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Abstract

A central problem in parameterized algorithms is to obtégordthms with running timef (k)-n°™) such
that f is as slow growing function of the parameteas possible. In particular, the first natural goal is to make
f(k) single-exponential, that ig/* for some constant. This has led to the development of parameterized
algorithms for various problems whef¢k) appearing in their running time is of forg?(*). However there
are still plenty of problems where the “slightly superexgntial” f (k) appearing in the best known running
time has remained non single-exponential even after a lattefpts to bring it down. A natural question
to ask is whether th¢ (k) appearing in the running time of the best-known algorithsnsgtimal for any of
these problems.

In this paper, we examine parameterized problems wiigegis kOF) = 20(klogk) in the best known
running time and for a number of such problems, we show tretd#pendence ok in the running time
cannot be improved to single exponential. More preciselyprewe following tight lower bounds, for three
natural problems, arising from three different domains:

e The pattern matching problem.GSESTSTRING is known to be solvable in timg?(¢1og 4) . ,O(1) gnd
20(dlog[3]) . O \We show that there is rze(d1ogd) . nO1) gnd2eldlog =) . pO0) time algorithm,
unless Exponential Time Hypothesis (ETH) fails.

e The graph embedding problemEroRrTioN, that is, deciding whether a graghhas a metric embed-
ding into the integers with distortion at magican be done in timg©(¢legd) . ,O) " \We show that
there is na°(@logd) . ,O1) time algorithm, unless ETH fails.

e The DISJOINT PATHS problem can be solved in time in tind€ (wlogw) . nO() on graphs of treewidth
at mostw. We show that there is nze(¥ 1) . nO(1) time algorithm, unless ETH fails.

To obtain our result we first prove the lower bound for vaaof basic problems: finding cliques, inde-

pendent sets, and hitting sets. These artificially comstdhivariants form a good starting point for proving
lower bounds on natural problems without any technicatigins and could be of independentinterest. We
believe that many further results of this form can be obthimgusing the framework of the current paper.
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1 Introduction

The goal of parameterized complexity is to find ways of sgviiiP-hard problems more efficiently than brute
force: here aim is to restrict the combinatorial explosiom parameter that is hopefully much smaller than the
input size. Formally, @arameterizatiorof a problem is assigning an integeto each input instance and we say
that a parameterized problemfised-parameter tractable (FPT)there is an algorithm that solves the problem
in time f(k) - |1]°(), where|I| is the size of the input andl is an arbitrary computable function depending on
the parametek only. There is a long list of NP-hard problems that are FPTean@rious parameterizations:
finding a vertex cover of sizg, finding a cycle of lengttk, finding a maximum independent set in a graph of
treewidth at mosk, etc. For more background, the reader is referred to the grapbs [24, 28, 51].

The practical applicability of fixed-parameter tractapiliesults depends very much on the form of the
function f (k) in the running time. In some cases, for example in resultaiodtl from Graph Minors theory,
the functionf (k) is truly horrendous (towers of exponentials), making theiltepurely of theoretical interest.
On the other hand, in many casgék) is a moderately growing exponential function: for examplé€k) is
1.2738% in the current fastest algorithm for finding a vertex covesiagk [10], which can be further improved
to 1.1616" in the special case of graphs with maximum degree 3 [57]. Bmesproblemsf (k) can be even
subexponential (e.gc,*/E) [18, 17, 16, 1].

The implicit assumption in the research on fixed-paramedetdbility is that whenever a reasonably natural
problem turns out to be FPT, then we can imprgy&) to ¢* with some smalt (hopefully ¢ < 2) if we work
on the problem hard enough. Indeed, for some basic problsurrent best running time was obtained after
a long sequence of incremental improvements. Howeveryérng well possible that for some problems there is
no algorithm with single-exponentigl(%) in the running time.

In this paper, we examine parameterized problems wifigke is “slightly superexponential” in the best
known running time: f (k) is of the formkOk) = 20(klogk)  Algorithms with this running time naturally
occur when a search tree of height at mbstnd branching factor at mostis explored, or when all possible
permutations, partitions, or matchings ok @&lement set are enumerated. For a number of such problems, we
show that the dependence bin the running time cannot be improved to single exponeniire precisely, we
show that @°(k1ogk) .| 119(1) time algorithm for these problems would violate the ExpdiaTime Hypothesis
(ETH): the assumption that there is 2" -time algorithm forn-variable 3SAT [37].

In the first part of the paper, we prove the lower bound forargts of basic problems: finding cliques,
independent sets, and hitting sets. These variants afieialtif constrained such that the search space is of size
20(klogk) and we prove that a°(*1ogk) . |1|9() time algorithm would violate ETH. The results in this seatio
demonstrate that for some problems the natrat'°e%) . |1/9(1) upper bound on the search space is actually
a tight lower bound on the running time. More importantlye tiesults on these basic problems form a good
starting point for proving lower bounds on natural problesithout any technical restrictions.

In the second part of the paper, we use our results on the pasitems to prove tight lower bounds for
three natural problems from three different domains:

e The pattern matching problemLGSEST STRING is known to be solvable in timgP(@leed) . | 1|0(1) [33]
and20(@log[Z)) . 7110(1) [46]. We show that there is ngr(dlogd) . | 1|91 gnd20(dlog =D . 1190 time
algorithm, unless ETH fails.

e The graph embedding problem€roRrTION, that is, deciding whether a vertex graphGG has a metric
embedding into the integers with distortion at m@s@an be done in timg®(@logd) . ,01)[27]. We show
that there is n@?(@legd) . nO() time algorithm, unless ETH fails.

e The DISJOINT PATHS problem can be solved in tin (wlosw) . ,O() on 1y, vertex graphs of treewidth at
mostw [54]. We show that there is rizg(*1og®) . ,O(1) time algorithm, unless ETH fails.

We remark that the algorithm given in [54] does not menti@rtinning time for DSJOINT PATHS as20(w logw).
n©M on graphs of bounded treewidth but a closer look revealsitimindeed the case. We expect that many
further results of this form can be obtained by using the &awork of the current paper. Thus parameterized
problems requiring “slightly superexponential” ti@(<logk) . | 119(1) is not a shortcoming of algorithm design
or pathological situations, but an unavoidable featurdefldandscape of parameterized complexity.



It is important to point out that it is a real possibility theome2©(*logk) . |719() time algorithm can
be improved to single-exponential dependence with somé.wbr fact, there are examples of well-studied
problems where the running time was “stuck28t*2%).| 1191 for several years before some new algorithmic
idea arrived that made it possible to reduce the depender®&? - |1|°():

e In 1985, Monien [48] gave &! - n®() time algorithm for finding a cycle of length in a graph om
vertices. Alon, Yuster, and Zwick [2] introduced the coladig technique in 1995 and used it to show
that a cycle of lengtlk can be found in timg@®) . nO1),

e In 1995, Eppstein [25] gave @(k*n) time algorithm for deciding if &-vertex planar graphd is a
subgraph of am-vertex planar graplt@z. Very recently, Dorn [21] gave an improved algorithm with
running time2°*) .. One of the main technical tools in this result is the use bésp cut decompositions
of planar graphs, which was used earlier to speed up algwsitn planar graphs in a similar way [22].

e In 1995, Downey and Fellows [23] gavek& ) . n®() time algorithm for EEDBACK VERTEX SET
(given an undirected gragh onn vertices, deleté vertices to make it acyclic). A randomized - n®™)
time algorithm was given in 1999 [7, 6]. The first determiicist®*) . nO() time algorithms appeared
only in 2005 [35, 15, 14], using the technique of iterativenpoession introduced by Reed et al. [52].

As we can see in the examples above, achieving single expahaemning time often requires the invention
of significant new techniques. Therefore, trying to imprdwve running time for a problem whose best known
parameterized algorithm is slightly superexponential leadl to important new discoveries and developments.
However, in this paper we identify problems for which suchimprovement is very unlikely. ThaO(klogk)
dependence ofi(k) seems to be inherent to these problems and one should n& twasthuch time on trying

to achieve single-exponential dependence.

There are some lower bound results on FPT problems in thenedesized complexity literature, but not of
the form that we are proving here. Cai and Juedes [9] prowdftthe parameterized version of a MAXSNP-
complete problems (such ass¥TEX COVER on graphs of maximum degree 3) can be solved in e -
|1|°M, then ETH fails. Using parameterized reductions, thisItezan be transfered to other problems: for
example, assuming ETH, there is a26V%) . |1|°() time algorithm for planar versions ofBRTEX COVER,
INDEPENDENT SET, and DOMINATING SET (and this bound is tight). However, no lower bound abp¥&")
was obtained this way for any problem so far.

Flum, Grohe, and Weyer [29] tried to rebuild parameterizechplexity by redefining fixed-parameter
tractability as29®*) . |1]°(1) time and introducing appropriate notions of reductionsnpleteness, and com-
plexity classes. This theory could be potentially used tmsthat the problems treated in the current paper are
hard for certain classes, and therefore they are unlikelyate single-exponential parameterized algorithms.
However, we see no reason why these problems would be canfpleainy of those classes (for example, the
only complete problem identified in [29] that is actually FiBR model checking on problem on words for which
it was already known that(k) cannot even be elementary). Moreover, we are not only gieindence against
single-exponential time algorithms in this paper, but shioat the2©(*1°s%) dependence is actually tight.

