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Abstract. We study a family of graph clustering problems where eacktetu
has to satisfy a certain local requirement. Formally,ddie a function on the
subsets of vertices of a gragh In the (u, p, ¢)-PARTITION problem, the task is
to find a partition of the vertices where each clustesatisfies the requirements
that (1) at mosy edges leavé€' and (2)u(C') < p. Our first result shows that if
w is anarbitrary polynomial-time computable monotone function, tHenp, q)-
PARTITION can be solved in tima®(?, i.e., it is polynomial-time solvabléor
every fixed;. We study in detail three concrete functigngnumber of nonedges
in the cluster, maximum degree of nonedges in the clustenbeu of vertices
in the cluster), which correspond to natural clusteringopgms. For these func-
tions, we show thaty, p, ¢)-PARTITION can be solved in timg®® . n™) and
in randomized time°(@ . n®W je, the problem is fixed-parameter tractable
parameterized by or by q.

1 Introduction

Partitioning objects into clusters or similarity classeam important task in various ap-
plications such as data mining, facility location, inteximg experimental data, VLSI
design, and many more. The partition has to satisfy certamnstcaints: typically, we
want to ensure that objects in a cluster are “close” or “simiifo each other and/or ob-
jects in different clusters are “far” or “dissimilar.” Adiitnally, we may want to parti-
tion the data into a certain prescribed numbef clusters, or we may have upper/lower
bounds on the size of the clusters. Different objectivesdifierent distance/similarity
measures give rise to specific combinatorial problems.

Correlation clustering [19, 1, 3, 20] deals with a specificiaf similarity measure:
for each pair of objects, we know that either they are singladissimilar. This means
that the similarity information can be expressed as an entid graph, where the ver-
tices represent the objects and similar objects are adjdcetie ideal situation every
connected component of the graph is a clique, in which casedmponents form a
clustering that completely agrees with the similarity imf@tion. However, due to in-
consistencies in the data or experimental errors, suchfagbgrartitioning might not
always be possible. The goal in correlation clustering ipadition the vertices into
an arbitrary number of clusters in a way that agrees with ithdagity information as
much as possible: we want to minimize the number of pairs foickwvthe clustering
disagrees with the input data (i.e., similar pairs that areipto different clusters, or
dissimilar pairs that are clustered together).

In many cases, such as in variants of the correlation ciagt@roblem defined in
the previous paragraph, the objective is to minimize thal &rtror of the solution. Thus
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the goal is to find a solution that is good in a global sensethistdoes not rule out

the possibility that the solution contains clusters that ery bad. In this paper, the
opposite approach is taken: we want to find a partition whacé eluster is “good” in a

certain local sense. This means that the partition has igfysatset of local constraints
on each cluster, but we do not try to optimize the total fitrefsdusters.

The setting in this paper is the following. We want to paotitihe graph into an
arbitrary number of clusters such that (1) at mpstiges leave each cluster, and (2) each
cluster induces a graph that is “cluster-like.” Defining wie mean by the abstract
notion of cluster-like gives rise to a family of concrete plems. Formally, lej: be a
function that assigns a nonnegative integer to each subsettices in the graph and
let us requirq:(X) < p for every clustetX of the partition. There are many reasonable
choices for the measure that correspond to natural problems. In particular, in this
paper we will obtain concrete results for the following thraeasures:

1. nonedge(X) is the number of nonedges inducedBy

2. nondeg(X) is the maximum degree of tlomplementf the graph induced by
(i.e., each vertex o is adjacent to all but at mosbndeg(X) other vertices in
X),and

3. size(X) = |X| is the number of vertices of .

The first two functions express that each cluster shoulddegugraph that is close to
being a clique. The third function only requires that eacalstdr is small. For a given
function ¢ and integere and ¢, we denote by(u, p, ¢)-PARTITION the problem of
partitioning the vertices into clusters such that at mostiges leave each cluster and
u(X) < pfor every cluster.

Our first result is very simple yet powerful. Letbe a function satisfying the mild
technical conditions that it is polynomial-time computbhd monotone (i.e., ik C
Y, thenu(X) < p(Y)). Observe that for example all three functions defined above
satisfy these conditions. Our first result shows thatfaery function. satisfying these
conditions ancevery fixed integeg, the problem(u, p, ¢)-PARTITION can be solved
in polynomial time (the value is considered to be part of the input). For example, it
can be decided in polynomial time if there is a clustering nete most 13 edges leave
each cluster and each cluster induces at most 27 nonedgegefothe more general
guestion, where the maximum numbeof nonedges is given in the input). This might
be surprising: we believe that most people would guess kigiproblem is NP-hard.
The algorithm is based on a simple application of uncrossirmgpsimodular functions
and on the fact that for fixeglwe can enumerate every (connected) cluster with at most
q outgoing edges. The crucial observation is that if everyexecan becoveredby a
good cluster, then the vertices cangdmatitionedinto good clusters. Thus the problem
boils down to checking for each vertexf it is contained in a suitable cluster.

While the algorithm is simple in hindsight, considerabli®dt have been spent on
solving some very particular special cases. For examplggelmes et al. [13] gave a
polynomial-time algorithm fofnonedge, 1, 3)-PARTITION and Langston and Plaut [15]
argued that the very deep results of Robertson and Seymaogwagi minors and im-
mersions imply thafsize, p, ¢)-PARTITION is polynomial-time solvable for every fixed
p andq. These results follow as straightforward corollaries froun first result.



Although this simple algorithm is polynomial for every fixedthe running time
is aboutn®(@, thus it is not efficient even for small values @fTo improve the run-
ning time, we look at the problem from the viewpoint of paraeneed complexity. We
show that for several natural measuresncluding the three defined above, the clus-
tering problem can be solved in randomized ti2®? . n®() that is, the problem is
fixed-parameter tractable (FPT) parameterized by the bgumdthe number of edges
leaving a cluster. Moreover, the boupatan be assumed to be part of the input. Thus
this algorithm can be efficient for small valuesg{say,O(log n)) even ifp is large.
The algorithm has constant probability of error, but it cenderandomized at the cost
of worse dependence anin the running time. The problerfsize, p, ¢)-PARTITION
appears in the open problem list of the 1999 monograph of Bgvamd Fellows [8]
under the name “Minimum Degree Partition,” where it is sigigd that the problem is
probably W[1]-hard parameterized lgy Our result answers this question by showing
that the problem is FPT, contrary to the expectation of Donared Fellows.

A crucial ingredient of our parameterized algorithm is tb&ion ofimportant sepa-
rators,which has been used (implicitly or explicitly) to obtain fidkparameter tractabil-
ity results for various cut or separator related problemgdrticular, we use the “ran-
domized selection of important sets” argument that waséhiced very recently in [17]
to prove the fixed-parameter tractability of (edge and v@meulticut. With these tools
at hand, we can reducg, p, q)-PARTITION to a special case that we call the “Satellite
Problem.” We show that if the Satellite Problem is fixed-pagter tractable parameter-
ized byq for a particular functionu, then(u, p, ¢)-PARTITION is also fixed-parameter
tractable parameterized lgy It seems that for many reasonable functipnshe Satel-
lite Problem can be solved by dynamic programming techrsglreparticular, this is
true for the three functions defined above, and this resaltamdomized algorithms
with running time2°(® . (1) Note that the reduction to theABELLITE PROBLEM
works for every monotong, and we need arguments specific to a particulanly in
the algorithms for BTELLITE PROBLEM.

