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CHAPTER 1
Introduction

Three years have come and gone so quickly. I can now say that

my long learning road has undoubtedly been as enthralling as

challenging. Mountains and non-smooth continuous valleys of

knowledge may represent such amazing journey, in which I had

obtained –perhaps through exponential efforts– a tiny portion of

that valuable knowledge only when reaching the maximum point

of the highest mountains.

O
ver the past couple of centuries, fossil fuels, as primary energy

sources, have been essential for global economic growth. During the

industrial revolution in Europe in the 19th century, coal played a key role

in supporting technological progress in agriculture, manufacturing and transport.

Since then, petroleum has superseded the position of coal, and is an essential

factor in sustaining our very expensive and ‘dangerous’ lifestyle.

Nowadays, however, the continual and indiscriminate increase in the price of

oil, coupled with the significant decline in reserves, as well as the new environ-

mental attitude expressed by various national governments about the existing

high levels of air pollution, have led to the exploitation of a cleaner and more

economically attractive fuel, namely the natural gas.

In contrast to petroleum or coal, natural gas can be used directly as source

of primary eco-friendly energy that causes less carbon dioxide and nitrogen oxide

emissions (green house gases). Thus, natural gas has proven to be a strategic

commodity that augments current global energy supplies and, to some extent it

alleviates some of the possible consequences of using petroleum and petroleum

derivatives.
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Chapter 1. Introduction

As stated by Shell [126], a global group of energy and petrochemical com-
panies, the world is hungry for energy. As a consequence of this demand, a
significant effort to increase world energy reserves has been made during the last
decades despite the recessions and economic issues currently faced by worldwide
gas producers.

According to Cedigaz 1’s 2009 News Report [19], 2008 witnessed the largest
expansion of gas reserves in the world for almost a decade (see Fig. 1.1). This
increase may certainly lead to the establishment of a number of sustainable but
complex projects in both international and national arenas, which would in turn
entail major challenges for the gas industry. A clear example is that of the Islamic
Republic of Iran. In 2008, this country increased its national reserves of natural
gas to 27.57 trillion cubic meters (Tcm), corresponding to 18% of the world’s
total natural gas reserves [18]. Iran may now face the challenge of implementing
several international projects, possibly with foreign investors, which would imply,
among other things, a rapid expansion of its natural gas transportation systems
if the country wants to succeed in becoming a leading natural gas exporter in the
years ahead.

Figure 1.1: Global natural gas reserves in 2009 – CEDIGAZ Source

In Northern Europe, according to the Oil&Gas Journal ’s 2010 International
News [103], a new plan for the development of the North Sea Gudrun gas and

1Cedigaz – An international association dedicated to natural gas information in the world.
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oil field has recently been approved by the Norwegian Parliament to Statoil (the

leading operator on the Norwegian Continental Shelf ) and partners. The project

is estimated at US$3.6 billion and comprises the drilling of 7 production wells

and the construction of a fixed-steel platform in 2011. The wells are expected

to go into operation in 2014, thus leading to a steady production growth for the

years ahead.

In South America, several multi-national contracts have been signed to trans-

port offshore gas ashore. Chile, for example, secured international funding worth

more than US$1 billion in 2007 [21] for constructing the regasification plant “GNL

Quintero S.A.” to provide natural gas to its central region from 2009 and to over-

come some of the difficulties in the energy sector currently facing the country.

Similarly, Argentina and Uruguay signed an agreement in 2008 [18] for the con-

struction of a regasification terminal, which is intended to come into operation in

2012.

Hence, the current position of natural gas as a primary non-renewable en-

ergy source (second to oil) leads to the conclusion that the analysis, design and

improvement of its processes, including transportation, play a significant role

for both private and public sectors while offering a number of challenges to the

scientific research community.

Here, the robustness and profitability offered by the study and application of

an interdisciplinary field such as optimization, also referred to as mathematical

programming, are essential to effectively tackle many of the difficulties associated

with natural gas from extraction until delivery to the end-costumers by means of

transportation pipeline systems, for example.

We can think of optimization as a science in constant development, with a

narrow link between computer science and applied mathematics. As is the case

in many scientific areas, detailed definitions of the theory can fill several large

volumes. The same applies to optimization and as such, this would exceed the

expectations of this work. Nonetheless, in order to provide a frame of reference

in which to base the contributions of this thesis, Chapter 3 provides an overview

and a brief formal introduction of this magnificent field of scientific research.

A number of well-developed methods have been already applied to many pro-

cesses used in connection with natural gas. However, the favorable increase in

global natural gas reserves described above, coupled with the expansion of gas

consumption in both public and private sectors, as well as the exponential ex-

pansion of the transmission networks during the last decades, have posed several

challenging problems that require more accurate models and more sophisticated

and advanced algorithms. Hence, the design, application and assessment of the

optimization methods proposed in this work are required in order to tackle the

5



Chapter 1. Introduction

three research projects that constitute this PhD thesis. A summary of these three
research projects is presented next.

1.1 My PhD research frame

My PhD research frame comprises three research projects directly related to the
optimization of pipeline network systems for the transport and storage of natural
gas. The main goal of this thesis is to present the research conducted in each
of these projects. Thus, the major issues covered by the thesis are the study of
the mathematical formulations and difficulties of the corresponding optimization
problems, as well as the several approaches that help to a better understanding
of the topic for the future research. The title and a brief description of each
project, and the way how they were tackled during my PhD studies are presented
as follows.

Project 1 is entitled:

Minimizing Compressor Fuel Cost on Large Pipeline
Transportation Networks for Natural Gas

This project can basically be described as follows: In gas transportation net-
works, designed for either gathering, transmitting or distributing natural gas,
compressor stations are used to supply the energy necessary to overcome frictional
pressure losses while maintaining the gas streams flowing through the network.
However, a significant proportion of the transported gas (estimates vary between
3% and 5%) is consumed by series-parallel banks of compressors installed in the
network before the gas arrives at the reception units. Keeping this consumption
to a minimum is a task that not only represents large financial value to the in-
dustry, but also has an important environmental dimension. This results in the
fuel cost minimization problem (FCMP).

This project is based on an in-depth mathematical study of the NLP model
suggested by Wu et al. [144]. Consequently, the thesis presents three solution
methodologies in order to tackle the complexities associated with the mathemat-
ical model. These approaches are applied to a wide range of network topologies
with real-data of 9 different compressor units provided by the industry.

The first methodology is based on a hybrid meta-heuristic approach that in-
cludes a reduction technique proposed by Rı́os-Mercado et al. [120] as a prepro-
cessing phase. As essential part of this approach, a discretized subproblem is
solved by a non-sequential dynamic programming method proposed by Carter in
[15].

6



1.1 My PhD research frame

This solution approach is documented in Paper I (see Table 1.1). The findings

presented by the paper are the result of my Master studies done under the super-

vision of Roger Z. Rı́os-Mercado at the Universidad Autónoma de Nuevo León

(UANL), Mexico. The extended numerical experiments concerning the multi-

local search procedure introduced in the paper are the contribution done during

my PhD studies. The experiments were done via remote connection with the

facilities in Mexico.

This study led to the proposed approaches that followed my PhD research

under the supervision of Dag Haugland at the University of Bergen. In 2009, the

paper was awarded the most prestigious university-wide award granted by UANL

within the engineering and technological research area.

This approach has two main advantages: a) It is applicable to linear, tree-

shaped and cyclic networks, and b) it can easily handle the non-linearity and

non-convexity of the model. However, Carter’s technique requires the network to

be sparse, and even small instances can easily be found where this method fails.

To overcome the limitation of Carter’s technique, we enhance the dynamic

programming (DP) technique invented by Bellman [7] into a solution methodology

that handles a more general class of transportation network. The problem in

question has a structure similar to a frequency assignment problem in wireless

communication, and for such problems a tree-decomposition approach [77] has

been applied in combination with a DP technique. We investigate the possibilities

of adapting this approach to FCMP, and verify the method both theoretically and

experimentally.

Even though the previous approach is applicable to a wide set of network

topologies, the output and the running time depend on how fine the discretization

is. Hence, a more sophisticated algorithm based on an adaptive discretization

approach is proposed. This third methodology can be considered as an extension

of the previous approach where the bounding techniques introduced in Paper I

play a crucial role. This heuristic approach outperforms the efficiency of the

previous approach and can effectively be applied to large networks.

Project 2 is entitled:

Mathematical Modeling of Network Flow Problems
Under Gas Volumetric Properties Variation

This project focuses on the mathematical modeling of the pipeline resistance

in transmission systems. The aim is to estimate in a more accurate way the flow

capacity in pipelines based on the intrinsic variation of the volumetric properties

of the natural gas mixture during the transmission process. In particular, this

7
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study concerns the influence of the variability of the gas specific gravity (g) and
compressibility (z-factor) on maximum flows at downstream nodes of the network.

The literature on optimization models for pipeline gas transportation does not
seem to be very rich on models with variable specific gravity or compressibility,
and most works focus on models for transient flow. Interested readers are referred
to the works presented by Abbaspour and Chapman [1] and Chaczykowski [20],
and the references therein.

In contrast, the idea of modeling arc capacities as decision dependent functions
is already well established in the optimization literature. In an early work on
minimization of compressor fuel cost, Wong and Larson [141] suggested to model
the pipeline capacity by means of the well-known Weymouth equation [105]. The
same principle is followed by more sophisticated works, as those presented by
Carter [15], Rı́os-Mercado et al. [120], De Wolf and Smeers [30, 31], Borraz-
Sánchez and Rı́os-Mercado [11, 13], Bakhouya and De Wolf [6], Kalvelagen [69],
and Borraz-Sánchez and Haugland [10].

All the cited works neglect the fact that the parameter in the Weymouth
equation depends not only on pipeline characteristics, but also on thermodynamic
and physical gas properties. This includes temperature, specific gravity (relative
density) and compressibility. In instances where the network elements show no
or only modest variation in these properties, it is sound modeling practice to
represent them by global constants. This does however not seem to be the case
in all real-life instances.

In this work, a non-convex NLP model for maximizing flow in gas transmis-
sion networks while considering the variability of g and z-factor is introduced.
Basically, the specific gravity balance in the network is estimated by the incoming
gas flows at junction points, where we assume an isothermal gas pipeline system
in steady-state. The compressibility is in turn computed as a function of specific
gravity, temperature and average pressure values by the California Natural Gas
Association method [28].

Due to the non-linearity and non-convexity of the model, the proposal of a
suitable method to overcome such complexities is also required. Hence, a heuristic
algorithm based on an approximate model is proposed. The results obtained by
applying BARON [131] (a global optimizer) and MINOS [97] (a local optimizer)
on a GAMS [49] formulation are compared to the results achieved by the heuristic
approach on a wide set of test instances.
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Project 3 is entitled:

Optimal Line-Pack Management
in Gas Transportation Networks

This project can be described as follows: Gas pipelines do not only serve
as the transportation links between producer and consumer, but also represent
potential storage units for safety stocks. Due to the compressible nature of dry
gas, large reserves can be stored inside the pipe for subsequent extraction when
flow capacities elsewhere in the system break down. Since it is likely that such
unpredictable events do occur, keeping a sufficient level of line-pack therefore
becomes critical to the transporter.

Managing the line-pack in a gas transportation network basically means op-
timizing the refill of gas in pipes in periods of sufficient capacity, and optimizing
the withdrawal in periods of shortfall. Some attempts, although few, have been
made in the direction of mathematical planning models for this problem (see [17]
and [47]).

In this project, a multi-period model is proposed to tackle the line-packing
problem. The model has non-linear constraints and both continuous and integer
decision variables, and qualities thus as a mixed-integer non-linear programming
(MINLP) model. In the project, we conduct an extensive numerical experimen-
tation to evaluate the computability of the model. This experimental phase is
based on a GAMS formulation for the MINLP model while applying the global
optimizer BARON [131].

To sum up, based on a thorough research on these projects, this thesis demon-
strates the need for studying and modeling complex optimization problems, in-
cluding (non-convex) NLP and MINLP optimization models. Particularly, it
shows the suitability of applying optimization methods, including exact and
heuristic methods to natural gas transportation problems in steady-state. In ad-
dition, this thesis also presents several sets of test instances based on imaginary
and real gas network systems that challenge the proposed solution techniques.

Details on the research conducted in each project are presented and discussed
formally in Chapters 4–6. The scientific contribution of this thesis is presented
next.

1.2 Contributions of the thesis

The contributions of this thesis are given by the five scientific papers presented
in Table 1.1. The relation between the papers and the three research projects
described above is shown in Table 1.2.

9
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Table 1.1: Contributions of the thesis.

Paper # Title, authors and publication channel

I Improving the operation of pipeline systems on cyclic
structures by tabu search

Borraz-Sánchez, Conrado & Ŕıos-Mercado, Roger Z.
Published in: Journal of Computers & Chemical Engineering,
Vol. 33 (1), pp. 58-64. (2009)

II A tree decomposition algorithm for minimizing fuel
cost in gas transmission networks

Borraz-Sánchez, Conrado & Haugland, Dag
Published in: IEEE conference proceedings 2009. The cie39 In-
ternational Conference on Computers & Industrial Engineering.
ISBN 978-1-4244-4136-5. pp. 244-249. (2009)

III Minimizing fuel cost in gas transmission networks by
dynamic programming and adaptive discretization

Borraz-Sánchez, Conrado & Haugland, Dag
Article in press: Journal of Computers & Industrial Engineering.
doi: 10.1016/j.cie.2010.07.012 (2010)

IV Optimization methods for pipeline transportation of
natural gas with variable specific gravity and com-
pressibility

Borraz-Sánchez, Conrado & Haugland, Dag
Preprint submitted to Journal of the Spanish Society of Statis-
tics and Operations Research: TOP. (2010)

V Modeling line-pack management in natural gas trans-
portation pipeline systems

Borraz-Sánchez, Conrado & Haugland, Dag
Preprint submitted to the INFORMS Computing Society 2011
Conference. (2010)

Table 1.2: Relationship between the scientific paper and the research projects conducted.

Project No. Key statements Contributions

1 Compressor stations – Fuel Cost Minimization
Problem (FCMP)

Paper I, II and
III

2 Gas specific gravity and compressibility – Flow
Maximization on pipeline systems

Paper IV

3 Short-term basis storage of natural gas – Gas
line-packing optimization on transportation
pipeline networks

Paper V
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1.3 Outline of the thesis

The next five chapters present an overview of the major issues addressed in this
work, including the formal discussion of the findings presented in Section 1.1.

Chapter 2 provides a formal introduction of two essential components associ-
ated with the optimization problems addressed in this thesis: natural gas (Sec-
tion 2.1) and transportation pipeline systems (Section 2.2). The chapter provides
a brief description of the main characteristics of both components, stressing the
points at which this thesis contributes.

Chapter 3 presents an overview of the theoretical framework related to the
research area studied in this thesis: Optimization. This chapter discusses the key
issues when solving real-world decision-making problems, particularly related to
the optimization of natural gas transport by means of pipeline systems.

Chapter 4 focuses on Project 1 on the operability of compressor stations,
particularly when solving the fuel cost minimization problem (FCMP). The chap-
ter introduces a (non-convex) NLP model and provides an analysis of the main
challenges to be faced. Furthermore, three different solution methodologies are
introduced and discussed to tackle the FCMP (Papers I, II, and III).

Chapter 5 focuses on Project 2 and presents a (non-convex) NLP model
for a more accurate estimation of the maximum flow in transmission pipeline
systems while taking into account the variation of gas volumetric properties. The
chapter particularly offers a complete study on the role that the variability of
gas specific gravity and compressibility plays in the correct estimation of the
maximum resistance of pipelines (Paper IV). An extensive numerical evaluation
of a heuristic approach, a local optimizer, and a global optimizer is also presented.
The experiments are conducted on a wide range of test instances.

Chapter 6 focuses on Project 3 on the mathematical modeling of a strategy
(line-pack) to hedge against events that may occur in a gas transmission system.
Here, the design of a MINLP formulation to tackle the line-packing problem
(Paper V) is discussed in detail.

Finally, the concluding remarks are given in Chapter 7. All papers cited in
Table 1.1 are given in separate attachments.
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CHAPTER 2
Natural Gas – From the wellhead to the
end consumer

F
rom prehistoric times, an exothermic chemical reaction known as

combustion has been a key piece to generate heat and light for surviv-

ing. Two elements are required for the combustion to take place: an

oxidant agent and a fuel. An oxidant agent is basically a chemical compound

that transfers oxygen atoms, e.g., the air or fluorine1. The fuel is any source

with the ability of releasing energy when it is burned while its chemical structure

is transformed, such as natural gas.

This chapter provides both a formal introduction to natural gas, as well as a

brief description of the main stages involved with the transportation of natural

gas from the point at which it is extracted from the wellheads until it is delivered

to the end-consumers, stressing the stages where this thesis contributes.

2.1 A closer look at natural gas

Natural gas (NG) is a colorless, odorless and tasteless fossil fuel, which is char-

acterized as one of the cleanest and safest energy sources worldwide. Like the

coal, uranium (nuclear energy) and oil and its derivatives such as gasoline, diesel

fuel, propane, etc., NG is a non-renewable resource that is expected to be widely

expanded in the decades to come. It is considered a very safe energy source when

1Fluorine is a highly dangerous element and the most chemically reactive of all elements.
However, an advantage of this element is that it may also be used as oxidant agent to burn
hydrocarbons without requiring a spark as energy input.
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Chapter 2. Natural Gas – From the wellhead to the end consumer

transported, stored and used since its range of flammability is limited, i.e., it re-

quires both a correct mixture of air and fuel to burn somewhere, and an ignition

temperature of approximately 1100 degrees Fahrenheit.

NG is a mixture consisting mainly (70-95%) of methane (CH4, a covalent

bond1 composed of one carbon atom and four hydrogen atoms, see Fig. 2.1).

Methane was discovered and isolated by Alessandro Volta, Italian physicist,

known for his pioneering work in electricity, particularly for the development

of the first electric cell (the so-called voltaic pile) in 1800.

NG also contains heavier gaseous hydrocarbons such as ethane (C2H6), propane

(C3H8), normal butane (n-C4H10), isobutane (i-C4H10), pentane (C5H12), among

other higher molecular weight hydrocarbons.

Figure 2.1: Models of molecules of oxygen (O2), water (H2O), methane (CH4) and
carbon dioxide (CO2) – NG typical molecules

At the moment of its extraction from the ground, NG contains impurities

or contaminants that have to be removed before being used as a consumer fuel

(with the exception of the mercaptans2 which sometimes are kept or added for

safety reasons). Among these impurities we can find acid gases, such as hydrogen

sulfide (H2S), carbon dioxide (CO2), mercaptans (methanethiol – CH3SH, and

ethanethiol – C2H5SH), nitrogen (N2), helium (He), and water vapor (H20).

Two terms are typically used in the literature concerning the acid gas compo-

nents: a sour gas and a sweet gas. The former is associated to natural gas that

contains significant quantities of sulfur compounds and hydrogen sulfide. The

1Covalent bond – Chemical bonding defined by the sharing of electrons pairs between atoms.
2Mercaptans – Strongly odorous compounds of carbon, hydrogen and sulfur.

14



2.1 A closer look at natural gas

latter is related to natural gas that is relatively free of sulfur compounds. The

first term is still in debate since some authors may also refer to a sour gas as that

gas containing CO2 but no sulfur compounds.

During combustion, NG produces a great amount of heat while releasing very

small amounts of sulfur dioxide (SO2) and nitrogen oxides (NOx, referred specif-

ically to NO and NO2) unless such compounds are removed before burning it. A

typical characteristic of NG combustion in the air is a blue flame (see Fig. 2.2).

Figure 2.2: NG undergoing combustion – The characteristic blue flame

In contrast to coal and oil, NG produces lower levels of CO2, CO, water vapor

and particulate matter (PM, also referred to as fine particles, are tiny substances

of solid or liquid matter suspended in the gas [138]). Table 2.1 shows the fossil

fuel emission levels provided by U.S. Energy Information Administration [132]

(EIA) in pounds of pollutants per Billion Btu1 of energy input of fossil fuels.

Table 2.1: Fossil fuel emission levels (pounds per Billion Btu of energy input).

Fossil fuels

Contaminant Natural gas Oil Coal

CO2 117,000 164,000 208,000
CO 40 33 208
NOx 92 448 457
SO2 1 1,122 2,591

Particulates 7 84 2,744
Mercury 0.0 0.007 0.016

Source: EIA - Natural Gas Issues and Trends 1998

1Btu – British thermal unit of energy. 1 Btu ≈ 251.9 calories ≈ 1055 joules, is equal to
the amount of heat required to raise the temperature of 1 pound of liquid water by 1 degree
Fahrenheit at its maximum density, which occurs at a temperature of 39.1 degrees Fahrenheit.
(The heat output of computer devices is often expressed in Btus.)
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Note that even though NG is considered non-toxic, there may exist a potential

asphyxiation hazard when mixed with air due to reduced oxygen content in the

atmosphere.

2.1.1 Natural gas history in a nutshell

Natural gas has been observed since ancient times. The humankind’s encounters

with natural gas can likely be traced back from ancient Mesopotamia, or the

cradle of civilization that is known today as the Middle East [64]. However, it

was until a few centuries ago that countries such as China, Great Britain, USA,

among others, started using natural gas as a means of maintaining their need for

energy [93]. Moreover, it was the construction of a sustainable gas infrastructure,

including storage, preprocessing and transport facilities, that allowed natural gas

become commercially available throughout the world.

Mokhatab et al. mention in [93] that the Chinese drilled the first known NG

well in 211 B.C. A few centuries later (around 500 B.C.), they would employ

crude bamboos as a means to transport NG. Among other applications, they

would use NG as energy source to boil sea water in order to desalinate it, i.e., to

get drinkable water.

