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Abstract. We study a family of graph clustering problems where each cluster
has to satisfy a certain local requirement. Formally, letµ be a function on the
subsets of vertices of a graphG. In the(µ, p, q)-PARTITION problem, the task is
to find a partition of the vertices where each clusterC satisfies the requirements
that (1) at mostq edges leaveC and (2)µ(C) ≤ p. Our first result shows that if
µ is anarbitrary polynomial-time computable monotone function, then(µ, p, q)-
PARTITION can be solved in timenO(q), i.e., it is polynomial-time solvablefor
every fixedq. We study in detail three concrete functionsµ (number of nonedges
in the cluster, maximum degree of nonedges in the cluster, number of vertices
in the cluster), which correspond to natural clustering problems. For these func-
tions, we show that(µ, p, q)-PARTITION can be solved in time2O(p)

· nO(1) and
in randomized time2O(q)

· nO(1), i.e., the problem is fixed-parameter tractable
parameterized byp or byq.

1 Introduction

Partitioning objects into clusters or similarity classes is an important task in various ap-
plications such as data mining, facility location, interpreting experimental data, VLSI
design, and many more. The partition has to satisfy certain constraints: typically, we
want to ensure that objects in a cluster are “close” or “similar” to each other and/or ob-
jects in different clusters are “far” or “dissimilar.” Additionally, we may want to parti-
tion the data into a certain prescribed numberk of clusters, or we may have upper/lower
bounds on the size of the clusters. Different objectives anddifferent distance/similarity
measures give rise to specific combinatorial problems.

Correlation clustering [19, 1, 3, 20] deals with a specific form of similarity measure:
for each pair of objects, we know that either they are similaror dissimilar. This means
that the similarity information can be expressed as an undirected graph, where the ver-
tices represent the objects and similar objects are adjacent. In the ideal situation every
connected component of the graph is a clique, in which case the components form a
clustering that completely agrees with the similarity information. However, due to in-
consistencies in the data or experimental errors, such a perfect partitioning might not
always be possible. The goal in correlation clustering is topartition the vertices into
an arbitrary number of clusters in a way that agrees with the similarity information as
much as possible: we want to minimize the number of pairs for which the clustering
disagrees with the input data (i.e., similar pairs that are put into different clusters, or
dissimilar pairs that are clustered together).

In many cases, such as in variants of the correlation clustering problem defined in
the previous paragraph, the objective is to minimize the total error of the solution. Thus
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the goal is to find a solution that is good in a global sense, butthis does not rule out
the possibility that the solution contains clusters that are very bad. In this paper, the
opposite approach is taken: we want to find a partition where each cluster is “good” in a
certain local sense. This means that the partition has to satisfy a set of local constraints
on each cluster, but we do not try to optimize the total fitnessof clusters.

The setting in this paper is the following. We want to partition the graph into an
arbitrary number of clusters such that (1) at mostq edges leave each cluster, and (2) each
cluster induces a graph that is “cluster-like.” Defining what we mean by the abstract
notion of cluster-like gives rise to a family of concrete problems. Formally, letµ be a
function that assigns a nonnegative integer to each subset of vertices in the graph and
let us requireµ(X) ≤ p for every clusterX of the partition. There are many reasonable
choices for the measureµ that correspond to natural problems. In particular, in this
paper we will obtain concrete results for the following three measures:

1. nonedge(X) is the number of nonedges induced byX ,
2. nondeg(X) is the maximum degree of thecomplementof the graph induced byX

(i.e., each vertex ofX is adjacent to all but at mostnondeg(X) other vertices in
X), and

3. size(X) = |X | is the number of vertices ofX .

The first two functions express that each cluster should induce a graph that is close to
being a clique. The third function only requires that each cluster is small. For a given
function µ and integersp and q, we denote by(µ, p, q)-PARTITION the problem of
partitioning the vertices into clusters such that at mostq edges leave each cluster and
µ(X) ≤ p for every cluster.

Our first result is very simple yet powerful. Letµ be a function satisfying the mild
technical conditions that it is polynomial-time computable and monotone (i.e., ifX ⊆
Y , thenµ(X) ≤ µ(Y )). Observe that for example all three functions defined above
satisfy these conditions. Our first result shows that forevery functionµ satisfying these
conditions andevery fixed integerq, the problem(µ, p, q)-PARTITION can be solved
in polynomial time (the valuep is considered to be part of the input). For example, it
can be decided in polynomial time if there is a clustering where at most 13 edges leave
each cluster and each cluster induces at most 27 nonedges (oreven the more general
question, where the maximum numberp of nonedges is given in the input). This might
be surprising: we believe that most people would guess that this problem is NP-hard.
The algorithm is based on a simple application of uncrossingof posimodular functions
and on the fact that for fixedq we can enumerate every (connected) cluster with at most
q outgoing edges. The crucial observation is that if every vertex can becoveredby a
good cluster, then the vertices can bepartitionedinto good clusters. Thus the problem
boils down to checking for each vertexv if it is contained in a suitable cluster.

While the algorithm is simple in hindsight, considerable efforts have been spent on
solving some very particular special cases. For example, Heggernes et al. [13] gave a
polynomial-time algorithm for(nonedge, 1, 3)-PARTITION and Langston and Plaut [15]
argued that the very deep results of Robertson and Seymour ongraph minors and im-
mersions imply that(size, p, q)-PARTITION is polynomial-time solvable for every fixed
p andq. These results follow as straightforward corollaries fromour first result.
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Although this simple algorithm is polynomial for every fixedq, the running time
is aboutnO(q), thus it is not efficient even for small values ofq. To improve the run-
ning time, we look at the problem from the viewpoint of parameterized complexity. We
show that for several natural measuresµ, including the three defined above, the clus-
tering problem can be solved in randomized time2O(q) · nO(1), that is, the problem is
fixed-parameter tractable (FPT) parameterized by the boundq on the number of edges
leaving a cluster. Moreover, the boundp can be assumed to be part of the input. Thus
this algorithm can be efficient for small values ofq (say,O(log n)) even ifp is large.
The algorithm has constant probability of error, but it can be derandomized at the cost
of worse dependence onq in the running time. The problem(size, p, q)-PARTITION

appears in the open problem list of the 1999 monograph of Downey and Fellows [8]
under the name “Minimum Degree Partition,” where it is suggested that the problem is
probably W[1]-hard parameterized byq. Our result answers this question by showing
that the problem is FPT, contrary to the expectation of Downey and Fellows.

A crucial ingredient of our parameterized algorithm is the notion of important sepa-
rators,which has been used (implicitly or explicitly) to obtain fixed-parameter tractabil-
ity results for various cut or separator related problems. In particular, we use the “ran-
domized selection of important sets” argument that was introduced very recently in [17]
to prove the fixed-parameter tractability of (edge and vertex) multicut. With these tools
at hand, we can reduce(µ, p, q)-PARTITION to a special case that we call the “Satellite
Problem.” We show that if the Satellite Problem is fixed-parameter tractable parameter-
ized byq for a particular functionµ, then(µ, p, q)-PARTITION is also fixed-parameter
tractable parameterized byq. It seems that for many reasonable functionsµ, the Satel-
lite Problem can be solved by dynamic programming techniques. In particular, this is
true for the three functions defined above, and this results in randomized algorithms
with running time2O(q) · nO(1). Note that the reduction to the SATELLITE PROBLEM

works for every monotoneµ, and we need arguments specific to a particularµ only in
the algorithms for SATELLITE PROBLEM.

We also investigate(µ, p, q)-PARTITION parameterized byp and show that forµ =
size, nonedge, andnondeg, the problem is FPT parameterized byp: it can be solved in
time2O(p) · nO(1) (this time the valueq is part of the input). For these results, we use a
combination of color coding and dynamic programming.