2 Basic problems

In this section, we modify basic problems in such a way they tran be solved in timg?(klog k)| 1/0(1) py brute
force, and this is best possible assuming ETH. In all thelprob of this section, the task is to select exactly one
element from each row of & x k table such that the selected elements satisfy certainragmst This means
that the search space is of size = 20(*12%) We denote byk] x [k] the set of elements in/a x k table,
where(i, ) is the element in row and columnj. Thus selecting exactly one element from each row gives a
set(1,p(1)), ..., (k, p(k)) for some mapping : [k] — [k]. In some of the variants, we not only require that
exactly one element is selected from each row, but we alsorestipat exactly one element is selected from each
column, that isp has to be a permutation. The lower bounds for such permatatioblems will be essential
for proving hardness results onLGSEST STRING (Section 3) and BSTORTION (Section 4). The key step in
obtaining the lower bounds for permutation problems is #r@lomized reordering argument of Theorem 2.6.



The analysis and derandomization of this step is remintsaitihe color coding [2] and chromatic coding [1]
techniques.

To prove that a too fast algorithm for a certain probléhtontradicts the Exponential Time Hypothesis,
we will reduce 3-@LORING on n-vertex graphs to problen? and argue that the algorithm would solve 3-
COLORING in time 2°(™)_ It is a well-known fact that such an algorithm for 33CoRrING would violate ETH.

Proposition 2.1 ([37]). Assuming ETH, there is 29" time algorithm for deciding whether anvertex graph
is 3-colorable; and there is n@°("™ time algorithm form-clause 3SAT.

2.1 k x k CLIQUE

The first problem we investigate is the variant of the stath@dfique problem where the vertices are the elements
of ak x k table, and the clique we are looking for has to contain exawit element from each row.

k x k CLIQUE
Input: A graphG over the vertex sdk] x [k]

Parameter: k
Question: Is there &-clique inG with exactly one element from each row?

Note that the grapli’ in the k x k CLIQUE instance ha®)(k?) vertices at mosO(k*) edges, thus the size of
the instance i©)(k*).

Theorem 2.2. Assuming ETH, there is rizs(¥1°2%) time algorithm fork x k CLIQUE.

Proof. Suppose that there is an algorithinthat solvest x k CLIQUE in 2°( o) time. We show that this
implies that 3-@LORING on a graph with, vertices can be solved in tin2#(™), which contradicts ETH by
Proposition 2.1.

Let H be a graph with: vertices. Letk be the smallest integer such ti#/*+1 < k, or equivalently,
n < klogs k — k. Note that such a finité exists for everyn and it is easy to see thatlog k = O(n) for the
smallest suclk. Intuitively, it will be useful to think ofk as a value somewhat larger thaplog n (and hence
n/k is somewhat less thdng n).

Let us partition the vertices df into k groupsXy, ..., X, each of size atmosti/k . Foreveryl <i < k,
let us fix an enumeration of all the proper 3-coloringgffX;|. Note that there are mostr/kl < gn/k+1 <
such 3-colorings for every. We say that a proper 3-coloring of H[X;] and a proper 3-coloring; of H[X}]
are compatibleif together they form a proper coloring @f[X; U X;]: for every edgeuv with v € X; and
v € X, we havec;(u) # c;(v). Let us construct a grapli over the vertex sgk] x [k] where verticegiy, j1)
and (iz, j2) With iy # i9 are adjacent if and only if thg -th proper coloring ofHf [ X}, ] and thejs-th proper
coloring of H[ X, | are compatible (this means that if, s&}.X;, | has less thag proper colorings, theti;, j1)
is an isolated vertex).

We claim thatG has ak-cliqgue having exactly one vertex from each row if and onlyHifis 3-colorable.
Indeed, a proper 3-coloring df induces a proper 3-coloring for each HfX;], ..., H[X}]. Let us select
vertex (i, j) if and only if the proper coloring of/[X;] induced byc is the j-th proper coloring off [ X;]. Itis
clear that we select exactly one vertex from each row andftivey a clique: the proper colorings &f[X;] and
H[X;] induced byc are clearly compatible. For the other direction, suppoaé(th p(1)), ..., (k, p(k)) form
a k-clique for some mapping : [k] — [k]. Letc; be thep(i)-th proper 3-coloring of/[X;]. The colorings
c1, - .., ¢ together define a coloringof H. This coloringc is a proper 3-coloring: for every edge with
u € X;, andv € X,,, the fact tha(iy, p(i1)) and(iz, p(i2)) are adjacent means that andc;, are compatible,
and hence;, (u) # ¢, (v).

Running the assumed algorithénon G decides the 3-colorability off . Let us estimate the running time of
constructingG and running algorithm on . The graphG hask? vertices and the time required to construct
G is polynomial ink: for eachX;, we need to enumerate at mésproper 3-colorings o[ X;|. Therefore, the
total running time ik logk) . LO) — 90(n) (ysing thatk log k = O(n)). It follows that we have &°("™) time
algorithm for 3-@LORING, contradicting ETH. O



k x k PERMUTATION CLIQUE is a more restricted version 6fx k CLIQUE: in addition to requiring that the
cligue contains exactly one vertex from eaokw, we also require that it contains exactly one vertex from each
column. In other words, the vertices selected in the solution(are(1)), ..., (k, p(k)) for somepermutation
p of [k]. Given an instancé of k x k CLIQUE having a solutionS, if we randomly reorder the vertices in each
row, then with some probability the reordered version ofisoh S contains exactly one vertex from each row
and each column of the reordered instance. In Theorem 2.8sev¢his argument to show tha@*1°¢#) time
algorithm fork x k PERMUTATION CLIQUE gives arandomized2°(¥1°2%) time algorithm fork x k CLIQUE.
Section 2.2 shows how the proof of Theorem 2.3 can be deramddm

Theorem 2.3.1f there is a2°(k1og k) time algorithm fork x K PERMUTATION CLIQUE, then there is a randomized
20(m) time algorithm form-clause 3SAT.

Proof. We show how to transform an instanf®f & x & CLIQUE into an instancd’ of k x k PERMUTATION
CLIQUE with the following properties: iff is a no-instance, theff is a no-instance, and if is a yes-instance,
thenI’ is a yes-instance with probability at lea&st©*). This means that if we perform this transformation
20(%) times and accepf as a yes-instance if and only at least one of#€) constructed instances is a yes-
instance, then the probability of incorrectly rejectingesynstance can be reduced to an arbitrary small constant.
Therefore, 2°(%10¢k) time algorithm fork x k PERMUTATION CLIQUE implies a randomized©®(¥).20(klogk) —
g0(klogk) time algorithm fork x k CLIQUE.

Lete(i,j) : [k] x [k] — [k] be a mapping chosen uniform at random; we can imageea coloring of the
k x k vertices. Let/ (i, j) = % if there is aj’ # j such that(i, j) = ¢(4, ;) and letd (¢, j) = ¢(i, j) otherwise
(i.e., if ¢(i,j) = x # %, then no other vertex has colorin row i). The instancd’ of k x kK PERMUTATION
CLIQUE is constructed the following way: if there is an edge betwg@enj;) and (is, j2) in instancel and
d (i1, 71),c (i2, j2) # %, then we add an edge betwe@n, ¢'(i1, j1)) and(iz, ¢ (i2, j2)) in instancel’. That is,
we use mapping to rearrange the vertices in each row. If verfeéxj) clashes with some other vertex in the
same row (that i;(, j) = %), then all the edges incident @, j) are thrown away.

Suppose that’ has ak-clique (1, p(1)), ..., (k, p(k)) for some permutatiom of [k]. For everyi, there
is a uniqued(z) such that'(i,8(i)) = p(i): otherwise(s, p(i)) is an isolated vertex ifd’. It is easy to see
that (1,4(7)), ..., (k,0(k)) is a clique inI: vertices(i1,d(i1)) and(iz,d(i2)) have to be adjacent, otherwise

there would be no edge betweén, p(i1)) and (i2, p(i2)) in I'. Therefore, if is a no-instance, thefl is a
no-instance as well.

Suppose now thaf is a yes-instance: there is a cliqug (7)), ..., (k,d(k)) in I. Let us estimate the
probability that the following two events occur:

(1) Foreveryl <iy <ig <k, c(i1,0(i1)) # c(iz, (i2)).
(2) Foreveryl <i<Ekandl <j < kwith 5 # d(i), c(i,(2)) # (3, ).

Event (1) means that(1,46(1)), ..., c(k,d(k)) is a permutation ofk]. Therefore, the probability of (1) is
k!/kF = e=©9%) (using Stirling’s Formula). For a particulay event (2) holds it: — 1 randomly chosen values
are all different fromc(4, §(i)). Thus the probability that (2) holds for a particutas (1 — 1/k)~*=1) > ¢~1
and the probability that (2) holds for evetys at least—*. Furthermore, events (1) and (2) are independent: we
can imagine the random choice of the mapptras first choosing the value$l, (1)), ..., c(k, d(k)) and then
choosing the remaining? — k values. Event (1) depends only on the fiesthoices, and for any fixed result of
the firstk choices, the probability of event (2) is the same. Therefitlve probability that (1) and (2) both hold
is e Ok),

Suppose that (1) and (2) both hold. Event (2) implies #at(i)) = ¢/(i,4(i)) # % for everyl < i < k.
Event (1) implies that if we sei(i) := ¢(i, (7)), thenp is a permutation ofk]. Therefore, the cliquél, p(1)),
..., (k, p(k)) is a solution ofl’, as required. O

In the next section, we show that instead of random coloyimgscan use a certain deterministic family of
colorings. This will imply:

Corollary 2.4. Assuming ETH, there is rizs(*1°2¥) time algorithm fork x k PERMUTATION CLIQUE.