In Europe, even though the British discovered natural gas in the middle of the

17th century, it was until the late 18th century (around 1785) when they started

trading NG obtained from coal seams for lighting houses and streets [122]. In

North America, a few decades later (about 1816), the Americans followed the

same strategic idea and began using NG for lighting the streets of Baltimore,

Maryland. Few years later, in 1821, William A. Hart would be the first one to

succeed in digging a 27ft wellhead in Fredonia, New York, USA [129].

In contrast to the almost exclusive use of natural gas in lighting houses and

streets at the late 19th century, the Bunsen burner, named after Robert Bunsen

in 1885 [68], was a key factor to show the immense scope that it could be given

to the use of NG [81].

Undoubtedly, an intriguing factor that caused a faster expansion of the use

of NG around the world in the last decade of the 19th century, was the fact that

many cities began replacing their gas lamps with electric lamps. Thus, the gas

industry was required to look for new markets, perhaps far away from their usual

customers.

Natural gas had been clearly eclipsed by electricity. However, at that time

the real problem was certainly the lack of a pipeline infrastructure to transport

and distribute natural gas, as well as the lack of facilities to store it. In addition,
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2.1 A closer look at natural gas

events such as World War II would hinder the development or growth of NG as

primary energy resource in the early 20th century.

After World War II, the technological progress in e.g., pipeline manufactur-

ing, metallurgy and welding, enabled the gas industry to reemerge again. Thus,

gas transport companies would start building up and expanding their pipeline

systems. The fast and steady growth of gas industry would finally entail the con-

struction of various gas facilities, including processing and storage plants, as well

as a number of sustainable projects around the world since the late 20th century.

2.1.2 Uses

Currently, natural gas is used as fuel and raw material in petrochemical manufac-

turing such as hydrogen, ammonia (used in a range of fertilizers), ethylene and

sulfur. It also provides power to a large set of gas appliances, such as gas furnaces,

water heaters, gas grills, cooking stoves, etc., including heating and lighting in

homes.

Due to its environmental qualities, coupled with its low cost, natural gas in its

compressed (CNG) form has become a good alternative to be used to fuel vehicles

(NGVs, see Fig. 2.3). In [64], Ingersoll claims that we are approaching the time

when the transition from gasoline (and diesel) vehicles to NGVs is an unavoidable

phase. However, although this technology is not recent (it goes back to 1930), it

is still an ongoing process due to the limitations of CNG distribution to and at

fueling stations, among other practicalities. (See [64] for a better survey.)

Figure 2.3: Natural gas vehicles – (NGV)
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2.1.3 Distinguishing NG from NGL, CNG, LNG, ANG,
and LPG

Special attention may be required to distinguish NG from other terms widely

used in the literature such as NGL, LNG, CNG, ANG, and LPG.

The first term, NGL (Natural Gas Liquids) basically refers to all those gaseous

hydrocarbons heavier than methane (previously mentioned) that are extracted in

liquid state during the processing of NG for its consumption.

Concerning CNG, LNG and ANG, they represent methods applied for natural

gas storage. CNG and LNG are commercially available, whereas ANG is still in a

development phase (see [53]). CNG refers to the compressed natural gas in gaseous

state, which has been exposed at extremely high pressure (200-250 bars1). CNG

is primarily used for on-board gas storage of natural gas vehicles (also referred

to as NGVs). In turn, LNG (liquefied natural gas) refers to natural gas that

has been cooled about minus 260 degrees Fahrenheit while the condensation has

taken place. LNG imposes a higher cost of production and storage compared to

CNG. The motivation for carrying out such procedures of liquefaction of NG can

be noted as followed.

As known, NG is typically transported through pipeline systems. However,

for those regions with a high production potential where the construction of

connection pipeline systems is too expensive or simply not viable, LNG may

become a profitable alternative to store and transport natural gas as liquid by

means of tanker ships. An inherent advantage of liquefying NG is that it greatly

increases its density, i.e., the NG volume in its liquid state at atmospheric pressure

is about 600 times less than in its gaseous form [88]. However, the liquefaction

facilities at the shipping points, the tankers and cryogenic containers to transport

and to keep the gas in its liquid state, as well as the regasification terminals at

the delivery points require a large investment that in many cases turns out to be

too high to make LNG a viable option. (Better surveys on LNG can be found in,

e.g. [14] and [88].)

A viable example of the use of LNG is that of countries such as Algeria, Nige-

ria, Malaysia, Indonesia, Qatar, among others, where the exportation of natural

gas to their neighbors can be easily done through pipelines, whereas it would turn

out to be impossible exporting natural gas similarly to major consumers such as

U.S. or Japan. Hence, LNG would turn out to be an excellent alternative to be

applied as a big scale gas marine transportation.

1bar: Unit of pressure ≡ atm pressure on Earth at sea level. (1 bar = 14.5 psi = 100 kPa)
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In addition, since typically there is no pipeline infrastructure beyond 500 miles

offshore, a major buildup of LNG facilities throughout the world has recently

become an important issue for the gas industry [93].

Note that, as mentioned in [88], NG, NGL, CNG and LNG differ from LPG

(Liquefied Petroleum Gas, incorrectly called propane), since this latter is a term

used for the product of crude oil distillation formed mainly of propane (C3H8)

and butane (C4H10) in a liquid state. LPG contains much more energy than NG.

1 ft3 of NG contains about 1,000 Btu, whereas 1 ft3 of LPG contains about 2,500

Btu.

2.1.4 Deposits and formations of natural gas

NG was formed millions of years ago. Nonetheless, its transformation process is

still not well understood.

According to the book “Geology, the science of a changing Earth” by Allison

and Palmer [3], the theory on the creation of NG that is shared by chemists,

geologist and other scientists, is that diverse strains of bacteria from plants and

tiny sea animals were buried thousands of feet underground for millions of years.

As time went by, pressure and heat exerted by multiple layers of sand and rock,

coupled with possible addition of hydrogen from deep-seated sources, contributed

to turn this decaying matter into petroleum and natural gas. Moreover, Cap rock,

a term used for layer of non-porous rock, was in charge to prevent the rising of

natural gas to the surface, thus keeping it trapped underground.

The great variety of underground formations, such as shale formations, sand-

stone beds, coal seams, among others, represent to the gas industry different

complexities related to both the nature of physical properties and composition

of natural gas, as well as the location of the underground formation. Often, NG

flows along with oil to the surface from the same underground formation.

In USA for instance, the rock formations of clay where natural gas was trapped

about 350 million years ago (in the Devonian Period), referred to as the Devonian

shales, announced the first shale formations to be explored and commercially

drilled in New York [60]. This wellhead produced just a few thousand of cubic

feet per day of gas for 35 years, but it led to a new and fruitful energy source in

the country.

Shale rock formations have been characterized by Geologists for holding sub-

stantial amounts of natural gas. However, since these formations are found several

thousand feet underground, besides being relatively impermeable, they were con-

sidered unreachable until the advent of new drilling techniques, which made it
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possible to recover the gas. The result is a dramatic increase in estimated natural

gas reserves worldwide.

Sandstone beds are unconventional gas deposits. Deposits known as tight sand

lenses, due to natural gas has been trapped in tiny spaces, are included in these

underground formations. These deposits are composed of tight holes that do

not allow the gas to flow easily, thus requiring the application of special drilling

techniques to crack the dense rock structure.

Coalbed methane gas (see Fig. 2.4) is a valuable potential source of gas that

is found in all coal deposits.

Figure 2.4: Coalbed methane – Underground formation

Another type of gas deposit that should be also taken into account is that

formed by gas hydrates (discovered by Sir Humphry Davy in 1811 [29]), which

are perhaps, from a gas transportation perspective, less friendly compounds but

that promise to be a potential energy resource in the decades to come. They are

found in deep ocean beds or in cold areas of the world.

A gas hydrate is an ice-like solid compound that currently causes problems

both in the gas transmission process (pipeline plugging) under cold conditions,

as well as in the processing and storage plants of natural gas (see e.g. [9], [84]

and [146]). They are formed by the combination of water with small molecules

called “hydrate formers”, which are mainly all compounds of natural gas.

The hydrates are a subset of compounds known as clathrates or inclusion

compounds. We can think of a clathrate as a non-chemical compound in which

a molecule of one substance (typically gases) is enclosed in a structure built

from molecules of another substance, i.e., it is trapped in a lattice of polyhedral

water “cages” (see Figs. 2.5 and 2.6). This leads to the conclusion that, since

the clathrates behave as gas concentrators, the amount of methane surrounded by

these cages in ocean sediments may become quite significant in a very conservative
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estimate. (A better survey on gas hydrates can be found in Sloan’s book [128],
where a formal presentation of these crystalline compounds is provided in detail).

Figure 2.5: Typical structure of
a clathrate hydrate – 136 water
molecules

Figure 2.6: A more complex structure of
a clathrate hydrate

Finally, a new and exciting gas formation has been developing in the last
decade as a promising source of energy called Biogas. Biogas is provided by high
technological devices known as digesters. Astonishingly, it is no longer necessary
to wait millions of years for natural gas being created underground. Now, from
food waste and garbage, biogas can provide electricity by means of mobile ‘di-
gesters’ in just one day. The proverb One man’s trash is another man’s treasure
could be the slogan that sums up this new, amazing technology.

In the next section, an overview of the natural gas industry, including its main
activities, processes and stages, as well as its greatest challenges, is presented.
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2.2 Gas industry

Natural gas, due to its cleanliness and easiness to be transported, is currently

considered by national and transnational corporations all over the world as a

good candidate for doing business. Nevertheless, the whole process that entails

having natural gas ready for its consumption as a clean and efficient source of

energy reflects a quite long road.

The main stages involved with natural gas from its extraction until its deliv-

ery to end customers, including their major characteristics and most important

challenges, are presented in subsequent sections.

2.2.1 A glance at the scheme

The long road that natural gas typically covers from its origin to its final scheduled

destination comprises a number of complex tasks (see Fig. 2.7). Activities such

as exploration, extraction, processing, storage, transportation and distribution of

natural gas are among these tasks that certainly offer interesting challenges in

the everyday activities of the gas industry.

Figure 2.7: The long road of NG – A very challenging task

Due to the obvious complexity that would entail conducting all these physical

processes together, the vast task undoubtedly has to be separated. Sayings such

as “grasp all, lose all” and “do not bite off more than you can chew” seem to
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represent the philosophy followed by mostly all gas enterprises. Hence, not sur-

prisingly, a common factor is that small and medium corporations make profits

by means of facing and mastering only one specific activity. For example, while

some companies may be in charge of exploring the ground looking for gas bearing

formations that may lead to substantial profits, other companies may be in charge

of processing the gas to make it ready for its consumption. Typically, the former

companies also drill the wellhead and extract the gas once a potential area has

been mapped.

On the other hand, transnational companies are usually in charge of natural

gas transportation through cities, states or even countries. They may feed their

pipeline systems with natural gas coming from various sources, including pre-

processing plants, storage facilities or wellheads, in order to deliver it at certain

discharge points, such as local distribution centers and large customers. More-

over, local distribution centers deliver natural gas to a number of end consumers,

including residential, commercial and industrial consumers. Regardless of the

services provided, a company certainly has to face optimization issues in order to

be efficient and to maintain success in business.

2.2.2 Gas production - Getting gas from the ground

Before natural gas is ready for being transported as source of energy, three ma-

jor stages are conducted, namely a) exploration of the ground for potential gas

deposits, b) drilling a well for gas extraction, and c) processing the gas at the

refinery for transportation and consumption.

2.2.2.1 Exploration stage

In the broadest sense, looking for potentially economic underground gas forma-

tions is the first step that gas producers face before starting to think about

investing in perforations and land rights.

In early days, the only but inefficient way to find gas deposits was looking for

seepages emitted from underground. Due the advent of the high technology, this

process has become more accurate over the past years. Geologists and geophysi-

cists can now use several extremely advanced methods to seek for potential gas

deposits (shale formations, sandstone beds or coal seams).

The common factor of gas exploration methods is the gathering of data from

rock formations to be interpreted later. Due to the complexity of this inter-

pretation, uncertainty and trial-and-error are often involved to make educated

guesses.
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Geologists start examining the surface structure to determine areas that may

serve as cap rock about underground formations. They can use the samples of

rock obtained from previously digging gas wells to make inferences about the

porosity, permeability, age or sequence of layers of a particular area. Once an

area is mapping for possible gas formation, further tests can be conducted to

recover more detailed data by means of advanced tools.

Among these tools, we can find the seismic1 exploration [127] (the biggest

breakthrough in gas and oil exploration) for subsurface researches of depths as

great as 150km, but more useful for depths up to 10km. The idea is to produce

seismic waves with small explosions in order to record the vibrations of the earth

when these waves are reflected back to the surface by the different layers of rock.

This seismic data acquisition will allow to infer what kind of layers exist under-

ground and at what depth by means of both data processing (to improve the

resolution and quality of the seismic data) and data interpretation (to recognize

plausible geological patterns in the seismic image). China National Petroleum

Corporation is currently the world’s leading company in onshore geophysical op-

erations using seismic explorations [147].

2.2.2.2 Extraction stage - Drilling techniques

Once an area has been mapped as a potential site containing a large amount of

gas underground, it is time to start drilling a well.

The extraction stage is a very complex process that entails a great deal of

responsibility because it brings out noise pollution and may put drinking water

supplies at risk. This procedure basically consists of drilling the well and installing

both a concrete and metal casing into the hole, and a collection pump above it.

In addition, some special device or container may be required for incidental fluid

that could come out of the gas well during production.

Note also that natural gas is often found in oil deposits and hence gas extrac-

tion becomes sometimes a side-operation of oil extraction.

A number of different drilling and fracturing techniques are currently avail-

able for gas extraction from the gas-bearing formation underground. Their use

depends upon the hole size, equipment availability, geological specifications, and

expertise of the well driller. For example, for reaching shallow gas deposits, a per-

cussion drilling may be used. This involves raising and dropping a heavy metal

1Seismology is the study of how seismic waves (energy) move through the earth’s crust and
interact with the different layers of rock.
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bit repeatedly into the ground. For reaching deep deposits, a rotary drilling tech-

nique is the most acceptable one, which involves the use of diamond studded drill

bits and multiple sections of pipe.

The drilling procedure can be done in two ways, namely vertical and direc-

tional drilling. The vertical procedure basically concerns drilling straight down

until the gas deposit and fracturing the rock around 100-feet along the hole.

The directional gas well drilling, also called horizontal, deviated or slant

drilling, is a more complex procedure that has been expanded in recent years

by gas producers. This procedure involves the use of modern technology to turn

up to a 90 degree transitional curve in order to reach a reservoir that can not be

reached directly beneath the well-head. The aim is to drill in different directions

from the same well site in order to expand the search area thousands of feet down

and thus achieving access to more of the shale than a traditional vertical well

could provide. This is a significant improvement for surface owners.

A directional drilling may have several variants. For instance, in order to

reach a deposit bearing formation that may be hundreds or even thousands of

feet away horizontally from the wellhead at the surface, the driller might slant

the drilling bit at a slight angle off vertical from the beginning. An other variant

may be to drill down vertically until the top of a shale layer is reached thousands

feet below the earth’s surface and then, to bend the well bore sideways across the

shale layer.

Due to the compactness of the shale rock, the trapped gas frequently finds

difficult to seep into the hole towards the surface; hence, fracturing techniques

have to be applied by gas producers. The drillers typically fracture the rock by

adding a water and sand mixture into the hole at very high pressure that would

lead to open millions of tiny cracks in the rock, enabling the gas to seep out

through the pipe.

The disadvantages of this drilling procedure are that it requires a bigger

drilling rig, a bigger drilling pit, and a temporary pond to impound up to 1

million gallons of water for the fracturing process, leading to the concern of the

pollution of the groundwater or damage to other underground resources given

that 40% to 60% of the water that flows back to the surface would also contain

the chemicals added to it by the driller.

2.2.2.3 Processing stage

Once the drilling stage is successfully completed, the well goes into production.

This involves bringing the gas up to the surface from the subterranean deposit
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by, e.g., using a decompression process called retrograde condensation [78]. Sub-

sequently, the gas is transported as a raw material to a collecting point by means

of a gathering pipeline system (see Section 2.2.3.1).

As mentioned before, a gathering pipeline system is typically connected to

all adjacent wells. The goal is to take the raw gas extracted from all these

underground sources to the next step: a processing stage. This is accomplished

by pumping the gas directly to a processing plant before using it as a clean,

safe fuel. Note that whenever it is needed, the gas may be pumped into an

underground facility for future processing and use.

Natural gas processing plants, also referred to as fractionators, are used to

remove the impurities or contaminants, such as CO2, H2O, H2S, He, mercury,

among others, found in the raw natural gas (see Section 2.1).

Conducting this processing phase basically possesses one particular goal: to

satisfy the quality standards imposed by major transportation pipelines, including

transmission and distribution companies. These restrictions usually vary with

respect to the current markets that the pipelines serve. Furthermore, transporting

extra heavy material might reduce significantly the pipeline capacity.

On the other hand, the quality constraints imposed on natural gas also take

into consideration the preventive measures on the pipeline system design, i.e.,

they are forced to preserve the lifespan of the pipelines. For instance, particu-

late matter (PM) or liquid water, which are typically found in raw natural gas,

may cause erosion, corrosion or other damage to the pipeline. Moreover, when

natural gas is not sufficiently dehydrated, the formation of methane hydrates do

occur, causing a severe damage to both the processing plant, and gas transmission

pipeline.

At the processing plant, the raw natural gas is submitted to various treatment

processes which depend upon gas composition, quality requirements specified by

the clients, means of transportation being used, among others. The most common

processes that produce what is known as ‘pipeline quality’ dry natural gas, can

be briefly depicted as follows.

First, acid gases (H2S and CO2) are removed by an amine treating, also

known as gas sweetening, or by a polymeric membrane treating, a newer tech-

nology that has gained increasing acceptance. Note that these acid gases can

also be submitted to a sulfinol process for future use as by-products. Natural

gas is then stripped of all of the extra moisture when going through a glycol unit

and PSA unit, i.e., a dehydration process. Next, by filtering the gas through

activated carbon, and later submitting it to an absorption process, mercury and
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nitrogen are thus removed. Subsequently, the application of a cryogenic distil-
lation removes the associated heavier hydrocarbons, known as ‘natural gas liq-
uids’ (NGLs). NGLs, which are also put separately in the market as valuable
by-products, include ethane, propane, butane and pentane. Finally, since raw
natural gas is odorless, a distinctive odorant (mercaptans) that smells like strong
sulfur is added for security reasons prior to distribution.

2.2.3 Gas transportation

Natural gas transportation is a fundamental activity conducted by the gas in-
dustry that basically consists of moving gas from one location to another by any
appropriate means, including pipeline systems.

Over the years, a number of factors such as the advent of metallurgical im-
provements and welding techniques, or the exponential increase of pipeline net-
works all over the world, among others, have made the gas transportation process
more economically attractive. In consequence, a wide area of opportunities for
increasing operating profit margins has arose.

While various means might be applied to transport natural gas, it is well-
known that pipelines represent the most economical means to transport large
quantities.

Pipelines can be used either offshore or onshore, with a remarkable difference
in terms of security and construction prices. Building up pipeline systems under
the sea is highly costly and technically demanding, a lot more than onshore.
For example, according to Gazprom1 [32], while the costs of construction of the
onshore pipeline system on Russian and German territory is around e 6 billion,
the 1220 km long (41 in) Nord Stream2 pipeline [101] is expected to cost around
e 8.8 billion. Hence, when financial, political or environmental issues arise, gas
transportation operators look for different alternatives to perform this task. For
example, by means of tanker ships, natural gas can be transported as LNG or
MLG (medium conditioned liquefied gas, see [14]); or as CNG by way of flatboats.

In the present work, we only consider the optimization of natural gas trans-
portation by means of pipeline systems.

Three major types of pipeline systems can be classified depending on their
purpose, namely gathering, transmission and distribution systems. Gathering
pipeline systems collect raw natural gas extracted from production wells in order
to subsequently bring it to processing plants. Transmission pipeline systems bring

1OAO Gazprom (Open Joint Stock Company) is the Russian state-owned energy monopoly
established as the largest extractor of natural gas in the world.

2Nord Stream is a gas submarine pipeline to link Russia and the European Union via the
Baltic Sea.
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the gas thousands of miles across the world from the sources toward the market.
Distribution pipeline systems are those found in a large number of communities,
which distribute the gas to residential homes and business sectors.

The main differences among these systems are the physical properties of the
pipe used, such as diameter, stiffness, material, etc., and the specifications of the
maximum and minimum upstream and downstream pressures. A more detailed
description of each one of these systems is presented next.

2.2.3.1 Gathering systems

A gathering system (see Fig. 2.8) is a network of interconnected pipelines with
the main goal of transporting large quantities of natural gas from wellheads to
processing or storage facilities. At the processing plant, NGLs are separated from
NG, whereas at the storage facility the gas is kept for future processing and use.
Gas gathering lines also serve to transport natural gas from the production or
storage facilities to major transportation lines for its final distribution.

Figure 2.8: A gathering pipeline system – 4 wellheads and a preprocessing plant

These systems consist of pipelines with small diameter and a couple of hundred
meter length. They are typically buried about 1m and protected by special
coatings. Several methods, including a cathodic protection system[61] (CPS), are
commonly applied for controlling corrosion in the pipes. A CPS refers to the
application of enough electric current to the pipe from some outside source in
order to make it work as a cathode of an electrochemical cell, while the exterior
special coating works as an anode.

A complex gathering system may consist of thousands of miles of pipes, con-
necting more than 100 wells located in a specific area. Submarine pipelines, which
collect gas from the deep water production platforms, are considered as one of
the more complex gathering systems.
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2.2.3.2 Transmission systems

Natural gas transmission systems are composed of a number of different devices,

such as valves, regulators, pipelines, compressors, pressure gauges, junction nodes,

among others.