Previous work on fixed-parameter tractability of clustering problems focused mostly
on parameterization by the total error. In problems such as CLUSTER EDITING, the task
is to modify the graph with at mostk allowed editing operations into disjoint union of
cliques [14, 11, 10]. Generalizations of the problem have been considered in [23, 9, 12],
where the graph has to modified in such a way that every component is “clique-like”
(defined by measures similar to the ones in the current paper). It is not possible to di-
rectly compare these results with our results as we explore adifferent objective: instead
of bounding the total number of operations required to turn the graph into clusters, we
have a bound on the number of operations that can affect each cluster. However, in
general, FPT results are more interesting for parameters that are typically smaller. Intu-
itively, the editing operations affecting a cluster is muchsmaller than the total number
of operations, thus FPT results parameterized by local bounds on the clusters seems to
be more interesting than results parameterized by the totalnumber of operations.
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2 Clustering and uncrossing

Given an undirected graphG, we denote by∆(X) the set of edges betweenX and
V (G) \X , and defined(X) = |∆(X)|. We will use two well-known and easily check-
able properties of the functiond: for X, Y ⊆ V (G), d satisfies thesubmodularand
posimodularinequalities

d(X) + d(Y ) ≥ d(X ∩ Y ) + d(Y ∪ X) andd(X) + d(Y ) ≥ d(X \ Y ) + d(Y \ X).

Let µ : 2V (G) → Z+ be a function assigning nonegative integers to sets of vertices
of G. Let p andq be two integers. We say that a setC ⊆ V (G) is a (µ, p, q)-cluster
if µ(C) ≤ p andd(C) ≤ q. A (µ, p, q)-partition of G is a partition ofV (G) into
(µ, p, q)-clusters. The main problem considered in this paper is finding such a partition.
A necessary condition for the existence of(µ, p, q)-partition is that for every vertex
v ∈ V (G) there is a(µ, p, q)-cluster that containsv. Therefore, we are also interested
in the problem of finding a cluster that contains a particularvertex.

(µ, p, q)-PARTITION

Input: A graphG, integersp, q.
Find: A (µ, p, q)-partition ofG.

(µ, p, q)-CLUSTER

Input: GraphG, integersp, q, vertexv.
Find: A (µ, p, q)-clusterC containingv.

The main observation of this section is that ifµ is monotone(i.e., µ(X) ≤ µ(Y )
for everyX ⊆ Y ), then this is actually a sufficient condition. Therefore, in these cases,
it is sufficient to solve(µ, p, q)-CLUSTER.

Lemma 1. Let G be a graph, letp, q ≥ 0 be two integers, and letµ : 2V (G) → Z+

be a monotone function. If everyv ∈ V (G) is contained in some(µ, p, q)-cluster, then
G has a(µ, p, q)-partition. Furthermore, given a set of(µ, p, q)-clustersC1, . . . , Cn

whose union isV (G), a (µ, p, q)-partition can be found in polynomial time.

Proof. Let us consider a collectionC1, . . . , Cn of (µ, p, q)-clusters whose union is
V (G). If the sets are pairwise disjoint, then they form a partition of V (G) and we are
done. IfCi ⊆ Cj , then the union remainsV (G) even after throwing awayCi. Thus
we can assume that no set is contained in another. Suppose that Ci andCj intersect.
Now eitherd(Ci) ≥ d(Ci \ Cj) or d(Cj) ≥ d(Cj \ Ci) must be true: it is not possible
that bothd(Ci) < d(Ci \ Cj) andd(Cj) < d(Cj \ Ci) hold, as this would violate
the posimodularity ofd. Suppose thatd(Cj) ≥ d(Cj \ Ci). Now the setCj \ Ci is
also a(µ, p, q)-cluster: we haved(Cj \ Ci) ≤ d(Cj) ≤ q by assumption andµ(Cj \
Ci) ≤ µ(Cj) ≤ p from the monotonicity ofµ. Thus we can replaceCi by Ci \ Cj in
the collection: it will remain true that the union of the clusters isV (G). Similarly, if
d(Cj) ≥ d(Cj \ Ci), then we can replaceCj by Cj \ Ci.

Repeating these steps (throwing away subsets and resolvingintersections), we even-
tually arrive to a pairwise disjoint collection of(µ, p, q)-clusters. Each step decreases
the total size of clusters (note that when we replaceCi by Ci \ Cj , thenCi ∩ Cj 6= ∅).
Therefore, this process terminates after a polynomial number of steps. ⊓⊔

In light of Lemma 1, it is sufficient to find a(µ, p, q)-clusterCv for each vertexv ∈
V (G). If there is a vertexv for which there is no such clusterCv, then obviously there
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is no(µ, p, q)-partition; if we have such aCv for every vertexv, then Lemma 1 gives us
a (µ, p, q)-partition in polynomial time. For fixedq, (µ, p, q)-CLUSTER can be solved
by brute force ifµ is polynomial-time computable:enumerate every setF of at mostq
edges and check if the component ofG \F containingv is a(µ, p, q)-cluster. IfCv is a
(µ, p, q)-cluster containingv, then we find it whenF = ∆(Cv) is reached.

Theorem 2. Letµ be a polynomial-time computable monotone function. Then for every
fixedq, there is annO(q) time algorithm for(µ, p, q)-PARTITION.

As we have seen, an algorithm for(µ, p, q)-CLUSTERgives us an algorithm for(µ, p, q)-
PARTITION. In the rest of the paper, we devise more efficient algorithmsfor (µ, p, q)-
CLUSTER than thenO(q) time brute force method described above.

3 Parameterization byq

The main result of this section is that(µ, p, q)-PARTITION is (randomized) fixed-parameter
tractable parameterized byq for the three functionsnonedge, nondeg, andsize.

Theorem 3. There is a randomized algorithm for(size, p, q)-PARTITION, (nonedge, p, q)-
PARTITION and(nondeg, p, q)-PARTITION using2O(q)|V (G)|O(1) time. If the input in-
stance is ayes-instance the algorithm incorrectly returnsno with probability less than
1
2 . Onno-instances the algorithm always correctly answersno.

By Lemma 1, all we need to show is that(µ, p, q)-CLUSTERis fixed-parameter tractable
parameterized byq. We introduce a somewhat technical variant of this question, the
SATELLITE PROBLEM, and show that forevery monotone functionµ, if SATELLITE

PROBLEM is FPT, then(µ, p, q)-CLUSTER is FPT as well. Thus we need arguments
specific to a particularµ only in solving the SATELLITE PROBLEM.

SATELLITE PROBLEM
Input: A graphG, integersp, q, a vertexv ∈ V (G), a par-

tition V0, V1, . . . , Vn of V (G) such thatv ∈ V0 and
there is no edge betweenVi andVj for any1 ≤ i <
j ≤ n.

Find: A (µ, p, q)-clusterC with V0 ⊆ C and for every1 ≤
i ≤ n, eitherC ∩ Vi = ∅ or Vi ⊆ C.

That is, for everyVi, we have to decide whether to include or exclude it from the
solutionC (see Fig. 1). If we excludeVi from C, thend(C) increases by the number
of edges betweenV0 andVi. If we includeVi into C, thenµ(C) increases accordingly.
Thus we need to solve the knapsack-like problem of includingsufficiently manyVi

such thatd(C) ≤ q, but not including too many to ensureµ(C) ≤ p. As we shall see in
Section 3.3, in many cases this problem can be solved by dynamic programming (and
some additional arguments). The important fact that we use is that there are no edges
betweenVi andVj , thus for most reasonable functionsµ, the wayµ(C) increases by
includingVi is fairly independent from whetherVj is included inC or not.

The reduction to SATELLITE PROBLEM uses the concept of important separators
(Section 3.1). The reduction itself is given in Section 3.2.In Section 3.3, we show how
the Satellite Problem can be solved for the three functionsnonedge, nondeg, size.
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3.1 Important separators

The notion ofimportant separatorswas introduced in [16] to prove the fixed-parameter
tractability of multiway cut problems. This notion turned out to be useful in other ap-
plications as well [5, 6, 22]. The basic idea is that in many problems where terminals
need to be separated in some way, it is sufficient to consider separators that are “as far
as possible” from one of the terminals.