4



2.2 Derandomization

In this section, we give a coloring family that can be usedead of the random coloring in the proof of
Theorem 2.3. We call a grapi to be acactus-grid graphif the vertices are elements ofkfax k table and
a the graph precisely consists of a clique containing exaxte vertex from each row and each vertex in the
clique is adjacent to every other vertex in its row. Thererayeother edges in the graph, thus the graph has
exactly (’;) + k(k — 1) edges. We are interested in the a coloring fartily= {f : [k] x [k] — [k + 1]} with
the property that for any cactus-grid gra@ghwith vertices fromk x k table, there exists a functighe F such
that f properly colors the vertices @f. We call such & as a coloring family for cactus-grid graphs.

Before we proceed to make a coloring famify of size 20(+loglogk) e explain how this can be used
to obtain the derandomized version of Theorem 2.3, the GoyoR.4. Suppose that the instantef & x k
CLIQUE is a yes-instance. Then there is a cliqued(1)), ..., (k,d(k)) in I. Consider the cactus-grid graph
G consisting of cliqug1,4(1)), ..., (k,0(k)) and for eachl < ¢ < k, the edges betwee, §(:)) and (i, )
for everyj # 6(i). Let f € F be a proper coloring of:. Now since(1,4(1)), ..., (k,d(k)) is a clique inG
they get a distinct colors by and since all the vertices in the raw(i, j), j # d(i), is adjacent tdi, 6(i)) we
have thatf ((,7)) # f(i,0(7)). So if we use thigf in place ofc(i, j), the random coloring used in the proof of
Theorem 2.3, then events (1) and (2) hold and we know thatttancel’ obtained usingf is a yes-instance
of k x k PERMUTATION CLIQUE. Thus we know that an instandeof k£ x k CLIQUE has a clique of sizé&
containing exactly one element from each row if and only éréhexists g € F such that the corresponding
instancel’ of k x kK PERMUTATION CLIQUE has a clique of sizé such that it contains exactly one element
from each row and column. This together with the fact thatsike of F is bounded by©(*leglogk) imply the
Corollary 2.4. Now we are ready to state the main lemma ofghigion.

Lemma 2.5. [«]* There exists explicit construction of coloring fam#fyfor cactus-grid graphs of sizg?(*leglogk)

2.3 k x kK INDEPENDENT SET

The lower bounds in Section 2.2 férx k (PERMUTATION) CLIQUE obviously hold for the analogous x k
(PERMUTATION) INDEPENDENT SET problem: by taking the complement of the graph, we can reduee
problem to the other. We state here a version of the indepmersdée problem that will be a convenient starting
point for reductions in later sections:

2k x 2k BIPARTITE PERMUTATION INDEPENDENT SET
Input: A graphG over the vertex sgRk| x [2k] where every edge is betweén= {(, j) |

i,j <k}andly = {(i,j) | i,5 > k+1}.

Parameter: &

Question: Is there an independent setp(1)), ..., (2k,p(2k)) C I; U I in G for some
permutatiory of [2k]?

That is, the upper left quadrai{ and the lower right quadrardt, induce independent sets, and every edge is
between these two independent sets. The requirement éhspliltion is a subset df U > means thap(i) < k
forl <i<kandp(i) >k+1fork+1<i<2k.

Theorem 2.6. [x] Assuming ETH, there is rzs(¥1°2%) time algorithm for2k x 2k BIPARTITE PERMUTATION
INDEPENDENT SET.

24 Lk x kEHITTING SET

HITTING SET is a W[2]-complete problem, but if we restrict the univers@k x k table where only one element
can be selected from each row, then it can be solved in@{&*) by brute force.

The proofs marked with] has been moved to appendix due to space restrictions.



k x kK HITTING SET
Input:  SetSy, ..., Sy, C [k] x [k].
Parameter: k
Question: Is there a sétcontaining exactly one element from each row such shatS; # ()
foranyl <i <t¢?

We say that the mappinghits a setS C [k] x [k], if (i, p(i)) € S for somel < i < S. Note that unlike for
k x k CLIQUE andk x k INDEPENDENT SET, the size of thek x £ HITTING SET cannot be bounded by a
function of k.

It is quite easy to reduck x k INDEPENDENTSET to k x k& HITTING SET: for every pair(i1, j1), (i2, j2)
of adjacent vertices, we need to ensure that they are nattselsimultaneously, which can be forced by a set
that contains every element of rodisandi,, except(iy, j1) and(iq, j2). However, in Section 3.1 we prove the
lower bound for COSEST STRING by reduction from a restricted form &f x £ HITTING SET where each set
contains at most one element from eaov. The following theorem proves the lower bound for this variain
k x k HITTING SET. The basic idea is that an instance2éf x 2k BIPARTITE PERMUTATION INDEPENDENT
SET can be transformed in an easy way into an instancelofING SET where each set contains at most one
element from eacltolumnand we want to select exactly one element from each row arid @gamn. By
adding each row as a new set, we can forget about the restrittat we want to select exactly one element
from each row: this restriction will be automatically séigd by any solution. Therefore, we have ariNG
SET instance where we have to select exactly one element fromadomn and each set contains at most one
element from each column. By changing the role of rows androok, we arrive to a problem of the required
form.

Theorem 2.7. [x] Assuming ETH, there is rzs(¥1ogk) . ,0(1) time algorithm fork x k HITTING SET, even in
the special case when each set contains at most one elermen¢éch row.

3 Closest String

Computational biology applications often involve long sences that have to be analyzed in a certain way. One
core problem is finding a “consensus” of a given set of strimgstring that is close to every string in the input.
The CLOSEST STRING problem defined below formalizes this task.

CLOSESTSTRING
Input:  Stringssy, ..., s; over an alphabeX of length L each, an integet

Parameter: d
Question: Is there a stringof length L suchd(s, s;) < d for everyl <i <t?

We denote byi(s, s;) the Hamming distancef the stringss ands;, that is, the number of positions where they
have different characters. The solutiowill be called thecenter string.

CLOSEST STRING and its generalizations (©SEST SUBSTRING, DISTINGUISHING (SUB)STRING SE-
LECTION, CONSENSUSPATTERNS) have been thoroughly explored both from the viewpoint gfragimation
algorithms and fixed-parameter tractability [46, 56, 47,83 12, 26, 32, 41, 20]. In particular, Gramm et al.
[33] showed that CoSEST STRING is fixed-parameter tractable parameterizedibyhey gave an algorithm
with running timeO(d? - |I|). The algorithm works over an arbitrary alphabgi.e., the size of the alphabet is
part of the input). It is an obvious question whether the ddpace oni can be reduced to single exponential,
i.e., whether the running time can be improved®®® - |1|1°(Y). For small fixed alphabets, Ma and Sun [46]
achieved single-exponential dependenceloine running time of their algorithm i&|°(@ . |1/ Improved
algorithms with running time of this form, but with betternstants in the exponent were given in [56, 12].
We show here that thé® and|X|¢ dependence are best possible (assuming ETH): the dependanuot be
improved to20(41084) or to 20(@1og|=D) |n particular, single exponential dependencelaannot be achieved if
the alphabet size is unbounded.



Theorem 3.1. Assuming ETH, there is rizg(@1ogd) . | 1]0(1) gr 20(dlog[30) .| 1|O(1) time algorithm forCLOSEST
STRING.

Proof. We prove the theorem by a reduction from the NG SET problem considered in Theorem 2.7. Llet
be an instance df x £ HITTING SET with setsS, ..., S,,; each set contains at most one element from each
row. We construct an instandé of CLOSEST STRING as follows. LetX = [2k + 1|, L = k,andd = k — 1
(this means that the center string has to have at least onaothacommon with every input string). Instante
contains(k + 1)m input stringss, , (1 <z <m,1 <y < k4 1). If setS, contains elemen(, j) from row
i, then thei-th character o, , is j; if S, contains no element of rovw then thei-th character of, , isy + k.
Thus set,, , describes the elements of s&t, with a dummy value betwedn+ 1 and2k + 1 marking the rows
disjoint fromS,.. The stringss, 1, . .., s, k41 differ only in the choice of the dummy values.

We claim that!’ has a solution if and only if has. Suppose thét, p(1)), ..., (k, p(k)) is a solution off for
some mapping : [k] — [k]. Then the center string= p(1) ... p(k) is a solution of’: if element(i, p(¢)) of
the solution hits se$, of 7, then boths ands,. , have charactep(:) at thei-th position. For the other direction,
suppose that center strids a solution ofl’. As the length ok is &, there is & + 1 < y < 2k + 1 that does not
appear irs. If the i-th character of is somel < ¢ < k, then letp(i) = ¢; otherwise, lep(:) = 1 (or any other
arbitrary value). We claim thdt, p(1)), ..., (k, p(k)) is a solution of, i.e., it hits every sef, of I. To see
this, consider the string ,,, which has at least one character common witBuppose that characteappears
at thei-th position in boths ands,.,,. It is not possible that > k: charactey is the only character larger than
that appears in, ,, buty does not appear in Therefore, we havé < ¢ < k andp(i) = ¢, which means that
element(i, p(i)) = (¢, ¢) of the solution hitsS,.