These systems are characterized by long pipelines with large diameter. Larger

amounts of natural gas are typically transported by means of compressor stations

installed at strategic points, from the production and storage facilities to market

regions, including large-volume customers, specific storage facilities, and distri-

bution centers. Note that a large-volume customer may receive similar volumes

of gas as a distribution center. This category includes factories, power plants,

petrochemical facilities, and institutional users.

Due to the continual expansion that these systems have exposed during the

last decades, coupled with the hunger for energy posed by industrial and public

sectors around the world, a large number of complex real-life situations related

to the gas transportation process have challenged significantly the research in

optimization for many years. Hence, they are the main focus on the research

projects presented in this thesis, which are thoroughly discussed in the next

chapters.

2.2.3.3 Distribution systems

The function of a gas distribution system is to locally distribute natural gas among

final users for its consumption as a primary source of energy. These systems are

divided into main and service lines. The main lines are buried under streets

and highways; they are usually between 2-16 inches in diameter and carry the

gas from the city gates to the service line. The service lines carry the gas from

the main lines directly to residential, commercial and small industrial customers.

These lines are usually 0.5-1.5 inches in diameter and its pressure is equal to the

pressure of the main distribution line to which it is connected.

These systems differ from a transmission system in a number of ways. For ex-

ample, they consist of interconnected pipelines which are smaller in diameter and

length than those found in a transmission line. As opposed to the latter, plastic

or cast iron pipes are more frequently used rather than steel pipes. Furthermore,

they are typically located downstream of a main transmission line, and represent

simpler systems while having no valves, compressors or nozzles.

According to the pipeline safety regulations, a gas distribution line is different

from a gathering or transmission line, and works at low pressure, i.e., its down-

stream pressure is normally controlled at 2-15 bar (30-218 psi) –in older systems

the minimum pressure can be as low as 10mbar (0.014 psi).
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Wu et al. in [145] present a mathematical model to find optimal character-

istics of pipelines when designing a distribution network. They propose an ap-

proach based on the primal-relaxed duel decomposition method by Visweswaran

and Floudas [136].

Gas business establishments, also referred to as local distribution companies

(LDCs), are state-jurisdictional entities responsible for managing the distribution

lines, including billing and metering services, as well as the purchase and sale of

natural gas under demand uncertainty conditions and price rate variability (see

[25] for a better survey).

When a new gas service connection is required by a residential or commercial

customer, LDCs use a well-known technique called hot tapping [75] (also referred

to as pressure tapping). This technique basically refers to the installation of a new

line to a pressurized system that is currently in full operation, i.e. a new branch

connection from the existing piping or vessels is done online with no interruption

of service.

2.2.4 Segments and components of a gas pipeline system

The gas transportation networks, either gathering, transmission or distribution

lines are composed of more than just pipes, which makes them a lot more complex

regarding the mathematical modeling. A wide variety of facilities and pieces of

equipment operate together to let the gas flow through the system, which reflect

the various needs for transporting natural gas.

Figure 2.9: Components in a natural gas transmission pipeline – Natural gas pipeline

Fig. 2.9 shows the most common components of a pipeline segment, such

as the supply point (s) and the sink point (t). At these points we can obtain

information of the transmission process, including the upstream pressure of ps,
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the downstream pressure of pt, and the gas flow (xst through the pipeline segment.

Furthermore, valves can also be found in pipelines. They act as dams to allow the

gas flow through the pipeline. Note that since the elevation difference between

the upstream and downstream points is assumed to be zero, the pipeline segments

are considered to be horizontal in this work.

2.2.4.1 Monitoring and control facilities

A number of specific facilities for monitoring, management and regulation of natu-

ral gas are required in a pipeline system. For example, the initial injection station,

also known as the supply or inlet station, is the point at which the system is fed

with gas to proceed with the transportation. Processing and storage facilities, as

well as main compressor stations are commonly included in this category.

Partial or intermediate delivery stations are facilities where the system oper-

ator delivers part of gas being transported.

Final delivery stations, also known as outlet stations or terminals, are the

sink points of natural gas. These stations are basically the connections with, e.g.,

distribution centers, storage facilities, large-volume or resale customers.

Block valve stations are required to keep in isolation any segment of the net-

work for security, operational or maintenance reasons. These stations are located

every certain distance in the network depending on the operational conditions of

the system, and the nature of the trajectory of the pipeline. For example, in a

transmission system, these stations are installed every 20-30 miles.

Regulator stations are those facilities where the downstream pressure is con-

trolled by the gas pipeline operator. Lower and upper bounds of the inlet and

outlet pressures are the essential parameters for the design of a regulator station

[65].

A pigging facility can also be found along the gas transportation system.

These facilities perform certain functions by means of inspection gauges pigs, also

known as scrapers or Go-devils. These devices are sent into the pipeline to clean

the inside and monitor any rupture, leakage or anomaly that may exist.

City gates, also called take stations, are facilities where transmission lines

are connected to distribution lines. At these points the downstream pressure is

reduced to match the pressure requirements for the distribution line while a sour-

smelling odorant is added to the gas for safety reasons to allow for its distribution.

Finally, in order to have access to remote operation of the gas system, a

communication center, known as the Main Control Room is also required. This

center is connected remotely with a large number of field devices, such as flow,

pressure and temperature gauges/transmitters, which are installed on specific

locations. All data measured by these devices are gathered in a local Remote
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Terminal Unit (RTU) and transferred in real time to the communication center

via satellite channels, microwave links, or any other remote connection. In this

center, a computer system known as SCADA (Supervisory Control And Data

Acquisition) is used to monitor and control all processes. The SCADA system

is a human machine interface that allows the operator to monitor the hydraulic

conditions of the pipeline and execute commands such as open or close valves,

turn on/off compressors, etc.

Compressor stations are essential facilities which are installed at strategic

points in the network. The main aim of these components is to provide the

propelled force or boost to keep the gas in motion through the pipeline system.

2.2.4.2 Pipelines

Pipelines play a key role in the day-to-day activities while making possible the

delivery of available fuels, including natural gas. They are used in a wide range

of transportation services. An interesting use of the pipes can be found in, e.g.,

pubs in the Veltins-Arena, a football stadium in the German city of Gelsenkirchen,

where several beer distribution lines are interconnected by a 5 km long pipeline

system. The aim of these distribution lines is to some extent overcome the demand

variability during various stages of a football game. However, the major and most

important use of pipelines is undoubtedly the energy transportation, such as oil

and natural gas.

In industry and engineering discipline, a pipe is a round-stiff tubular section

of the gas system that is made of carbon steel or plastic in function of the inner,

outer or nominal diameter and the wall thickness. These measures are imposed

by applicable industrial standards, such as ASME/ANSI B36.10/B36.19. The

size of a pipe is based on its function and may vary from around 5 cm (2 in) to

over 150 cm (60 in) in diameter.

Gas pipelines are usually buried underground about 1-2 meters (3-6 ft) in

lands or rights-of-way acquired by, or granted to the pipeline company. Whenever

burying the pipe becomes less convenient, the strategy is to place the pipeline

5-6 feet above the ground (under strict specifications to withstand environmental

conditions) in order to allow for wildlife or any other factor that might damage

the pipe.

2.2.4.3 Compressor Stations

Compressor stations, also referred to as booster stations, are facilities used in all

gas transportation processes, including extraction, re-injection, gathering, trans-

mission and distribution activities, as well as volume reduction processes for ship-
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ment or storage [93]. They are usually divided into multiple compressor units,

operating in series or in parallel.

A compressor station primarily serves the two full purposes: 1) it provides the

pressure and energy necessary to keep the gas moving through the transportation

line; and 2) it reduces the size of the NG molecules by many times, thus increasing

the amount of NG that can be transported in a given size pipeline.

Various types of compressor units can be found in the gas industry, including

positive displacement devices (see Figs. 2.10–2.11), such as reciprocating and ro-

tary screw compressors, and dynamic devices (see Fig. 2.12), such as centrifugal

and axial compressors.

Figure 2.10: Reciprocating compres-
sor for natural gas – A positive dis-
placement machine

Figure 2.11: A rotary screw natural
gas compressor– A positive displace-
ment machine

Figs. 2.10–2.11 show a heavy-duty cast iron reciprocating compressor and a

rotary screw compressor, respectively, which are engineered exclusively for natural

gas applications.

In transportation pipeline systems, reciprocating and centrifugal compressors

are the most widely used. The former is a positive displacement machine that

increases the gas pressure by confinement within a closed space; here, the com-

pressing element is a piston having a reciprocating motion in a cylinder. The

latter is a compressor that uses a rotating disk or impeller (see Fig. 2.13) to force

the gas to the inlet of the impeller in order to increase its velocity, and a diffuser

to convert this velocity into pressure energy. (A better survey can be found in,

e.g. [86] and [93]).

Two clear examples where compressor stations are required can briefly be

described as follows. During the transportation process, energy and upstream
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Figure 2.12: A single-stage centrifu-
gal compressor driven by electric mo-
tor – Photo: Dept. of Energy, U.S.
Government (public domain)

Figure 2.13: Centrifugal compres-
sor impeller inside a wedge diffuser
– Photo: NASA, U.S. Government
(public domain)

pressure are dramatically reduced due to a number of factors such as the inher-

ent resistance encountered when the gas is transported through confined spaces,

such as pipelines, as well as heat transfer between the pipe and its environment.

Thus, compression of the NG molecules is periodically required in order to keep

the gas in motion over long distances; this is accomplished by means of mechan-

ical work produced by compressor units installed along the transportation line.

Nonetheless, the use of these compressors, which can be powered by either electric

motors, steam turbines or gas fired engines, turns out in high associated costs

that defy the gas transportation industry on a daily basis. Hence, the optimal op-

erating setting of such devices is a challenging task that is addressed in Chapter 4

of the current work.

Moreover, gas producers typically strive to transport larger amounts of gas

through a given pipeline system in order to satisfy client demands. However, gas

operators have to face a number of unpredictable or scheduled events that may

arise in the network, including demand uncertainty, load fluctuations, or anoma-

lies/shortcomings. Hence, a strategy to overcome such difficulties, gas operators

may use compressor stations to build up short-term line-packs in pipelines; this

is accomplished by reducing the gas volume by operating at higher pressure.

Chapter 6 of the current work presents a more detailed study of this subject.

2.2.4.4 Gate Settings

In addition to compressor stations, gate settings are installed periodically along

the transmission pipeline system to help control the flow of the gas.

Gate settings are locations where the flow of gas can be stopped by closing a

valve. Gate settings are generally installed about every 10 miles and function to
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help isolate a particular section of the pipeline. Generally gate sites are in fences

or are located in locked boxes to prevent unauthorized operation of the valves.

When multiple lines are located parallel to each other in the same rights-of-way,

crossover piping that connects all of the pipelines together is built at the gate

sites. This allows diversion of the flow of the natural gas between the adjacent

pipelines. The flexibility to divert gas from one pipeline to an adjacent pipeline

is often extremely useful and allows one pipeline to be isolated and worked on

while gas continues to flow down the parallel pipeline system.

Since most parts of a natural gas transmission pipeline system are buried,

it generally takes a special kind of agreement to install gate settings since they

have above ground components. These agreements may require permission for

permanent above ground gate setting facilities or may even require the specific

purchase of real property.

2.2.4.5 Rights-of-Way Corridors

The corridors where natural gas transmission pipelines are installed and buried

are commonly known as rights-of-ways. This terminology has to do with the fact

that the pipeline owner has to obtain permissions from affected landowners that

give the operator the right to construct, operate, and maintain the pipeline for

its entire length. The specific agreements are not always all-inclusive and the

individual pipeline companies often have to work with the current landowners

when extensive maintenance activities are required.

Since pipelines have a long life span, generally many decades long, the original

owner or owners of the land who gave permission to build the pipeline in its

current location may not be the present owners of the land. In the life of a

pipeline, the landowners may change numerous times. Keeping up with who the

current owners are is a major task for the pipeline operator.

2.2.4.6 Valves & Regulators

Valves and regulators are typical components in a pipeline system. They are

installed for operational and security reasons. For example, by closing or opening

a valve, gas operators may restrict or direct the gas flow from one point to another

in order to optimally satisfy clients’ demand or to prevent loss of fluid when,

e.g., a mal-function of the pipe is observed. The shutting down of flow through

pipe sections is also required when conducting scheduled routine maintenance.

In addition, natural gas pressure reduction is typically achieved using pressure

reduction throttling valves.
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In real-practice, regulatory requirements [125] oblige to pipeline industry to
install mainline block valves at certain fixed spacing on large pipelines transport-
ing natural gas.

Valves are constructed of steel while following both the specifications given by
standards of American Petroleum Institute (API), American National Standards
Institute (ANSI) and American Gas Association (AGA) [125], and the purchaser’s
requirements regarding the type of material and operating conditions required.
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CHAPTER 3
Optimization – The Science of Decision
Making

F
or several decades, both mathematical models and optimization al-

gorithms have played a key role in tackling a considerable number of

optimization problems in the day-to-day activities. Continuous and dis-

crete models, as well as exact and heuristic methods have been developed with the

promise of substantially improving the performance of a company or institution

(be it profit/lucrative or not).

The natural gas industry is no exception. Due to issues such as ecological

aspects, security and financial reasons, a sizeable number of mathematical mod-

els have been developed and thoroughly studied in order to solve many of the

processes involved in the extraction, purification, transportation, distribution,

consumption, sale, etc. of natural gas. Thousands of millions of dollars per year

might be saved by optimizing either the infrastructure of the gas industry and

its transmission systems, or the plans, schedules and operations of its day-to-day

procedures.

Given that in this thesis, mathematical formulations involving non-linear pro-

gramming (NLP) and mixed-integer non-linear programming (MINLP) models

are proposed to solve three important challenges involved in the natural gas

transportation network systems, an overview of the research field, as well as

a brief description of the major challenges of optimizing gas pipeline systems are

presented in subsequent sections.
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3.1 An overview of the field of study

Operations Research (OR), as specified by Gass and Assad in [51], is neither a

natural science nor a social science, but a decision making science. More precisely,

OR can be defined as the application of advanced scientific solution methods to

enhance or strengthen the efficiency and performance of a company, including its

operations, equipment, manpower or policies. This is accomplished by conducting

a number of challenging tasks: 1) (clear/full) comprehension and definition of

the problem, 2) gathering and analysis of data, 3) development and assessment

of a mathematical model, 4) design of solution algorithms, 5) interpretation and

validation of the outcome, and 6) implementation of improvement actions. Note

that it may be required to repeat some of these steps several times before achieving

the desired results, i.e., those results that are meaningful and could be analyzed

and implemented.

Note that OR differs from Management Science (MS - also referred to as

Operations Management) [48] at a conceptual level, given that MS focuses on

managing of production resources to enhance the competitiveness of a company

or organization in a managerially oriented way, whereas OR is mainly a mathe-

matically oriented technique involving a problem and finding an optimal solution

for it.

Optimization, also referred to as mathematical programming, formally encom-

passes several stages described by OR, namely (a) understanding and formulation

of the problem; (b) design, implementation and evaluation of solution methodolo-

gies; and (c) validation and interpretation of the outcome. It can be considered

as a scientific research field that creates a narrow link between computer science

and applied mathematics, i.e. its major focus is placed on the study of the theory

of mathematical modeling and algorithmic design.

Nowadays, due to its profitability when applied to a wide variety of real-life

situations, optimization is seen as a usual practice in sciences and business; how-

ever, it took almost a century to reach this point. While the foundations of OR

can be traced several centuries back (approx. c. XVII-XIX) with those valuable

scientific contributions made by, e.g. Newton, Leibnitz, Lagrange, Bernoulli and

Euler, the formal introduction of optimization took place after the World War II

in the twentieth century with the works of Kantorovich1 and Dantzig2 in Russia

and USA, respectively, on the theory of linear programming (LP).

1Leonid V. Kantorovich (1912-1986), a Russian mathematician and economist, shared the
Nobel Prize for economics in 1975 with Dutchman T. Koopmans based on the development of
the mathematical theory of LP in 1939.

2George B. Dantzig (1914-2005) is called the father of linear programming and received the
National Medal of Science in 1975.
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A few decades later, along with the revolution of the computer systems in the

70s, its application was widely spread throughout the world, causing a signifi-

cant change in the practicality and availability of modeling languages, software,

hardware, algorithms and mathematical models. Many decision-making problems

were thereby modeled and solved using optimization methods [94]. (An excellent

collection of major contributions and more important events along the develop-

ment of OR from the 16th to the 21st centuries can be found in the book entitled

“An Annotated Timeline of Operations Research: An Informal History” by Gass

and Assad in [51]).

Figure 3.1: Abstract representation of a system – Main parts: Input, process, output

In agreement with OR, the aim of this scientific research area is to achieve

the optimal behavior of a system by means of a thorough study and efficient

exploitation of its abstract-mathematical representation. Note that evidently

there exists a wide range of ideological definitions for a system based on the

study area. In optimization, the notion of a system can be expressed as an

entity composed of three main interacting parts capable to be analyzed both

quantitatively and qualitatively, namely input, process, and output. Fig. 3.1 shows

this system and the consequent relationship among its elements.

More formally, an optimization problem in its simplest form refers to the the-

ory of minimizing or maximizing an objective function, i.e., a real-valued function

of several variables. The domain of the objective may be subject to a wide range

of (equality or inequality) constraints, which define the set of feasible choices.

Thus, an optimization technique solves the problem by systematically selecting a

solution that is within the feasible set and improves the objective. Improvement

in this context refers to the assessment of productivity and quality, i.e., being

efficient when using the available resources and being effective when achieving the

outcome.

The theory and techniques required to address the wide variety of optimization

models comprises a quite large area that it may fill several volumes (exceeding the

expectations of this work). Nevertheless, in order to bound the research frame
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Table 3.1: Main components of an optimization model.

Objective
Function

Quantitative component of the problem that we want
to maximize or minimize.

Decision
Variables

Elements of the problem that can be manipulated
(adjusted) by the optimizer to achieve a given objec-
tive.

Constraints Equalities or inequalities relating variables and pa-
rameters of the problem that have to be satisfied
while looking for the best performance in the objec-
tive. (Note that there may exist implicit and explicit
constraints.)

Parameters Input data that provide the values required in, e.g.,
the coefficients of the decision variables or the right
hand side of the constraints.

while discussing the mathematical models and optimization techniques in subse-

quent chapters, some insights into the basics of the mathematical programming

are provided next. (A detailed survey can be found in, e.g. [94]).

3.1.1 Mathematical Models

A mathematical model, also referred to as optimization model, is an abstract

representation of a decision making problem that may arise in the real world and

that we attempt to solve.

Readers familiar with the area of optimization may easily recall several classes

of optimization models. For example, we may mention unconstrained or con-

strained optimization models, continuous or integer (discrete) programming mod-

els, deterministic or stochastic models, linear or non-linear models, convex or

non-convex models, among others. Such classes, besides providing a clearer no-

tion of the complexity of the model being faced, also indicate the more suitable

research branch to follow.

A mathematical model can be placed into a particular class by considering two

major aspects: (a) The characterization of its main components (see Table 3.1),

and (b) the search space, also referred to as the feasible region, defined by, e.g., the

set of (equality or inequality) constraints. For example, the simplest case among

all optimization models is the linear programming (LP) model. The components

of an LP model share a specific characteristic, i.e., both objective function and
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constraints are linear. The canonical form of an LP model can be put in the

following way:

(LP ) : min f(x) = {cTx|Ax ≥ b, x ≥ 0} (3.1)

where f : Rn → R is the real-valued objective function, i.e., the mathematical

expression indicating what it needs to be improved (here in terms of minimizing

its value); R denotes the set of real numbers; x = (x1, · · · , xn)
T is a nonnegative

real vector representing the decision variables of the problem, i.e., the components

that must be manipulated to achieve the objective f ; c and b are real vectors of

known coefficients; and A is a known matrix of coefficients.

Let Ω = {x|Ax ≥ b, x ≥ 0} be the feasible region (domain) for the LP

formulation. Then, a vector x∗ is an optimal solution for (3.1), if it has the

smallest objective value among all vectors x in Ω, i.e.,

x∗ ∈ argmin{f(x)|x ∈ Ω}.

Several well-designed techniques for LP have been implemented since the

development of the simplex method made by George B. Dantzig [27] in 1947.

Although the simplex method shows a good practical performance, it still pro-

vides an exponential worst-case complexity as shown by Klee and Minty in [74].

Two decades later, Narendra Karmarkar proposed the well-known interior point

method [72] to tackle, for both average and worst case complexity, LPs in polyno-

mial time. Mehrotra, motivated by Karmarkar’s method, in turn, proposed the

predictor-corrector method in 1992 (the best in practice) for large-scale problems.

When certain applications require integrality of variables, or nonlinearities in

relationships, or uncertainty in the data, LP formulations are not suitable and

other more sophisticated models may be required. Nonetheless, these other mod-

els as well as their solution methodologies are heavily influenced by the structure,

theory, and algorithms aligned with LP.

For example, a more difficult model is presented by a mixed-integer program

(MIP ), which can be seen as an extension of the LP model. Branch-and-cut

algorithms have been successfully proposed to solve MIPs, which are based on

LP relaxation. A MIP model can be put in the following form:

(MIP ) : min f(x, y) = cTx+ hTy (3.2)

s.t.:

Ax+Gy ≤ b (3.3)

x ∈ Rn
+, y ∈ Zp (3.4)
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where Z denotes the set of all integers; c ∈ Rn, h ∈ Rp, and b ∈ Rm are given

real vectors; and A ∈ Rm×n and G ∈ Rm×p are matrices of known coefficients.

This problem is called ‘mixed’ because it contains (non-negative) integer vari-

ables y as well as continuous variables x, although it still keeps the linearity. If

there are no continuous variables, i.e. n = 0, then it is called a (pure) Integer

Program (IP). A special case of an IP is the so-called binary program, where the

variables are restricted to be either 0 or 1. If p = 0, i.e., there are no integer

variables, IP becomes identical to the LP formulation introduced above. An ex-

cellent reference on the subject is, e.g., the book of Integer Programming [140]

by Wolsey.