Since there are some small differences between edge and vertex separators, and
some of the results appear only implicitly in previous papers, we make the paper self-
contained by restating all the definitions and by reproving all the required results in this
section. Lets, t be two vertices of a graphG. An s − t separatoris a setS ⊆ E(G)
of edges separatings andt, i.e., there is nos − t path inG \ S. An s − t separator is
inclusionwise minimalif there is ans − t path inG \ S′ for everyS′ ⊂ S.

Definition 4. Lets, t ∈ V (G) be vertices,S ⊆ E(G) be ans − t separator, and letK
be the component ofG \S containings. We say thatS is an importants− t separatorif
it is inclusionwise minimal and there is nos − t separatorS′ with |S′| ≤ |S| such that
K ⊂ K ′ for the componentK ′ of G \ S′ containings.

The main observation that we use is the following bound:

Lemma 5. Let s, t ∈ V (G). If S is the set of all importants − t separators, then
∑

S∈S 4−|S| ≤ 1. ThusS contains at most4k separators of size at mostk.

3.2 Reduction to the Satellite Problem

In this section we show how to reduce(µ, p, q)-CLUSTER to the SATELLITE PROBLEM.

Lemma 6. If SATELLITE PROBLEM can be solved in timef(q) ·nO(1) for some mono-
toneµ, then there is a randomized2O(q) · f(q) · nO(1) algorithm with constant error
probability that finds a(µ, p, q)-cluster containingv (if one exists).

The crucial definition of this section is the following:

Definition 7. We say that a setX ⊆ V (G), v 6∈ X is importantif

1. d(X) ≤ q,
2. G[X ] is connected,
3. there is noY ⊃ X , v 6∈ Y such thatd(Y ) ≤ d(X) andG[Y ] is connected.

It is easy to see thatX is an important set if and only if∆(X) is an importantu − v
separator for everyu ∈ X . Thus we can use Lemma 5 to enumerate every important
set. Lemma 8 establishes the connection between important sets and finding(µ, p, q)-
clusters: we can assume that the components ofG \ C for the solutionC are important
sets. In Lemma 9, we show that by randomly choosing importantsets, with some prob-
ability we can obtain an instance of the Satellite Problem whereV1, . . . , Vn contain all
the components ofG \ C. This gives us the reduction stated in Lemma 6 above.

Lemma 8. LetC be a inclusionwise minimal(µ, p, q)-cluster containingv. Then every
component ofG \ C is an important set.
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Proof. LetX be a component ofG\C. It is clear thatX satisfies the first two properties
of Definition 7 (note that∆(X) ⊆ ∆(C)). Thus let us suppose that there is aY ⊃ X ,
v 6∈ Y such thatd(Y ) ≤ d(X) andG[Y ] is connected. LetC′ := C \ Y . Note thatC′

is a proper subset ofC: every neighbor ofX is in C, thus a connected superset ofX
has to contain at least one vertex ofC. It is easy to see thatC′ is a(µ, p, q)-cluster: we
have∆(C′) = (∆(C)\∆(X))∪∆(Y ) and therefored(C′) ≤ d(C)−d(X)+d(Y ) ≤
d(C) ≤ q andµ(C′) ≤ µ(C) ≤ p (by the monotonicity ofµ). This contradicts the
minimality of C. ⊓⊔

Lemma 9. Given a graphG, vertexv ∈ V (G), integersp, q, and a monotone function
µ : 2V (G) → Z+, we can construct in time2O(q) ·nO(1) an instanceI of theSATELLITE

PROBLEM such that

– If some(µ, p, q)-cluster containsv, thenI is a yes-instance with probability2−O(q),
– If there is no(µ, p, q)-cluster containingv, thenI is a no-instance.

Proof. For everyu ∈ V (G), u 6= v, let us use the algorithm of Lemma 5 to enumerate
every importantu− v separator of size at mostq. For every such separatorS, let us put
the componentK of G \ S containingu into the collectionS. Note that a component
K can be obtained for more than one vertexu, but we put only one copy intoS.

Let S′ be a subset ofS, where each memberK of S is chosen with probability
2−d(K) independently at random. LetZ be the union of the sets inS′, letV1, . . . , Vn be
the connected components ofG[Z], and letV0 = V (G) \ Z. It is clear thatV0, V1, . . . ,
Vn give an instanceI of SATELLITE PROBLEM, and a solution forI gives a(µ, p, q)-
cluster containingv. Thus we only need to show that if there is a(µ, p, q)-clusterC
containingv, thenI is a yes-instance with probability2−O(q).

Let C be an inclusionwise minimal(µ, p, q)-cluster containingv. Let B be the ver-
tices on the boundary ofC, i.e., the vertices ofC incident to∆(C). Let K1, . . . , Kt

be the components ofG \ C. Note that every edge of∆(C) enters someKi, thus
∑t

i=1 d(Ki) = d(C) ≤ q. By Lemma 8, everyKi is an important set, and hence it is
in S. Consider the following two events:

(1) Every componentKi of G \ C is in S′ (and henceKi ⊆ Z).
(2) Z ∩ B = ∅.

The probability that (1) holds is
∏t

i=1 4−d(Ki) = 4−
∑

t
i=1

d(Ki) ≥ 4−q. Event (2) holds
if for every b ∈ B, no setK ∈ S with b ∈ K is selected intoS′. Recall that for
everyK ∈ S with b ∈ K, ∆(K) is an importantb − v separator. Thus by Lemma 5,
∑

K∈S,b∈K 4−|d(K)| ≤ 1. The probability thatZ ∩ B = ∅ can be bounded by

∏

K∈S,K∩B 6=∅

(1−4−d(K)) ≥
∏

b∈B

∏

K∈S,b∈K

(1−4−d(K)) ≥
∏

b∈B

∏

K∈S,b∈K

exp(
−4−d(K)

(1 − 4−d(K))
)

≥
∏

b∈B

∏

K∈S,b∈K

exp(−
4

3
·4−d(K)) =

∏

b∈B

exp



−
4

3
·

∑

K∈S,b∈K

4−d(K)



 ≥ (e−
4

3 )|B|
≥ e

−4q/3
.

In the first inequality, we use that every term is less than 1 and every term on the right
hand side appears at least once on the left hand side; in the second inequality, we use
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that1 + x ≥ exp(x/(1 + x)) for everyx > −1. Events (1) and (2) are independent:
(1) is a statement about the selection of subsets ofS that are disjoint fromB, while (2)
involves only sets intersectingB. Thus by probability2−O(q), both (1) and (2) hold.

Suppose that both (1) and (2) hold, we show that instanceI of the SATELLITE

PROBLEM is a yes-instance. In this case, every componentKi of G \C is a component
Vj of G[Z]: Ki ⊆ Z by (1) and every neighbor ofKi is outsideZ. ThusC is a solution
of I, as it can be obtained as the union ofV0 and some components ofG[Z]. ⊓⊔

To derandomize the proof of Lemma 9 and obtain a deterministic version of Lemma 6,
we use the standard technique of splitters (see details in the appendix). Note that the de-
pendence onq becomes worse in the deterministic version (2O(q2) instead of2O(q)).
We leave it as a question for future work to improve the derandomization to match the
bound of the randomized algorithm.

Lemma 10. If SATELLITE PROBLEM can be solved in timef(q)·nO(1) for some mono-
toneµ, then there is a2O(q2) · f(q) · nO(1) algorithm for(µ, p, q)-CLUSTER.

3.3 Solving the Satellite Problem

In this section, we give efficient algorithms for solving theSATELLITE PROBLEM when
the functionµ is size, nonedge andnondeg. We describe the three algorithms by in-
creasing difficulty. In the case whenµ is size, solving the SATELLITE PROBLEM turns
out to be equivalent to the classical KNAPSACK problem with polynomial bounds on
the values and weights of the items.