The claim in the previous paragraph shows that solving mtst& using an algorithm for COSESTSTRING
solves thek x k& HITTING SET instancel. Note that the sizex of the instancel’ is polynomial ink and
m. Therefore, a&°(dlogd) . |110() or g 20dlog|=]) . |19 algorithm for Q.0SEST STRING would give a
20(klogk) . (Em)O() time algorithm fork x k HITTING SET, violating ETH (by Theorem 2.7). O

4 Distortion

Given an undirected grapfi with the vertex selV/(G) and the edge s€t(G), a metric associated wit¥ is
M(G) = (V(G), D), where the distance functiol is the shortest path distance betweeandv for each
pair of verticesu,v € V(G). We refer toM (G) as to thegraph metricof G. Given a graph metrid/ and
another metric spac&/’ with distance functiond) and D’, a mappingf : M — M’ is called anembedding
of M into M’. The mappingf hascontractionc; and expansione; if for every pair of pointsp, ¢ in M,
D(p,q) < D'(f(p), f(q)) - c¢f andD(p, q) - ey > D'(f(p), f(q)) respectively. We say thgtis non-contracting

if ¢y is at mostl. A non-contracting mapping hasdistortiond if ey is at mostd. One of the most well studied
case of graph embedding is when the host métfids R and D’ is the Euclidean distance. This is also called
embedding the graph into integers or line. Formally, thévjenm of DISTORTION is defined as follows.

DISTORTION
Input: A graphG, and a positive integet
Parameter: d
Question: Is there an embeddigg: V(G) — Z such that for allu,v € V(G), D(u,v) <
l9(u) —g(v)| < d-D(u,v)?

The problem of finding embedding with good distortion betweaetric spaces is a fundamental mathemat-
ical problem [38, 44] that has been studied intensively [%,440]. Embedding a graph metric into a simple
low-dimensional metric space like the real line has proweld a useful algorithmic tool in various fields (for
an example see [36] for a long list of applications). Badeial. [4] studied DSTORTION from the view-
point of approximation algorithms and exact algorithms.eyishowed that there is a constant> 1, such
that a-approximation of the minimum distortion of embedding itie line, is NP-hard and provided an exact
algorithm computing embedding ofravertex graph into line with distortiod in time n°(@. Subsequently,



Fellows et al. [27] improved the running time of their algbm to d°(4 . n and thus proved B3TORTION to

be fixed parameter tractable parameterized/byVe show here that thé¢”(?) dependence in the running time
of DISTORTION algorithm is optimal (assuming ETH). To achieve this we fiistain a lower bound on an in-
termediate problem calledd@NSTRAINED PERMUTATION, then give a reduction that transfers the lower bound
from CONSTRAINED PERMUTATION to DISTORTION. The superexponential dependencedas particularly
interesting, as” time algorithms for finding a minimum distortion embeddirfga@raph om vertices into line
have been given by Fomin et al. [30] and Cygan and PilipczGk [1

CONSTRAINED PERMUTATION
Input: Subsets,, ..., S,, of [k]

Parameter: k
Question: A permutatiop of [k] such that for every < i < m, thereis al < j < k such that

p(j),p(j +1) € 8.

Given a permutatiorp of [k], we say thatr andy areneighborsif {z,y} = {p(i),p(i + 1)} for some
1 < i < k. In the CONSTRAINED PERMUTATION problem the task is to find a permutation that hits every set
S; in the sense that there is a pairy € S; that are neighbors ip.

Theorem 4.1. [x] Assuming ETH, there is ree(k1°g);n0(1) time algorithm for CONSTRAINED PERMUTA-
TION.

Theorem 4.2. [x] Assuming ETH, there is rzg(¢1°g4) . ,0(1) time algorithm forDISTORTION.

Proof. We prove the theorem by a reduction from theN&GTRAINED PERMUTATION. Let I be an instance of
CONSTRAINED PERMUTATION consisting of subsetSy, ..., S,, of [k]. Now we show how to construct the
graphG, an input to DSTORTION corresponding td. For an ease of presentation we idenfiy with vertices
ug,...,ux. We also sel/' = {uy,...,ur} andd = 2k. The vertex set o7 consists of the following set of
vertices.

e Foreveryl <i<mandl <j <k, u; We also denote the séti, ..., u} by U;.

e A vertexs; for each sef;.

e Two cliquesC, andC;, of sized + 1 consisting of vertices., ..., cit! andc}, ..., ¢t respectively.
e A path P of lengthm (number of edges) consisting of vertices. . ., vy,+1.

We add the following more edges among these vertices. Wedgtsdrom all the vertices in cliqué, but c:
to v; and add edges from all the vertices in cIicﬂ]@butcg to vy,+1. Foralll <i < mandl < j <k, make
uz adjacent ta;, v;41 andu§+1. Forl < j <k, makeu]" adjacent ta,,, vn,11. Finally makes; adjacent tcu;ﬂ
if u; € S;. This concludes the construction. A figure correspondintihéoconstruction (Figure 6.6), a proof of
correctness and time analysis can be found in appendix. O

5 Disjoint Paths

There are many natural graph problems that are fixed-paearmmattable parameterized by the treewidth of the
input graph. In most cases, these results can be obtaine@lbyrderstood dynamic programming technigues.
In fact, Courcelle’s Theorem provide a clean way of obtairsnch results. If the dynamic programming needs
to keep track of a permutation, partition, or a matching aheaode, then running time of such an algorithm
is typically of the formw®®) . n®1) on graphs with treewidthu. We demonstrate a problem where this
form of running time is necessary for the solution and it @irive improved t@°(®lesw) . nO) e refer to
Appendix 6.1 for the definitions of treewidth and pathwidth.

Given an undirected grapgh andp vertex pairgs;, t;), the DSJOINT PATHS problem asks whether there ex-
istsp mutually vertex disjoint paths i@ linking these pairs. This is one of the classic problems migimatorial
optimization and algorithmic graph theory, and has manyiegjpns, for example in transportation networks,



VLSI layout, and virtual circuits routing in high-speed wetks. The problem is NP-completeyifis part of the
input and remains so even if restrict the input graph to beasl§89, 45]. However ip is fixed then the problem
is famously fixed-parameter tractable as a consequence aetiminal Graph Minors theory of Robertson and
Seymour [53]. A basic building block in their algorithm fon®0OINT PATHS is an algorithm for DSJOINT
PATHS on graphs of bounded treewidth. To our interest is the fallgwparameterization of BJOINT PATHS.

DISJOINT PATHS
Input: A graphG together with a tree-decomposition of width andp vertex pairg(s;, t;).

Parameter: w
Question: Does there existmutually vertex disjoint paths it linking s; to ¢;?

The best known algorithm for this problem runs in tif&®!°g®) . p, [54] and here we show that this is
indeed optimal. To get this lower bound we first give a linearapeter reduction frorh x k HITTING SET
to DIRECTED DISJOINT PATHS, a variant of DSJOINT PATHS where the input is a directed graph, parameter-
ized by pathwidth of the underlying undirected graph. Rinale obtain a lower bound af(*logk)|y/(G)|O(1)
on DISJOINT PATHS parameterized by treewidth under ETH, by giving a lineaapseter reduction from D
RECTED DISJOINT PATHS parameterized by pathwidth toi&10INT PATHS parameterized by pathwidth.

Theorem 5.1. Assuming ETH, there is rizg(@1ogw) . ,O(1) time algorithm forDIRECTED DISJOINT PATHS.

Proof. The key tool in the reduction frorh x k& HITTING SET to DIRECTED DISJOINT PATHS is the following
gadget. For every > 1 and setS C [k] x [k], we construct the gadgét;, s the following way.

e Foreveryl <i <k, it contains vertices,, b;.
For everyl <i,j <k, it contains a vertex; ; and edges,;v; ;, v; jb;.
For everyl <1 < k, it contains a directed path; = c; 0d; 1V ¢i1 - - - di kU] Ci k-

F <4, <k,i i i ool g2 ded R S O A A R S
oreveryl <i,j <k, itcontains verticey; ;, f; ;, f;; and edgesd; f ;, fi;cij. fi i fij fiifi 0 [i €0,

2
Cij—1fij

. . _— —
e It contains two vertices andt, and for every(i, j) € S, there are two edges; ;, d; ;.

The demand pairs in the gadget are as follows:

e Foreveryl <i <k, there is a demang;, c; 1)
e Foreveryl <i,j <k,thereis ademan@fi{j, Z-Q,j)-
e There is a deman(k, t).

This completes the description of the gadget. Observefthatallection of paths form a solution for the gadget,

then for everyl < i < k, exactly one of the vertices 1, ..., v; 1, is used by the paths. We say that a solution

representshe mapping : [k] — [k] if for every1 < i < k, vertexv; ,; is used by the paths in the solution.
The following claim summarizes the most important progsrtif the gadget.

Claim 5.2. [«| For everyk > 1 andS C [k] x [k], gadgetG), s has the following properties:

1. Foreveryp : [k] — [k] that hits.S, gadgetG), s has a solution that represents andvzp(l.) is not used by
the paths in the solution for any< i < k.

2. If Gy,s has a solution that represents thenp hits S and vertexv; ; is used by the paths in the solution
for everyl <i < kandj # p(i).