We also investigatéu, p, ¢)-PARTITION parameterized by and show that fop =
size, nonedge, andnondeg, the problem is FPT parameterizedayit can be solved in
time 20(») . nO(M) (this time the valug is part of the input). For these results, we use a
combination of color coding and dynamic programming.

Previous work on fixed-parameter tractability of clustggimoblems focused mostly
on parameterization by the total error. In problems suchlass€eR EDITING, the task
is to modify the graph with at moétallowed editing operations into disjoint union of
cligues [14,11, 10]. Generalizations of the problem hawenlmnsidered in [23, 9, 12],
where the graph has to modified in such a way that every cormpaméclique-like”
(defined by measures similar to the ones in the current papés)not possible to di-
rectly compare these results with our results as we expldi#aent objective: instead
of bounding the total number of operations required to thengraph into clusters, we
have a bound on the number of operations that can affect dastelc However, in
general, FPT results are more interesting for parametatsitk typically smaller. Intu-
itively, the editing operations affecting a cluster is msohaller than the total number
of operations, thus FPT results parameterized by local #®on the clusters seems to
be more interesting than results parameterized by thertataber of operations.



2 Clustering and uncrossing

Given an undirected grapfi, we denote byA(X) the set of edges between and
V(G)\ X, and definel(X) = |A(X)|. We will use two well-known and easily check-
able properties of the functiogt for X, Y C V(G), d satisfies thesubmodularand
posimodulaiinequalities

d(X) +d(Y) > d(X NY) +dY UX)andd(X) +d(Y) > d(X \ Y) +d(Y \ X).

Let . : 2¥V(© — 7+ be a function assigning nonegative integers to sets ofoeati
of G. Let p andq be two integers. We say that a $8tC V(G) is a(u, p, ¢)-cluster
if u(C) < pandd(C) < q. A (u,p,q)-partition of G is a partition ofV(G) into
(1, p, ¢)-clusters. The main problem considered in this paper isfimduch a partition.
A necessary condition for the existence (f p, ¢)-patrtition is that for every vertex
v € V(G) there is &, p, q)-cluster that contains. Therefore, we are also interested
in the problem of finding a cluster that contains a particuéatex.

(i, p, q)-PARTITION (i, p, q)-CLUSTER
Input: A graphG, integers, g. Input: GraphG, integers, ¢, vertexv.
Find: A (u, p, q)-partition of G. Find: A (u, p, g)-clusterC' containingu.

The main observation of this section is thafiis monotong(i.e., u(X) < u(Y)
for everyX C Y), then this is actually a sufficient condition. Thereforethiese cases,
it is sufficient to solvey, p, ¢)-CLUSTER

Lemma 1. Let G be a graph, lep, ¢ > 0 be two integers, and lgt : 2V() — 7+
be a monotone function. If everye V(G) is contained in soméu, p, ¢)-cluster, then
G has a(u, p, ¢)-partition. Furthermore, given a set @f., p, q)-clustersCy, ..., C,
whose union i/ (G), a (u, p, g)-partition can be found in polynomial time.

Proof. Let us consider a collectioty, ..., C, of (u,p, ¢)-clusters whose union is
V(G). If the sets are pairwise disjoint, then they form a pantitaé 1/ (G) and we are
done. IfC; C Cj, then the union remaing (G) even after throwing awag’;. Thus
we can assume that no set is contained in another. Suppdse;thad C; intersect.
Now eitherd(C;) > d(C; \ C;) ord(C;) > d(C; \ C;) must be true: it is not possible
that bothd(C;) < d(C; \ C;) andd(C;) < d(C; \ C;) hold, as this would violate
the posimodularity ofl. Suppose that(C;) > d(C; \ C;). Now the set”; \ C; is
also a(y, p, g)-cluster: we havel(C; \ C;) < d(C;) < ¢ by assumption ang(C; \
C;) < u(C;) < p from the monotonicity ofu. Thus we can replac€; by C; \ C; in
the collection: it will remain true that the union of the dieis isV (G). Similarly, if
d(C;) > d(C; \ C;), then we can replag€; by C; \ C;.

Repeating these steps (throwing away subsets and resotténgections), we even-
tually arrive to a pairwise disjoint collection @f:, p, ¢)-clusters. Each step decreases
the total size of clusters (note that when we replacéy C; \ C;, thenC; N C; # 0).
Therefore, this process terminates after a polynomial rerrabsteps. a

In light of Lemma 1, it is sufficient to find &u, p, ¢)-clusterC, for each vertex €
V(G). If there is a vertex for which there is no such clustét,, then obviously there



is no(u, p, ¢)-partition; if we have such &, for every vertex, then Lemma 1 gives us
a (u, p, q)-partition in polynomial time. For fixed, (u, p, ¢)-CLUSTER can be solved
by brute force if is polynomial-time computable:enumerate everyBetf at mosty
edges and check if the component®f, F' containingv is a(u, p, ¢)-cluster. IfC, is a
(u, p, ¢)-cluster containing, then we find it wherf” = A(C,) is reached.

Theorem 2. Lety be a polynomial-time computable monotone function. Theevery
fixedg, there is am (@) time algorithm for(u, p, ¢)-PARTITION.

As we have seen, an algorithm fgr, p, ¢)-CLUSTERGgives us an algorithm fdj, p, q)-
PARTITION. In the rest of the paper, we devise more efficient algoritfons$y, p, ¢)-
CLusTERthan then®(@ time brute force method described above.

3 Parameterization byq

The main result of this section is th@t, p, ¢)-PARTITION is (randomized) fixed-parameter
tractable parameterized lpyfor the three functionsonedge, nondeg, andsize.

Theorem 3. There is a randomized algorithm f¢size, p, ¢)-PARTITION, (nonedge, p, ¢)-
PARTITION and(nondeg, p, ¢)-PARTITION using2°(® |V (G)|°(M) time. If the input in-
stance is g/es-instance the algorithm incorrectly returm® with probability less than
%. Onno-instances the algorithm always correctly answess

By Lemma 1, all we need to show is tHat, p, ¢)-CLUSTERIs fixed-parameter tractable
parameterized by. We introduce a somewhat technical variant of this questios
SATELLITE PROBLEM, and show that foevery monotone function, if SATELLITE
PROBLEM is FPT, then(u, p, ¢)-CLUSTERIS FPT as well. Thus we need arguments
specific to a particulgt only in solving the STELLITE PROBLEM.

SATELLITE PROBLEM

Input: A graphG, integersp, ¢, a vertexv € V(G), a par-
tition Vg, V4, ..., V,, of V(G) such thaw € V; and
there is no edge betwedn andV; foranyl < i <
Jj<n.

Find: A (1, p, ¢)-clusterC with V; C C and for everyl <
i < n,eitherCcNV; =0orV; CC.