Recall that the input to the SATELLITE PROBLEM is a graphG, integersp, q, a
vertexv ∈ V (G), a partitionV0, V1, . . . , Vn of V (G) such thatv ∈ V0 and there is
no edge betweenVi andVj for any1 ≤ i < j ≤ n. The task is to find a vertex setC,
such thatC = V0 ∪

⋃

i∈S Vi for a subsetS of {1, . . . , n} andC satisfiesd(C) ≤ q and
µ(C) ≤ p. For a subsetS of {1, . . . , n} we defineC(S) = V0 ∪

⋃

i∈S Vi.

Lemma 11. TheSATELLITE PROBLEM for size can be solved inO(q|V (G)| log |V (G)|)
time.

Proof. Notice thatd(C) = d(V0)−
∑

i∈S d(Vi). Hence, we can reformulate the SATEL-
LITE PROBLEM with µ = size as finding a subsetS of {1, . . . , n} such that

∑

i∈S d(Vi) ≥
d(V0) − q and

∑

i∈S |Vi| ≤ p − |V0|. Thus, we can associate with everyi an item with
valued(Vi) and weight|Vi|. The objective is to find a set of items with total value at
leastd(V0)− q and total weight at mostp−|V0|. This problem is known as KNAPSACK

and can be solved inO(nv log w) time by a classical dynamic programming [4, 7] al-
gorithm, wheren is the number of items,v is the value we seek to attain andw is the
weight limit. Since the value is bounded from above byq and the weight by|V (G)|, the
statement of the lemma follows. ⊓⊔

The case thatµ = nonedge is slightly more complicated, however we can still solve
it using a dynamic programming algorithm (see the appendix).

Lemma 12. TheSATELLITE PROBLEM for nonedge can be solved inO(pn|E(G)||V (G)|)
time.
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For the version of SATELLITE PROBLEM whenµ = nondeg we do not have a poly-
nomial time algorithm. Instead, we give a2q|V (G)|O(1) time randomized algorithm.

Lemma 13. There is a randomized algorithm which given an instance of the nondeg-
SATELLITE PROBLEM runs in 2q|V (G)|O(1) time, correctly answersno on all no-
instances and answersyes onyes-instances with probability at leaste−2q.

Repeating the algorithmO(e2q) times will decrease the probability of false nega-
tives from1 − e−2q to 1

2 . Lemmata 9, 11, 12 and 13 give Theorem 3.

4 Parameterization byp

4.1 Algorithms

In this section, we give algorithms with running time2O(p)|V (G)|O(1):

Theorem 14. There is a8ep+o(p)|V (G)|O(1) time algorithm for(size, p, q)-PARTITION

and a8e3p+o(p)|V (G)|O(1) time algorithm for(nonedge, p, q)-PARTITION and(nondeg, p, q)-
PARTITION.

Because of Lemma 1, it is sufficient to solve the corresponding (µ, p, q)-CLUSTER

problem within the same time bound. The setting is as follows. We are given a graph
G, integersp andq and a vertexv in G. The objective is to find a setC not containing
v such thatd(C ∪ {v}) ≤ q and, depending on which problem we are solving, either
|C ∪ {v}| = size(C ∪ {v}) ≤ p, nonedge(C ∪ {v}) ≤ p or nondeg(C ∪ {v}) ≤ p.

For a setS and vertexv, define∆(S, v) to be the set of edges with one endpoint in
S and one in{v}. Define∆(S, v) to be∆(S)\∆(S, v), and letd(S, v) = |∆(S, v)| and
d(S, v) = |∆(S, v)|. We will say that a setC is v-minimalif v /∈ C andd(C′ ∪ {v}) >
d(C ∪ {v}) for everyC′ ⊂ C. As size, nonedge andnondeg are monotone we can
focus onv-minimal setsC. The following fact uses that there are no parallel edges:

Observation 15. Let C be av-minimal set. Thend(C, v) < d(C, v) ≤ |C|

In particular, ifv /∈ C andd(C, v) ≥ d(C, v), thend(v) ≤ d(C ∪ {v}), contradicting
thatC is minimal. Sinced(C, v) < |C|, it follows thatC must contain a vertexu such
thatN [u] ⊆ C ∪ {v}. Now we show that there are not too manyv-minimal setsC of
size at mostp such thatG[C] is connected.

Lemma 16. For any graphG, vertexv and integerp, there are at most4p|V (G)| v-
minimal setsC such that|C| ≤ p andG[C] is connected. Furthermore, all such sets
can be listed inO(4p|V (G)|) time.

Proof. By Observation 15, anyv-minimal setC of size at mostp satisfiesd(C, v) < p.
Let S be a set such that|S| ≤ p andG[S] is connected. LetF be a subset ofN(S)\{v}
of size at mostp − 1. We prove by downward induction on|S| and|F | that there are at
most22p−|S|−|F |−1 v-minimal sets such that|C| ≤ p , G[C] is connected,S ⊆ C, and
F ∩ C = ∅. If |S| = p then the only possibility forC is S, while 22p−|S|−|F |−1 ≥ 1.
Similarly, consider the case that|F | = p − 1. Now, every vertex ofF has at least one
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edge intoC and henced(C, v) = p−1. HenceN(C) = F∪{v} and the only possibility
for C is the connected component ofG \ (F ∪ {v}) that containsS. Hence there is one
possibility forC and22p−|S|−|F |−1 ≥ 1.

For the inductive step, consider a setS such that|S| ≤ p andG[S] is connected
and a subsetF of N(S) \ {v} of size at mostp − 1. We want to bound the number
of v-minimal sets such that|C| ≤ p andG[C] is connected,S ⊆ C andF ∩ C = ∅.
If N(S) \ (F ∪ {v}) is empty, then there is only one choice forC, namelyS, and
22p−|S|−|F |−1 ≥ 1. Otherwise, consider a vertexu ∈ N(S) \ (F ∪ {v}). By the
induction hypothesis, the number ofv-minimal sets such that|C| ≤ p andG[C] is
connected,S ∪ {u} ⊆ C andF ∩ C = ∅ is at most22p−|S|−|F |−2. Similarly, the
number ofv-minimal sets such that|C| ≤ p and G[C] is connected,S ⊆ C and
(F ∪ {u}) ∩ C = ∅ is at most22p−|S|−|F |−2. Since eitheru ∈ C or u /∈ C, the
two cases cover all possibilities forC and hence there are at most2 · 22p−|S|−|F |−2 =
22p−|S|−|F |−1 possibilities forC.

For a fixedS andF , the above proof can be translated into a procedure which lists
all v-minimal sets such that|C| ≤ p andG[C] is connected,S ⊆ C andF ∩ C = ∅.
We run the procedure forS = {u} andF = ∅ for every possible choice ofu. Hence,
there are at most4p|V (G)| v-minimal setsC such that|C| ≤ p andG[C] is connected,
and the sets can be efficiently listed. This concludes the proof. ⊓⊔

The following observation is handy for using Lemma 16.

Observation 17. Let C be av-minimal set ofG andG[S] be a connected component
of G[C]. ThenS is av-minimal set.

In particular, ifS is not av-minimal set, then it contains av-minimal setS′ ⊂ S and
it is easy to see thatd({v}∪(C\S)∪S′) ≤ d({v}∪C), contradicting the minimality of
C. Observation 17 tells us that anyv-minimal set is the union of connectedv-minimal
sets. This makes it possible to use Lemma 16. We are now ready to give an algorithm
for (size, p, q)-CLUSTER, the easiest of the three clustering problems. Our algorithm
is based on a combination ofcolor coding[2] with a dynamic programming algorithm
which uses the observations made in this section.

Proposition 18 ([21]).For everyn, k there is a family of functionsF of sizeO(ek ·
kO(log k) · log n) such that every functionf ∈ F is a function from{1, . . . , n} to
{1, . . . , k} and for every subsetS of {1, . . . , n} there is a functionf ∈ F that is
bijective when restricted toS. Furthermore, givenn andk, F can be computed in time
O(ek · kO(log k) · log n).