Let S, ..., S, be the sets appearing in thex k HITTING SET instancel. We construct an instandeof
DIRECTED DISJOINT PATHS consisting ofm gadgetsy, ..., G,,,, where gadgetr; (1 < ¢ < m) is a copy of
the gadgetyy, 5, defined above. For evely< ¢ < m and everyl <4,;j < k, we identify vertex; ; of G; and

vertexv; ; of G;1. This completes the description of the instadae DIRECTED DISJOINT PATHS.
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We have to show that the pathwidth of the constructed gaplfi I is O(k) and thatl has a solution if and
only if I has. To bound the pathwidth &F, for every0 < t < m 1 <i,j <k, letus define the bag, ; ; such
that it contains vertices, ..., ax, b1, ..., by, s, t, fw, i ”, and the pathP; of gadgetG; (unlesst = 0),
and verticesuy, ..., ag, by, . .., by Of gadgetGHl (unlesst = m). It can be easily verified that the size of each
bag isO(k) and if two vertices are adjacent, then they appear togetrsame bag. Furthermore, if we order the
bags lexicographically according te,, j), then each vertex appears precisely in an interval of the.bakis
shows that the pathwidth @ is O(k).

Next we show that iff has a solutiorp : [k] — [k], thenI also has a solution. Ag hits everysS;, by the
first part of the Claim, each gadgét has a solution representing To combine these solutions into a solution
for I, we have to make sure that the vertiegs, vy that were identified are used only in one gadget. Since the
solution for gadget:; representp, it uses Vertices, ), - - -, Ui, o(k)» Ut no othen; ; vertex. As vertex; ; of
gadget; was identified with vertex; ; of gadget&;_,, these vertices might be used by the solutiodpf; as
well. However, the solution off;_; also represents and as claimed in the first part of the Claim, the solution
does not use verticeﬁ‘vp(l), e U;::,p(k:)' Therefore, no conflict arises between the solution§,chndG;_1.

Finally, we have to show that a solution fBimpIies that a solution fof exists. We say that a solution for
is normalwith respect ta, if the paths satisfying the demandsGh do not leave, (the vertices); ;, v} ; that
were identified are considered as part of both gadgets, sdlave the paths to go through these vertices). We
show by induction that the solution féris normal for eveny,. Suppose that this is true f6¥,_; . If some path
P satisfying a demand ity; leavesG,, then it has to enter eith&¥; 1 or G;1. If P enters a vertex of7;1
that is not inG, then it cannot go back t6;: the only way to reach a vertex ; of G, is from vertexa;,
which has indegree 0. Therefore, let us supposeMtersGt 1 at some vertex; ; of G,_1. The only way
the path can return t@, is via some vertex’ i of Gy_1 with 5/ > j. By the mductlon hypothesis, the solutlon
is normal with respect t6&+;_1, thus the second part of the Claim implies that there is ausjicsuch that; ;
not used by the paths satisfying the demand§/in,. As P can use only this vertex; ;, it follows thatj’ = j
and hence pati? does not use any vertex 6f_1 not in G¢, In other words P does not leavér;.

Suppose now that the solution is normal with respect to eégryvhich means that it induces a solution for
every gadget. Suppose that the solution of gadjeepresents mapping. We claim that every; is the same.
Indeed, ifp; (i) = 7, then the solution ofr; uses vertex; ; of G, which is identical to vertexz;‘?j of Gi_1. This
means that the solution ¢f;_; does not usez”, and by the second part of the Claim, this is only possible if
pt—1(i) = j. Thusp,—1 = p, for everyl < i < m, let p be this mapping. Again by the claim,hits every set
St ininstancel, thusp is a solution off. O

Theorem 5.3. [x] Assuming ETH, there is rzg(*1og») . ,0(1) time algorithm forDISJOINT PATHS.

6 Conclusion

In this paper we showed that several parameterized probitamesslightly superexponential running time unless
ETH fails. In particular we showed for three well-studiedipems arising in three different domains that the
known superexponential algorithms are optimal: assumifigl,Bhere is ng2°(@1ogd) . |1|O(1) g go(dlog[Z]) .
171°() time algorithm for @QOSESTSTRING, 2°(¢1°e )| 7|9() time algorithm for DSTORTION, and2°(® 18 w).
|7|°() time algorithm for DSJOINT PATHS parameterized by treewidth. We believe that many furtheulte of
this form can be obtained by using the framework of the cunpaper. Some concrete problems that might be
amenable to our framework are:

e Are the known parameterized algorithms fapIRT LINE COVER [42, 34], DRECTED FEEDBACK VER-
TEX SET [11] and INTERVAL COMPLETION [55], parameterized by the solution size, running in time
20(klogk) .| 110(1) optimal?

e Are the known parameterized algorithms fosILTONIAN PATH [28], CONNECTEDVERTEX COVER[49]
and CONNECTED DOMINATING SET [19], parameterized by the treewidthof the input graph, running
in time 20(wlegw) . 110() optimal?
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Appendix

6.1 Definitions of Treewidth and Pathwidth

A tree decompositioof a graphG is a pair(X,T) whereT is a tree and¥’ = {X; | i € V(T)} is a collection
of subsets off” such that:1. U;cy () Xi = V(G), 2. for each edgery € E(G), {z,y} C X; for some
i € V(T); 3. for eachz € V(G) the set{i | = € X;} induces a connected subtreeZof Thewidth of the
tree decomposition imax;cy () {|X;| — 1}. Thetreewidthof a graphG is the minimum width over all tree
decompositions ofr. We denote byw (G) the treewidth of grapld=. If in the definition of treewidth we restrict
the treeT" to be a path then we get the notion of pathwidth and denotepiNdy~).

6.2 Proof of Theorem 6.2

To construct our deterministic coloring family we also neeféw known results on perfect hash families. Let
H = {f : [n] — [k]} be a set of functions such that for all subsgtsf sizek there is & € H such that itis one
to one onS. The setH is called(n, k)-family of perfect hash functiong'here are some known constructions
for setH. We summarize them below.

Proposition 6.1. [2, 50] There exists explicit constructiol of (n, k)-family of perfect hash functions of size
O(11%logn). There is also another explicit constructiéi of (n, k)-family of perfect hash functions of size
O(eFkOUogk) 1og n).

Proof. Our idea for deterministic coloring family for cactus-grid graphs is to kedpfunctions f1, ..., fx
where eachf; is an element of &k, k’)-family of perfect hash functions for somié and use it to map the
elements offi} x k (the columni). We will ensure that the colors used in each column is itathe column
and it is not used on the vertices of any other columns. THisawsure that we get the desired coloring family.
We make our intuitive idea more precise below. A descriptiba functionf € F consists of a tuple having

e asetS C [k];
o atuple(ky, ko, ..., k) wherek; > 1,0 =|S| and>>‘_, k; = k;
e /functionsfy, ..., fy wheref; € H; andH; is a(k, k;)-family of perfect hash functions.

The setS tells us which all columns the clique intersects. Let thengets ofS = {s1,..., s/} be sorted in
increasing order, say; < s2... < s;. Then the tuplek,, ko, ..., k) tells us that the colums;, 1 < j </,
containsk; vertices from the clique. Hence with this interpretationeg a tuple(S, (1, ..., k), f1,..., fi) we
define the coloring functiop : [k] x [k] — [k] as follows. Every elementifk] x {1,...,k} \ S is mapped to
k+1. Now for vertices ink] x {s; } (vertices in column;), we definey(i, s;) = f;(i) +> 1 <;; ki- We do this

for everyj betweenl and/. This concludes the description. Now we show that it is iid@eoloring family for
cactus-grid graphs. Given a cactus grid gréptwe first look at the columns it intersects and that forms etr s
S and then the number of vertices it intersects in each columkesithe the tuplék;, ko, ..., k;). Finally for
each of the columns there exists a functiom the perfectk, k;)-hash family that maps the elements of clique
in this column one to one withk;]; we store this function corresponding to this column. Nowskew that
the functiong corresponding to this tuple properly coldks The functiong assigns different values frofh| to

the columns inS and hence we have that the vertices of clique gets distinotxas in each column we have
a function f; that is one to one on the vertices.®f Now we look at the edge with both end-points in the same
row. If any of the end-point occurs in column that is notSithen we know that it has been assigried 1 while

the vertex from the clique has been assigned color filgmIf both end-points are frons then the off-set we
use to give different colors to vertices in these columnsiesssthat these end-points get different colors. This
shows thay is indeed a proper coloring @¥. This shows that for every cactus-grid graph we have a fancti

g € F. Finally, the bound on the size & is as follows,

l
k4R T (1% log k) < 29%) (log k)! < 20k losloah), (1)
=1
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This concludes the proof. O

The bound achieved in Equation 1 on the sizéa$ sufficient for our purpose but it is not as smalp&s*)
that one can obtain using a simple application of probaiailimethods. We provide & of size2°(*) below
which could be of independent algorithmic interest.

Lemma 6.2. There exists explicit construction of coloring fam#fyfor cactus-grid graphs of sizg” (%)

Proof. We incurred a factor oflog k)! in the construction given in Lemma 6.2 because for everyroolwe
applied hash functions froft] — [k;]. If we could replace these Hyk?] — [k;] then the size of family will
be 11% log k; < 12% and thenHﬁz1 11% log k; < 12*. Next we describe a procedure to do this by incurring
an extra cost o20(°e* %) To do this we use the following classical lemma proved bydRran, Komlés and
Szemerédi [31].

Lemma6.3.[31] LetW C [n] with |[W| = r. The mapping : [n] — [2r?] such thatf (z) = (tz mod p)mod 2r?
is one to one when restricted & for at least half of the valué € [p]. Herep is any prime between and2n.