When either the objective function, the constraints or both contain a non-

linear term, then we refer to the model as a non-linear program (NLP). The book

of Numerical Optimization [100] by Nocedal and Wright offers an extensive and

well-detailed basis in the state-of-the-art of non-linear optimization.

Regarding the MIP introduced above, a pair (x, y) ∈ Rn × Zp is said to be

a feasible solution, if it satisfies all constraints. Further on, (x∗, y∗) is called

optimal, if cTx∗ + hTy∗ ≤ cTx+ hTy for all pairs of feasible solutions (x, y).

We can also find optimization problems where several objective functions may

be in conflict subject to certain constraints. For instance, in the well-known trav-

eling salesman problem (TSP), an NP-hard problem in combinatorial optimiza-

tion, we may need to minimize the time spent when visiting all cities exactly once,

while it is simultaneously required to minimize the total fuel consumed. Here, a

trade off between time and fuel would not be suitable, i.e., 10 minutes vs. 100

liters, or 8 minutes vs. 113 liters do not indicate anything since both reflect the

same importance. Another example could be the situation in which a company

may be interested in maximizing its profits from a production process and at the

same time minimize the periods involved with the end-products. These kinds

of problems encompass the so-called multi-objective optimization, also known as

multi-criteria or multi-attribute optimization, where many solutions are possible.

The Pareto-front constitutes all no-dominated solutions, i.e., they comprise the

set of optimal solutions. The theoretical basics of multi-objective optimization

can be found in, e.g. [39].

The models described above share a specific property, namely their determin-

istic nature, i.e., all coefficients are known with certainty. When the values of

the parameters are given within uncertainty ranges, an approach called robust

optimization is then applied with the promise of accounting for uncertainty in

the input data. When such coefficients can assume probabilistic values, i.e., in-

put data are governed or estimated by probability distributions, we must refer to

another classification known as stochastic programming to achieve some decision
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policy affected by uncertainty. (The reader is referred to [124] for a survey on

theoretical foundations of stochastic programs.)

3.2 Solution methods for gas pipeline systems

The resolution methods for a gas pipeline system typically focus on finding an

optimum operating plan, which include ideal pressure settings and mass flow rate

values through the pipeline network. This is a very challenging task since a large

number of complicating (inequality and equality) constraints may be imposed in

a typical natural gas transportation problem. Hence, two major approaches are

commonly used to deal with these problems, namely (a) numerical simulation

and (b) mathematical optimization.

3.2.1 Numerical simulation

The aim of a numerical simulation is to determine the behavior of a system under

given conditions; this is typically accomplished by conducting a large number of

runs. However, this approach has severe limitations.

First of all, the problem must be discretized in order to be capable to apply

this kind of approaches. Depending on how refined the discretization is, the

number of alternatives may become astronomical. Hence, only a tiny number of

alternatives can be covered by the simulations, and there is no way to know if

an optimum solution was included in the trials, i.e. by no way optimality can be

guaranteed. Furthermore, the solution requires the interpretation of an expert

user who is familiar with the network to confirm its applicability; this means

that different users may draw different conclusions on the solution for the same

problem.

The trial and error procedure based on pipeline simulation is a typical method

found in this category for reducing operating costs. This procedure basically

consists of three main steps: a) collect data from a centralized control system,

such as SCADA; b) load all current data into a steady-state model; and c) set

different configurations to the model until a significant improvement can no longer

be observable. Thus, since an exhaustive comparison of all possible operating

conditions on all possible scenarios is not practically feasible, finding the best

setting that satisfies the steady-state simulation model becomes a very challenging

task, as well as time consuming. There is simply not enough time to try the

astronomical number of possible variable settings. Additionally, there is a limited

number of simulated cases where a trial and error approach can be applied.
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Clearly a more intelligent rigorous method is required for solving complex

pipeline optimization problems. Hence, more sophisticated approaches based on

mathematical optimization are presented next.

3.2.2 Mathematical Optimization

As long as a mathematical model is well-defined and its feasible region is known, a

mathematical optimization method may be applied to find the solutions satisfying

the model.

An optimization approach differs from a numerical simulation in many ways.

First, in contrast to a numerical simulation, an optimization method finds the

best set of control variables within a single optimization run, possibly executed

by less experienced users [145]. Second, the search procedure must be substituted

by a more sophisticated algorithm. Moreover, an optimization method usually

works with simplified models, but it may yield optimum results for certain targets,

subject to a number of constraints, if they all are defined a priori.

In the broadest sense, these methods can be classified as local or global search

methods. A global solution method seeks to find the global optimum by, e.g.,

shrinking the gap between the lower and upper bounds of the problem (see e.g.

[42, 43] and [59]). These methods may guarantee global optimality or can provide

a measurement of relative error that proves global convergence.

The aim of a local solution method, however, is to achieve a local optimum;

this is accomplished by focusing on a neighborhood that has been generated by

a starting point. Typically, these methods are aided by additional techniques to

generate multiple starting points in order to extend the search, thus approaching

to the global optimum; yet there is no guarantee of that. Among these methods,

the most widely used procedures are those based on the gradient, also known as

hill-climbing procedures. Gradient-based methods basically consist of a sequence

of steps in the negative gradient direction given by the partial derivative of the

objective function. The search procedure in these methods continues until an

inflection point is achieved, i.e., a point where an improvement in the solution

can no longer be possible.

3.2.2.1 Analytical and numerical solutions

An outstanding number of solution techniques has been dramatically exposed

with notable success in many branches of mathematical programming, includ-

ing combinatorial and non-linear optimization. According to Papadimitriou and

Steiglitz in [111], these solution methods can be classified in two major groups:
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(a) exact methods, also referred to as analytical methods, and (b) approximate

methods or numerical solutions, such as heuristics.

An analytical method frequently recalls the theory of differential and integral

calculus to yield the optimal solution, also denominated as the exact solution.

Its application, however, is bounded for some specific problems, whereas it turns

out to be very time consuming for large real-world problems.

In contrast, a numerical solution, provided by an approximate method, ex-

presses the behaviour of a system in function of numbers rather than mathe-

matical formulas [104]. Thus, by solving general equations for specific values of

parameters and variables, the numerical methods look for high quality solutions

within reasonable computation times.

3.2.3 Search space

In the field of mathematical programming, either constrained or unconstrained

optimization, the complexity of a mathematical model representing a real-world

situation, is determined by both the objective function and constraints (if any).

In the case of constrained optimization, the difficulties are commonly tied to the

properties of model as a result of the modeling constraints, e.g., its combinatorial

nature. Consequently, the design and application of an optimization algorithm

has to face an important challenge, namely the search space, also referred to as

the feasible region.

The search space is nothing but the set of all possible alternatives that satisfies

the model. Note that for some instances the search space can become quite

large. Let us consider the ‘simple’ case where a gas transportation network has

to be optimized by simply deciding which compressor units should be on and off

to maximize the gas flow through the pipeline system. Hence, the number of

choices turns out to be 2s, where s is the number of compressor units installed

in the network. For example, for just 50 compressor units, the possible number

of alternatives is 250, i.e., more than 103 trillion combinations, whereas for 200

units the number of possibilities, 2200, increases to an astronomical number of

combinations, such that in the hypothetical case that a supercomputer capable

to carry out 103 billion of calculations per second would have started doing the

calculations 15 million years ago, it would still last more than another 15 million

years to assess all possible alternatives.

Given that complete enumeration typically turns out to be impossible, the

theoretical and practical results of combinatorial optimization [76] are required

to propose efficient and effective solution methods in order to tackle problems

like the one shown above by, e.g., exploiting their mathematical structure. The
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aim of the branch of combinatorial optimization is to provide an optimal setting

of a finite or countable infinite number of discrete entities [111].

In the optimization problems associated with natural gas transportation by

means of pipeline systems (as the three projects discussed in this thesis), the

resulting feasible region is, by definition, non-convex. Moreover, the size and

complexity of the search space while addressing a gas transportation problem

rapidly increases when, e.g., upstream and downstream pressures have to be set

up for each specific choice of on/off combinations of compressor units. Thus,

finding optimal pressure settings that maximize the flow through the network

requires the theory and application of non-linear constraint optimization as well.

Since no standard optimization solvers are available to effectively cope with

problems of this complexity, heuristic (and metaheuristic) approaches have been

extensively developed with a notable success during the last decades. These

methods, which are conspicuously preferable in practical applications, are briefly

discussed in next section.

3.2.4 Heuristic and metaheuristic approaches

In the field of mathematical programming, it is well-known that achieving the

global optimal solution to a complex problem usually turns out to be a very

hard task, becoming sometimes impossible to fulfill (unless time constraints were

no longer applicable). However, in many real-world situations, including some

natural gas transportation problems, not only finding the optimal is hard, even

the simple specification of a feasible solution can be a very challenging process.

Hence, alternative methods are proposed to handle these problems in acceptable

running times, namely heuristic optimization algorithms.

According to [137], the foundations to problem solving in a heuristic way

were first laid in the book: “How to solve it” by Pólya [115]. Here, Pólya es-

tablishes a theoretical framework for solving mathematical problems, to what he

called ‘heuristic’. There, he emphasized that the common procedure to solve a

problem was no longer based on a deductive reasoning. Opposite to traditional

conventionalism, he showed that problem solving is inductive, i.e., in function

of educated conjectures and greedy intuitions that might or might not lead to

promising results. (A complete survey of the mathematical heuristic of Pólya can

be found in, e.g., [118]).

Currently, heuristic is a common term used to define a class of intelligent

non-traditional strategies that efficiently overcomes the difficulties associated to

a real-world decision making problem. Its goal is to, some extent, tackle problems

in which an exact solution is not allowed due to time constraints or due to the high
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level of complexity being faced. In more precise terms, it refers to a number of

experience-based steps, or educated guesses to effectively provide a good solution

to an optimization problem. ‘Good’ in this sense refers to a solution that is

hoped to be as close as possible to the best alternative, i.e., the optimal solution.

However, no guarantee of optimality can be provided by a heuristic method.

The literature on the theory and applications of heuristic methods (see for

example, [8], [56], [76], [96], [112] and [117]) offers a great variety of definitions

that basically fit with the introductory remarks provided above. For instance,

Reeves in [117] provides the following definition:

Definition 1. A heuristic is a technique which seeks good (i.e., near-optimal)

solutions at a reasonable computational cost without being able to guarantee either

feasibility or optimality, or even in many cases to state how close to optimality a

particular feasible solution is.

A super class of these methods, often called modern heuristics [117], are nowa-

days the well-known metaheuristics. Blum and Roli in [8] describe this kind of

methods as a class that tries to combine different (heuristic) methods in higher

level frameworks to explore a search space in an efficient and effective way. As

stated in [87], “a metaheuristic is a set of concepts that can be used to define

heuristic methods that can be applied to a wide set of different problems. In other

words, a metaheuristic can be seen as a general algorithmic framework which can

be applied to different optimization problems with relatively few modifications to

make them adapted to a specific problem”. Osman and Laporte in [110] provide

the next formal definition:

Definition 2. A meta-heuristic is an iterative generation process which guides

a subordinate heuristic by combining intelligently different concepts for exploring

and exploiting the search spaces using learning strategies to structure information

in order to find efficiently near-optimal solutions.

This special class of optimization techniques has been dramatically devel-

oped since its inception in the early 1980s. The Handbook of Metaheuristics [56]

edited by Glover and Kochenberger provides an in-depth survey of the most rele-

vant metaheuristics currently applied to a wide variety of optimization problems.

Here, the main concepts, algorithmic ideas, and essential strategic elements for a

successful application of metaheuristics are introduced by pioneering and leading

researchers in optimization, particularly in the branch of combinatorial optimiza-

tion [76].
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Popular meta-heuristics for combinatorial optimization problems include tabu

search [57], genetic algorithms [62], simulated annealing [73], neural networks [63],

ant colony optimization[34], variable neighborhood search [90], and GRASP [40].

These meta-heuristics may be placed in different categories based on the algorith-

mic idea used when tackling an optimization problem. A gentle introduction to

the most important classifications, including nature-inspired vs. non-nature in-

spired, population-based vs. single point search, dynamic vs. static objective func-

tion, one vs. various neighborhood structures, and memory usage vs. memory-less

methods, is provided in [8].

Even though the heuristic methods, or the super class (meta-heuristics), may

be based on different philosophies, they certainly provide efficient mechanisms

to effectively explore a search space with the aim of solving hard optimization

problems where traditional methods have failed, or are practically not applicable.

3.2.5 Modeling language systems and optimization tools

Modeling language systems (MLSs) have become usual tools in the development

and application of the mathematical models. The aim of these MLSs is to allow

the user to build maintainable mathematical models in a usually straightforward

manner; this includes the definition of parameters and simple or multidimensional

sets, the selection of the most suitable solver and the execution of the model.

Nowadays, a wide range of MLSs can be commercially acquired. However, the

most widely used MLSs are AMPL [46] (A Modeling Language for Mathematical

Programming), optimization platforms from MSF [89] (Microsoft Solver Founda-

tion) and GAMS [49] (General Algebraic Modeling System). They are complex

systems that require a certain learning curve before building large, complex mod-

els in a controlled fashion.

AMPL, for example, is a modeling language created by Fourer et al. [45] and

developed at Bell Laboratories in the 1990s. In contrast to other MSLs, AMPL

must be incorporated into a system that manages data, models and solutions; oth-

erwise, it can only be employed to specify classes of mathematical programming

models.

The modeling language products behind MSF [89] optimization platforms are

also used to implement and solve mathematical programming models, includ-

ing LP, MIP, constraint programming (CSP) and quadratic programming (QP)

models. MSF consists of a number of modules that includes an equation based

modeling language OML [70], application programming interfaces (API’s), exter-

nal solvers (Cplex, Xpress and Mosek) and an excel based framework.
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GAMS, on the other hand, was developed as a research project at the World

Bank in the early 1980s. GAMS is a high level modeling system that integrates

a modeling parser system, a language compiler and high-performance solvers. It

was specifically designed for large, complex problems, including LP, NLP and

MINLP models. In addition, GAMS outperforms AMPL and MSF in terms of

language syntax and support for sparse matrices when solving large NLP models.

In contrast to MSF, which has a CSP solver built-in, GAMS offers very little

support for constraint programming.

GAMS solver options comprise a considerable number of optimization tools,

including local solvers, such as MINOS [97] (a NLP solver from Stanford Univer-

sity), CONOPT [37, 38] (a large scale NLP solver from ARKI Consulting and

Development), SNOPT [52] (a large scale SQP based NLP solver from Stanford

Business Software, Inc.); and global solvers, such as BARON [131] (Branch-And-

Reduce Optimization Navigator from The Optimization Firm), LGO [114] (Lip-

schitz global optimizer from Pintér Consulting Services, PCS ) and OQNLP [49]

(OptQuest/NLP multi-start solver system byOptTek Systems/Optimal Methods).

The solvers differ from each other in several ways. For example, in the specific size

and characteristics of models they may handle, as well as the different methods

they apply for solving models with a given proven optimality.

Similar systems, such as IBM ILOG Concert Technology (CPLEX optimizer),

MPL, Xpress-MP, and many others have also contributed to the state of the

art of optimization problems (see [98] for a better survey on global and local

optimization tools).

Several facts must be taken into account when using MLSs. For instance, to

increase the reliability of a global optimization (GO) tool, we can consider two

major classes based on its strategic idea for solving a problem, namely determin-

istic and stochastic. Moreover, we must also be aware that none of the currently

available optimization packages is fully reliable for solving all global optimization

problems [99]. In contrast to LGO, when applied to deterministic GO models,

BARON and OQNLP do require explicit functions to work properly.

Note also that because the solvers integrated in MLSs are mostly ‘black-

box’ software, it requires a good understanding of them in order to set up their

most appropriate parameter values, and thus achieving their best performance.

As stated by Dolan and Moré in [33], the performance of a particular solver

integrated in a MLS may improve significantly if non-default options are given.

On the other hand, we must also realize that some of these high-performance

optimization tools may outperform other solvers on particular problems or specific

test instances. Neumaier et al. in [99] present a complete survey on the perfor-

mance of various global solvers, including BARON, LGO, LINGO, OQNLP and
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GlobSol, when applied to a set of over 1000 constrained optimization problems.
In their study, BARON turned out to be the fastest and most robust among the
global solvers tested.

BARON is an implementation of a branch-and-bound (B&B) algorithm where
a convex relaxation of the submitted problem is solved in each node of the search
tree. Basically, a B&B technique refers to the partition of the feasible region in
some fashion and the estimation of the objective value by using upper and lower
bounds. Moreover, for the sake of optimality-based range reduction, BARON
must depend on MINOS or SNOPT (NLP solvers) to solve the convex subprob-
lems in the search tree.

The aim of BARON is indeed to tackle GO problems. GO relies on the theory
of finding the best solution of (constrained) optimization problem which may have
multiple local optima. Given a bounded set Ω ⊂ Rn, i.e., an explicit constraint
set, and a continuous real-valued function f : Ω→ R, GO aims at finding:

min
x∈Ω

f(x), (3.5)

where x is a real n-vector representing the decision variables.
In this thesis, due to its excellent performance when applied to various models,

BARON is widely used in the numerical experiments conducted on GAMS formu-
lations of NLP and MINLP models. Its application fulfils two primary purposes:
(1) For comparison purposes, i.e., as a means of assessment of the performance
of the optimization techniques proposed here; and (2) for analysis purposes when
evaluating the quality and effectiveness of the mathematical models designed here
for tackling specific natural gas transportation system problems.

3.3 Some words on the skepticism of the appli-

cation

A gentle revision of the literature on optimization problems can easily show that
the number of contributions done in this area is quite impressive. This is the
result of work done by leading researchers and enthusiastic scientists around the
world who have carried out a high-quality research for many years. Nobody can
complain about the great effort made into the substantial expansion of the opti-
mization theory during the last decades. Neither can anyone complain about the
great advances made in designing sophisticated algorithms in order to deal with
optimization problems in a more effective way. However, more than a few might
complain of the limited practical implications that such theoretical contributions
have posed directly to the society.
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In an interview [2] conducted to George Dantzig on August 27th, 1999, Peter
Horner (OR/MS Today editor) posed an interesting issue: “In the real world, com-
ing up with an optimal solution is often only half the problem. The other ‘difficult
part’ is convincing some decision-makers to implement the solution”. Agreeing
with Dantzig’s answer to such statement, the decision-makers have absolutely
right to be skeptical about implementing optimization methods in the real-world.
A number of factors have to be thoroughly considered by the decision-makers
before conducting such practical task. For instance, even though a numerical
method may have been designed to optimally solve the mathematical-abstract
representation of a real-life situation, its numerical solution could be implemented
effectively in the real world only if: 1) it is exact, and 2) the mathematical design
has taken into consideration all possible aspects (constraints) of the optimization
problem being faced.

These conditions rarely (if ever) happen in practice because the nature of a
mathematical model is typically a simplified idealization of reality. The complex-
ity of a model significantly increases when it is approached to the real world [104].
Hence, a compromise between skepticism and urgency of practical applications
becomes fundamentally necessary.

Concerning pipeline optimization, the optimizer recommendations pose a sim-
ilar effect. Gas operators usually rely on their knowledge and expertise to manu-
ally set up flow and pressure parameters that might get the best performance of
the system. This procedure, however, reflects a long learning curve and is based
on receiving feedback on the daily performance of the whole system from the
control room.

Because of the transient nature of pipelines and the absence of real-time mea-
surements, coupled with the implicit limitation to duplicate real system operating
conditions, the transition from theory to practice is a very challenging task. Tak-
ing into account that the pipeline system can not run identically under different
operating conditions, we must rely on the results of the mathematical model as
long as the constraints of the system have been properly defined. Hence, de-
spite industry skepticism in implementing optimization methods, simulation and
mathematical models are typically used on a day-to-day basis to draw conclusions
and make decisions on multi-million dollar pipeline systems, including line pack
calculations, flow capacity estimations, and compressor stations throughput.

A final remark: A gas operator who has worked for several years with a
transportation line must certainly set up the system in a specific way; thus, the
optimal settings given by the optimizer might be at first glance counter-intuitive.
Hence, for a successful practical application, it is essential that modelers have
open communication with the gas operator.
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CHAPTER 4
Operability on Compressor Stations

N
atural gas transportation systems, regardless of the service they

may offer (see Section 2.2.3), comply with an intuitive but complex func-

tion: to allow natural gas to continuously flow through them from various

supply points (e.g., wellheads, processing plants, regasification and storage facil-

ities) towards several discharge points, including the petrochemical and power

plants, local distribution centers and short-term storage facilities.

Among all possible challenges associated with the gas transportation process,

the one tackled in this chapter is that of the optimal operability on compressor

stations such that the fuel consumption cost associated with the compressor units

is minimized. The optimization problem is described in detail next.

4.1 The fuel cost minimization problem

The fuel cost minimization problem (FCMP) can be stated as follows. In a typi-

cal gas transportation process conducted by means of pipeline systems, the initial

energy and upstream pressure dramatically decrease due to several physical rea-

sons. For example, this phenomenon occurs due to the friction exerted between

the gas and pipes’ inner walls, as well as heat exchange between the gas and the

surroundings in order to reach a thermal equilibrium, as dictated by the second

law of thermodynamics1. To overcome this loss, the gas operator must turn on

the compressor stations, which consist of several identical centrifugal compres-

sor units connected in parallel placed at strategic points along the transmission

1The second law of thermodynamics basically expresses the universal principle of entropy.
This principle states that a system will tend to find a thermal equilibrium with its surroundings,
i.e., everything that is close to it, by approaching to a maximum temperature value while an
energy dissipation is taking place simultaneously over time.
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line. Compressor stations or booster stations, as they are also called, provide the
propelled force necessary to maintain the gas in motion through the system, and
thus allow the gas to reach its final scheduled destination.

