the vertex vy, is in S then
S — vy s a 2r-dominating set for V. — v, of size at most k — 1.

Proof. Let N.(S) = U,cg Nr(s) be the number of vertices r-dominated by S, and suppose S —vy,
is not a 2r-dominating set of V — v,,. Let = be a vertex of V — v,, not 2r-dominated by S — v,.
Then N,(x) U N,(s) = 0 for every s € S — v, as otherwise if for some vertex s € S — vy, the
intersection is non empty, then = will be 2r dominated by s. Let S" = S — v, U {z}, then
|S’| = |S], S’ is lexicographically smaller than S and N,.(S”) > N,.(S)+ N,(z) — Ny (v,,) > N;-(S)
a contradiction to the choice of S. O

We also need a lemma similar to Lemma 3 which we state below.

Lemma 6 ([7]). Let G be an undireceted graph such that the treewidth of G is at most w. Then
in time (2r + 1)12nOW) we can find a subset C' of at most k vertices that that r-dominate the
mazximum number of vertices of G.

With all these ingredients, the subexponential algorithm for the r-dominating set is very
similar to our algorithm for partial vertex cover.

Theorem 2. Given a graph G(V, E) from a non-trivial minor closed family of graphs , and an

integer k, we can determine in 20(Vk) 4 nO) time, the maximum number of vertices of G that
can be r-dominated by a subset of at most k vertices.

5 Conclusion
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