The idea is to use Lemma 6.3 to choose multiplieri the above description) appropriately. Let us fix a
prime p betweenk and2k. Given a setS and a tuple(ky, ks, . . . , k;) we make a partition of sef as follows
S; = {sj|s; € S,271 < k; <2} fori € {0,...,[logk]}. Now let us fix a setS;, by our construction we
know that the size of intersection of the clique with eachhef¢olumns inS; is roughly same. For simplicity of
argument, let us fix a cliqud” of some cactus grid gragh. Consider a bipartite gragl, B) whereA contains
a vertex for each column if; and B consists of numbers frofp]. Now we give an edge between veriex A
andb € B if we can usé as a multiplier in Lemma 6.3, that is, the m@fr) = (bx mod p)mod 2%+! is one
to one when restricted to the vertices of the cliGUeo the columm.

Observe that because of Lemma 6.3 every vertek iras degree at leagf2 and hence there exists a vertex
b € B that can be used as a multiplier for at least half of the elesnarthe setd. We can repeat this argument
by removing a vertex € B, that could be used as a multiplier for half of the verticegtjrand all the columns
for which it can be multiplier. This implies that there ex@setX; C [p| of sizelog |A| < log k that could be
used as a multiplier for every column ih. Now we give a description of a functiof € F that consists of a
tuple having

e asetS C [k];

o atuple(ky, ky,. .., k) wherek; > 1,0 =|S| and>>‘_, k; = k;

o (b5, ,bh), (L4, Ly)), 1 <i < [logk], g = [log k|; Here(L{, ..., L) is a partition ofS; and the
interpretation is that for every column Eg we will usebl as a multiplier for range reduction;

e /functionsfi, ..., fo wheref; € H; and’H; is a(8k2, kl) family of perfect hash functions.

This completes the description. Now given a tuple

(S,(k‘l,...,k‘l),{(( Zlv"'vbz])v(Lllv"'sz])) ‘ 1<i< Dogk—‘}vflv---vfl)
we define the coloring function : [k] x [k] — [k] as follows. Every element ifk] x {1,...,k} \ S is mapped
to k£ + 1. Now for vertices ink] x {s;} (vertices in columrs;), we do as follows. Supposg < L5 then we
defineg(i,s;) = (X1<ic; ki) + fj(((ngj) mod p)mod ck?). We do this for every betweenl and/. This
concludes the description fgr Observe that given a vertex in colurapwe first use the function in Lemma 6.3
to reduce its range to roughly(k]?) and still preserving that for every subsgt of size at mosek; there is
some multiplier which maps it injective. It is evident frolmetabove description that this is indeed a coloring
family of cactus grid graphs. The range of any functioifiis k& + 1 and the size of this family is
[log k] [log k| “Og .
2k4k H logk H Z \Ll\ H 11]97 log k; ) < 8k(2k)logk4k12k < 20(k+(logk) ) < 20( )
=1 =1

The last assertion follows from the fact th@i@f d Z]D:O% o |Li| < Kk and S, ki = k. This concludes the
proof. O
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6.3 Proof of Theorem 2.6

Proof. Given an instancé of k x k¥ PERMUTATION INDEPENDENT SET, we construct an equivalent instance
I’ of 2k x 2k BIPARTITE PERMUTATION INDEPENDENT SET the following way. For everyl < i < k and
1<4,5 <k,j+#j,weaddan edge betweéenj) and(i+ &, j + k) in I'. If there is an edge betweén , j;)
and(ig, j2) in I, then we add an edge betwegn, j;) and(i2 + k, j2 + k) in I'. This completes the description
of I'.

Suppose thaf has a solutior(1,4(1)), ..., (k,d(k)) for some permutation of [2k|. Then it is obvious
from the construction of’ that(1,0(1)), ..., (k,0(k)), (1 +k,6(1) + k), ..., (2k,d(k) + k) is an independent
setof I andd(1), ..., 6(k), (1) + k, ..., 6(k) + k is clearly a permutation o2k]. Suppose thatl, p(1)),
..., (2k, p(2k)) is solution of I’ for some permutatiop of [2k]. By definition, p(i) < kfor 1 < i < k.
We claim that(1, p(k)), ..., (k,p(k)) is an independent set df Observe first thap(i + k) = p(i) + k
for everyl < i < k: otherwise there is an edge betwe@np(i)) and (i + k, p(i + k)) in I'. If there is
an edge betweefi, p(i1)) and(iq, p(i2)) in I, then by construction there is an edge betweenp(i;)) and
(ia + k, p(ia) + k) = (i2 + k, p(i2 + k)) in I, contradicting the assumption th@at p(k)), ..., (2k, p(2k)) is
an independent set if. O

6.4 Proof of Theorem 2.7

Proof. To make the notation in the proof less confusing, we intredactransposed variant of the problem
(denote byk x k HITTING SETT), where exactly one element has to be selected from eacimoolwe prove
the lower bound fork x k& HITTING SET with the additional restriction that each set contains astnome
element from each column; this obviously implies the theore

Given an instancé of 2k x 2k BIPARTITE PERMUTATION INDEPENDENT SET, we construct an equivalent
2k x 2k HITTING SET? instancel’ on the universé2k| x [2k]. Forl < i < k, let setS; contain the first
elements of row and fork + 1 < ¢ < 2k, let setS; contain the lask elements of rowi. For every edge in
instancel, we construct a sef, the following way. By the wagk x 2k BIPARTITE PERMUTATION INDEPEN-
DENT SET is defined, we need to consider only edges connecting $om#g ) and (is, j2) with i1, 71 < k and
19, j2 > k + 1. For such an edge let us define

Se= {0, 11 < i <k j # {2 J) | k+ 1<) <2k # ja}.

Suppose thatl, §(1)), ..., (2k,0(2k)) is a solution ofl for some permutatiop of [2k]. We claim that it
is a solution ofl’. As p is a permutation, the set satisfies the requirement thantaats exactly one element
from each column. As(i) < kif and only if i < k, the setS; is hit for everyl < i < 2k. Suppose that there
is an edge: connecting(iy, j1) and(iz, j2) such that sef. of I’ is not hit by this solution. Elements;, §(i1))
and(iz, 0(i2)) are selected and we have< §(i;) < kandk 4+ 1 < §(iz) < 2k. Thus if these two elements do
not hit S, then this is only possible if(i;) = j; andd(iz) = j2. However, this means that the solution for
contains the two adjacent vertic@s, j;) and(iz, j2), a contradiction.

Suppose now thaip(1),1), ..., (p(2k),1) is a solution forI’. Because of the set$;, 1 < i < 2k, the
solution contains exactly one element from each row, p.és,a permutation o2k. Moreover, the setsq, .. .,
Sk have to be hit by thé elements in the first columns. This means thati) < k if i < k and consequently
p(i) > kif ¢ > k. We claim that(p(1),1), ..., (p(2k), 1) is also a solution of . It is clear that the only thing
that has to be verified is that thezk vertices form an independent set. Suppose thgt ), j1) and(p(jz2), j2)
are connected by an edgeWe can assume thatj;) < k andp(j2) > k, which impliesj; < k andjs > k.
The solution forI’ hits setS,, which means that either the solution selects an eleifa€lif), ;') or an element
(p(42),7"). Elementsp(j1),71) and(p(j2), j2) are the only elements of this form in the solution, but neitife
them appears i8.. Thus(p(1),1), ..., (p(2k), 2k) is indeed a solution of O
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6.5 Proof of Theorem 4.1

Proof. Given an instancé of 2k x 2k BIPARTITE PERMUTATION INDEPENDENT SET, we construct an equiv-
alent instancd’ of CONSTRAINED PERMUTATION. Let k' = 24k and for ease of notation, let us identify the
numbers ink’] with the elements;, 7, cﬁ, Eﬁ for 1 < ¢<3,1<4,j < 2k. The values represent the rows
and the values§ represent the columns. ﬂf andcﬁ are neighbors i, then we interpret it as selecting element
j from row i. More precisely, we want to construct the s8is ..., S,, in such a way that if1,(1)), ...,
(2k,0(2k)) is a solution off, then the following permutatiop of [£'] is a solution of’:

1 -1 1 =1 1 -1 1 ~1 1 -1 1 ~1
T 71 Cs(1)) Co(1)r 25 725 C5(2)1 C5(2) 1 - -+ » T2k T2k C5(2k) > Co(2k)

2 =2 2 =2 2 =2 2 2 2 =2 2 =2
T 71 Cs(1)) Cs(1)r 25 725 C5(2) 5 C5(2) 0 - -+ > T2k T2k Cs(2k) > C5(2k) 0

333 3 333 3 3 -3 3 -3
T T (1)) Co(1)r 25 725 C5(1) 2 C5(2) 7 - -+ » T2k T2k C5(2k) > Co(2k) -

The first property that we want to ensure is that every saiubibl’ looks roughly likep above: pair&fff and
pair3c§6§ alternate in some order. Then we can define a permutatsuch thav (i) = j if r17} is followed by
the pail’c]léjl. The sets in instancE will ensure that this permutatiohis a solution off. Let instance’ contain
the following groups of sets:

1. Foreveryl < ¢ < 3andl <i < 2k, there is a sefr!, 7¢} ,

1701

2. Foreveryl </ <3andl <j < 2k, thereis a sefc!,c}},

3. Foreveryl < ¢/ < ¢"<3,1<i<2k X C[2k],thereisasetr! " }u{c) | j € X u{c!" | j ¢ X},
4. Foreveryl <i <k, there is a sefr}} U {cjl. |1 <7<k},
5. Foreveryk + 1 <i < 2k, thereisasefr} U{cj | k+1 < j < 2k},