As a result of this inevitable procedure, a significant proportion of the trans-
ported gas (estimates vary between 3% and 5%) is consumed by these compressor
stations before it arrives at the reception units. This represents high associated
costs because the amount of gas transported on a daily basis is huge. Thus,
keeping this consumption at a minimum is a task that not only represents large
economic value to the industry, but also has an important environmental dimen-
sion.

Figure 4.1: Linear or gun-barrel network

Figure 4.2: Tree-shaped network

The state of the art on steady-state flow models reveals two fundamental
types of network topologies, namely non-cyclic (gun-barrel and tree-shaped, see
Figs. 4.1–4.2) and cyclic (see Fig. 4.3). This classification is based on the associ-
ated compressor network (CN, also referred to as reduced network) explained in
detail in Section 4.5.2.

In Figs. 4.1–4.3, a grey-gradient node (shown with an incoming arrow) rep-
resents a supply node, a black node (shown with an outgoing arrow) represents
a discharge node, and a white node is just a transshipment node. A directed arc
linking some pair of nodes corresponds to a compressor station if it contains a
3D-trapezoid, otherwise it corresponds to a pipeline.

An extensive literature on the FCMP described above has been published
during the last decades. Most of the suggested solution methods have been prac-
tically limited to pipeline networks with acyclic structures. In such instances, the
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Figure 4.3: Cyclic topology

Table 4.1: Fundamental types of network instances of the FCMP.

Topology Description based on the compressor network (CN) Fig.

Linear or
gun-barrel
(Non-cyclic)

This corresponds to a linear arrangement of the compressor
arcs, i.e., when CN is a single path.

4.1

Tree-shaped
(Non-cyclic)

This occurs when the network system contains branches,
i.e., when CN is a tree.

4.2

Cyclic This happens when for some pair of nodes in the network
there exist more than one path between them, which con-
tain at least one compressor station each, i.e., when CN is
cyclic.

4.3
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suggested methods have shown a considerable success. In some of the more recent

works, applications such as numerical simulations, dynamic programming, gradi-

ent techniques, among others, have been developed for cyclic networks. However,

since these contributions require a certain sparse network structure, their ap-

plicability is somewhat restricted. The following section gives a more detailed

overview of the most relevant literature.

4.2 Literature review

In this section, a detailed survey of the most relevant works for solving the FCMP

or related problems is presented.

4.2.1 Methods based on dynamic programming

Dynamic Programming (DP) is an effective class of algorithmic strategies for

solving optimization problems where the decisions can be characterized using

Bellman’s optimality principle. The technique has been applied to a wide range

of optimization problems since its inception in 1957 [7]. Many optimization prob-

lems that are NP-complete may be solved efficiently by DP if they exhibit prop-

erties such as overlapping subproblems and optimal substructure in order to be

able to restate the problem in a recursive form.

In pipeline optimization, DP has proved to be capable to easily handle the

non-linearity found in flow optimization models. Quite a number of different

applications can be found in the literature using DP, including the liquid pipes

optimization on linear systems done in the late 1960s by Jefferson [66].

Concerning the FCMP, since it can be formulated as a combinatorial problem

by discretizing the range of the pressure variables, it can also be approached by

DP. The disadvantages are, however, that its application is practically limited

to linear or tree-shaped networks, and the computation time increases exponen-

tially with the dimension of the problem, commonly referred to as the curse of

dimensionality.

In 1968, Wong and Larson [141] made the first publication to optimize natural

gas transportation systems by means of DP. They first applied it to a gun-barrel

(linear) network using a recursion formulation for the FCMP, and then in [142]

they proceed to solve tree-structured topologies. A disadvantage of these meth-

ods was that the length and diameter of the pipeline segment were assumed to

be constant because of the limitations of DP. Martch and McCall [85] modified

the problem by adding branches to the pipeline segments and allowing that the
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length and diameter of the pipeline segments vary. However, since their prob-

lem formulation did not allow unbranched networks, more complicated network

systems could not be handled.

In 1975, Zimmer [148] presented a technical report to calculate the optimum

pipeline operations on tree-shaped networks. Several years later, a similar ap-

proach was described by Lall and Percell in [79], who allowed one diverging branch

in their systems and included an integer decision variable into the model that rep-

resented the number of compressors operated into the compressor stations.

In 1989, Luongo, Gilmour, and Schroeder [82] published a hierarchical ap-

proach to solve tree-shaped and cyclic networks of arbitrary complexity for a

pre-specified set of feasible flows. This was a great advance since some real-world

configurations could already be considered. However, their application was not

purely DP. Basically, DP was used to arrange the pipes in the network system

in a sequential manner in order to reduce the problem to a much smaller combi-

natorial problem, but without any possibility of a recursive DP solution. Thus,

whenever the reduced system was sufficiently small, it was solved via complete

enumeration, otherwise it was solved by applying a simulated annealing technique

[73]. This hierarchical approach worked very well for some complex pipelines, but

for others it was very time consuming.

In 1998, Carter [15] developed an algorithm referred to as non-sequential DP.

The principal idea of the method is to reduce the network by three basic reduc-

tions techniques until it consists of a single node. The method can handle a wide

range of instances with cyclic networks, but fails if the networks are not suffi-

ciently sparse. Borraz-Sánchez and Rı́os-Mercado, motivated by Carter’s work,

presented in [11] a two-phase algorithm in which a non-sequential DP technique

plays a key role when tackling natural gas cyclic network topologies. In the

present work, Carter’s ideas are incorporated within a tabu search scheme [55]

for iteratively adjusting the set of flows. This will be further discussed in Sec-

tion 4.6. The restriction that the network instance must be sparse is however

a shortcoming that the hybrid method inherits from the original paper. Hence,

Sections 4.7 and 4.8 formally discuss and provide algorithmic ideas to overcome

the weakness presented by this hybrid method.

4.2.2 Methods based on gradient techniques

In 1987, Percell and Ryan [113] applied a generalized reduced gradient (GRG)

method for solving FCMP. In comparison with DP, an advantage of GRG is that

the rapid growth in instance size caused by many discretization points is avoided.

Also, GRG is applicable to cyclic networks. Nonetheless, only a local optimum
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can be provided, of which instances of FCMP can have many, and the solution to

be output depends on the choice of starting point. Jeńıček [67] used a gradient

technique, where the states of compressors and valves were fixed.

More recently, Flores-Villarreal and Rı́os-Mercado in [41] extended with rela-

tive success the previous study by means of an extensive computational evaluation

of the GRG method on cyclic structures. Villalobos-Morales and Rı́os-Mercado

in [134] and [135] proposed approximate objective functions to tackle the FCMP

and evaluated preprocessing techniques for the GRG method, such as scaling,

variable bounding, and choice of starting points, that presented better results for

both cyclic and non-cyclic structures.

4.2.3 Other techniques and related problems

Wu et al. in [144] addressed the non-convex nature of FCMP, and suggested

mathematical models that provided strong relaxations, and hence tight lower

bounds on the minimum cost. Based on this model and the PhD Thesis of Wu

[143], they demonstrated the existence of a unique solution to a nonlinear system

of algebraic equations over a set of flow variables. This theoretical result lead

to a technique for reducing the size of the original network without altering its

mathematical structure (see [120]).

Discrete decisions such as the number of compressor units operating within a

compressor station, and the binary decision of whether to open or to close a valve,

are incorporated into mixed-integer non-linear programming models (MINLPs).

In pipeline optimization, contributions on this research area are due to, for exam-

ple, Pratt and Wilson [116], Osiadacz and Górecki [108], Carter et al. [16], Cobos-

Zaleta and Rı́os-Mercado [24], Villalobos-Morales et al.[133], and Chebouba et

al. [22], to mention a few.

For example, [24], [116] and [133] presented satisfactory results given that their

proposed methods were capable to solve many FCMP instances tested, although

these solutions were only local optima. Cobos-Zaleta in [23] continued the study

and solved the resulting MINLP model by means of an outer approximation

with an equality relaxation algorithm. In [108], a modest success was obtained

by addressing a pipeline network design problem. Several years later, a related

work with promising results [16] was presented to propose some algorithms based

on implicit filtering for a class of noisy optimization problems while considering

discrete decision variables. More recently, in [22], an ant colony optimization

algorithm was proposed to the FCMP while applied to a MINLP model. The

technique was promising but the computational experiments were limited to a

simple linear network instance.

58



4.2 Literature review

Other works such as those presented by, for instance, O’Neill et al. in [102],

Wilson et al. in [139], and more recently, De Wolf and Smeers in [30, 31] also

dealt with MINLP models to describe the state of the compressor stations. How-

ever, they integrated transportation functions with gas sale planning functions.

Successive Linear Programming1 (SLP) was the solution method in the two for-

mer papers, whereas piecewise linear approximations solved by an extension of

the Simplex algorithm [44] were proposed in the two latter papers in order to

avoid both the selection of a trust region and the choice of a rule for updating

the size of the trust region. In 2008, Bakhouya and De Wolf [5] separated the

previous integrated problem while focusing only on minimizing the power used

in the compressors. Here, they presented a study based on a two-phase method

to solve Belgian and French gas transmission networks.

Optimization techniques have also been applied for transient (time depen-

dent) models. For instance, Larson and Wismer [80] proposed a hierarchical

control approach for a transient operation of a gunbarrel pipeline system. In

1986, Osiadacz and Bell [107] suggested a simplified algorithm for the optimiza-

tion of the transient gas transmission network, which was based on a hierarchical

control approach. The hierarchical control approach for transient models can be

found in, e.g. [4], [106], and [109]. A certain degree of success has been reported

by these approaches while optimizing the compressor stations. However, since

these approaches do not guarantee global optima, their use is somehow limited.

More recently, Mahlke et al. [83] considered the problem of time-dependent gas

network optimization (also referred to as transient technical optimization, TTO)

where the nonlinearities were approximated by piece wise linear functions. They

developed a branch-and-cut algorithm to solve the linearized problem within a

given accuracy. In addition, a simulated annealing (SA) algorithm was used as

a primal heuristic, and a separation algorithm for the switching processes of the

compressors was also developed. Even though they could not solve all test in-

stances to optimality, the results obtained were acceptable given the difficulty

that the transient gas network optimization problem presents.

It is important to mention that the optimization approaches developed to date

work well under some general assumptions; however, as the problems become

1The SLP is an iterative optimization procedure based on both the construction of a linear
approximation at some starting point and the definition of a trust region. The trust region
is defined by a fixed parameter, δ, that restricts the maximum distance between the initial
values and the optimal values achieved by solving the linearized problem. The optimal solution
would in turn compose the basis for the linearization to be constructed at next iteration. Note
that some authors may make δ dynamic to decrease or increase the trust region based on the
predictions given by the approximate model at each iteration.
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more complex, the need arises for further research and effective development of

more advanced algorithms.

The mathematical model, which formulates the FCMP, is described in detail

in the next section.

4.3 Mathematical formulation

4.3.1 Modeling assumptions

The natural gas transport operation on pipeline systems is characterized as a very

complex process, hence, making several assumptions on the problem is essential to

delimit the scope of the study. First, we study natural gas transmission pipeline

systems. This refers exclusively to networks with large diameter pipelines that

operate at high pressures.

Second, although in practice, gas transport operations are defined by inher-

ently transient processes, we assume that the problem is in steady-state. That is,

the mathematical model provides solutions for pipeline systems that have been

operating for a relative large amount of time.

Since we assume the system to be in steady-state, we let the flow variables

be independent of time. This allows the use of algebraic equations to describe

the behavior of natural gas through the pipeline network. A transient analysis

would require the use of partial differential equations to describe the continuity,

energy, and momentum equations that relate the decision variables, such as gas

flow, velocity, density, pressure, and temperature, as a function of time. Due

to the challenge imposed by the transient case, while increasing the number of

variables, as well as the complexity of the problem, works on this area are still

in a developing phase. (The PhD thesis of Moritz [95] is a good reference on this

topic.)

Another assumption is the principle of mass conservation at each node in the

network. That is, the network is balanced, which implies that the net flow in

each node, except sources and terminals, of the network is equal to zero.

Moreover, we confine our study to irreversible flows in steady-state, i.e, the gas

can flow through a pipeline in only one direction. In other words, it is assumed

that valves are present to restrict the direction of flow. For some other models,

such as those connecting storage facilities to the network, the flow in either di-

rection could be allowed. Additionally, the gas flow is considered isothermal at

an inlet average effective temperature. That is, we assume that a heat transfer

with the surroundings in the pipeline system causes the temperature to remain

constant.
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We also assume that the transmission lines are composed of horizontal pipelines.

In practice, these systems have frequent changes in their elevation. Nonetheless,

the necessary correction factors to compensate the changes in elevation would

require special attention beyond the scope of this thesis.

Each parameter is assumed to be known in advance, i.e., we work with a

deterministic model. Finally, given that pipe segments are long enough, the

changes in the kinetic-energy term can be neglected.

4.3.2 Network representation

Let G = (V,A) be a directed graph representing a gas transmission network,

where V and A are the node and arc sets, respectively. Let V +
v and V −

v denote

the sets of out- and in-neighbors, respectively, of node v ∈ V . Let Vs ⊆ V be the

set of supply nodes, Vd ⊆ V the set of demand nodes, and let A = Ac ∪ Ap be

partitioned into a set of compressor arcs Ac and a set of pipeline arcs Ap. That is,

if (u, v) ∈ Ac then u, v ∈ V are the network nodes representing the input and the

output units, respectively, of some compressor (u, v). An analogous interpretation

is made for pipeline arcs (u, v) ∈ Ap.

Two types of decision variables are defined: Let xuv denote the mass flow

rate at arc (u, v) ∈ A, and let pv denote the gas pressure at node v ∈ V . For

each v ∈ V , we define the parameters net mass flow rate Bv and pressure bounds

PL
v and PU

v (lower and upper, respectively). By convention, Bv > 0 if v ∈
Vs, Bv < 0 if v ∈ Vd, and Bv = 0 otherwise. By the assumption that flow

is conserved at the nodes, the decision variables are subject to the constraints∑
u∈V +

v
xvu−

∑
u∈V −

v
xuv = Bv for all v ∈ V . Constraints linking the pressure and

flow variables are given for the arc sets Ac and Ap, and these are discussed next.

4.3.3 Compressor arc constraints

The variables that are manipulated in a compressor (u, v) ∈ Ac in order to have

the desired values of xuv, pu, and pv are according to Wu et al. in [144] compres-

sor speed Suv, volumetric inlet flow rate Quv, adiabatic head Huv and adiabatic

efficiency ηuv. As explained more detailed in e.g. [144], these relate to (xuv, pu, pv)

61



Chapter 4. Operability on Compressor Stations

according to

Huv =
α

κ

[(
pv
pu

)κ

− 1

]
, ∀(u, v) ∈ Ac (4.1)

Quv = α
xuv

pu
, ∀(u, v) ∈ Ac (4.2)

Huv

S2
uv

= AH +BH

(
Quv

Suv

)
+ CH

(
Quv

Suv

)2

+DH

(
Quv

Suv

)3

, ∀(u, v) ∈ Ac (4.3)

ηuv = AE +BE

(
Quv

Suv

)
+ CE

(
Quv

Suv

)2

+DE

(
Quv

Suv

)3

, ∀(u, v) ∈ Ac (4.4)

where κ ∈ (0, 1) represents the gas specific heat value, and α = ZRT is a global
constant defined by the compressibility factor (Z), the gas constant (R), and the
average temperature (T ). The coefficients (AH , BH , CH , DH) and (AE, BE, CE, DE)
of the polynomial functions (4.3) and (4.4), respectively, are assessed by applying
least squares analysis to a set of selected data points.

For each (u, v) ∈ Ac, Quv is subject to lower and upper bounds QL
uv and QU

uv,
and we adopt a similar notation for bounds on the variables Suv, Huv and ηuv.

The fuel consumption cost [144] is given by:

guv(xuv, pu, pv) =
cxuv

[(
pv
pu

)κ

− 1
]

ηuv
∀(u, v) ∈ Ac,

where c > 0 is a monetary constant.
The feasible operating domain of the compressor station (u, v) ∈ Ac is defined

by the set Duv ⊂ ℜ3 of value assignments to (xuv, pu, pv) for which there exist
values of (Quv, Suv, Huv, ηuv) satisfying (4.1)-(4.4) and the bounds QL

uv ≤ Quv ≤
QU

uv, S
L
uv ≤ Suv ≤ SU

uv, H
L
uv ≤ Huv ≤ HU

uv, and ηLuv ≤ ηuv ≤ ηUuv.
We assume that for all (xuv, pu, pv) ∈ Duv,∀(u, v) ∈ Ac, there is a unique

feasible (Quv, Suv, Huv, ηuv). This correspondence defines the desired transforma-
tion from feasible flow and pressure variable values (xuv, pu, pv) to an estimate
guv(xuv, pu, pv) of the fuel cost.

4.3.4 Pipeline arc constraints

In this study, the Weymouth Equation (WE) proposed in [105] plays a key role due
to both its simplicity in gas transmission problems, and its accuracy when dealing
with gas flows at high pressure. WE basically expresses the relation between
pipeline flow, xuv, through each pipeline (u, v) ∈ Ap and the drop between its
inlet and outlet pressures pu and pv, respectively. We also refer to WE throughout
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this study as the pipe resistance equation in steady-state networks, which takes

the following form for flows in horizontal pipes:

x2
uv = Wuv

(
p2u − p2v

)
, ∀(u, v) ∈ Ap, (4.5)

where Wuv is typically considered as constant, which depends on both gas prop-

erties and pipe physical attributes, given by:

Wuv =
d5

KzgTfL
,

where z is the gas compressibility factor, g is the gas specific gravity, T is the

average temperature, f represents the (Darcy-Weisbach) friction factor, L corre-

sponds to the length of pipe, d is the inside diameter of pipe, and K is a global

constant with value defined by the units used.

4.3.5 A non-convex NLP model

For each node v ∈ V , we impose lower and upper pressure bounds PL
v , and PU

v ,

respectively. We confine our study to irreversible flow, and impose xuv ≥ 0 for

all (u, v) ∈ A. Summarizing the two last sections, the non-convex NLP model,

originally introduced by Wu et al. in [144], can then be formulated as follows:

min
∑

(u,v)∈Ac

guv(xuv, pu, pv) (4.6)

s.t.: ∑
u∈V +

v

xvu −
∑
u∈V −

v

xuv = Bv, ∀v ∈ V (4.7)

xuv ≤ xU
uv, ∀(u, v) ∈ Ap (4.8)

(xuv, pu, pv) ∈ Duv, ∀(u, v) ∈ Ac (4.9)

x2
uv = Wuv

(
p2u − p2v

)
, ∀(u, v) ∈ Ap (4.10)

PL
u ≤ pu ≤ PU

u , ∀u ∈ V (4.11)

xuv ≥ 0, ∀(u, v) ∈ A. (4.12)

Eq. (4.6) represents the objective function to be minimized. It is given by the

total amount of fuel consumption in the system. Constraints (4.7)–(4.8) are the

typical network flow constraints representing node mass balance and pipeline ca-

pacity, respectively. Constraint (4.10) represents the flow-pressure relation in each

pipeline of the network under steady-state assumption. Constraint (4.11) reflect
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the pressure limits in each node. Constraint (4.9) represents the feasible operat-

ing domain Duv for compressor station (u,v). Fig. 4.4 shows a two-dimensional

shape of the feasible operating domain Duv for pu fixed. As observed, Duv is

defined by a non-convex feasible region. This is a typical property of centrifugal

compressor units. Finally, the mathematical model is bounded by nonnegative

decision variables, given by constraint (4.12). The details on the nature of guv
and Duv can be found in [144].

Figure 4.4: 2D compressor station feasible operating domain – Suction pressure fixed

4.4 Solution approaches for the FCMP

In order to propose solution methods for the FCMP, two major issues have to be

taken into consideration. First, the approach must be capable of handling effec-

tively the non-linearity and non-convexity observed in the mathematical model

introduced above. Second, its applicability must not be restricted to networks

with specific structures, i.e., it must overcome the weakness presented by previous

approaches when applied to dense cyclic networks.

In this project, three solution methodologies are introduced with the promise

of tackling effectively the FCMP.

The first methodology discussed in this chapter focuses on optimizing flows

in the pipeline arcs and pressures at each node of a gas transmission system. It

comprises a tabu search mechanism for optimizing the flows, which includes the

non-sequential dynamic programming technique proposed by Carter [15] to find

optimal pressures for a given set of feasible flows.
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The second methodology is exclusively devoted to finding a set of optimal

pressures for a given set of feasible flows. The need for a second approach relies

on the weakness presented by the first methodology when optimizing pressure

variables, which requires the network to be sufficiently sparse. To overcome this

weakness, a two-stage based methodology is proposed to handle cyclic networks,

including large network cases where the previous approach may have failed. In

the first stage, a tree decomposition of the original network is found. Then,

in the second stage, a dynamic programming technique is applied to the tree

decomposition to find a set of optimal pressures.

Since the effectiveness of the second methodology lies on the width of the tree

decomposition obtained in the first stage, as well as on the discretization of the

pressure ranges used in the second stage, the application of dynamic programming

is compromised, which is known as the curse of the dimensionality. This leads to

the proposal of a third methodology to ensure somehow that the discretization

factor does not diminish the applicability of dynamic programming.

A third methodology is thus proposed based on a key fact: The more refined

the discretization is, the more efficient the solution. This methodology can be

seen as an extension of the second methodology, in which an adaptive discretiza-

tion method based on dynamic programming is applied to get an optimal set of

pressures variables in a more effective and efficient way.

The three approaches described above are discussed in detail in the subse-

quent sections. First, two preprocessing techniques that play a key role in the

effectiveness of the proposed solution methodologies are introduced.

4.5 Preprocessing techniques

Two preprocessing techniques, namely bounding and reduction techniques com-

pose Phase 0 in the solution methodologies proposed in papers I, II and III (see

Table 1.1 in Section 1.2). The aim of this phase is to make the proposed algo-

rithms more effective when applied to large FCMP instances with cyclic struc-

tures.