That is, for eveni;, we have to decide whether to include or exclude it from the
solutionC (see Fig. 1). If we exclud®; from C, thend(C') increases by the number
of edges betweel, andV;. If we includeV; into C, theny(C) increases accordingly.
Thus we need to solve the knapsack-like problem of includiuificiently manyV;
such thatl(C') < g, but not including too many to ensumg¢C) < p. As we shall see in
Section 3.3, in many cases this problem can be solved by dgrmaegramming (and
some additional arguments). The important fact that we sigleat there are no edges
betweenV; andV}, thus for most reasonable functiopsthe wayp(C) increases by
includingV; is fairly independent from whethéf; is included inC' or not.

The reduction to STELLITE PROBLEM uses the concept of important separators
(Section 3.1). The reduction itself is given in Section &i2Section 3.3, we show how
the Satellite Problem can be solved for the three functiongsdge, nondeg, size.



3.1 Important separators

The notion ofimportant separatorsvas introduced in [16] to prove the fixed-parameter
tractability of multiway cut problems. This notion turnedtdo be useful in other ap-
plications as well [5, 6,22]. The basic idea is that in mamybpems where terminals
need to be separated in some way, it is sufficient to conseferators that are “as far
as possible” from one of the terminals.

Since there are some small differences between edge arek\saparators, and
some of the results appear only implicitly in previous papare make the paper self-
contained by restating all the definitions and by reprovihtha required results in this
section. Lets, ¢ be two vertices of a grap@y. An s — ¢ separatoris a setS C E(G)
of edges separatingandt, i.e., there is na — ¢ path inG \ S. An s — t separator is
inclusionwise minimaif there is ans — ¢ path inG \ S’ for everyS’ C S.

Definition 4. Lets,t € V(G) be verticesS C E(G) be ans — ¢ separator, and lef{
be the component @f \ S containings. We say thab is animportants — ¢ separatoif
it is inclusionwise minimal and there is Bo- ¢ separatorS’ with |S’| < |S| such that
K C K’ for the componenk” of G \ S’ containings.

The main observation that we use is the following bound:

Lemmabs. Lets,t € V(G). If S is the set of all important — ¢ separators, then
> ses 47181 < 1. ThusS contains at most* separators of size at mokt

3.2 Reduction to the Satellite Problem
In this section we show how to redu@e p, ¢)-CLUSTERt0 the SA\TELLITE PROBLEM.

Lemma 6. If SATELLITE PROBLEM can be solved in timg(q) -n°™) for some mono-
tone i, then there is a randomize2f(@) . f(q) - n°) algorithm with constant error
probability that finds &, p, ¢)-cluster containing (if one exists).

The crucial definition of this section is the following:
Definition 7. We say thata seX C V(G), v ¢ X is importantif

1. d(X) <q,
2. G[X] is connected,
3. thereisnd” D X, v ¢ Y such thatd(Y') < d(X) andG[Y] is connected.

It is easy to see thaX is an important set if and only if\(X) is an important, — v
separator for every € X. Thus we can use Lemma 5 to enumerate every important
set. Lemma 8 establishes the connection between importnaad findind i, p, ¢)-
clusters: we can assume that the components ot” for the solutionC' are important
sets. In Lemma 9, we show that by randomly choosing impostist with some prob-
ability we can obtain an instance of the Satellite Problerengh, . .., V,, contain all

the components af \ C. This gives us the reduction stated in Lemma 6 above.

Lemma 8. LetC be a inclusionwise minimél., p, ¢)-cluster containing. Then every
component o \ C is an important set.



Proof. Let X be acomponenta®\ C. Itis clear thatX satisfies the first two properties
of Definition 7 (note thatA(X') C A(C)). Thus let us suppose that there i¥a> X,

v ¢ Y such thatl(Y) < d(X) andG[Y] is connected. Le€”’ := C'\ Y. Note thatC"

is a proper subset d@f': every neighbor ofX is in C, thus a connected supersetf
has to contain at least one vertex®flt is easy to see tha&t’ is a(u, p, ¢)-cluster: we
haveA(C’) = (A(C)\ A(X))UA(Y) and thereforé(C’) < d(C) —d(X)+d(Y) <
d(C) < gandu(C’) < pu(C) < p (by the monotonicity ofs). This contradicts the
minimality of C. ad

Lemma 9. Given a graph, vertexv € V(G), integersp, ¢, and a monotone function
p:2V(&) - 7+ we can constructin timg? (@ .n () an instancd of theSATELLITE
PROBLEM such that

— If some(y, p, q)-cluster containg, thenl is a yes-instance with probabiligy ©(@),
— If there is no(y, p, q)-Cluster containing, thenI is a no-instance.

Proof. For everyu € V(G), u # v, let us use the algorithm of Lemma 5 to enumerate
every important, — v separator of size at mogt For every such separat8r let us put
the componeni of G \ S containingu into the collectionS. Note that a component
K can be obtained for more than one vertgxut we put only one copy ints.

Let S’ be a subset of, where each membék of S is chosen with probability
2~ 4(K) independently at random. L&tbe the union of the sets iY, letV;, ..., V,, be
the connected components@fZ], and letVy, = V(G) \ Z. Itis clear thafly, V1, ...,

V. give an instancd of SATELLITE PROBLEM, and a solution fof gives a(u, p, q)-
cluster containing. Thus we only need to show that if there iga p, ¢)-clusterC
containingy, thenI is a yes-instance with probabiligy (@),

Let C be an inclusionwise minimdj, p, ¢)-cluster containing. Let B be the ver-
tices on the boundary af, i.e., the vertices of” incident toA(C). Let K1, ..., K;
be the components af \ C. Note that every edge of\(C) enters someX;, thus
2221 d(K;) = d(C) < ¢q. By Lemma 8, eveny; is an important set, and hence it is
in S. Consider the following two events:

(1) Every componenk; of G\ C'isin S’ (and hences; C 7).
(2) ZNn B =0.

The probability that (1) holds iF['_, 44K = 4= Xi=1 d(K:) > 4-4_Event (2) holds
if for everyb € B, no setK € S with b € K is selected intaS’. Recall that for
everyK € Swithb € K, A(K) is an important — v separator. Thus by Lemma 5,
Y kespex 4717 < 1. The probability thaZ N B = () can be bounded by

—d(K)
_d(K) —d(K) —4
II - > ] (-4 > 11 11 exp(m)
KeS,KNB#0) beB KeS,be K beB KeS,beK
4 _ 4 _ _4 _
21 I1 ewga™)=Jlew | 5. 3> a7 = (9 =
beB KeS,beK beB KeS,beK

In the first inequality, we use that every term is less thandlemery term on the right
hand side appears at least once on the left hand side; in tbed@equality, we use



thatl + x > exp(z/(1 + z)) for everyx > —1. Events (1) and (2) are independent:
(1) is a statement about the selection of subsetsthiat are disjoint fronB, while (2)
involves only sets intersecting. Thus by probabilit2 =@, both (1) and (2) hold.

Suppose that both (1) and (2) hold, we show that instanoé the SATELLITE
PROBLEM is a yes-instance. In this case, every compoiénif G \ C is a component
V; of G[Z]: K; C Z by (1) and every neighbor df;; is outsideZ. ThusC'is a solution
of I, as it can be obtained as the uniorigfand some components 61Z]. O

To derandomize the proof of Lemma 9 and obtain a deterministision of Lemma 6,
we use the standard technique of splitters (see detailgiaghendix). Note that the de-
pendence oy becomes worse in the deterministic versiaf¢”) instead 0f20(?).
We leave it as a question for future work to improve the deoanidation to match the
bound of the randomized algorithm.