Lemma 19. (size, p, q)-CLUSTER can be solved in time2O(p)|V (G)|O(1).

Proof. We are given as input a graphG together with a vertexv and integersp andq.
The task is to find a vertex setC of size at mostp − 1 such thatd({v} ∪ C) ≤ q. It is
sufficient to search for av-minimal setC satisfying these properties. By Observation 17,
C can be decomposed intoC = S1 ∪S2 . . .∪St such thatSi is a connectedv-minimal
set for everyi, Si ∩ Sj = ∅ for everyi 6= j and no edge ofG has one endpoint in
Si and the other inSj for every i 6= j. The algorithm of Lemma 16 can be used to
list all connectedv-minimal setsS1 . . . Sn; we haven ≤ 4p|V (G)|. For a subsetZ of
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{1, . . . , n}, defineC(Z) = {v} ∪
⋃

i∈Z Si. Let Z ⊆ {1, . . . , n} be such that for every
i, j ∈ Z with i 6= j, we haveSi ∩ Sj = ∅. We have that|C(Z)| = 1 +

∑

i∈Z |Si| and

d
(
C(Z)

)
≤ d(v) +

∑

i∈Z

(d(Si, v) − d(Si, v)).

If there is no edge with one endpoint inSi and the other inSj for somei 6= j,
i, j ∈ Z, then the inequality above holds with equality. Our algorithm will select aZ
such thatC =

⋃

i∈Z Si. To ensure that the algorithm picksZ such that the setsSi and
Sj will be disjoint for every pair of distinct integersi, j ∈ Z we will use color coding.
In particular, we construct a familyF of functions fromV (G) \ {v} to {1, . . . , p − 1}
as described in Proposition 18. The familyF has sizeO(ep · pO(log p) · log |V (G)|).

For each functionf ∈ F we will think of the function as a coloring ofV (G) \ {v}
with colors from{1, . . . , p−1}. We will only look for av-minimal setC whose vertices
have different colors. This will not only ensure that any twosetsSi andSj that we pick
will be disjoint, it also automatically ensures that the size of the setC we return is at
mostp− 1. If the input instance was ayes-instance then a solution setC exists, and the
construction ofF ensures that there will be a functionf ∈ F which colors all vertices
in C with different colors.

When considering a particular coloringf , we discard all sets fromS1, . . . Sn which
have two vertices of the same color, so from this point, without loss of generality, all sets
in S1, . . . Sn have at most one vertex of each color. For a vertex setS, definecolors(S)
to be the set of colors occuring on vertices onG. For every0 ≤ i ≤ n, 0 ≤ j ≤ |E(G)|
andR ⊆ {1, . . . , p − 1}, we defineT [i, j, S] to betrue if there is a setZ ⊆ {1, . . . , i}
such that all vertices ofC(Z) have distinct colors,d(v)+

∑

i∈Z(d(Si, v)−d(Si, v)) = j
andcolors(C(Z)) ⊆ R. Clearly, there is av-minimal setC such thatd({v} ∪ C) ≤ q
and all vertices ofC have different color if and only ifT [n, j, {1, . . . , p−1}] is true for
somej ≤ q. We can fill the tableT using the following recurrence.

T [i, j, R] =







T [i − 1, j, R] if colors(Si) \ R 6= ∅

T [i − 1, j, R] ∨ T [i − 1,

j + d(Si, v) − d(Si, v), R \ colors(Si)] otherwise

(1)

Here we initializeT [0, d(v), ∅] to true. The table has size4p|V (G)|O(1)·2p|V (G)|O(1) =
8p|V (G)|O(1) and can be filled in time proportional to its size. Hence the total running
time for the algorithm is(8e)p+o(p)|V (G)|O(1). ⊓⊔

For (size, p, q)-CLUSTER the size of the setC we look for is already bounded by
p. For (nonedge, p, q)-CLUSTER and (nondeg, p, q)-CLUSTER, we cannot make this
assumption, thus further arguments and a more complicated dynamic programming are
needed to obtain Theorem 14 (see details in the appendix).

4.2 Hardness results

The algorithmic results in Section 3 still hold when parallel edges are allowed. Inter-
estingly, the results in Section 4.1 do not: in particular, Observation 15 breaks done
if there are parallel edges. The following hardness result shows that allowing parallel
edges indeed make the problems more difficult:
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Theorem 20. (nonedge, p, q)-PARTITION and(nondeg, p, q)-PARTITION are NP-complete
for p = 0 on graphs with parallel edges. The problem(size, p, q)-PARTITION is W[1]-
hard parameterized byp on graphs with parallel edges (but inP for every fixedp).
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Fig. 1. Instance of SATELLITE PROBLEM with a solutionC.

A Omitted proofs

A.1 Proof of Lemma 5

Proof (Proof (of Lemma 5)).Let λ be the size of the smallests− t separator. We prove
by induction on the number of edges ofG that

∑

S∈S 4−|S| ≤ 2−λ. If λ = 0, then
there is a unique importants− t separator of size at mostk: the empty set. Thus we can
assume thatλ > 0.

For ans − t separatorS, let KS be the component ofG \ S containings (i.e., if
S is inclusionwise minimal, thenS = ∆(K)). First we show the well-known fact that
there is a uniques − t separatorS∗ of sizeλ such thatKS∗ is inclusionwise maximal,
i.e., there is no others − t separatorS of sizeλ with KS∗ ⊂ KS. Suppose that there
are two separatorsS′ andS′′ with |S′| = |S′′| = λ that are inclusionwise maximal in
this sense. By the submodularity ofd, we have

d(KS′)
︸ ︷︷ ︸

=λ

+ d(KS′′)
︸ ︷︷ ︸

=λ

≥ d(KS′ ∪ KS′′) + d(KS′ ∩ KS′′)
︸ ︷︷ ︸

≥λ

.

The left hand side is exactly2λ, while the second term of the right hand side is at least
λ (as∆(KS′ ∩ KS′′) is an (X, Y )-separator). Therefore,d(KS′ ∪ KS′′) ≤ λ. This
means thatd(KS′ ∪KS′′) is also a minimums− t cut, contradicting the maximality of
S′ andS′′.

Next we show that for every importants − t separatorS, we haveKS∗ ⊆ KS.
Suppose this is not true for someS. We use submodularity again:

d(KS∗)
︸ ︷︷ ︸

=λ

+d(KS) ≥ d(KS∗ ∪ KS) + d(KS∗ ∩ KS)
︸ ︷︷ ︸

≥λ

.

By definition,d(KS∗) = λ, and∆(KS∗ ∩ KS) is ans − t separator, henced(KS∗ ∩
KS) ≥ λ. This means thatd(KS∗ ∪ KS) ≤ d(KS). However this contradicts the
assumption thatS is an importants − t separator:∆(KS∗ ∪ KS) is ans − t separator
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not larger thanS, butKS∗ ∪ KS is a proper superset ofKS (asKS∗ is not a subset of
KS by assumption).

We have shown that for every important separatorS, the setKS containsKS∗ . Let
e ∈ S∗ be an arbitrary edge ofS∗ (note thatλ > 0, henceS∗ is not empty) and letv be
the endpoint ofe not in KS∗ . An importants − t separatorS either containse or not.
We will bound the contributions of these two types of separators to the sum.