4.5.1 Bounding technique – Shrinking the search region
for DP

Here, a bounding technique is proposed to speed up the convergence of the solu-

tion methods proposed next, particularly concerning the application of DP.

The idea behind this bounding technique is to shrink all pressure bounds in

G based on the maximum and minimum potential pressure values given by the
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physical properties of each compressor arc (u, v) ∈ Ac. This technique can be

seen as elementary operations that may lead to faster algorithms for the FCMP,

defined as follows.

Let ϕ
(

Quv

Suv

)
= AH + BH

(
Quv

Suv

)
+ CH

(
Quv

Suv

)2

+ DH

(
Quv

Suv

)3

, ∀(u, v) ∈ Ac, and

let ρLuv and ρUuv be the lower and upper limits of the ratio Quv/Suv,∀(u, v) ∈ Ac,

respectively. Based on (4.3), the bounds on the adiabatic head Huv,∀(u, v) ∈ Ac

are given by

HL
uv = (SL

uv)
2ϕ(ρUuv), HU

uv = (SU
uv)

2ϕ(ρLuv). (4.13)

The lower and upper bounds on the pressure values at node u ∈ V can then

be computed by using (4.1), (4.11) and (4.13), as

ΠL
u = max

u∈V +
u

PL
v

(
κHU

uv

α
+ 1

)−1/κ

(4.14)

and

ΠU
u = min

u∈V +
u

PU
v

(
κHL

uv

α
+ 1

)−1/κ

(4.15)

with κ as the isotropic factor.

The new refined pressure bounds can be expressed using (4.14) and (4.15) as:

lbu(P
L, PU) = max{PL

u , Π
L
u} ≤ pu ≤ ubu(P

L, PU) = min{PU
u , ΠU

u }. (4.16)

4.5.2 Compressor network – Reducing the size of the gas
system

Here, a preprocessing technique to reduce the size of a gas system without altering

its mathematical properties is introduced. The outcome of this technique is a

compressor network (referred to as the reduced network by Rı́os-Mercado et al.

in [120]), which can be obtained in three steps as depicted in Fig. 4.5. In Step 1,

all compressor arcs in a given network are temporarily removed. In Step 2,

every resulting connected subgraph is merged into a single component, i.e., a big

supernode. In Step 3, all compressor arcs are put back into their place to finally

get the compressor network.

Mathematically, this can be expressed as follows. Let V ′ ⊆ V consist of

exactly one node from each of the connected components in the directed graph

(V,Ap), and let Gv = (V v, Av) denote the component (subgraph, Step 2 ) to

which v ∈ V ′ belongs. Define the compressor network as the directed graph
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Figure 4.5: Transition to a compressor network by applying a reduction technique

G′ = (V ′, A′
c), where (u, v) ∈ A′

c if and only if u, v ∈ V ′ and there exists some

arc in Ac from V u to V v. As in [120], we assume that G′ does not contain loops,

which means that no compressor arc has both its start node and its end node in

the same connected component of (V,Ap). Equivalently, the node set of G′ can

be associated with the subgraphs Gv (v ∈ V ′), as shown in the illustration of the

transition from G to G′ (Fig. 4.5 – Step 3 ).

Theorem 1. If Ac = ∅ then for any B ∈ ℜV satisfying
∑

v∈V Bv = 0, any real

number pref ≥ 0, and any v ∈ V , there exist unique x ∈ ℜA and p ∈ ℜV
+ satisfying

pv = pref, (4.7) and (4.10).

Proof. See Rı́os-Mercado et al. [120].

The essence of Theorem 1 is that in any network consisting exclusively of

pipeline arcs, the flow and pressure values are all given uniquely once the pressure

at any reference node v ∈ V is set to any value pref. If (x, p) also satisfies (4.11)-

(4.12), the assignment pv = pref is feasible.

The observation that Theorem 1 applies to Gv for all v ∈ V ′ suggests the

following approach: Identify the connected components in (V,Ap), and nominate

one reference node in each. Since x is fixed, all other pressure values are found

by utilizing (4.10), and feasibility is checked by verifying whether (4.11) holds.

As pointed out by Rı́os-Mercado et al. in [119], and exploited in the algorithm
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given in the same reference, it follows that the original model is reduced to the

problem of solving instances of (4.6)–(4.12) where Ap = ∅ and x is fixed.

Theorem 1 shows that if xuv and pv are fixed for all compressor arcs (u, v) ∈ Ac

and all reference nodes v ∈ V ′, the remaining variable values are computed by

solving the system of equations consisting of (4.7) and (4.10). We thus keep pv
fixed for all v ∈ V ′, and optimize over {xuv : (u, v) ∈ Ac}. To respect the flow

balance constraints (4.7), flow updates must be made by sending flow along cycles

in G′, and by identifying cycles with negative net cost, a reduction in the objective

function value is achieved. To check the cost of sending flow along a cycle, we

have to take into account the change in xuv for all compressor arcs (u, v) along

the cycle, but also the change in pv for all v ∈ V \V ′ in connected components of

(V,Ap) intersected by the cycle. For more details, the reader is referred to [120].

4.6 Tabu Search and DP techniques for FCMP

(Paper I)

The first approach for solving the FCMP is based on the application of Tabu

Search and DP techniques. The method provides a feasible assignment of flows

(x∗) and optimal pressures (p∗) to a given network instance G = (V,A) by means

of the steps depicted in Algorithm 1. Basically, Steps 2–3 of Algorithm 1 provide

an initial feasible point (x, p), and Step 4 gives an improved solution. A brief

summary of Algorithm 1 can be given as follows.

Algorithm 1 NDPTS()

Require: An instance of the FCMP
Step 1: Preprocessing();
Step 2: x← FindInitialF low();
Step 3: p← NDP (x);
Step 4: (x∗, p∗)← TS(x, p);

Output: A feasible assignment (x∗, p∗)

In Step 1 of Algorithm 1, the preprocessing techniques introduced in the

previous section are applied in order to reduce the feasible operating domain of

each compressor arc (u, v) ∈ Ac, and to get the associated compressor network

G′ of G. In Step 2, a set of initial feasible flows (x) is obtained. This can be

accomplished by the approach suggested in, e.g., [12], in which a technique based

on path selection and the residual network of G, is applied.
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In Step 3, optimal pressure (p), for the given set of flows, is obtained by means

of a non-sequential DP [15] (NDP) algorithm. Finally, an iterative procedure

based on tabu search [55] (TS) is applied in Step 4 to properly optimize the flow

values. At each iteration of this procedure, a call to NDP is made to obtain the

corresponding optimal pressures (based on the new set of flow values). Details

on the techniques applied in Steps 3 and 4 are provided next.

4.6.1 Discretized pressure and dynamic programming for-
mulation

Carter [15] suggested to solve FCMP by discretizing [PL, PU ] and then apply a

network reduction technique referred to as non-sequential dynamic programming

(NDP).

Figure 4.6: Network reduction types considered by NDP: serial, dangling and parallel

The NDP algorithm can be described as follows. Assume that there are τ

discretization points p1v, . . . , p
τ
v of the pressure at each v ∈ V such that PL

v ≤
p1v < · · · < pτv ≤ PU

v , and for all i, j = 1, . . . , τ , let gijuv = guv (xuv, p
i
u, p

j
v) if

(xuv, p
i
u, p

j
v) ∈ Duv and gijuv =∞, otherwise. Then NDP consists of a sequence of

reductions of G until the resulting graph is a single node. The reduction types

(see Fig. 4.6) considered by NDP are described as follows:

(a) Serial: If v ∈ V has exactly two incident arcs (u, v) and (v, t) in G, then v,

(u, v) and (v, t) are replaced by a new arc (u, t), and
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gijut = mink

{
gikuv + gkjvt : k = 1, . . . , τ

}
. The same principle applies if both

arcs incident to v enter (leave) v.

(b) Dangling: If v ∈ V has only one incident arc (v, t), then t and (v, t) are

removed, and, for all in-neighbors u of v in G, gijuv is updated to

gijuv+mink

{
gjkvt : k = 1, . . . , τ

}
. Similar updates apply to the out-neighbors

of v, and the principle applies also if the sole neighbor of t is an out-neighbor.

(c) Parallel: If k > 1 arcs a1, . . . , ak in G connect nodes u and v, then these are

replaced by a single arc (u, v). The associated cost parameters are defined

as gijuv =
∑k

ℓ=1 g
ij
aℓ
∀i, j = 1, . . . , τ .

4.6.2 Heuristic approach: Tabu Search

Tabu search [55] (TS) is a meta-heuristic (see Section 3.2.4) that uses an adap-

tive memory structure, as well as strategies of exploration and intensification, to

systematically guide a search in an intelligent way.

The core of TS is embedded in its short-term memory process [54], whereas its

long-term memory basically defines the criteria for intensification and diversifica-

tion trade-offs. That is, by using a short-term memory, also referred to as a tabu

list, TS forbids revisiting solutions in order to escape from poor local optima. On

the other hand, TS may intensify and diversify the search by using a long-term

memory, i.e., by means of a learning process that collects information during the

search procedure. These two memory-based strategies rely on four principles that

guide the overall searching procedure: recency (to indicate how recent a visited

solution is), frequency (to indicate how often the solution has been visited), qual-

ity (to indicate those solutions that have posed good fitness values in order to

intensify the search in promising feasible areas) and influence (to identify the

more promising updates carried out on the current solution structure).

The procedure starts with a given feasible solution (x, p). The nature of a

feasible solution is defined by three basic components which are directly related

with a cyclic network topology: (a) static component, a mass flow rate value

not belonging to any cycle, (b) variable component, a flow value belonging to

a cycle, and (c) search component, all pressure variables in the network. These

components are depicted in Fig. 4.7.

The search space employed by TS is defined uniquely by the flow variables xuv.

This follows because once the flows are fixed, the optimal pressures are obtained

by applying NDP. Furthermore, we do not need to handle the entire set of flow

variables, but only one per cycle. This is because once a flow value is fixed in a
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Figure 4.7: Basic components of a feasible solution of TS – A cyclic topology

cycle, the rest of the flows can be uniquely determined. In consequence, a vector

of flows x = (x1, · · · , xm) is required, which contains exclusively reference arcs of

selected cycles from G, i.e., xw ∈ x is a reference arc representing a selected cycle

w. Note that x is arbitrarily chosen, and that converting a flow from x to and

from x is straightforward, so in the description x and x are used interchangeably.

A neighborhood V (x) of a given solution x is defined as the set of solutions

reachable from x via a slight modification of ∆x units in each of its components.

This is given by

V (x) = {x′ ∈ Rm|x′
w = xw ± j ·∆x, ∀j = 1, 2, · · · , Nsize/2, w = 1, · · · ,m} (4.17)

where Nsize is the predefined neighborhood size.

The best x′ ∈ V (x) which is non-tabu is then chosen and the corresponding

subsets are updated accordingly. The size of the tabu list (tabu tenure) controls

the number of iterations that a flow value x′ ∈ V (x) is kept in the list. The search

terminates after iter max iterations.

4.6.3 Overview of the numerical experiments

The TS based procedure, NDPTS, was developed in C++ and run on a Sun

Ultra 10 workstation under Solaris 7 at the facilities of the University of Nuevo

Leon, Mexico, during my Master studies. There, a lower bound procedure for the

FCMP was also implemented in order to assess the quality of NDPTS-solutions.

Concerning the experiments conducted on NDPTS, from preliminary fine-

tuning computations, the values for the discretization size in V (x), the dis-

cretization size for pressure variables, the tabu tenure, the neighborhood size,
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and the iteration limit, were set to ∆x = 5, τ = 20, Ttenure = 8, Nsize = 20, and

iter max = 100, respectively.

Deriving lower bounds for a non-convex minimization problem can be a very

difficult task. Obtaining convex envelopes can be as difficult as solving the original

problem. However, two important facts that lead to an approximate lower bound

can be noted for this problem. First, by relaxing constraint (4.10) in the model

introduced in Section 4.3.5, the problem becomes separable in each compressor

station, i.e., the relaxed problem consists of optimizing each compressor station

individually. Although the resulting relaxed problem is still non-convex, the

objective becomes a function of only three variables in each compressor. Hence,

we built a three-dimensional grid on these variables and performed an exhaustive

evaluation for finding the global optimum of the relaxed problem (for a specified

discretization).

Moreover, the experimental phase conducted during my PhD studies is based

on the GRG implementation found in [41] for the FCMP. Here, we extended

the GRG implementation within a multistart strategy on a GAMS formulation.

The procedure generates randomly a set of, not necessarily feasible, solutions

to the FCMP model, which are passed to CONOPT [37, 38] to perform local

optimization. As stopping criterion, we apply an upper bound on the CPU-time

that can be afforded. The experiments were run on the platform described above

via remote connection.

All procedures were applied to 11 test instances with compressor-related data

provided by a consulting firm in the pipeline industry (see [133] for details).

Details on the numerical results are shown in Tables 1–2 from Paper I (see PART

II of the thesis). A summary of the results are presented next.

4.6.3.1 Results

First, NDPTS could provide solutions to all instances tested, whereas the multi-

start local search failed to do so in 4 out of 11 cases.

The deviations of NDPTS-solutions and the multistart local search solutions

from the lower bound obtained for the FCMP, are depicted in Fig. 4.8. The

observed values from the comparisons of NDPTS-solutions are gNDPTS−gLB

gLB
100%,

where gNDPTS and gLB denote the best solution produced by NDPTS and the

lower bound obtained, respectively. Similarly, the observed deviations for the

multistart local search are defined analogously to the lower bound for the FCMP.

As can be seen from Fig. 4.8, the results indicate that NDPTS outperformed

the multistart local search in terms of solution quality. In instances where both

procedures found feasible solutions, NDPTS obtained solutions of significantly
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Figure 4.8: Deviation (%) of NDPTS and the multistart local search from a lower bound

better quality than those obtained by the multistart local search. This shows the

effectiveness of the heuristic approach.

4.6.3.2 Conclusions

It is evident that the heuristic approach dominates the multistart local search.

This has been verified empirically by comparing their solutions to lower bounds

obtained for the FCMP-instances. Here, NDPTS reported an optimality gap

less than 17% in all instances tested, whereas the multistart local search based

on a GRG implementation reported an optimality gap up to 57%. Nonetheless,

since Carter’s technique is applied inside NDPTS to optimize pressure variables,

NDPTS requires a sparse matrix when applied to networks with cyclic structures,

and even small instances can easily be found where this method fails.

To overcome this limitation, based on the arguments given in Section 4.5.2,

a resulting problem FCMP’ is achieved by applying a reduction technique and

solving (4.6)–(4.12), with the additional conditions that Ap = ∅ and x is fixed.

Note that FCMP’ refers to the problem solved in Step 3 of Algorithm 1 (Sec-

tion 4.6), in which we consider x to be given, and optimize p. With the purpose

of developing efficient computational methods for optimizing pressure variables,

the rest of the chapter is devoted to problem FCMP’.
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4.7 Tackling dense FCMP-instances (Paper II)

FCMP’ can be defined as

min
p∈ℜV ′

 ∑
(u,v)∈A′

c

g′uv(pu, pv) : (pu, pv) ∈ D′
uv∀(u, v) ∈ A′

c

 , (4.18)

where g′uv(pu, pv) is the cost incurred on all arcs in Ac between V u and V v given

that u and v are assigned pressure values pu and pv, respectively. Further, D
′
uv is

the feasible domain of (pu, pv), taking (4.9) into account for all arcs from V u to

V v.

As a part of the method proposed in Section 4.6, Carter’s technique [15] was

applied to solve (4.18) by discretizing [pL, pU ]. This technique basically consisted

of three reduction techniques shown in Fig. 4.6 (see Section 4.6.1). However,

when neither of the reductions (a)–(c) can be carried out, NDP fails. Fig. 4.9

shows a simple example where this occurs. To overcome this weakness, we now

go on to demonstrate how such instances of FCMP’ can be solved.

Figure 4.9: An instance of G where NDP fails

4.7.1 A tree decomposition approach to optimizing pres-
sures

FCMP’ has the mathematical structure of the frequency assignment problem [77],

and can also be solved by the procedure suggested in the cited reference. This is

based on the following concept introduced by Robertson and Seymour in [121]:
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Algorithm 2 DP(J, i, X, π)

if i is a leaf in T then
return

min
p∈DXi∪X

 ∑
(u,v)∈A

u,v∈Xi∪X

guv(xuv, pu, pv) : pv = πv∀v ∈ X


else
return

min
p∈DXi∪X

 ∑
(u,v)∈A

u,v∈Xi∪X

guv(xuv, pu, pv) +
∑

j∈Ki

DP(J, j,Xi ∪X, p) : pv = πv∀v ∈ X


Definition 3. A tree decomposition of G is a pair J = ({Xi : i ∈ I}, T ), where
each Xi is a subset of V , called a bag, and T is a tree with node set I. The

following properties must be satisfied:

•
∪

i∈I Xi = V ;

• for all (u, v) ∈ A, there is an i ∈ I such that {u, v} ⊆ Xi;

• ∀i, j, k ∈ I, if j lies on the path between i and k in T , then Xi ∩Xk ⊆ Xj.

The width of a tree decomposition J is maxi∈I |Xi| − 1.

For any X ⊆ V , define pX as the vector with components pv (v ∈ X) in

any consistent order. Define Dv = {p1v, . . . , pτv} for all v ∈ V , and let DX =

{pX : pv ∈ Dv, ∀v ∈ X}. For any i ∈ I, let Ki denote the set of child nodes of i

in T .

Algorithm 2 applies a dynamic programming (DP) technique to a tree decom-

position J of G. When bag Xi is processed, the union X of all ancestor bags of

Xi are input along with a pressure vector π ∈ DX . The algorithm optimizes the

value of pv for all v ∈ Xi by complete enumeration of Dv, and by taking into

account optimal pressure assignments to all nodes in all child bags of Xi. This

is expressed in terms of a recursive call in Algorithm 2. Since Xi ∩ X may be

nonempty, we must ensure that nodes contained in this set are not assigned new

pressure values when processing Xi, and we impose the constraint that pv = πv

for all v ∈ X.

The running time of Algorithm 2 is O
(
|I|τ d

)
, where d is the width of J. This

means that finding a tree decomposition of small width can be crucial for the

running time of the algorithm. It is however well-known [121] that finding one
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with minimum width is an NP-hard problem, and it is therefore unlikely that

a tree decomposition minimizing the running time of Algorithm 2 can be found

in polynomial time. We will rely on a heuristic approach to constructing J with

small width.

To solve (4.18), we thus apply a two-phase procedure, TreeDDP, where the

computation of some tree decomposition J is the first phase, and where Algo-

rithm 2 constitutes the second. The input to this procedure is a network which

is reduced as much as possible by the techniques described in Section 4.6.1.

To compute J, we apply the technique given in [130].

4.7.2 Overview of the numerical experiments

In the computational evaluation, we make use of the compressor-related data as

mentioned in Section 4.6.3, and all compressors are identical within any given

instance.

The first experiment is a feasibility study where we examine the performance

of TreeDDP while varying the granularity of the discretization. We let τ ∈
{50, 100, 1000}, and let all pressure values be uniformly distributed between their

lower and upper bounds.

For a comparison of TreeDDP with a generic global optimization tool, we

submit in the second set of experiments (4.18) to BARON [131]. In the third set

of experiments, we applied MINOS to compute local optima to (4.18) for 1000

different starting-points. (See Section 3.2.5 for details on the optimization tools

used.)

The TreeDDP procedure was coded in C++ and run on an Optiplex 745

architecture with Dual Core Technology XD under Fedora 10 based on Linux Red

Hat. Experiments with BARON and MINOS were conducted by formulating the

model in GAMS [49].

All experiments were carried out on a set of test instances composed of 16

network cases. Details on the test instances and the numerical results can be

found in Table 1 and Tables 2–4 , respectively, in Paper II (see PART II of the

thesis). Note that in the paper, we refer to the discretization parameter τ as the

parameter m. All test instances can be downloaded in GAMS-format at

http://www.ii.uib.no/∼conrado/TreeDDP/instances/index.html

4.7.2.1 Results

First, the proposed procedure found feasible solutions in all instances with the

smallest granularity (τ = 100 and τ = 1000), whereas it failed to do so in 1 out

of 16 cases (instance G) with τ = 50. We also observe that as τ increases, better
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solutions are found (minimum cost decreases) in most of the instances. Never-

theless, a finer discretization also implies, as expected, that the computational

requirements increase.

As for the solvers used, BARON failed to find a feasible solution in 8 out of 16

test instances (G, I, K, L, M, N, O, and P), whereas MINOS did so in 5 cases (G,

I, K, N, and P). In most cases, in particular for the largest networks, providing

good bounds on all nonlinear variables turned out to be crucial for BARON.

Figure 4.10: Relative improvement (%) of treeDDP over BARON and MINOS

The relative improvements (%) reached when comparing TreeDDP-solutions

with BARON and MINOS solutions, are depicted in Fig. 4.10. The shown val-

ues are gBARON−gTreeDDP

gBARON 100%, where gTreeDDP and gBARON denote the best

solution found by TreeDDP with τ = 1000 and the solution found by BARON,

respectively. The relative improvement of TreeDDP over MINOS is defined anal-

ogously.

As seen in Fig. 4.10, the results indicate that the model appears to be hard

to solve to optimality when submitted to BARON within a given time limit of

1 CPU-hour. When the computation times are comparable, TreeDDP outper-

formed a straightforward multistart local optimization procedure in terms of so-

lution quality. In instances where all methods found feasible solutions, TreeDDP

obtained solutions of significantly better quality than those obtained by BARON

and MINOS. This shows the effectiveness of the proposed procedure.