Lemma 10. If SATELLITE PROBLEM can be solved in timg(q)-n°™) for some mono-
toney, then there is 2°(7) . f(q) - n°™ algorithm for (1, p, ¢)-CLUSTER.

3.3 Solving the Satellite Problem

In this section, we give efficient algorithms for solving tB&TELLITE PROBLEM When
the functionyu is size, nonedge andnondeg. We describe the three algorithms by in-
creasing difficulty. In the case whenis size, solving the 3TELLITE PROBLEM turns
out to be equivalent to the classicaNKPsAck problem with polynomial bounds on
the values and weights of the items.

Recall that the input to the SELLITE PROBLEM is a graphG, integersp, ¢, a
vertexv € V(G), a partitionVp, V1, ..., V, of V(G) such thaty € V4 and there is
no edge betweel; andV; foranyl < ¢ < j < n. The task is to find a vertex sét,
suchthalC' = Vo U, Vi for a subset of {1,...,n} andC satisfiesi(C) < q and
u(C) < p. For asubses of {1,...,n} we defineC(S) = Vo U4 Vi.

Lemma 11. TheSATELLITE PROBLEM for size can be solved iD(¢|V (G)|log |V (G)|)
time.

Proof. Notice thatd(C) = d(Vo)—>_,.¢ d(V;). Hence, we can reformulate theL -
LITE PROBLEM with 1 = size as finding asubsetof {1,...,n} suchthad o d(V;) >
d(Vo) —qand}_, ¢ |Vi| < p—|Vo|. Thus, we can associate with evérgn item with
valued(V;) and weight|V;|. The objective is to find a set of items with total value at
leastd(Vy) — ¢ and total weight at mogt— |V|. This problem is known as KaAPSACK
and can be solved i@ (nv logw) time by a classical dynamic programming [4, 7] al-
gorithm, wheren is the number of itemsg; is the value we seek to attain andis the
weight limit. Since the value is bounded from abovejgnd the weight byl (G)|, the
statement of the lemma follows. O

The case that = nonedge is slightly more complicated, however we can still solve
it using a dynamic programming algorithm (see the appendix)

Lemma 12. TheSATELLITE PROBLEM for nonedge can be solved i®) (pn|E(G)||V (G)])
time.



For the version of 8TELLITE PROBLEM wheny = nondeg we do not have a poly-
nomial time algorithm. Instead, we give2&|V (G)|°(V) time randomized algorithm.

Lemma 13. There is a randomized algorithm which given an instance eftmdeg-
SATELLITE PROBLEM runs in 24|V (G)|°() time, correctly answerso on all no-
instances and answeyes onyes-instances with probability at least 29,

Repeating the algorithr®(e27) times will decrease the probability of false nega-
tives from1 — e=27 to % Lemmata 9, 11, 12 and 13 give Theorem 3.

4 Parameterization byp

4.1 Algorithms
In this section, we give algorithms with running ti@®) |V (G)|°M):

Theorem 14. There is &8eP+°() |V (@) 9™ time algorithm for(size, p, ¢)-PARTITION
and ageP+o®) |V (@) 9™ time algorithm for(nonedge, p, ¢)-PARTITION and(nondeg, p, ¢)-
PARTITION.

Because of Lemma 1, it is sufficient to solve the correspanglinp, ¢)-CLUSTER
problem within the same time bound. The setting is as folldis are given a graph
G, integersp andq and a vertex in G. The objective is to find a sét notcontaining
v such thatd(C U {v}) < g and, depending on which problem we are solving, either
|C U {v}| = size(C' U {v}) < p, nonedge(C U {v}) < p ornondeg(C' U {v}) < p.

For a setS and vertex, defineA(S, v) to be the set of edges with one endpoint in
S and one in{v}. DefineA(S, v) to be A(S)\ A(S,v), and letd(S, v) = |A(S,v)| and
d(S,v) = [A(S,v)|. We will say that a sef is v-minimalif v ¢ C andd(C’ U {v}) >
d(C U {v}) for everyC’ C C. As size, nonedge andnondeg are monotone we can
focus onv-minimal setsC'. The following fact uses that there are no parallel edges:

Observation 15. Let C' be av-minimal set. Thenrl(C,v) < d(C,v) < |C|

In particular, ifv ¢ C andd(C,v) > d(C,v), thend(v) < d(C U {v}), contradicting
thatC is minimal. Sincel(C,v) < |C], it follows thatC' must contain a vertex such
that N{u] C C'U {v}. Now we show that there are not too mamyninimal setsC' of
size at mosp such thaiG[C] is connected.

Lemma 16. For any graphG, vertexv and integerp, there are at most?|V (G)| v-
minimal setC' such that|C'| < p andG[C] is connected. Furthermore, all such sets
can be listed irD(4?|V (G)|) time.

Proof. By Observation 15, any-minimal setC of size at mosp satisfiesi(C, v) < p.
Let S be a set such tha$| < p andG[S] is connected. LeF be a subset aV (S) \ {v}
of size at mosp — 1. We prove by downward induction di§| and|F'| that there are at
most22P~ISI=IFI=1 ,-minimal sets such tha€| < p, G[C] is connectedS C C, and
FNC =0.If |S| = pthen the only possibility foc’ is S, while 227~ 1SI=1FI-1 > 1,
Similarly, consider the case thdt| = p — 1. Now, every vertex of” has at least one



edge intaC' and hence(C, v) = p—1.HenceN (C) = Fu{v} and the only possibility
for C'is the connected component@f\ (F U {v}) that containsS. Hence there is one
possibility forC' and22»~1S1=1F1=1 > 1,

For the inductive step, consider a sesuch thatS| < p andG|[S] is connected

and a subsef’ of N(S) \ {v} of size at mosp — 1. We want to bound the number
of v-minimal sets such thaC| < p andG|C] is connectedS C C andF N C = 0.
If N(S)\ (F U {v}) is empty, then there is only one choice 6 namelyS, and
22r=ISI=IFI=1 > 1  Otherwise, consider a vertex € N(S) \ (F U {v}). By the
induction hypothesis, the number ofminimal sets such thgtC| < p andG[C] is
connectedS U {u} C C andF N C = § is at most22P~15I=IF1=2_ Similarly, the
number ofv-minimal sets such thgtC| < p and G[C] is connectedS C C and
(FU{u})nC = 0 is at most2?P~I5I=I¥I=2Since eithem. € C oru ¢ C, the
two cases cover all possibilities fat and hence there are at m@st22—I51-1¥1-2 —
22r—|SI=1FI-1 possibilities forC.

For a fixedS and F', the above proof can be translated into a procedure whith lis
all v-minimal sets such tha€| < p andG|[C] is connectedS C C andF N C = §.
We run the procedure fo¥ = {u} and F' = {) for every possible choice af. Hence,
there are at mosit’|V (G)| v-minimal set<” such thaiC| < p andG|[C] is connected,
and the sets can be efficiently listed. This concludes thefpro O

The following observation is handy for using Lemma 16.

Observation 17. Let C' be av-minimal set ofG andG[S] be a connected component
of G[C]. ThenS is av-minimal set.