Let S be an importants− t separator containinge. ThenS \ e is ans− t separator
in G \ e; in fact, it is an importants − t separator ofG \ e. Therefore, ifS′ is the
set of all importants − t separators inG \ e, then the setS1 = {S′ ∪ e | S′ ∈ S′}
contains every importants− t separator ofG containinge. Obviously, the sizeλ′ of the
minimums − t separator inG \ e is at leastλ − 1. The induction statement shows that
∑

S′∈S′ 4−|S′| ≤ 2−λ′

≤ 2−(λ−1) and therefore
∑

S∈S1
4−|S′| =

∑

S′∈S′ 4−|S′|−1 ≤

2−(λ−1)/4 = 2−λ/2.
Let us consider now the importants − t separators not containinge. We have seen

thatKS∗ ⊆ KS for every suchs − t separatorS. As e 6∈ S, evenKS∗ ∪ {v} ⊆ KS is
true. Let us obtain the graphG′ from G by removing(KS∗ ∪ {v}) \ {s} and makings
adjacent to the neighborhoodKS∗ ∪{v} in G. There is nos− t separatorS of sizeλ in
G′: such a setS would be ans−t separator of sizeλ in G as well, withKS∗∪{v} ⊆ KS,
contradicting the maximality ofS∗. Thus the minimum sizeλ′ of ans − t separator in
G′ is greater thanλ. LetS2 contain all the importants−t separators ofG not containing
e. We have seen thatKS∗ ∪ {v} ⊆ KS for every separatorS ∈ S2, thus such anS is
ans − t separator ofG′ and in fact every suchS is an importants − t separator inG′

as well. Therefore, by the induction hypothesis,
∑

S∈S2
4−|S| ≤ 2−λ′

≤ 2−λ/2.
Adding the bounds in the two cases, we get the required bound2−λ. ⊓⊔

A.2 Proof of Lemma 10

Recall that an(n, k, k2)-splitter is a family of functions from[n] to [k2] such that for
any subsetX ⊆ [n] with |X | = k, one of the functions in the family is injective on
X . Naor, Schulman, and Srinivasan [21] gave an explicit construction of an(n, k, k2)-
splitter of sizeO(k6 log k log n).

Proof (Proof of (Lemma 10)).In the algorithm of Lemma 9, a random subset of a
universeS of sizes = |S| ≤ 4q · |V (G)| is selected. If the(µ, p, q)-CLUSTER problem
has a solutionC, then is a collectionA ⊆ S of a ≤ q sets and a collectionB ⊆ C
of b ≤ q · 4q sets such that if every set inA is selected and no set inB is selected,
then (1) and (2) hold. Instead of the selecting a random subset, we try every function
f in an (s, a + b, (a + b)2)-splitter family and every subsetF ⊆ [(a + b)2] of size

a (there are
(
(a+b)2

a+b

)
= 2O(q2)) such setsF ). For a particular choice off and F ,

we select those setsS ∈ S into S′ for which f(S) ∈ F . The size of the splitter
family is 2O(q) log |V (G)| and the number of possibilities forF is 2O(q2). Therefore,
we construct2O(q2) · log |V (G)| instances of the SATELLITE PROBLEM.

By the definition of the splitter, there will be a functionf that is injective onA∪B,
and there is a subsetF such thatf(S) ∈ F for every setS in A andf(S) 6∈ F for every
setS in B. For such anf andF , the selection will ensure that (1) and (2) hold. This
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means that the constructed instance of the SATELLITE PROBLEM corresponding tof
andF has a solution as well. Thus solving every constructed instance of the SATELLITE

PROBLEM with the assumedf(q) · nO(1) time algorithm gives a2O(q2) · f(q) · nO(1)

algorithm for(µ, p, q)-CLUSTER. ⊓⊔

A.3 Proof of Lemma 12

Proof (Proof (of Lemma 12)).Consider the set C(S) for a subsetS of {1, . . . , i − 1}.
We investigate what happens tononedge(C(S)) andd(C(S)) wheni is inserted into
S. Fornonedge we have the following equation.

nonedge(C(S ∪ {i})) = nonedge(C(S)) + nonedge(Vi) + |C(S)| · |Vi| − d(Vi) (2)

Furthermore,d(C(S ∪ {i}) = d(C(S)) − d(Vi). DefineT [i, j, k, l] to be true if there
is a subsetS of {1, . . . i} such that|C| = j, d(C(S)) = k andnonedge(C(S)) = ℓ. If
such a setS exits then eitheri ∈ S or i /∈ S. Together with Equation 2 this yields the
following recurrence forT [i, j, k, ℓ].

T [i, j, k, ℓ] = T [i−1, j, k, ℓ]∨T [i−1, j−|Vi|, k+d(Vi), ℓ−nonedge(Vi)−(j−|Vi|)·|Vi|+d(Vi)]
(3)

The size of the tableT is O(pn|E(G)||V (G)|) sincei ranges from1 to n, j from 0
to |V (G)|, k from 0 to |E(G)| andℓ from 0 to p as it makes no sense to add more sets
to C after the thresholdp of non-edges inC has been exceeded. We initialize the table
to true in T [0, |V0|, d(V0), nonedge(V0)] andfalse everywhere else. Then we compute
the values of the table using Equation 3, treating every timewe go out of bounds as a
false entry. The algorithm returnstrue if there is an entry ofT which is true for i = n,
k ≤ q andℓ ≤ p. The running time bound is immediate, while correctness follows from
Equations 2 and 3. ⊓⊔

A.4 Proof of Lemma 13

Proof. In Lemma 11, the setS described which setsVi went intoC. For this lemma,
it is more convenient to letS describe the setsVi which arenot in C. DefineU =
{1, . . . , n}, the task is to find a subsetS of U such thatd(C(U\S)) ≤ q andnondeg(C(U\
S)) ≤ p. We iterate over all possible valuesc ≥ |V0| of |C(S)|, and for each value of
c we will only look for setsS such that|C(U \ S)| = c. This gives us the following
advantage: for every vertexv ∈ Vi for i ≥ 1 if we choose to putVi into C thenv will
have exactlyc − d(v) − 1 non-neighbors inC. Hence for anyi such thatVi contains
a vertexv with degree less thanc − p − 1 we know thati ∈ S. In other words, such a
componentVi should not be in the solutionC, hence we can removeVi from the graph
and decreaseq by d(Vi) (as the edges∆(Vi) ⊆ ∆(V0) will leave C in any solution).
Therefore, we can assume that every vertexv 6∈ V0 has degree at leastc − p − 1.

From now on we only need to worry aboutd(C(U \ S)) ≤ q and about the non-
degrees of vertices inV0. A vertexv ∈ V0 will have exactlyc − 1 − d(v) + |∆(v) ∩
∆(C(U \S))| non-neighbors. In particular, we need to make sure that no vertexv ∈ V0

will have more thanp + d(v)− c + 1 neighbors outside ofC(U \ S). For everyv ∈ V0
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we define the capacity ofv to be cap(v) = p + d(v) − c + 1. If any vertex has negative
capacity, we discard the choice ofc, as it is infeasible.

Every vertexv ∈ V0 gets cap(v) bins, and it distributes all the edges of∆(V0) ∩
∆(v) into the bins uniformly at random. Then every bin receives a color from{1, . . . , q}
uniformly at random, and all edges in the bin receive the color of the bin. Since every
edge of∆(V0) is in exactly one bin, every edge of∆(V0) gets one color.

We will look for a special kind a solution: a subsetS ⊆ U such that|C(U \S)| = c
and every edge of∆(C(U \S)) has a different color. In particular, this impliesd(C(U \
S)) ≤ q. Since every vertexv ∈ V0 is incident to vertices of at most cap(v) different
colors, this also ensures that for everyv ∈ V0, at most cap(v) edges incident tov leave
C(S) and hencenondeg(C(S)) ≤ p. Therefore, any setS satisfying these requirements
indeed give a solution for the SATELLITE PROBLEM. On the other hand, ifS is a subset
of U such that|C(U \ S)| = c, d(C(U \ S)) ≤ q andnondeg(C(U \ S)) ≤ p, then
the probability that the edges of∆(C(U \ S)) were colored with different colors can
be bounded from below as follows.

For every vertexv ∈ V0, defined(S, v) = |∆(C(U \ S)) ∩ ∆(v)|. The probability
that the edges of∆(C(U \ S)) ∩ ∆(v) were distributed in different bins ofv is

d(S,v)−1
∏

i=0

(cap(v) − i)
/

cap(v)d(S,v) ≥ e−d(S,v).