6. For every two adjacent verticgs, j1) € 11 and(iz, jo) € Io, there is a sefr} , 7, } U{cj | 1 < j <
kj#ntUd{c | k+1<j<2kj#ja}

Recall that every edge of instangoes between the independent dets- {(i,7) | i, < k} andly = {(7,5) |
i,7 > k+1}. Let us verify first that i) is a solution off, then the permutatiop described above satisfies every
set. Itis clear that sets in the first two groups are satisfiedsee that every set in group 3 is satisfied, consider

/

a set corresponding to a particulax ¢ < ¢” < 3,1 <1i < 2k, X C [2k]. If §(4) € X, thenff’ andcf;(i) are
neighbors and both appear in the set(if) ¢ X, then/" and cf;/(/l.) are neighbors and both appear in the set.
Sets in group 4 and 5 are satisfied becalfsp< kfor 1 < i < kandd(i) > k+1fork+1 <i < 2k. Finally,

let (i1, 1) € V4 and(is, j2) € V5 be two adjacent vertices and consider the correspondirig getup 6. As the
solution of I is an independent set, eith&fi;) # j, or §(iz) # j2. In the first caser;, andcﬁ(il) are neighbors

and both appear in the set; in the second mdg,@,ndc};(ig) are neighbors and both appear in the set.

Next we show that ip is a solution ofl’, then a solution fo¥ exists. We say that an eleme?ﬁtis goodif its
neighbors are? andcf' for somel < ¢ < 3 andl < j < 2k. Similarly, an elemend':f is good if its neighbors

areé§ and? for somel < ¢ < 3andl < i < 2k. Our first goal is to show that every andeﬁ is good. The
sets in group 1 and 2 ensure thré*andff are neighbors, ancf andcf are neighbors.

We claim that for everyl < ¢/ < (" < 3, and1 < i < 2k, if elements¥ and 7" are not neighbors,
then both of them are good. Let us buildi-vertex graphB whose vertices areﬁ', cf" (1 <j < 2k). Let

us connect by an edge those vertices that are neighbgrs Moreover, let us makeﬁ/ and cﬁ” adjacent for
everyl < j < 2k. Observe that the degree of every vertex is at most Zg(ehas only one neighbor besides
c'). Moreover, B is bipartite: in every cycle, edges of the foufic}” alternate with edges not of this form.
Therefore, there is a bipartitiof, Y) of B such that the sét” (and hence) contains exactly one qu' and
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" for everyl < j < 2k. Group 3 contains a s&ty = {7/ ,7 }UY and a seSy = {7, 7"} UY: asY

contains exactly one cdf andct’, there is a choice ok that yields these sets. PermutatjosatisfiesSy and
Sy, thus each oby andSy contains a pair of neighboring elements. By assumptios,hir cannot béf/ and

#". AsY induces an independent set®f this pair cannot be contained Yneither. Thus the only possibility is
that one ofré andrz is the neighbor of an element &f. If, say, ; 7 is a neighbor of an elemepte Y, thenr

is good. In this caseﬂ,f is not the neighbor of any element b, WhICh means that the only way two members
of Sy are neighbors ift" is a neighbor of a member af, i.e.,7" is also good.

At most one ofr? and7} can be the neighbor of , thus we can assume thdtandr¢ are not neighbors for
somel € {2,3}. By the claim in the previous paragramj,andff are both good. In particular, this means that
71 is not the neighbor of? and#}, hence applying again the claim, it follows thdtandr; are both good. Thus
7¢ is good for everyl < ¢ < 3andl < i < 2k, and the pigeonhole principle implies thétis good for every
1</<3andl <i < 2k.

As everyc} is good, the sets in groups 4 and 5 can be satisfied only if eigehas a neighboc]l. Let
0(i) = jif cjl is the neighbor OF}; clearly 0 is a permutation of2k]. We claim that is a solution ofl. The
sets in group 4 and 5 ensure thét) < k foreveryl < i < kandd(i) > k+ 1if k +1 <14 < 2k. To see that
(1,6(3)), ..., (2k,0(2k)) is an independent set, consider two adjacent vertigeg,) € I; and (iz, j2) € Io.
We show that it is not possible théti,) = j; andé(ig) = jo. Consider the sef in group 6 corresponding to
the edge connecting;, j1) and(iz, j2). As sz 12, and everyc is good, then only way is can be satisfied
is that7} or 7}, is the neighbor of some} appearing inS. If 5(@1) = j1 andd(ip) = j, then thecj andcj,
are the nelghbors ot}l andr rw respectively, butjl1 and cjl2 do not appear irb. This shows that if there is a
solution forI’, then there is a solution fdras well.

The size of the constructed instaniés polynomial in2¥. Thus ifI’ can be solved in timge(*'logk) .| /| =
go(klogh) . 9O(k) — go(klogk) then this gives @°(F1°¢%) time algorithm for2k x 2k BIPARTITE PERMUTATION
INDEPENDENT SET. O

6.6 Proof of Theorem 4.2

U:{ul,uQ,...,uk} Sl,Sg,...Sn“d:Qk

Figure 1: A construction used in Theorem 4.2

Proof. We prove the theorem by a reduction from theN&GTRAINED PERMUTATION. Let I be an instance of
CONSTRAINED PERMUTATION consisting of subsetSy, ..., S,, of [k]. Now we show how to construct the
graphG, an input to DSTORTION corresponding td. For an ease of presentation we idenfiy with vertices
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u,...,ux. We also set/' = {uq,...,u;} andd = 2k. The vertex set ofi consists of the following set of
vertices.

e Foreveryl <i<mandl < j <k, u; We also denote the sét}, ..., u}} by U;.

e A vertexs; for each sef;.

e Two cliquesC, andC}, of sized + 1 consisting of verticesl, ..., c?*! andc}, ..., ¢l respectively.
e A path P of lengthm (number of edges) consisting of vertices. .. , vy, 11.

We add the following more edges among these vertices. Wedgkksdrom all the vertices in cliqué, but c:

to v; and add edges from all the vertices in clioﬁlgbutcé to vy11. Foralll < i < mandl < j <k, make
u; adjacent tov;, vi41 andué.“. Forl < j < k, makeuj" adjacent tow,,, vim11. Finally makes; adjacent
to u if u; € S;. This concludes the construction. A figure correspondintir¢oconstruction can be found in
Figure 6.6.

For our proof of correctness we also need the following kntaeis about distortiod embedding of a graph
into integers. For an embedding let vy, vs, ..., v, be an ordering of the vertices such thaét,) < g(v2) <
-+ < g(vy). If gissuch that for all < i < ¢, D(vi,viy1) = |g(vi) — g(vit1)|, then the mapping is called
pushing embeddindt is known that pushing embeddings are always non-cadtimiggand if G can be embedded
into integers with distortior, then there is a pushing embeddingléfnto integers with distortion [27].

Let a permutatiorp of [k] = U be a solution tal, an instance of GNSTRAINED PERMUTATION. This
automatically leads to a permutation dnthat we represent by(U). There is a natural bijection betweéh
andU; with u; € U being mapped tmé.. So when we writep(U;) then this means that the verticesldfare
permuted with respect to and being identified with its counterpart i. Now we give a pushing embedding
for the vertices inG with ¢! being placed ab. All the vertices except the set verticesappear in the following
order

C(lp s >Cg—H,Ul,P(Ul),UQ’P(UQ)aU:Sa s a/UM)p(Um))vm+1)C[C)l+l) o 761%'

Sincep is a solution tol we know that for everys; there exists & < j < k such thatp(j)p(j + 1) € S;.
We places; betweenp(vj) andp(v§+1). By our construction the given embedding is pushing and enern-
contracting. To show that for every pair of verticess € V(G), D(u,v) < d-|g(u) — g(v)|, we only have
to show that for every edgev € E(G), D(u,v) < d. This can be readily checked from the construction. The
cruical observation is that the distance between two canisecvertices fronlJ; is 2, and hence it must be at
least distance apart on the line. Ifs; is adjacent to two consecutive verticeslipn we can “squeeze” i;
between those two vertices without disturbing the rest efcbnstruction.

In the reverse direction, assume that we start with a distort pushing embedding af. Consider the
layout of the graph induced ofi, and the vertex;. This is a clique of sizel + 2 minus an edge and hence
C, U {v1} can be layed out in two ways; , C, \ {c.},v; orvy, G, \ {cL}, cl. Since we can reverse the layout,
we can assume without loss of generality that itisC, \ {c.},v;. Without loss of generality we can also
assume that; is placed on positiofi. Since every vertex if; is adjacent ta; and the negative positions are
taken by the vertices i@V, thek = d/2 vertices ofU; must lie on the position$l, . . ., d}. We first argue that
no vertex ofl/; occupies the positiod. Suppose it does. Then the rightmost verteX/gf(to the right ofv;
in the embedding) must be on position at lezt Simultaneouslyw, must be on position at mogt— 1 since
d is already occupied and is adjacent ta;;. But v, is adjacent to the rightmost vertex B and hence the
distance on the line between them becomes at keastl, a contradiction. S@/; must use only positions in
{1,...,d — 1}. Since the distance between two consecutive verticé§ iis 2 together with the fact that we
started with a pushing embedding imply that the vertice§obccupy all odd positions of1,.....,d — 1}.
Now, U, must be on the positions i + 1, ..., 2d} with the rightmost vertex id/> being on at leas2d — 1.
Sinced — 1 is occupied by someone i, andw; is adjacent to both; and the rightmost vertex @f; it follows
thatvy must be on positiod.