In particular, ifS is not av-minimal set, then it containsaminimal setS’ ¢ S and
itis easy to see thal({v}U(C\S)US’) < d({v}UC), contradicting the minimality of
C. Observation 17 tells us that amyminimal set is the union of connecteeminimal
sets. This makes it possible to use Lemma 16. We are now reaglye an algorithm
for (size, p, q)-CLUSTER, the easiest of the three clustering problems. Our algarith
is based on a combination oblor coding[2] with a dynamic programming algorithm
which uses the observations made in this section.

Proposition 18 ([21]).For everyn, k there is a family of functiong of sizeO(e* -
kOUegk) . 1ogn) such that every functioff € F is a function from{1,...,n} to
{1,...,k} and for every subsef of {1,...,n} there is a functionf € F that is
bijective when restricted t§. Furthermore, givem andk, F can be computed in time
O(eF - KOs k) . log n).

Lemma 19. (size, p, ¢)-CLUSTER can be solved in timg®®) |V (G)|°M),

Proof. We are given as input a grajghtogether with a vertex and integerg andg.
The task is to find a vertex sét of size at mosp — 1 such thatd({v} UC) < q. Itis
sufficient to search foraminimal setC' satisfying these properties. By Observation 17,
C can be decomposed info= S; U S, ... U S, such thatS; is a connected-minimal
set for everyi, S; N S; = () for everyi # j and no edge ofF has one endpoint in
S; and the other inS; for everyi # j. The algorithm of Lemma 16 can be used to
list all connected-minimal setsS; ... .S,; we haven < 47|V (G)|. For a subsef of
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{1,...,n}, defineC(Z) = {v} UJ,;c, Si- LetZ C {1,...,n} be such that for every
i,j € Zwithi # j, we haveS; N S; = (. We have thatC(Z)| =1+, |Si| and

d(C(2)) < d(v) + Z(E(Sivv) —d(S;,v)).
i€z

If there is no edge with one endpoint ) and the other inS; for somei # j,
i,j € Z, then the inequality above holds with equality. Our aldoritwill select aZ
such thaC' = | J,., S;. To ensure that the algorithm pickssuch that the setS; and
S; will be disjoint for every pair of distinct integeiisj € Z we will use color coding.
In particular, we construct a famil§ of functions fromV' (G) \ {v} to{1,...,p — 1}
as described in Proposition 18. The fam#yhas sizeO(e? - p°(1°8P) . log |V (G))).

For each functiorf € F we will think of the function as a coloring df (G) \ {v}
with colors from{1, ..., p—1}. We will only look for av-minimal setC' whose vertices
have different colors. This will not only ensure that any tsetsS; and.S; that we pick
will be disjoint, it also automatically ensures that theesif the set” we return is at
mostp — 1. If the input instance wasygs-instance then a solution sétexists, and the
construction ofF ensures that there will be a functighe F which colors all vertices
in C with different colors.

When considering a particular colorirfgwe discard all sets frorfiy, . . . .S,, which
have two vertices of the same color, so from this point, withoss of generality, all sets
in 51, ... S, have at most one vertex of each color. For a vertexseefinecolors(.S)
to be the set of colors occuring on vertices@nFor every) <i <n,0 < j < |E(G)|
andR C {1,...,p — 1}, we defineT'[i, j, S| to betrue if there isa setZ C {1,...,i}
such that all vertices af (Z) have distinct colorsj(v)+3_ . , (d(Si, v)—d(S;i, v)) = j
andcolors(C(Z)) C R. Clearly, there is @a-minimal setC such thatl({v} U C) < ¢
and all vertices o€’ have different color if and only iT'[n, j, {1, ...,p— 1}] is true for
somej < q. We canfill the tabld” using the following recurrence.

Tli— 1,5, R if colors(S;)\ R # 0
T, 5, R =< Tli—1,5,R|VT[i—1, 1)
§+d(Si,v) —d(S;,v), R\ colors(S;)] otherwise

Here we initializeT'[0, d(v), §)] to true. The table has siz&|V (G)|°M) 27|V (G)|°M) =
82|V (G)|°() and can be filled in time proportional to its size. Hence thal tainning
time for the algorithm ig8e)P+o®) |V (G)|OM), O

For (size, p, q)-CLUSTER the size of the sef’ we look for is already bounded by
p. For (nonedge, p, ¢)-CLUSTER and (nondeg, p, ¢)-CLUSTER, we cannot make this
assumption, thus further arguments and a more complicgteahaic programming are
needed to obtain Theorem 14 (see details in the appendix).

4.2 Hardness results

The algorithmic results in Section 3 still hold when paradidges are allowed. Inter-
estingly, the results in Section 4.1 do not: in particulaibs€rvation 15 breaks done
if there are parallel edges. The following hardness resudivs that allowing parallel

edges indeed make the problems more difficult:
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Theorem 20. (nonedge, p, ¢)-PARTITION and(nondeg, p, ¢)-PARTITION are NP-complete
for p = 0 on graphs with parallel edges. The problése, p, ¢)-PARTITION is W[1]-
hard parameterized by on graphs with parallel edges (but ixfor every fixed).
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Fig. 1. Instance of 8TELLITE PROBLEM with a solutionC'.

A Omitted proofs

A.1 Proof of Lemma5

Proof (Proof (of Lemma 5)).et A be the size of the smallest- ¢t separator. We prove
by induction on the number of edges Gfthat >, 4715 < 272 If A = 0, then
there is a unique important- ¢t separator of size at mokt the empty set. Thus we can
assume thak > 0.

For ans — ¢ separatolS, let Ks be the component aff \ S containings (i.e., if
S is inclusionwise minimal, thel§ = A(K)). First we show the well-known fact that
there is a unique — t separatotS* of size A such thatK's- is inclusionwise maximal,
i.e., there is no other — ¢ separatolS of size A with Kg« C Kg. Suppose that there
are two separators’ andS” with |S’| = |S”| = A that are inclusionwise maximal in
this sense. By the submodularityéfwe have

d(KS/) +d(KSN) > d(KS/ UKgr)+ d(KS/ NKgr).
—— = ——

=X =X >\

The left hand side is exactBA, while the second term of the right hand side is at least
A (asA(Kg N Kgr) is an(X,Y)-separator). Thereforg(Ks U Kgv) < A. This
means thatl( K s U Kg) is also a minimuns — ¢ cut, contradicting the maximality of
S’ andS”.

Next we show that for every importart— ¢ separatorS, we haveKgs- C Kg.
Suppose this is not true for sonse We use submodularity again:

d(Kg+)+d(Kg) > d(Kg« UKg) +d(Kg« N Kg).
—_—— [
=\ >\

By definition,d(Kgs-) = A, andA(Kgs- N Kg) is ans — t separator, henad Kg« N
Kg) > A This means thatl(Ks- U Kg) < d(Kg). However this contradicts the
assumption tha$ is an important — ¢ separatorA(Kgs- U Kg) is ans — t separator
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not larger thar5, but Ks- U Kg is a proper superset &€ (asKs- is not a subset of
Kg by assumption).

We have shown that for every important separatothe setk's containsK g-. Let
e € S* be an arbitrary edge &* (note that\ > 0, henceS* is not empty) and let be
the endpoint ok not in Kg«. An importants — ¢ separatolS either containg or not.
We will bound the contributions of these two types of sepasato the sum.