4.7.2.2 Conclusions

Still in agreement with previously suggested methods, the non-convex subproblem

of optimizing pressure is approximated by a combinatorial one.
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The experiments indicate that a method guaranteeing the global optimum in
reasonable time seems unrealistic even for small instances. Further, discretizing
the pressure variables and applying dynamic programming to a tree decompo-
sition gives better results than multistart local optimization of the continuous
version.

Unlike methods based on successive network reductions, our method does not
rely on assumptions concerning the sparsity of the network. By constructing a
tree decomposition of the network, and by applying DP to it, we are able to solve
the discrete version of the pressure optimization problem without enumerating
the whole solution space. The contribution of this research is a method for solving
the discrete version of FCMP in instances where previously suggested methods
fail.

4.8 An adaptive discretization method applied

to FCMP (Paper III)

Several works have demonstrated that, at least in acyclic and sparse cyclic in-
stances of FCMP, it is a promising approach to discretize the pressure variables,
and apply DP [7] to the resulting combinatorial problem. The purpose of the
method to be given in this section is twofold: First, we demonstrate how such
approaches can be applied to networks of arbitrary structure. Second, in order
to keep the running time down in dense instances, we propose a new scheme for
discretizing the pressure variables. This scheme is adaptive in the sense that it
avoids fine discretization of variables in area unlikely to contain good solutions,
and intensifies discretization in more promising regions.

4.8.1 A heuristic approach

An important parameter of the approach suggested in Section 4.6.1, is the number
of discretization points, τ , by which we represent each pressure variable. Assessing
this parameter may be difficult. On the one hand, a large value of τ increases
the possibility of finding a feasible solution of good quality. On the other hand,
the previous section showed that the asymptotic increase in the running time is
proportional to τ d. With a large width d of the tree decomposition, choosing a
large value of τ may lead to a slow method.

In this section, we therefore develop a method where the number of discretiza-
tion points is initially small, and upgraded by a fixed factor until at least one
feasible point is found by dynamic programming. Next, for each solution in a se-
lection of the feasible ones hence found, we define an enclosing rectangular subset
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of the solution set, henceforth referred to as a focus area. The same procedure is

then applied to each focus area.

Figure 4.11: Search tree based on adaptive discretization – Solution-neighborhood scheme

By this approach, we focus the search in the neighborhood of some of the

feasible solutions found, and repeat the idea recursively until the discretization

distance within the focus area drops below a given threshold. The idea can be

depicted by a search tree (see Fig. 4.11), where each node corresponds to a unique

focus area and the branches correspond to the set of feasible solutions found by

DP and selected for further exploration. To limit the size of the search tree, only

a fixed proportion of the feasible solutions are selected to be explored. If Ω is

the set of feasible solutions found, we select the ⌈σ|Ω|⌉ solutions in Ω with the

smallest cost, where σ ∈ (0, 1] is an input parameter.

The dynamic programming algorithm (Algorithm 2 in Section 4.7.1) can easily

be generalized such that it produces a set of solutions rather than only the best

solution found. For all possible value assignments to the variables corresponding

to the root bag of J, we make optimal value assignments to all the remaining

variables. Hence, |Ω| ≤ τ |X0|, where X0 is the root bag of J. Only a trivial

modification of Algorithm 2, where the root of J is treated differently from the

other bags, is needed, and for reasons of brevity we omit the details. The resulting

algorithm, denoted by DP ′, returns Ω and takes as input the same arguments as

does Algorithm 2.

If DP ′ returns the empty set when τ is set equal to an initial number τ0 of

discretization points, we update τ by a fixed factor γ and call DP ′ again. The

process is repeated until Ω ̸= ∅ or ∆v = PU
v −PL

v

τ−1
< ϵ for all v ∈ V , where the

threshold value ϵ is an input parameter.

The focus area around any selected solution p ∈ Ω is defined as the Cartesian

product of the intervals [lbv(p−∆), ubv(p+∆)], where ∆ ∈ ℜV is the vector with
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Algorithm 3 adaptiveDiscretization(J, G, pL, pU , ϵ, σ,τ0, γ)

(Ω, τ)← findFeasibleSolutions(J, G, pL, pU , ϵ, σ,τ0, γ)
z ←∞
if Ω ̸= ∅ then
z ← min

{∑
(u,v)∈A guv(xuv, pu, pv) : p ∈ Ω

}
Let Ω′ ⊆ Ω consist of the ⌈σ|Ω|⌉ solutions in Ω with smallest cost
∆← 1

τ−1

(
PU − PL

)
for all p ∈ Ω′ do
z ← min

{
z, adaptiveDiscretization(J, G, lb

(
pL −∆

)
, ub

(
pU +∆

)
, ϵ, σ,τ0, γ)

}
Algorithm 4 findFeasibleSolutions(J, G, pL, pU , ϵ, σ,τ0, γ)
τ ← τ0
repeat
Ω← DP’(pL, pU , τ)
τ ← ⌈γτ⌉

until Ω ̸= ∅ or pUv −pLv
τ−1

< ϵ ∀v ∈ V
return (Ω, τ)

components ∆v (v ∈ V ). Hence, the range of a variable in the child node covers at

most two consecutive intervals between discretization points in the parent node.

However, the improved bounds defined by (4.16) (see Section 4.5.1) are likely to

narrow down the range.

A summary of the approach is given in Algorithms 3–4.

4.8.2 Overview of the numerical experiments

In the first experiment, we examine the performance of the dynamic program-

ming approach when the number of discretization points is kept fixed. We let

τ ∈ {50, 100, 1000}, and let the pressure values be uniformly distributed be-

tween their lower and upper bounds. The purpose of the experiment is to study

the impact of τ on the quality of the solution and the running time.

In the second experiment, we analyze the performance of the adaptive dis-

cretization approach, and compare it to fixed discretization. The idea behind the

experiment is to investigate whether adaptive discretization produces solutions

comparable to those of fixed discretization in less computer time.

The third experiment is a similar comparison between the dynamic program-

ming approaches and a multistart local search procedure based on MINOS [97].
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We run MINOS for 500 and 1000 randomly generated starting points. The points

are drawn from the uniform distribution on [pL, pU ].

The fourth experiment is a comparison between the solutions produced by our

methods to (a lower bound on) the true minimum cost. We submit FCMP’ to

BARON [131]. To solve the convex subproblems, BARON is set to call MINOS.

We impose a time limit of 3600 CPU-seconds on each application of BARON,

and let the relative optimality tolerance be 0.01. That is, any feasible solution

is considered to be optimal if the gap between the objective function value and

its lower bound is below one percent of the objective function value. In instances

where BARON fails to compute the global optimum, it may still provide a lower

bound on the minimum cost, and this bound may also give some indications on

the quality of the output from our methods.

The reader is referred to Section 4.7.2 for details on the platform used in these

experiments, and for the method used to obtain the tree decomposition of the

compressor network G’ defined in Section 4.5.2. Details on the optimization tools

are given in Section 3.2.5.

All experiments were carried out on 22 test instances. Details on the test

instances and the numerical results can be found in Table 1 and Tables 2–7 ,

respectively, from Paper III (see PART II of the thesis). All test instances can

be downloaded in GAMS-format at

http://www.ii.uib.no/∼conrado/caie/instances/index.html

4.8.2.1 Results

First, the DP procedure based on a fixed discretization failed to find a feasible

solution in only one case (instance K) for τ = 50. We also observed that by

increasing τ , better solutions were found in all instances, except in two cases

(instances O and P) where the objective value increased when τ was increased

from 50 to 100. Still in agreement with the solution method introduced in Sec-

tion 4.7.1, an increase in the computational resources was also observed while

refining the discretization size. Here, with τ = 1000, the running time slightly

exceeded one CPU-hour in one case (instance S).

For the procedure based on dynamic programming and adaptive discretiza-

tion, we used the parameter values (see Section 4.8.1) τ0 = 3, γ = 1.5, σ = 0.05

and ϵ = 0.001. The procedure found feasible solutions in all instances. Further-

more, we observe that the running time was no larger than 60 CPU-seconds in the

most time-consuming case (instance S). Hence, adaptive discretization is much

faster than fixed discretization, although the latter requires only one call to the

DP-algorithm. The larger number of calls to DP ′ reported in Table 3 in Paper III
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, seems to be more than compensated for by the smaller number of discretization

points.

Regarding the multistart local optimization, we can make several observations.

First, by increasing the number of starting points for MINOS from 500 to 1000,

a relative improvement was observed in only 5 out of 22 cases, where it was no

larger than 1% in 3 cases (instances B, C and E), 1.5% in one case (instance F),

and up to 2.6% in the remaining case (instance J). For the experiments with 1000

starting points, we observe that MINOS failed to find a feasible solution in 9 out

of 22 test instances, whereas for the remaining cases (except A and B), it did so

for at least 50% of the starting points. On the other hand, the solver is fast, and

a relatively large number of starting points can be affordable.

As for global optimization, BARON was able to find a feasible solution in 15

out of 22 instances, and in 2 instances (A and B), it was able to prove optimality

within the given tolerance. In the remaining instances, no feasible solution was

found before the time limit expired.

Figure 4.12: Relative improvement (%) of the adaptive DP procedure over the fixed
discretization, MINOS, and BARON

The relative improvement of adaptive discretization over fixed discretization,

is depicted in Fig. 4.12. The shown values are gDP-Fixed−gDP-Adaptive

gDP-Fixed 100%, where

gDP-Fixed and gDP-Adaptive denote the best solution found by fixed discretization

with τ = 1000 and the solution found by adaptive discretization, respectively.

The relative improvements of adaptive discretization over MINOS and BARON

are defined analogously, and also given in the figure.
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In all instances but D, H and L, where fixed discretization gives up to 2.3%

lower cost, the adaptive discretization gives solutions of equal or better quality.

Also when compared to MINOS, the adaptive discretization approach turns out

to be superior. Applying MINOS with a single random starting point is certainly

faster, but this involves a considerable risk of failing to find a feasible solution.

When the number of random starting points is increased such that the total run-

ning time of MINOS exceeds the one of adaptive discretization, the total cost

of the best MINOS-solution is in general higher than the cost of the solution

produced by its competitor. The maximum relative improvements of adaptive

discretization when compared to MINOS, fixed discretization and BARON, re-

spectively, are 24.7%, 23.9% and 16.3%.

Fig. 4.12 also shows that BARON is able to find a better solution than does the

adaptive discretization in instances J, R and S. However, extensive computations

were needed to find these solutions.

Figure 4.13: Relative distance of the adaptive discretization procedure and BARON from
the minimum cost

The relative distances of adaptive discretization, fixed discretization and BARON

solutions from the lower bound provided by BARON, are depicted in Fig. 4.13.

The shown values of adaptive discretization are gDP-Adaptive−gLB

gLB
100%, where

gLB denotes the lower bound provided by BARON. The relative distances of

fixed discretization (τ = 1000) and BARON from the lower bound are defined

analogously.

In 9 out of 22 test instances, adaptive discretization is less than 3% from

the relative optimality gap (relative distance from minimum cost), but in some

instances, the optimality gap is large (as large as 61.3% in instance G). The
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relative optimality gap of fixed discretization may be as large as 64.0% (instance
G). In the instances where BARON found a feasible solution, the largest gap is
42.9% (instance C). It is however unknown whether this is due to weak lower
bounds or shortcomings of our algorithm.

4.8.2.2 Conclusions

Following the general algorithmic idea of the approach proposed in the previous
section, the contribution of this research is a heuristic method for solving the
discrete version of the problem in instances where previously suggested methods
fail.

We have tested our solution methods on a set of imaginary instances, and
compared the results to those obtained by applying both a global and a local
optimizer to the continuous version of the problem. By an adaptive discretization
scheme, we obtain significant speed-up of the dynamic programming approach in
comparison with fixed discretization.
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CHAPTER 5
Variability of Gas Specific Gravity and
Compressibility in Pipeline Systems

A
typical approach in steady-state flow models is to consider

volumetric parameters like the specific gravity and compressibility as

universal constants. However, since these thermodynamic parameters

are related to flow, pressure and temperature values, neglecting their variation

may lead to significant misleading results. An example where this can occur is in

the computation of pipeline resistance.

The aim of the project is to extend previously suggested models in the lit-

erature in order to bring them closer to physical reality. This is accomplished

by formulating a model where not only the pressure, but also specific gravity

and compressibility are defined as state variables during the transmission pro-

cess. More precisely, the mathematical model proposed in this study maximizes

the flow in transmission pipeline systems, and computes the resistance of the

pipelines as functions of specific gravity, compressibility and pressure. The gas

system is considered to be in steady-state, which implies that the partial deriva-

tive with respect to time for any property of the gas or system is zero. In other

words, we assume that a certain time has elapsed after the system is initiated

before reaching the current state. The gas flow is still considered isothermal, i.e.,

the temperature is assumed to be constant. Implicitly, all state variables become

functions of the flow variables. The non-convex nature of these functions implies

that also the feasible region of the model is non-convex.

The literature on optimization models for pipeline gas transportation does not

seem to be very rich on models with variable specific gravity or compressibility,

and most works focus on models for transient flow. Interested readers are re-

ferred to the works presented by Abbaspour and Chapman [1], Chaczykowski [20],
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Modisette and Modisette [92], and the references therein. The optimization prob-

lem is briefly described next.

5.1 Description of the problem

The resistance of a pipeline in steady-state flow problems has been modeled as a

function of state variables ever since the inception of gas pipeline optimization in

the last century. The work of Wong and Larson [141] when minimizing the total

fuel cost incurred by compressor stations is a good example. They suggested to

apply the well known Weymouth equation [105] to compute the pipeline capacity.

The same principle is followed by more sophisticated works, as those presented by,

e.g., Carter [15], Rı́os-Mercado et al. [120], De Wolf and Smeers [30, 31], Borraz-

Sánchez and Rı́os-Mercado [11, 13], Bakhouya and De Wolf [6], Kalvelagen [50,

69], and Borraz-Sánchez and Haugland [10].

Nevertheless, one downside of all the cited works is that they neglect the

fact that the parameter in the Weymouth equation depends not only on pipeline

characteristics, but also on thermodynamic and physical gas properties. This

includes temperature, specific gravity (relative density, g) and compressibility

(z-factor), which are assumed as universal constants in these works.

Examples where the assumption is unrealistic exist. The pipeline network

connecting wells on the Norwegian continental shelf with the European continent

is supplied by gas from sources of relatively lean gas, situated in the North Sea,

and sources located in e.g. the Haltenbank area. Since the latter area generally has

richer gas, in the sense that it consists of components of higher specific gravity, the

assumption of constant properties may be unrealistic. Also, gas compressibility

depends on current temperature and pressure conditions, which also vary along

the transmission line.

As a result, larger amounts of natural gas may be estimated if optimistic

global values are considered. On the contrary, pessimistic input data would lead

to reduced estimates in revenues for the transporter.

In this project, the effect caused by the variability of g and z is thus studied.

We follow the same principle as the previous works and apply the Weymouth

equation to compute the resistance of the pipeline. In the equation, g and z

become decisions to reflect their dependence on the upstream flow and the pipeline

pressure. Hence, the variability of g must be estimated at the interconnection

points of the system as a function of specific gravities of entering flows. Gas

compressibility is in turn computed in each pipeline arc by the California Natural

Gas Association method [28], which depends on gas specific gravity and pressure

values.
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5.2 Goals of the project

The objectives of the study are listed as follows. We first evaluate the improve-

ment obtained in terms of the maximum flow by considering the properties of

the gas as decisions. This is achieved by a comparison with traditional models in

which g and z are considered universal constants. Certainly, the fact of adding

decision variables entails an additional computational effort, and this cost is also

assessed.

Second, considering that providing global optimal solutions to instances of

considerable size can become time consuming, the question of how to find ap-

proximate solutions to the original model without losing its realism must also

be addressed. Here, the goal is to propose an effective heuristic method that

provides sufficiently accurate solutions to the original model.

The heuristic procedure is based on an iterative scheme in which, for given

g-values in each network element, a simpler model is solved in each iteration.

By the end of each iteration, g is assigned a value consistent with flow values

observed in the current iteration. The procedure is repeated until all variables

are feasible in the original model. Numerical experiments are conducted to assess

the performance of the heuristic, including a comparison with a global optimizer.

In the subsequent sections, the key aspects of the optimization model are

briefly discussed.

5.3 The optimization model

To support the modeling of the pipeline resistance in such a way that the variabil-

ity of g and z is taken into account, some fundamentals on these thermodynamic

parameters are given in this section. First, the required notation and the assump-

tions of the model are presented next.

5.3.1 Notation

Let G = (V,A) be a directed acyclic graph representing a gas transmission net-

work, where V and A are the node (junction point) and arc (pipeline) sets,

respectively. Let Vs ⊆ V be the set of supply nodes (sources), and let Vd ⊆ V be

the set of demand nodes (terminals).

For each node i ∈ V , we define the net mass flow rate as the variable bi. By

convention, bi ≥ 0 if i ∈ Vs, bi ≤ 0 if i ∈ Vd, and bi = 0 otherwise. For any node

i ∈ V , let V −
i = {j ∈ V : (j, i) ∈ A} be the set of start nodes of incoming arcs,

and let V +
i = {j ∈ V : (i, j) ∈ A} be the set of end nodes of outgoing arcs. Let
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pLi and pUi , respectively, be a lower and an upper bound on the pressure at node

i ∈ V .

5.3.2 Assumptions

A number of assumptions become essential to delimit the mathematical model.

First, since the study focuses on optimizing natural gas transmission systems

with large diameter pipelines, the proposed model is intended to deal with gas

systems operating at high pressures (200 psig and beyond). Second, the principle

of mass conservation is applied at each node in the network, i.e., flow variables

xij,∀(i, j) ∈ A are subject to the constraints:∑
j∈V +

i

xij −
∑
j∈V −

i

xji − bi = 0,∀i ∈ V. (5.1)

For simplicity, we confine our study to irreversible flow in steady-state, i.e,

the gas can flow through a pipeline in only one direction. Extension of the model

to a bidirectional flow model, which may become relevant for example when

connecting storage facilities to the network, is however straightforward.

The gas flow is considered isothermal at an average effective temperature.

We also assume all pipelines to be horizontal pipelines, although in practice,

transmission lines have frequent changes in their elevation. However, the need

for correction factors to compensate these changes in elevation would require

special attention out of the scope of the current work.

We assume V −
i = ∅ ∀i ∈ Vs, i.e., there are no incoming flow streams (pipelines)

to a node which has been identified as source node. Instances violating this as-

sumption can be converted by adding a dummy node pointing toward the original

source node. The dummy node inherits all properties of the source node that it

replaces, which in its turn becomes a simple transshipment node.

5.3.3 Modeling the resistance of the pipelines

As stated in [125], both the physical properties of the pipelines and the com-

position of the gas have an influence on the resistance of the pipelines. Several

equations have been proposed for modeling the flow capacities in pipelines. We

can find the Weymouth equation developed in 1912 (see [105]), the Panhandle A

equation developed in 1940, and the Panhandle B equation developed in 1956,

among others. Details on these equations can be found in e.g., [26] and [91].

Due to its simplicity and its accuracy when applied to gas flows at high pres-

sures, the Weymouth equation is chosen for this study. Let pi and pj be the
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upstream and downstream pressure, respectively, in pipeline (i, j) ∈ A. The
equation can be put in the following form:

x2
ij = Wij

(
p2i − p2j

)
,∀(i, j) ∈ A, (5.2)

where Wij, referred to as the Weymouth factor, is a parameter that depends on
gas and pipeline properties as given by

Wij =
d5ij

KzijgiTfijLij

,

where zij is the compressibility of the flow in pipeline (i, j), gi the specific gravity
of the flow arriving at node i, T the gas temperature, fij is the (Darcy-Weisbach)
friction factor in pipeline (i, j), Lij is the length of pipeline (i, j), dij the inside
diameter of pipeline (i, j), and K is a global constant with value defined by the
units used.

Eq. (5.2) basically defines the relationship between the mass flow rate xij

through a horizontal pipeline (i, j) ∈ A and the corresponding difference between
the squares of the inlet and outlet pressures pi and pj, respectively.

By defining wij = zijgiWij, (5.2) can be written

zijgix
2
ij = wij

(
p2i − p2j

)
,∀(i, j) ∈ A. (5.3)

As observed, the pipeline parameter wij is independent of the flow properties
zij and gi.

5.3.4 Ideal gas law

“An ideal gas is a theoretical gas composed of a set of randomly-moving, non-
interacting point particles” (Wikipedia).

From the kinetic theory, it can be deducted the so-called ideal gas Law, which
can be written

z =
PV

NkT
, (5.4)

where z is the gas compressibility, P is the absolute pressure, V is the volume, N
is the number of molecules, k is the Boltzmann constant (1.38066× 10−23J/K),
and T is the absolute temperature.

Eq. (5.4) defines the relationship between the state variables that character-
ize an ideal gas: P, V, and T . Contrary to real gases, an essential assumption
of an ideal gas is that z is equal to 1 for any pressure value at a given temper-
ature. However, real gases exhibit a clear dependence on current pressure and
temperature conditions, thus changing the compressibility. This is studied next.
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5.3.5 Gas compressibility

As observed in (5.4), the gas compressibility, also referred to as the z-factor,

can be considered as the deviation from ideal gas. More formally, it is defined

as the relative change in gas volume in response to a change in pressure and

temperature. The importance of accurate estimates of this parameter is obvious

from (5.2) and the definition of Wij.

The literature on gas metering reveals a number of diverse methods for approx-

imating the z-factor, including experimental measurements, equations of state

methods [35], empirical correlations [71] and regression analysis methods [36, 58].

For instance, Katz et al. [71] presented a graphical correlation for the z-factor

as a function of pseudo-reduced temperature and pressure based on experimental

data. As a result, the Standing-Katz z-factor chart has been used to obtain

natural gas compressibility factors for more than 40 years. Dranchuk and Abou-

Kassem [35] used the equation of the state to fit the Standing-Katz data and

extrapolated to higher reduced pressure. This was accomplished by a simple

mathematical description of the Standing-Katz z-factor chart. The California

Natural Gas Association (CNGA) developed a method [28] to compute the z-

factor based on the gas specific gravity, temperature and pressure values. All

these methods have a domain where they are reasonably accurate, and may break

down outside.