Thus the probability that all the edges of∆(C(U \S)) were distributed in different bins
is at least

exp(
∑

v∈V0

−d(S, v)) ≥ e−q.

The probability that theseq bins were colored with different colors isq!
qq ≥ e−q. Thus,

the probability that the edges of∆(C(U \ S)) receive different colors is at leaste−2q.
To complete the proof we need an algorithm that decides whether there is a set

S ⊆ U such that|C(U \S)| = c, and every edge of∆(C(U \S)) has a different color.
For everyi such that∆(Vi) contains more than one edge of the same color, we know
thatVi ⊆ C and hencei /∈ S. LetFc be the set offorcedindices, that is,Fc contains all
i ∈ U such that∆(Vi) contains more than one edge of the same color.

For a vertex setX , definecolors(X) to be the set of colors on the edges of∆(X).
For every0 ≤ i ≤ n, 0 ≤ j ≤ |V (G)| andR ⊆ {1, . . . , q}, we defineT [i, j, R]
to be true if there is a subsetS of {1, . . . , i} such that|C(U \ S)| = j, all edges of
∆(C(U \ S)) have different colors andcolors(C(U \ S)) ⊆ R.

Suppose such a setS exists, we have that eitheri ∈ S or i /∈ S. If i /∈ S, thenS
is a subset of{1, . . . , i − 1} and henceT [i − 1, j, R] is true. Observe that ifi ∈ Fc

theni must be inS. If on the other handi ∈ S, then letS′ = S \ {i}. In this case, we
have that|C(U \ S′)| = j + |Vi|, all edges of∆(C(U \ S′)) have different colors and
colors(C(U \S′)) ⊆ R \ colors(Vi). This yields the following recurrence forT [i, j, R].

T [i, j, R] =

{

T [i − 1, j, R] if i ∈ Fc or colors(Vi) * R,

T [i − 1, j, R] ∨ T [i − 1, j + |Vi|, R \ colors(Vi)] if i /∈ Fc.

(4)
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Using Equation 4 we can findC in 2q|V (G)|O(1) time. We initialize the table totrue
in T [0, |C(U)|, R] for all R ⊆ {1, . . . , q}. Then we use Recurrence 4 to fill the table.
The algorithm returnstrue if T [n′, c, R] is true for any subsetR of {1, . . . , q}. The
running time of the algorithm is dominated by the size of the table, which is2q|V (G)|n.
Correctness of the algorithm follows from the probability computations and Equation 4.
This completes the proof of the lemma. ⊓⊔

A.5 Proofs omitted from Section 4.1

The next lemma gives us a way to handle all largev-minimal setsC for (nonedge, p, q)-
CLUSTER and(nondeg, p, q)-CLUSTER.

Lemma 21. For any graphG, vertexv and integerp, there are at mostO(2p|V (G)|)
v-minimal setsC such thatnondeg(C ∪ {v}) ≤ p and |C| ≥ 3p. These sets can be
listed in2p|V (G)|O(1) time.

Proof. By Observation 15, anyv-minimal setC contains a vertexu such thatN [u] \
{v} ⊆ C. Thus, we go over every possibility foru, and we will enumerate allv-minimal
setsC of size at least3p such that thatnondeg(C ∪ {v}) ≤ p andN [u] \ {v} ⊆ C.
Notice that|C \ N [u]| ≤ p since every vertexw ∈ C \ N [u] is a non-neighbour
of u. Thus, if |C| ≥ 3p then |N [u] \ {v}| ≥ 2p. Hence, every vertex inC \ N [u]
has at least|N [u] \ {v}| − p ≥ p edges toN [u] \ {v}. Let S be the set of vertices in
V (G)\(N [u]∪{v}) which have at mostp non-neighbours inN [u]\{v}. If |S| ≥ p+3,
then no minimal setC satisfying the constraints and the requirementN [u] \ {v} ⊆ C
can exist. To see this, suppose for contradiction that such asetC exists, thenS \C ≥ 3.
Since each vertex inS \ C has at mostp non-neighbours inN [u] \ {v} it follows that

d(C, v) ≥ 3(|N [u] \ {v}| − p) ≥ 3(|C| − 2p) ≥ |C|

contradicting Observation 15. The second inequality holdssince|N [u]\{v}| ≥ |C|−p
and the third since|C| ≥ 3p. Finally, since|S| ≤ p + 3 andC \ (N [u] \ {v}) ⊆ S
there are at most2p+3 possibilities setsC for every choice ofu. Thus there are at most
O(2p|V (G)|) such sets, and they can be enumerated in2p|V (G)|O(1) time. ⊓⊔

Since every setC such thatnonedge(C) ≤ p satisfiesnondeg(C) ≤ p, we can
use Lemma 21 to find out whether there is a setC such thatv /∈ C, d(C ∪ {v}) ≤ q,
nonedge(C ∪ {v}) ≤ p and |C| ≥ 3p in time 2p|V (G)|O(1). Thus we can concen-
trate on setsC of size at most3p for (nonedge, p, q)-CLUSTER and for(nondeg, p, q)-
CLUSTER. For finding appropriate setsC of size at most3p for the two problems, we
can give algorithms that are almost identical to the algorithm described in Lemma 19.
Since the two algorithms are so similar, we describe both in one go.

Lemma 22. There is a2O(p)|V (G)|O(1) time algorithm for the(nonedge, p, q)-CLUSTER

and the(nondeg, p, q)-CLUSTER problem.

Proof. We are given as input a graphG together with a vertexv and integersp andq.
The task is to find a vertex setC such thatd({v}∪C) ≤ q andnonedge({v}∪C) ≤ p,

17



or nondeg({v}∪C) ≤ p. It is sufficient to search for av-minimal setC satisfying these
properties. Using Lemma 21 we can check whether such a set of size at least3p exists
in time2p|V (G)|O(1). From now on we only need to consider setsC of size at most3p.

By Observation 17,C can be decomposed intoC = S1 ∪ S2 . . . ∪ St such thatSi

is a connectedv-minimal set for everyi, Si ∩ Sj = ∅ for everyi 6= j, and no edge
of G has one endpoint inSi and the other inSj for every i 6= j. Using Lemma 16
we list all connectedv-minimal setsS1 . . . Sn of size at most3p, and by Lemma 16
n ≤ 43p|V (G)|. For a setS and vertexv, definenondegv(S) to be the maximum
number of non-edges to vertices inS over all vertices inS \ v. For a subsetZ of
{1, . . . , n} defineC(Z) = {v}∪

⋃

i∈Z Si. Now, letZ ⊆ {1, . . . , n} such that for every
i, j ∈ Z, such thati 6= j, Si ∩ Sj = ∅. We have that|C(Z)| = 1 +

∑

i∈Z |Si| and that

d(C(Z)) ≤ d(v) +
∑

i∈Z

(d(Si, v) − d(Si, v))

(5)

nonedge
(
C(Z)

)
≤ |C(Z)| +

∑

i∈Z

nonedge(Si, v) − d(Si, v) +
∑

i∈Z

∑

i<j∈Z

|Si||Sj |

(6)

nondeg
(
C(Z)

)
≤ max

{∑

i∈Z

(

|Si| − d(Si, v)
)

, max
i∈Z

(

nondegv(Si ∪ {v}) +
∑

j∈Z\{i}

|Sj |
)}

If there is no edge with one endpoint inSi and the other inSj for anyi 6= j, i ∈ Z,
j ∈ Z then the inequalities hold with equality. Our algorithm will select aZ such that
C =

⋃

i∈Z Si. To ensure that the algorithm picksZ such that the setsSi andSj will
be disjoint for every pair of distinct integersi, j ∈ Z we will use color coding. In
particular, we construct a familyF of functions fromV (G) \ {v} to {1, . . . , 3p} as
described in Proposition 18. The familyF has sizeO(e3p · pO(log p) · log |V (G)|).