Let S be an important — ¢ separator containing ThensS' \ e is ans — ¢ separator
in G \ e; in fact, it is an importans — ¢t separator of5 \ e. Therefore, ifS’ is the
set of all importants — ¢ separators iff¥ \ e, then the seS; = {S"Ue | S’ € §'}
contains every importast— ¢ separator ofs containinge. Obviously, the size\’ of the
minimums — ¢ separator irG \ e is at least\ — 1. The induction statement shows that
Sges 4719 <273 < 27D and thereforg g g 47151 = Y g g 4715171 <
2= /g4 =22 /2,

Let us consider now the important- ¢ separators not containing We have seen
that s« C K for every suchs — ¢t separatolS. Ase ¢ S, evenKg- U {v} C Kgis
true. Let us obtain the gragh’ from G by removing(Ks- U {v}) \ {s} and makings
adjacent to the neighborhodds- U {v} in G. There is nos — ¢t separatol5 of size\ in
G’: such a sef would be ars—¢ separator of siz& in G as well, withK g-U{v} C Kg,
contradicting the maximality af*. Thus the minimum siz&’ of ans — ¢ separator in
G’ is greater than. Let S, contain all the important—¢ separators off not containing
e. We have seen thdt's- U {v} C K for every separataf € So, thus such arb' is
ans — t separator ofy’ and in fact every sucl§ is an important — ¢ separator irG’
as well. Therefore, by the induction hypothe§ig, o, 47151 < 27X < 2729,

Adding the bounds in the two cases, we get the required bdund a

A.2 Proofof Lemma 10

Recall that an(n, k, k?)-splitter is a family of functions fronin] to [k?] such that for
any subsefX C [n] with | X| = &, one of the functions in the family is injective on
X. Naor, Schulman, and Srinivasan [21] gave an explicit gootibn of an(n, k, k?)-
splitter of sizeO(k° log k logn).

Proof (Proof of (Lemma 10))n the algorithm of Lemma 9, a random subset of a
universeS of sizes = |S| < 47 |V (G)] is selected. If théu, p, ¢)-CLUSTER problem
has a solutiorC, then is a collectiom C S of a < ¢ sets and a collectio® C C
of b < ¢ - 49 sets such that if every set i is selected and no set i is selected,
then (1) and (2) hold. Instead of the selecting a random suleetry every function
finan(s,a + b, (a + b)?)-splitter family and every subsét C [(a + b)?] of size
a (there are((‘j#’g?) = 20(4") such setsF)). For a particular choice of and F,
we select those set§ € S into S’ for which f(S) € F. The size of the splitter
family is 2°(9) log |V (G)| and the number of possibilities fdf is 2°(¢*). Therefore,
we construceO(?) . log |V (G)| instances of the &’ELLITE PROBLEM.

By the definition of the splitter, there will be a functigrthat is injective orA U B,
and there is a subsétsuch thatf (S) € F for every setSin A andf(S) ¢ F for every
setS in B. For such anf and F', the selection will ensure that (1) and (2) hold. This
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means that the constructed instance of thgeSLITE PROBLEM corresponding tgf
andF has a solution as well. Thus solving every constructedm&taf the STELLITE
PROBLEM with the assumed (q) - n°() time algorithm gives @°(¢") . f(g) - nOW
algorithm for(u, p, ¢)-CLUSTER. a

A.3 Proof of Lemma 12

Proof (Proof (of Lemma 12)Consider the set C(S) for a subsebf {1,...,i — 1}.
We investigate what happenstionedge(C(S)) andd(C(S)) wheni is inserted into
S. Fornonedge we have the following equation.

nonedge(C(S U {i})) = nonedge(C(S)) + nonedge(V;) + |C(S)| - |Vi| — d(Vi) (2)

Furthermored(C(S U {i}) = d(C(S)) — d(V;). DefineTVi, j, k, ] to be true if there
is a subsef of {1,...i} such thaiC| = j, d(C(S)) = k andnonedge(C(S)) = ¢. If
such a sef exits then eithei € S ori ¢ S. Together with Equation 2 this yields the
following recurrence fofl'[z, j, k, £].

(3)

The size of the tabl& is O(pn|E(G)||V (G)|) sincei ranges froml to n, j from 0
to |V (G)|, k from0 to |E(G)| and? from 0 to p as it makes no sense to add more sets
to C after the thresholg of non-edges irC has been exceeded. We initialize the table
to true in T[0, |Vo|, d(Vp), nonedge(V})] andfalse everywhere else. Then we compute
the values of the table using Equation 3, treating every tirago out of bounds as a
false entry. The algorithm returnsue if there is an entry off” which istrue for i = n,
k < g and/ < p. The running time bound is immediate, while correctneds¥id from
Equations 2 and 3. O

A.4 Proof of Lemma 13

Proof. In Lemma 11, the sef described which setB; went intoC'. For this lemma,
it is more convenient to lef describe the set®; which arenotin C. DefineU =
{1,...,n}, thetaskis to find a subsgtof U such that/(C(U\S)) < g andnondeg(C(U'\
S)) < p. We iterate over all possible values> |V;| of |C(.S)|, and for each value of
¢ we will only look for setsS such thaiC'(U \ S)| = ¢. This gives us the following
advantage: for every vertexe V; for i > 1 if we choose to puV; into C thenv will
have exactly — d(v) — 1 non-neighbors irC. Hence for any such thatV; contains
a vertexv with degree less than— p — 1 we know that: € S. In other words, such a
component/; should not be in the solutiofi, hence we can remové from the graph
and decrease by d(V;) (as the edges\(V;) C A(Vp) will leave C' in any solution).
Therefore, we can assume that every vertexV;, has degree at least— p — 1.

From now on we only need to worry abaddC' (U \ S)) < ¢ and about the non-
degrees of vertices iiy. A vertexv € V; will have exactlyc — 1 — d(v) + |A(v) N
A(C(U\ S))| non-neighbors. In particular, we need to make sure that riexe € ;
will have more thamp + d(v) — ¢ + 1 neighbors outside af'(U \ S). For everyw € 1,

15



we define the capacity efto be cagv) = p + d(v) — ¢ + 1. If any vertex has negative
capacity, we discard the choicegfas it is infeasible.

Every vertexv € 1}, gets capv) bins and it distributes all the edges df(15) N
A(v) into the bins uniformly at random. Then every bin receiveslardrom {1, ..., ¢}
uniformly at random, and all edges in the bin receive theroldhe bin. Since every
edge ofA(V}) is in exactly one bin, every edge df(V;) gets one color.

We will look for a special kind a solution: a subsetC U such thaiC(U \ S)| = ¢
and every edge oA\(C'(U \ S)) has a different color. In particular, this implié&C' (U \
S)) < q. Since every vertex € V; is incident to vertices of at most c@ap different
colors, this also ensures that for everyg 14, at most cafv) edges incident to leave
C(S) and hencaondeg(C(S)) < p. Therefore, any sef satisfying these requirements
indeed give a solution for thea3eLLITE PROBLEM. On the other hand, if is a subset
of U such thaiC'(U \ S)| = ¢, d(C(U \ S)) < g andnondeg(C'(U \ S)) < p, then
the probability that the edges af(C(U \ S)) were colored with different colors can
be bounded from below as follows.