We can now argue similarly to the previous paragraph thadoes not use positio2d, and hences is on
position2d while U; must use the odd positions §6f + 1,...,2d — 1}. We can repeat this argument for all
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Figure 2: The gadget used in the reduction t& ECTED DISJOINT PATHS. Only the pathP; is shown. The
dashed arrows show some of the demands in the gadget, thedsbdgles give a solution for these demands.

and position the vertex; of the path ati(i — 1) and place the vertices &f; at odd positions betweei(i; — 1)
anddi. Of course, all the vertices of the cligdg will come afterv,,,, 1.

Consider the order in which the embedding puts the vertiE&g oWe claim that it must put the vertices of
U, in the same order. Look at the embeddingfgfand U, from left to right and letj be the first index where
ul of Uy is placed betweef andd while u%, of Us is placed betweern and2d anda # (. This implies that
u?, appears further back in the permutationlgfand hence the distance between the positiong,and? in
Uy is more thani while u}, andu? are adjacent to each other in the graph. By repeating thisvegt for all;
and: + 1 we can show that order of dll;'s is the same. Considet. It must be put on some even position, with
some vertices ol/; coming before and aftes;. But then, because we started with pushing embedding we have
thats; is adjacent to both those vertices, and henegej ass; is adjacent to only the vertices 0.

Now we take the permutatiop for [k], imposed by the ordering df;, as a solution to the instandeof
CONSTRAINED PERMUTATION. For every setS; we need to show that there existd a< j < k such that
p(7),p(j +1) € S;. Consider the correspondingin the embedding and look at the vertices that are placed left
and right of it. Let these be!, andug. Then by construction. and are neighbors te; in G and hencex and
[ belong toS;. Now since the ordering df;’s are same we have that they are consecutive in the perowijati
This concludes the proof in the reverse direction.

The claim in the previous paragraph shows that an algorithairfg a distortiond embedding ofG into
line solves the instancé of CONSTRAINED PERMUTATION. Note the number of vertices i@ is bounded
by a polynomial ink andm. Therefore a°@°ed) . |v/(G)|°M) algorithm for DSTORTION would give a
20(klogk) . (km)O() algorithm for CONSTRAINED PERMUTATION, violating ETH by Theorem 4.1. O

6.7 Proof of Claim 5.2

Proof. To prove the first statement, we construct a solution theietig way. Demanda;, c; ;) is satisfied
by the patha;v; )by fi,p(i)Cipli) - - - Ci.ks Where we use a subpath 8f to go frome; ;) to ¢; . For every
1 <i,j <k, if j # p(i), then the demandf};, f7;) is satisfied by the patlfi}, fi ; f7;. If 7 = p(i), then

vertex f; ; is already used by the demand;,c; ;). In this case demandf;j, fj) is satisfied by the path
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flicio. . cij1f?;. Finally, asp hits S, thereis al < i < ksuchtha(i, p(i)) € S and hence the edges; ,;)

andm exist. Therefore, we can satisfy the demdngd) via d; ,;). Note that this vertex is not used by the
other paths: the path satisfying demafag, c; ) usesP; only fromc; ,;) to ¢; x, the path satisfying demand
( fi{p(i), ffp(i)) usesP; from ¢; o t0 ¢; ,(;y—1, and no other path reaché$. This also implies thaibj,p(l.) is used
by none of the paths, as required.

For the second part, consider a solutionthf s representing some mappipg This means that the path of
demand(a;, c; 1) uses vertexw; ,;y and hence; ,.;.;). The only way to reach; ; from b; ,;) without going
through any other terminal vertex is using the path)c; o) - - - ¢i k- This means that demar@gfi{p(i), fl.%p(i))
cannot use vertex; ,;), hence it has to use the pafﬁp(i)ci,o o cl-7p(i),1f§p(i). It follows that for everyl <
i < kandj # p(i), verticesd; ; andv; ; are used by the paths satisfying demadsc; x) and(fi%p(i), ffp(l.)).
This shows that every; ; with j # p(7) is used by the paths in the solution. Moreover, the pathfgatis (s, t)
has to go through vertex; ,;) for somei. By the way the edges incident toandt are defined, this is only
possible ifp(i) € S, thatis,p hits S. O

6.8 Proof of Theorem 5.3

For our proof we will also need the following lemma.

Lemma 6.4 ([8]). Let G be a graph (possibly with parallel edges) having pathwidthmmstw. Let G’ be
obtained fromG by subdividing some of the edges. Then the pathwidélf &f at mostw + 1.

Proof. Let I be a instance of RECTED DISJOINT PATHS on a directed grapl® having pathwidthw. We
transform D into an undirected grapy, where two adjacent verticas,, voyt correspond to each vertexof

D, and ifuv is an edge ofD, then we introduce a new vertey, that is adjacent to bothy, andvin. It is not
difficult to see that the pathwidth @f is at mosw + 1 = O(w): G can be obtained from the underlying graph
of D by duplicating vertices (which at most doubles the size chdzag) and subdividing edges (which does
not increase pathwidth).

Let I be an instance of BJOINT PATHS on G where there is a demandoy, uin) corresponding to every
demand of v, u) of I Itis clear that ifl has a solution, thefihas a solution as well: every directed path fram
towv in D can be turned into a path connecting anduvi, in G. However, the converse is not true: it is possible
that an undirected patR in GG reachesy, from e,,, and instead of continuing ta,, it continues to some,,,.

In this case, there is no directed path corresponding to D. We add further edges and demands to forbid
such paths.

Let By, ..., B, be a path decomposition @ having widthw’ = O(w). For every vertex: of G, let
¢(z) andr(x) be the index of the first and last bags, respectively, weappears. It is well-known that the
decomposition can be chosen such that) # r(y) for any two verticest andy.

We modify G to obtain a grapld:’ the following way. If vertexv hasd inneighborsuy, ..., ug in D, thenvy,
hasd + 1 neighbors inG: vot andd verticese,,, . . ., e,,,. Suppose that the neighborswoére ordered such
thatr(ey,p) < -+ < r(eyu). We introduce2d — 2 new verticess, ..., v5_;, v, ..., v}_; such that? andv!
are both adjacent te,,, ande,, .. For everyl <i < d — 1, we introduce a new demarid;, v}). Repeating
this procedure for every vertexof D creates an instandé of undirected DSJOINT PATHS on a graph’.

We show that these new vertices and edges increase the gtttavimost by a constant factor. Observe that
G’ can be obtained front by adding two parallel edges betwee), ande,, ., and subdividing them. Thus
by Lemma 6.4, all we need to show is that adding these new édgresmses pathwidth only by a constant factor.
If 7(€w;0) > £(eu,.,0), then the parallel edges betweep, ande,, ., can be added without changing the path
decomposition: bads,,,) contains both vertices. Wf(ew,0) < l(ew,,1v), then let us insert vertex,,, into
every bagB; for r(ey,n) < j < l(ey;,,0). Now bang(eumv) contains botte,,, ande,,, ,,, thus we can add
two parallel edges between them. Note that vetigxappears in every bag wheeg,, is inserted: if not, then
eitheruy, does not appear in bags with index at mo@t,,, ), or it does not appear in bags with index at least
(e, ,v), cONtradicting the fact that, is adjacent to both,,, ande,,, ,,. Furthermore, vertices,,, ande,;,
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are not inserted into the same bag for any j: if j > i, thenr(e,;») > 7(eu, 10) > €(eu,,,v)- Therefore, the
number of new vertices in each bag is at most the originalcdfiziee bag, i.e., the size of each bag increases by
at most a factor of 2.

We claim thatl’ has a solution if and only if has. If] has a solution, then the directed path satisfying
demand(u, v) gives in a natural way an undirected pathGhthat satisfies deman@.oyt, vin). Thus we can
obtain a pairwise disjoint collection of paths that satitfg demands of the forrueyt, vin). Note that ifvgys,
eurvs - - -1 Euge are the neighbors afi, in G/, then the paths in this collection use at most one of theoesti
Curvs -+« + 1 Cuguy SAY,Cy 0 - Now we can satisfy the demandﬁ,vf) foreveryl < i <d—1:fori < j, we can
use the path?e,,,v!, fori > j, we can use the patife,,, ,,v!. Thus instancd’ has a solution.

For the other direction, suppose thathas a solution. Let us call a path of this solutiomain pathif it
satisfies a demand of the forfagy, vin). We claim that ifvi, is an internal vertex of a main path, then P
containsveyt as well. OtherwiseP has to contain at least two of the neighbeys,, . .., e, , Of vout. In this
case, less thash— 1 vertices out ok, , . . ., e,,, remain available for thé — 1 demandgv§, v}), ..., (v, v}),

a contradiction.

Consider a main patl® that satisfies a demandou, vin) of I’. Clearly, P cannot go through any terminal
vertex other thani,y: anduin. As u has indegree 0 i, path P has to go to some,,, and then towj, after
starting fromugy:. By our claim in the previous paragraph, the next vertex bdsetuy,;, then again some,,.,
andzj, and so on. Thus there is a directed patlithat corresponds t& in G’. This means that directed paths
corresponding to the main paths of the solutionfoform a solution forl. O
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