For each functionf ∈ F we will think of the function as a coloring ofV (G) \ {v}
with colors from{1, . . . , 3p}. We will only look for av-minimal setC whose vertices
have different colors. This will ensure that any two setsSi andSj that we pick will
be disjoint, and controls the total size of the set picked. Ifthe input instance was ayes-
instance then a solution setC exists, and the construction ofF ensures that there will be
a functionf ∈ F which colors all vertices inC with different colors. When considering
a particular coloringf we discard all sets fromS1, . . . Sn which have two vertices of
the same color, so from this point, without loss of generality, all sets inS1, . . . Sn have
at most one vertex of each color. For a vertex setS, definecolors(S) to be the set of
colors occuring on vertices onG.

To solve(nonedge, p, q)-CLUSTER we define a tableT1. For every0 ≤ i ≤ n,
0 ≤ j ≤ |E(G)|, 0 ≤ k ≤ p andR ⊆ {1, . . . , 3p} we defineT1[i, j, k, S] to be
true if there is a setZ ⊆ {1, . . . , i} such that all vertices ofC(Z) have distinct colors,
d(v) +

∑

i∈Z d(Si, v) − d(Si, v) ≤ j,

|R| +
∑

i∈Z

(
nonedge(Si, v) − d(Si, v)

)
+

∑

i∈Z

∑

i<j∈Z

|Si||Sj | ≤ k,
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andcolors(C(Z)) = R. For (nondeg, p, q)-CLUSTER we define a tableT2 in a similar
manner. That is, for every0 ≤ i ≤ n, 0 ≤ j ≤ |E(G)|, 0 ≤ k ≤ p, 0 ≤ ℓ ≤ p and
R ⊆ {1, . . . , 3p} we defineT2[i, j, k, ℓ, S] to be true if there is a setZ ⊆ {1, . . . , i}
such that all vertices ofC(Z) have distinct colors,d(v)+

∑

i∈Z d(Si, v)−d(Si, v) ≤ j,

max
i∈Z

(

nondegv(Si ∪ {v}) +
∑

j∈Z\{i}

|Sj |
)

≤ k
∑

i∈Z

(

|Si| − d(Si, v)
)

≤ ℓ

andcolors(C(Z)) = R.
There is av-minimal setC such thatd({v} ∪ C) ≤ q, nonedge({v} ∪ C) ≤ p and

all vertices ofC have different color if and only ifT1[n, j, k, R] is true for somej ≤ q,
k ≤ p andR ⊆ {1, . . . , 3p}. This follows directly from the definition ofT1 and the
fact that Equation 6 holds with equality when there is no edgewith one endpoint inSi

and the other inSj for somei 6= j, i ∈ Z, j ∈ Z. By an identical argument, there is a
v-minimal setC such thatd({v}∪C) ≤ q, nondeg({v}∪C) ≤ p and all vertices ofC
have different color if and only ifT2[n, j, k, ℓ, R] is true for somej ≤ q, k ≤ p, ℓ ≤ p
andR ⊆ {1, . . . , 3p}. We can fill the tablesT1 andT2 using the following recurrences.

T1[i, j, k, R] =

{

T1[i − 1, j, k, R] if colors(Si) *

T1[i − 1, j, k, R] ∨ T1[i − 1, j′, k′
1, R

′] otherwise

T2[i, j, k, ℓ, R] =







T2[i − 1, j, k, ℓ, R] if colors(Si) * R

T2[i − 1, j, k, ℓ, R] if |R| − |Si| + nondegv(Si ∪ {v}) > k

T2[i − 1, j, k, ℓ, R] ∨ T2[i − 1, j′, k′
2, ℓ

′, R′] otherwise

wherej′ = j−d(Si, v)+d(Si, v), k′
1 = k−nonedge(Si)−|Si|+d(Si, v)−|Ci|(|R|−

|Ci|), k′
2 = k − |Si|, andℓ′ = ℓ − |Si| + d(Si, v) andR′ = R \ colors(Si)]

The recurrences above are correct for the following reason.LetZ be a subset ofZ ⊆
{1, . . . , i−1} such that all vertices ofC(Z) have distinct colors,d(v)+

∑

i∈Z d(Si, v)−

d(Si, v) = j, |R| +
∑

i∈Z nonedge(Si, v) − d(Si, v) +
∑

i∈Z

∑

i<j∈Z |Si||Sj | = k,
andcolors(C(Z)) = R. Since every vertex inC(Z) has a different color, it follows
that |C(Z)| = |R|. Insertingi into Z is only possible ifcolors(C(Z)) = R. In that
case, when we inserti into Z, d(v)+

∑

p∈Z d(Sp, v)−d(Sp, v) increases byd(Si, v)−

d(Si, v). The sum|R|+
∑

i∈Z nonedge(Si, v)−d(Si, v)+
∑

i∈Z

∑

i<j∈Z |Si||Sj | in-
creases bynonedge(Si)+|Si|−d(Si, v)+|Ci|(|R|−|Ci|). The expressionmaxp∈Z

(
nondegv(Sp∪

{v})+
∑

j∈Z\{p} |Sj |
)

by |Si| or tonondegv(Si ∪{v})+
∑

j∈Z |Sj |, whichever is the

largest. The expression
∑

p∈Z

(
|Sp| − d(Sp, v)

)
increases by|Si| − d(Si, v). Finally,

the set of colors used, will now beR ∪ colors(Si).
We initialize the tablesT1 andT2 as follows.T1[0, j, k, ∅] is set totrue for every

j ≥ d(v), k ≥ 0. T2[0, j, k, ℓ, ∅] is set totrue for everyj ≥ d(v), k ≥ 0, ℓ ≥ 0. Then
we fill the tables using the recurrences above. The tables have size43p|V (G)|O(1) ·
23p|V (G)|O(1) = 83p|V (G)|O(1) and can be filled in time proportional to their size.
Hence the total running time for the algorithms is(8e)3p+o(p)|V (G)|O(1). ⊓⊔
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A.6 Proofs omitted from Section 4.2

To prove the statements in Theorem 20, we reduce from thek-CLIQUE problem ind-
regular graphs. Here we are given a graphG in which all vertices have degreed, and
an integerk. The task is to find a cliqueC in G of size at leastk. This problem is NP-
complete and W[1]-complete when parameterized byk [18]. Given ad-regular graph
G with n vertices andm edges and an integerk, we construct a weighted graphG′ by
adding a vertexv incident to all vertices ofG with m + 1 parallel edges to each vertex
of G.

Lemma 23. There is a cliqueC in G′ such thatv ∈ C andd(C) ≤ (n− k)(m + 1) +
k(d − k) if and only ifG contains a clique of sizek.

Proof. In the forward direction, suppose there is aC in G′ such thatv ∈ C andd(C) ≤
(n − k)(m + 1) + k(d − k). ThenC′ = C \ {v} is a clique inG. It suffices to
argue that|C′| ≥ k. Suppose not. Then the number of edges leavingC is at least
(n − k + 1)(m + 1) > (n − k)(m + 1) + k(d − k), a contradiction.

In the backward direction, supposeG contains a clique of sizek. ThenC′ = C∪{v}
is a clique inG′ and the number of edges leavingC′ is exactly(n−k)(m+1)+k(d−k).

⊓⊔

Notice thatG′ can be partitioned into cliques with at mostq = (n − k)(m + 1) +
k(d−k) edges leaving each clique if and only if there is a cliqueC in G′ such thatv ∈ C
andd(C) ≤ q. If such a cliqueC′ exists then there exists such a clique of sizek + 1.
Hence, by Lemma 23, if(nonedge, 0, q)-PARTITION or (nondeg, 0, q)-PARTITION can
be solved in polynomial time on graphs with parallel edges, then CLIQUE in d-regular
graphs can. Similarly, if(size, p, q)-PARTITION can be solved inf(p)nc time on graphs
with parallel edges then CLIQUE in d-regular graphs can be solved inf(k + 1)nc time.
This proves Theorem 20.
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