For every vertew € Vj, defined(S,v) = |A(C(U \ S)) N A(v)|. The probability
that the edges o\ (C(U \ S)) N A(v) were distributed in different bins ofis

d(S,v)—1
H (capiv) — i) /cagv)d(sw) > e~ d(Sv)
=0

Thus the probability that all the edgesAfC (U \ S)) were distributed in different bins

is at least
eXp(Z —d(S,v)) > e™ 1.
veVy

The probability that these bins were colored with different colorsfﬁf > e 1. Thus,

the probability that the edges df(C(U \ S)) receive different colors is at least 7.

To complete the proof we need an algorithm that decides wehdliere is a set
S C U suchthatC(U \ S)| = ¢, and every edge oA (C(U \ S)) has a different color.
For everyi such thatA(V;) contains more than one edge of the same color, we know
thatV; C C' and hence ¢ S. Let F. be the set oforcedindices, that isF,. contains all
i € U such thatA(V;) contains more than one edge of the same color.

For a vertex sei’, definecolors(X) to be the set of colors on the edges4fX).
Forevery0 < i < n,0 < j < |V(G)|andR C {1,...,q}, we defineT[i, j, R]
to betrue if there is a subse$ of {1,...,4} such thaC(U \ S)| = j, all edges of
A(C(U \ S)) have different colors aneblors(C'(U \ S)) C R.

Suppose such a sstexists, we have that eithérc Sori ¢ S.If i ¢ S, thenS
is a subset of 1,...,¢ — 1} and hencd[i — 1, j, R] is true. Observe that if € F.
theni must be inS. If on the other hand € S, then letS’” = S\ {i}. In this case, we
have thafC(U \ S")| = j + |Vi|, all edges ofA(C(U \ S’)) have different colors and
colors(C(U \ S’)) C R\ colors(V;). This yields the following recurrence fat(i, j, R].

Tli—1,j, R if ¢ € F, orcolors(V;) ¢ R,

Tli,j, R = ‘ ‘ ‘ ‘ .
.4, ) {T[Z1,3,R]vT[Z1,g+|m|,R\co|ors(m)] if i ¢ F.

(4)
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Using Equation 4 we can fin@' in 29|V (G)|°() time. We initialize the table taue

in T[0,|C(U)|,R] forall R C {1,...,¢}. Then we use Recurrence 4 to fill the table.
The algorithm returnsrue if T[n/, ¢, R] is true for any subseR of {1,...,q}. The
running time of the algorithm is dominated by the size of tige, which i2?|V (G)|n.
Correctness of the algorithm follows from the probabiliyputations and Equation 4.
This completes the proof of the lemma. a

A.5 Proofs omitted from Section 4.1

The nextlemma gives us a way to handle all largainimal sets” for (nonedge, p, q)-
CLusTERand(nondeg, p, ¢)-CLUSTER.

Lemma 21. For any graphG, vertexv and integerp, there are at mosO(27|V (G)|)
v-minimal setsC' such thatondeg(C U {v}) < p and|C| > 3p. These sets can be
listed in27|V(G)|°M) time.

Proof. By Observation 15, any-minimal setC' contains a vertex. such thatViu| \
{v} C C. Thus, we go over every possibility for and we will enumerate altminimal
setsC of size at leas8p such that thahondeg(C U {v}) < p andN[u] \ {v} C C.
Notice that|C \ N[u]| < p since every vertexv € C \ NJu] is a non-neighbour
of u. Thus, if |C] > 3p then|Nu] \ {v}| > 2p. Hence, every vertex i@ \ N[u]
has at leastN[u] \ {v}| —p > p edges taV[u] \ {v}. Let S be the set of vertices in
V(G)\ (N[u]U{v}) which have at mogi non-neighbours itV [u]\ {v}. If |S| > p+3,
then no minimal se€ satisfying the constraints and the requirem®ifit] \ {v} C C
can exist. To see this, suppose for contradiction that sset@ exists, ther6'\ C' > 3.
Since each vertex i \ C has at mosp non-neighbours iV [u] \ {v} it follows that

d(C,v) = 3(IN[u] \ {v}| = p) = 3(IC| = 2p) = |C]|

contradicting Observation 15. The second inequality hsildse| N [u]\ {v}| > |C|—p
and the third sincéC| > 3p. Finally, since|S| < p+ 3 andC \ (N[u] \ {v}) C S
there are at mo=**3 possibilities set€” for every choice of.. Thus there are at most
O(2P|V(@G)]) such sets, and they can be enumeratextjir (G)|°™) time. O

Since every se€ such thatonedge(C) < p satisfiesnondeg(C) < p, we can
use Lemma 21 to find out whether there is aGetuch that ¢ C, d(C U {v}) < g,
nonedge(C U {v}) < p and|C| > 3p in time 27|V (G)|°(). Thus we can concen-
trate on set€’ of size at mos8p for (nonedge, p, ¢)-CLUSTER and for(nondeg, p, ¢)-
CLUSTER. For finding appropriate sets of size at mos8p for the two problems, we
can give algorithms that are almost identical to the albaritiescribed in Lemma 19.
Since the two algorithms are so similar, we describe botmangpo.

Lemma 22. There is 2°®)|V(G)|°™M) time algorithm for thénonedge, p, ¢)-CLUSTER
and the(nondeg, p, ¢)-CLUSTER problem.

Proof. We are given as input a grajghtogether with a vertex and integerg andgq.
The task is to find a vertex sétsuch thati({v} UC) < g andnonedge({v} UC) < p,
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ornondeg({v}UC) < p. Itis sufficient to search foraminimal setC satisfying these
properties. Using Lemma 21 we can check whether such a setec@isleasBp exists
in time 27|V (G)|°™). From now on we only need to consider sétsf size at mossp.
By Observation 17¢' can be decomposed in@@ = S; U S, ... U S; such thatS;
is a connected-minimal set for evenyi, S; N .S; = () for everyi # j, and no edge
of G has one endpoint it¥; and the other inS; for everyi # j. Using Lemma 16
we list all connected-minimal setsS; ... S, of size at mosBp, and by Lemma 16
n < 4%2|V(G)|. For a setS and vertexv, definenondeg, (S) to be the maximum
number of non-edges to vertices fhover all vertices inS \ v. For a subse?Z of
{1,...,n} defineC(Z) = {v}UlJ;c, Si- Now, letZ C {1,...,n} such that for every
i,j € Z,suchthat # j, S; N S; = 0. We have thatlC(Z)| = 1 + >, , |Si| and that

d(C Z Sz;v Su”))
i€Z
(5)
nonedge(C(2)) < |C(Z |+Znonedge(5“v d(S;,v) +Z Z 1511551
i€z €Zi<jeEZ
(6)
nondeg(C(Z)) < max { Z (|SZ| - d(Si,v)),%aé( (nondegU(Si U{v}) + Z |Sj|)}
= jez\{i}

If there is no edge with one endpoint$; and the other irb; for anyi # j,4 € Z,

j € Z then the inequalities hold with equality. Our algorithmivsiélect aZ such that
C = U;cz Si- To ensure that the algorithm pickssuch that the setS; and S; will
be disjoint for every pair of distinct integeisj € Z we will use color coding. In
particular, we construct a familf of functions fromV (G) \ {v} to {1,...,3p} as
described in Proposition 18. The famify has sizeD (e - p°1ogr) . log |V (GQ))).

For each functiorf € F we will think of the function as a coloring df (G) \ {v}
with colors from{1, ..., 3p}. We will only look for av-minimal setC whose vertices
have different colors. This will ensure that any two s&fsand S; that we pick will
be disjoint, and controls the total size of the set pickethdfinput instance wasyes-
instance then a solution s€texists, and the construction #fensures that there will be
afunctionf € F which colors all vertices i’ with different colors. When considering
a particular coloringf we discard all sets fronyy, ... .S,, which have two vertices of
the same color, so from this point, without loss of geneyadill sets inSy, . .. .S, have
at most one vertex of each color. For a vertex$gtiefinecolors(.S) to be the set of
colors occuring on vertices aH.

To solve (nonedge, p, ¢)-CLUSTER we define a tabld?. For every0 < i < n,
0<j<|EG),0<k<pandR C {1,...,3p} we defineTi[i, j, k, S] to be
true if there is a setZ C {1,...,4} such that all vertices af'(Z) have distinct colors,
d(v) + ZieZ d(S;,v) — E(Si,v) <7,

1+ 3 (ronecge(s ) —disi,0) + 3 1S5 <

i€z i€Zi<jez
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andcolors(C(Z)) = R. For(nondeg, p, ¢)-CLUSTERwe define a tabl&% in a similar
manner. That is, forevely < i < n,0 < j < |E(G)|,0 <k <p,0< ¢ < pand
R C {1,...,3p} we definelxr[i, j, k, £, S] to betrue if there is a setZ C {1,...,i}
such that all vertices af (Z) have distinct colors{(v)+ 3", , d(Si, v)—d(S;, v) < j,

max (nondeg, (S, U{v}) + > IS)l) <k Y (IS —d(Siv)) <¢

JjeZ\{i} i€Z

andcolors(C(Z)) = R.

There is a-minimal setC' such that({v} U C') < ¢, nonedge({v} U C) < p and
all vertices ofC' have different color if and only i [n, j, k, R] is true for somg < ¢,
k <pandR C {1,...,3p}. This follows directly from the definition of; and the
fact that Equation 6 holds with equality when there is no edlijle one endpoint ir5;
and the other irb; for somei # j,i € Z, j € Z. By an identical argument, there is a
v-minimal setC such thati({v} UC) < ¢, nondeg({v} UC') < p and all vertices of”
have different color if and only T»[n, j, k, £, R] is true forsomg < ¢,k <p, ¢ <p

andR C {1,...,3p}. We can fill the tableg} andT5 using the following recurrences.
Tii i,k R = T [z - 1,]:, k, R) | | if colors.(Si) ¢
Ti[i—1,5,k,R)VTi[i — 1,5, k7, R'] otherwise
Toli — 1,7,k ¢, R if colors(S;) € R
Toli,j, kb, R =  Toli — 1,4, k, £, R] if |R| —|S;| + nondeg, (S; U {v}) >k

Toli — 1,7,k, ¢, R]V To[i — 1,5 K5, ¢, R'] otherwise

Wherej’ =7 —d(S,L-, ’U) —l—E(SZ, ’U), k'll = k;—nonedge(S,-) — |Sz| —l—d(S,L-, ’U) — |CZ|(|R| -
|Ci]), kb =k —|S;], and?’ = ¢ — |S;| + d(S;,v) andR’ = R\ colors(S;)]

The recurrences above are correct for the following redsetr¥ be a subsetof C
{1,...,i—1} suchthatall vertices af'( Z) have distinct colorsj(v)+ .. , d(S;,v)—
d(Si,v) = j, |R| + 32,z nonedge(S;, v) — d(Si,v) + > iz Dicjez |15illSi| = E,
andcolors(C(Z)) = R. Since every vertex i©'(Z) has a different color, it follows
that|C(Z)| = |R|. Insertingi into Z is only possible ifcolors(C(Z)) = R. In that
case, when we inseiinto Z, d(v) +3_ . , d(Sp, v) —d(Sp,v) increases by(S;, v) —
d(S;,v). The sumR|+ 3, , nonedge(S;,v) —d(Si,v) + e, Zi<jeZ |S;1]S;] in-
creases byionedge(S;)+[5i|—d(S;, v)+|Cs| (| R|—|C;|). The expressiomax,,c » (nondeg, (S,U
{v})+ X ez 1py 155]) by |Si] or tonondeg, (S; U {v}) + 3= ; |S;], whichever is the
largest. The expression, . , (|S,| — d(Sy,v)) increases bysS;| — d(S;,v). Finally,
the set of colors used, will now k¢ U colors(S;).

We initialize the table§; and T as follows.T}(0, 7, k, 0] is set totrue for every
j > dw), k> 0.T:[0,7,k, ¢ 0] is set totrue for everyj > d(v), k > 0,¢ > 0. Then
we fill the tables using the recurrences above. The tables siae4”|V (G)|°M) -
2%P|V(@)|°M = 87|V (G)|°™M) and can be filled in time proportional to their size.
Hence the total running time for the algorithmg g )*»+°®) |V (G)|©M), m
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A.6 Proofs omitted from Section 4.2

To prove the statements in Theorem 20, we reduce fronkt8eIQUE problem ind-
regular graphs. Here we are given a gr&pln which all vertices have degrek and
an integerk. The task is to find a cliqué€' in G of size at leask. This problem is NP-
complete and W[1]-complete when parameterized:§¥8]. Given ad-regular graph
G with n vertices andn edges and an integér we construct a weighted gragH by
adding a vertex incident to all vertices oz with m + 1 parallel edges to each vertex
of G.

Lemma 23. There is a cligu&” in G’ such thaty € C'andd(C) < (n — k)(m + 1) +
k(d — k) if and only ifG contains a clique of sizk.

Proof. In the forward direction, suppose there i€@n G’ such that € C andd(C) <
(n—k)(m+ 1)+ k(d— k). ThenC’ = C \ {v} is a clique inG. It suffices to
argue thafC’| > k. Suppose not. Then the number of edges leadihi at least
(n—k+1)(m+1)>(n—k)(m+1)+ k(d— k), a contradiction.
In the backward direction, suppoSecontains a clique of size. ThenC’ = CU{v}
is a clique inG’ and the number of edges leavi@gis exactly(n—k)(m+1)+k(d—k).
O

Notice thatG’ can be partitioned into cliques with at maest (n — k)(m + 1) +
k(d—k) edges leaving each clique if and only if there is a cliguie G’ such thav € C
andd(C) < q. If such a cliqgueC” exists then there exists such a clique of gize 1.
Hence, by Lemma 23, {fnonedge, 0, ¢)-PARTITION or (nondeg, 0, ¢)-PARTITION can
be solved in polynomial time on graphs with parallel edgesntQ.IQUE in d-regular
graphs can. Similarly, ifsize, p, ¢)-PARTITION can be solved itf (p)n° time on graphs
with parallel edges then@QUE in d-regular graphs can be solvedfiik + 1)n° time.
This proves Theorem 20.
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