In the current work, we make use of the CNGA method, which is briefly

described next. For the sake of comparison in terms of accuracy of the adopted

method, the AGA-NX19 and DPR methods are also introduced. A survey of the

methods can be found in [125].

5.3.5.1 The California Natural Gas Association method

The CNGA method has been in use since the middle of the last century. One of

its first applications is reported by Davisson [28], who makes use of the method

in a computer program for precise flow calculations.

In our work, there are two key reasons for choosing this method. First, the

method is valid for z-factor computations at high pressures, which agrees with the

assumption made in Section 5.3.2. Second, in comparison with other procedures,

the CNGA method presents a simple and effective way to compute compressibility

as a function of specific gravity, temperature and pressure.

The CNGA equation can be stated as follows:

zij =
1

1 +
pijα10

βgi

T δ

, (5.5)
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where pij is the average pipeline pressure, T is the gas temperature and g is the

gas specific gravity, and α, β and δ are universal constants.

According to Shashi Menon [125], by using (5.5), the estimation of zij typically

becomes more accurate for transportation pipelines working at pressures beyond

100 psig. Since we assume gas streams under isothermal conditions, i.e., T is

assumed fixed, (5.5) can be written

zij
(
1 + ωpij × 10βgi

)
= 1, (5.6)

where ω = α
T δ is an instance specific constant.

5.3.5.2 The AGA-NX19 method

The AGA-NX19 method is used to compute z-factor values based on the gas spe-

cific gravity and the average temperature and pressure conditions. The method

was developed in a research project supported by the American Gas Association

(AGA) between 1956 and 1962 [123]. Let Pm be the average pressure in the

pipeline. The procedure can be stated as follows:

Fp =
156.47

160.8− 7.22g
, Ft =

226.29

99.15 + 211.9g
, Tc =

TmFt

500

Pc =
PmFp + 14.73

1000
, M =

0.0330378

T 2
c

− 0.0221323

T 3
c

+
0.0161353

T 5
c

N =


0.265827

T 2
c

+
0.0457697

T 4
c

− 0.133185

Tc

M

, B =
3−MN2

9MP 2
c

E = 1− 0.00075P 2.3
c (2− e−20(1.09)−Tc)− 1.317(1.09− Tc)

4Pc(1.69− Pc)

A =
9N − 2MN3

54MP 3
c

− E

2MP 2
c

, D =
(
A+
√
A2 +B3

)1/3

Fpv =

√
B

D
−D +

N

3Pc

1 +
0.00132

T 3.25
c

z =
1

F 2
pv

. (5.7)
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5.3.5.3 The Dranchuk, Purvis, and Robinson method

The Dranchuk, Purvis, and Robinson (DPR) method uses the Benedict-Webb-

Rubin equation of state [91] to correlate the Standing-Katz chart in order to

approximate z as a function of (g, T, P ) [36].

The DPR method uses several coefficients in a polynomial function of the

reduced density, ρr, as follows:

z = 1 +

(
A1 +

A2

Tpr

+
A3

T 3
pr

)
ρr +

(
A4 +

A5

Tpr

)
ρ2r +

A5A6ρ
5
r

Tpr

+ · · ·

A7ρ
3
r

T 3
pr(1 + A8ρ2r)e

−A8ρ2r
(5.8)

where the corresponding values to the coefficients are:

A1 = 0.31506237; A2 = −1.04670990;
A3 = −0.57832729; A4 = 0.53530771;
A5 = −0.61232032; A6 = −0.10488813;
A7 = 0.68157001; A8 = 0.68446549;

In addition, ρr is given by:

ρr =
0.270Ppr

Tpr

, (5.9)

with Ppr and Tpr as the pseudo-reduced pressure and temperature values, respec-

tively. The reduced temperature is defined as the ratio of the temperature of the

gas to its critical temperature. Similarly, the reduced pressure is the ratio of gas

pressure to its critical pressure.

According to [125], if the percentages of the various components in the natural

gas mixture are not available, the pseudo-critical temperature and pressure of the

gas mixture, Tpc and Ppc, respectively, can be estimated as a function of the gas

specific gravity (g) as follows:

Tpc = 170.491 + 307.344g, (5.10)

Ppc = 709.604− 58.718g. (5.11)

Ppr and Tpr can then be estimated by using (5.10) and (5.11) as follows:

Ppr =
P

Ppc

, Tpr =
T

Tpc

. (5.12)
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5.3.5.4 Comparative study

For the comparative study of the methods described above, we use a Matlab
program for encoding the methods as specified by (5.6)–(5.8). We thus applied the
methods to compute z on a discretized pressure range for constant temperature
and specific gravity values.

Fig. 5.1 shows the gas compressibility curves on various constant temperature
lines provided by the AGA-NX19, DPR and CNGA methods.

As observed in Fig. 5.1, the higher the temperature, the smaller the deviation
among the compressibility curves provided by the methods. This supports the
choice of the CNGA method in this study given that its estimates tally with those
provided by AGA-NX19 and DPR for temperatures higher than 0oF and up to
about 3000 psia, thus meeting the requirements of this study.

Figure 5.1: Gas compressibility curves on constant temperature lines – Estimates provided
by the AGA-NX19, DPR and CNGA methods.
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Table 5.1: Molecular weights of typical compounds in a natural gas mixture.

Compound Molecular weight
N2 28.02
O2 32.00

C2H4 16.04
C2H6 30.07
C3H8 44.09

5.3.6 The gas specific gravity

The specific gravity, also known as the relative density, is a dimensionless unit

defined as the ratio between the density (mass per unit volume) of the actual gas

and the density of air at the same temperature. It can also be defined in terms

of molecular weights (Mw) as the ratio of the apparent molecular weight of the

gas mixture to the molecular weight of air, given by:

g =

∑
c∈NG

ΓcM
c
w

σ
, (5.13)

where Γc is the relative content of compound c in the natural gas mixture, M c
w is

the corresponding molecular weight of compound c, and σ is the molecular weight

of air.

For the sake of illustration, let us assume an air mixture composed of 76%

of nitrogen and 24% of oxygen. Based on the list of molecular weights given in

Table 5.1, the molecular weight of air can then be calculated as

σ = 0.76MN2
w + 0.24MO2

w = 28.96,

with MN2
w and MO2 as the corresponding molecular weights of nitrogen and oxy-

gen. Then, the specific gravity of a natural gas mixture that consists of 88% of

methane, 7% of ethane, 3% of propane, and 2% of nitrogen, can be computed

using (5.13) as

g =
0.88MC2H4

w + 0.07MC2H6
w + 0.03MC3H8

w + 0.02MN2
w

σ
= 0.6251,

with MC2H4
w , MC2H6

w , MC3H8
w , and MN2

w as the corresponding molecular weights of

methane, ethane, propane, and nitrogen.

A complete list of molecular weights and other properties of various hydro-

carbon gases is provided by Shashi Menon [125]. Published values of the specific

gravity of natural gas range from 0.554 to 0.870.
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In this study, the specific gravity values used at the sources, i.e., gi,∀i ∈ Vs, are

calculated in advance as specified by (5.13) based on some natural gas mixtures

found in the literature, and for nodes j ∈ V \ Vs, we assume that

gj =

∑
i∈V −

j
gixij∑

i∈V −
j
xij

(5.14)

That is, we let the specific gravity of a blend of different gases be the weighted

average of specific gravities of entering flows. The flow values constitute the

respective weights.

The equation of specific gravity balance is obtained by multiplying (5.14) by

the total flow:

gj
∑
i∈V −

j

xij −
∑
i∈V −

j

gixij = 0,∀j ∈ V. (5.15)

5.3.7 Computing average pressure in a pipeline

The pressure is decreasing along the pipeline. According to Shashi Menon [125],

the formula

pij =
2

3

(
pi + pj −

pipj
pi + pj

)
(5.16)

gives a better approximation to the average pressure pij in pipeline (i, j) ∈ A,

than does the arithmetic mean of pi and pj. The suggested formula in its quadratic

form 3pij(pi + pj) = 2(p2i + p2j + pipj) is adopted in the current work.

5.3.8 The proposed NLP model

Summarizing the above sections, we formulate a mathematical model (M1) with

flow, pressure, compressibility and specific gravity as decisions. For convenience,

a complete list of decision variables of M1 is given in Table 6.1.

The constraints include conservation of flow (see Section 5.3.2), the Wey-

mouth equation as given in Section 5.3.3, the compressibility formula suggested

in Section 5.3.5.1, the equation of specific gravity balance (see Section 5.3.6), the

quadratic form of the average pressure formula suggested in the previous section,

as well as pressure and flow bounds. The objective function, describing a flow

maximization problem, takes the form max
∑

i∈Vs
bi.

M1 can then be formulated as follows:

95



Chapter 5. Variability of Gas Specific Gravity and Compressibility in Pipeline

Systems

Table 5.2: Decision variables

Y = Objective function value
xij = Flow through arc (i, j) ∈ A,
bi = Net flow (Supply/demand) at node i ∈ V,
pi = Gas pressure at node i ∈ V,
pij = Average gas pressure in arc(i, j) ∈ A,
zij = Compressibility of gas in arc (i, j) ∈ A
gi = Specific gravity of gas at node i ∈ V \Vs

(M1) Y1 = max
∑

i∈Vs
bi (5.17)

s.t.: ∑
j∈V +

i

xij −
∑

j∈V −
i

xji − bi = 0, ∀i ∈ V (5.18)

gj
∑

i∈V −
j

xij −
∑

i∈V −
j

gixij = 0, ∀j ∈ V \Vs (5.19)

zij(1 + ωpij × 10βgi) = 1, ∀(i, j) ∈ A (5.20)

3pij(pi + pj) = 2(p2i + p2j + pipj), ∀(i, j) ∈ A (5.21)

gizijx
2
ij = wij

(
p2i − p2j

)
, ∀(i, j) ∈ A (5.22)

pLi ≤ pi ≤ pUi , ∀i ∈ V (5.23)

bi = 0, ∀i ∈ V \Vs\Vd (5.24)

bi ≥ 0, ∀i ∈ Vs (5.25)

bi ≤ 0, ∀i ∈ Vd (5.26)

xij ≥ 0, ∀(i, j) ∈ A. (5.27)

Since constraints (5.19)-(5.22) are non-convex, computing a global optimal solu-

tion to M1 is expected to be time consuming. In instances of realistic size, fast

and possibly inexact solution methods may be required, and suggestions to this

are discussed next.

5.4 A heuristic method

In this section, we propose a heuristic method to tackle the modelM1 presented in

Section 5.3.8. To diminish the difficulty introduced by the non-convex constraint

(5.19), we propose to deal with the variability of g outside the model, and develop
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an iterative procedure where g is kept fixed in each iteration. This leads to a

simpler mathematical formulation (M2) that is solved once in each iteration. By

declaring the specific gravity at each node i ∈ V as an input parameter gi, M2 is

put in the following form:

(M2) Y2 = max
∑

i∈Vs
bi (5.28)

s.t.:

(5.18), (5.20)− (5.27). (5.29)

By virtue of the reduced number of decision variables and the absence of

(5.19), M2 is easier to solve than M1. In addition, constraints (5.20) and (5.22)

have become simpler since g is considered to be constant.

Algorithm 5 Heuristic(ε, g
(0)
i|i∈Vs

)

t← 0
compute g

(t)
j such that g

(t)
j = 1

|V −
j |

∑
i∈V −

j

g
(t)
i for all j ∈ V \Vs.

repeat
t← t+ 1
fix g to g(t), and solve M2 for x(t), z(t), p(t) and p(t).
for i ∈ Vs do

g
(t+1)
i ← g

(t)
i

for j ∈ V \ Vs do

if
∑

i∈V −
j

x
(t)
ij > 0 then

g
(t+1)
j ←

∑
i∈V −

j

g
(t)
i x

(t)
ij

/ ∑
i∈V −

j

x
(t)
ij

else
g
(t+1)
j ← g

(t)
j

until
(
x(t), z(t), p(t), p(t), g(t+1)

)
is feasible in (5.20) and (5.22) within a tolerance

ε.

Two main steps inside a loop constitute the main parts of the proposed heuris-

tic method. Keeping g fixed to some value g(t) in iteration t, we first solve M2

to get a feasible point
(
x(t), z(t), p(t), p(t)

)
. Next we correct g in order to make it

consistent with the feasible point found, as specified by (5.15). Note that at any

source node i, gi is given as input data, and remains unchanged throughout the

heuristic. For a node j ∈ V \ Vs, the initial value g
(0)
j is based on the specific

gravities given for source nodes i on paths leading to j. More precisely, we let
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g
(0)
j = 1

|V −
j |

∑
i∈V −

j
g
(0)
i such that each node initially has a specific gravity equal to

the mean specific gravity of upstream neighbor nodes. Since the network has no

directed cycles, it is straightforward to compute the vector g(0).

The point
(
x(t), z(t), p(t), p(t), g(t+1)

)
is declared feasible if∣∣∣z(t)

ij (1 + ωp
(t)

ij × 10βg
(t+1)

i )− 1
∣∣∣ ≤ ε · max

(i,j)∈A
max{z(t)

ij (1 + ωp
(t)

ij × 10βg
(t+1)

i ), 1}

and ∣∣∣g(t+1)

i z
(t)

ij (x
(t)

ij )
2 − wij

(
(p

(t)

i )2 − (p
(t)

j )2
)∣∣∣ ≤

ε · max
(i,j)∈A

max{g(t+1)

i z
(t)

ij (x
(t)

ij )
2, wij

(
(p

(t)

i )2 − (p
(t)

j )2
)
}.

In that case, the algorithm stops. A summary of the approach is given in Algo-

rithm 5.

5.5 A traditional approach

As mentioned in Section 5.1, optimizing the transport of natural gas via pipelines

while neglecting the variability of specific gravity and compressibility, is a typi-

cal approach of steady-state flow models. Let ḡ and z̄, respectively, denote the

universal constants for the specific gravity and compressibility. A traditional

approach, M3, can then be achieved by simplifying M1 as follows:

(M3) Y3 = max
∑

i∈Vs
bi (5.30)

s.t.:

ḡz̄x2
ij = wij

(
p2i − p2j

)
, ∀(i, j) ∈ A (5.31)

(5.18), (5.23)− (5.27). (5.32)

Note that to adapt the input data of M1 to M3 in the numerical experiments

presented next, we let

ḡ =
gmin + gmax

2

and

z̄ =
1

1 + ω pmin+pmax

2
10βḡ

,

where gmin = mini∈Vs gi, g
max = maxi∈Vs gi, p

min = mini∈V pLi , p
max = maxi∈V pUi .

In M2, we replace all occurrences of gi by ḡ, but no replacement is made for zij.
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5.6 Overview of the numerical experiments

The purpose of the computational analysis is twofold. First, we assess the need

for the proposed modelM1 by making comparisons with the traditional modelM3

and the model M2 used in Algorithm 5. Second, we evaluate the efficiency and

effectiveness of Algorithm 5 by comparing it to the performance of commercially

available solvers applied to M1.

In the first set of experiments, all three models were formulated in the GAMS

modeling language [49] and submitted to a global optimizer, BARON [131].

BARON is set to call MINOS [97] to solve the relaxations. We imposed a time

limit of 3600 CPU-seconds to each application of BARON, where two different

relative optimality tolerances (ε ∈ {10−1, 10−3}) were applied. That is, BARON

stopped once it is proved that a feasible solution with objective function value

above (1 − ε) times the maximum flow is found. The reader is referred to Sec-

tions 3.2.5 and 4.7.2, respectively, for details on the optimization tools and the

platform used in these experiments.

Figure 5.2: The Bogota-Apiay-Cusiana, Colombia transmission system

In the second set of of experiments, we compare both Algorithm 5-solutions to

the global optimal solutions toM1 found by BARON, as well as the computational

effort of the algorithm to the effort of computing Y1 exactly.

Recall that Algorithm 5 requires access to solutions to instances of M2. This

was accomplished by letting the algorithm call a local optimizer (MINOS) once

in each iteration. The relative stopping tolerance, ϵ, was set to 10−3 in all runs.

Multistart local optimization is a straightforward heuristic approach, which by

virtue of its simplicity deserves to be compared to Algorithm 5. We implemented
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a procedure that generates randomly a set of, not necessarily feasible, solutions

to M1. Each solution is passed to MINOS, which is asked to perform local

optimization starting from the submitted initial point. The procedure is assigned

an upper bound on the CPU-time, and the number of initial points generated

is determined as the maximum that can be afforded given that the multistart

procedure terminates within this bound.

All experiments were carried out on a set of test instances composed of 31

imaginary cases and 1 real network. Details on the test instances are shown in

Table 3 from Paper IV (see PART II of the thesis). All test instances can be

downloaded in GAMS-format at

http://www.ii.uib.no/∼conrado/Project2/instances/index.html

Fig. 5.2 shows the real gas transmission network from Bogota, Colombia used

in the experiments (instance AD). The other instances are generated manually,

and Fig. 5.3 shows a typical test network (instance T), where a striped node with

an incoming arrow represents a source node, a gray node with an outgoing arrow

represents a demand node, and a white node is a transshipment node.

Figure 5.3: Typical test network

Details on the results from the numerical experiments can be found in Ta-

bles 4–6 from Paper IV (see Part II of the thesis). A brief summary of the major

results achieved by the computational analysis is provided next.

5.6.1 Results

The deviations of M2-solutions and M3-solutions from M1-solutions when the

models were submitted to BARON with a relative optimality tolerance of ε = 10−3,

are depicted in Fig. 5.4. The observed values from the comparisons of M2 and

M3 are Y2−Y1

Y1
100% and Y3−Y1

Y1
100%, respectively.
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Fig. 5.4 shows to what extent the traditional approach (M3) results in wrong

estimates of the total flow capacity of a network, and similar information is pro-

vided for an approach (M2) where only the compressibility is allowed to vary with

the network components. In the figure, the deviations from M1 can be observed

from -4.7 to 21.0% for M2, and from -31.6 to 7.6% for M3.

Figure 5.4: Divergence (%) of M2 and M3 from M1 for ε = 10−3 in terms of maximum
flow values

As seen in Fig. 5.4, the maximum flow values achieved by M3 overestimate

considerably the resistance of the pipelines in a more pessimistic way in compar-

ison with M2 where only g is fixed.

The deviations of Algorithm 5-solutions and the multistart local search solu-

tions from M1-solutions (ε = 10−3), when M1 was submitted to BARON with

a relative optimality tolerance of ε = 10−3, are depicted in Fig. 5.5. The shown

values for Algorithm 5 are
Y
alg1
1 −YBARON

1

YBARON
1

100%, where Y
alg1
1 and Y BARON

1

denote the best solutions produced by Algorithm 5 and BARON, respectively

(see Tables 4 and 6 in Paper IV ).

The results for multistart local search were achieved by imposing a time

limit of 20 CPU-seconds, where the largest objective function value observed

was recorded. The time limit was chosen since Algorithm 5 in no instance needed

more time to converge. Fairness to its competitor in terms of time allocation is
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hence assured. The deviations for multistart local search are defined analogously
to the deviations for Algorithm 5.

As observed in Fig. 5.5, Algorithm 5 shows a significant deviation in two
instances (AE and AF), whereas the multistart local search do so in 5 cases (G,
W, V, AE and AF). More precisely, we observe that Algorithm 5 in all instances
but AB, AE and AF produces solutions within 5% deviation from the best known
solution. A comparison with multistart local search shows that Algorithm 5 looses
with a difference less than 1% in 5 instances (F, K, O, P and S), with a difference
no larger than 4% in 5 other instances (H, J, Z, AA and AC), and up to 8.2% in
instance AB. In 5 instances (G, R, V, W and X), the relative difference between
the two heuristics are observed up to 75.5% (instance G) in favor of Algorithm 5.
In addition, multistart local search was unable to produce anything better than
the zero solution in two instances (AE and AF), whereas for Algorithm 5 this
occurred only in instance AE.

Figure 5.5: Deviations (%) of the proposed heuristic and multistart local search from
M1 (ε = 10−3)

We conclude that one promising approach to solving modelM1, is a sequential
procedure where some state variables are kept fixed in each iteration. A local op-
timum to a simplified version of the model (model M2 in the case of Algorithm 5)
can be found quickly, and new and better estimates of the state variables are
computed. The likelihood of converging to a solution far from optimum seems
smaller than by multistart local search. Besides, the computer time needed for
doing so is not close to the time needed to prove optimality.
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5.7 Concluding remarks

A mathematical model has been developed for maximizing the flow of natural
gas in pipeline transmission networks. Unlike previously suggested models, the
model admits variations in gas specific gravity and compressibility.

The resulting model has a non-convex feasible domain, and represents a con-
siderable computational challenge for global optimization algorithms. Simpler,
but still non-convex models, where the variation in gas specific properties is ne-
glected, can already be found in the literature. Through experiments, we have
demonstrated that applying these to instances where the variation is high, tends
to give misleading results.

The simpler models can however be useful building blocks in inexact, but
fast, heuristic methods for our model. We have developed an iterative procedure,
which in each iteration keeps the specific gravity constant while optimizing other
decisions. As a preparation for the next round, the specific gravity is updated
consistently with the flow values observed, and the procedure is repeated until
convergence. Computational experiments demonstrate that this procedure yields
optimal or near-optimal solutions in most of the instances.
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CHAPTER 6
Line-Pack Management Optimization

R
easons for success in different arenas of the private sector are

due to both efficient management of resources and equipment, as well as

the effective implementation of appropriate strategies. The natural gas

transport industry is no exception. Because of the substantial increase in both

natural gas demand and its reserves in recent decades, coupled with the expected

promising growth in its production and distribution in the years ahead, the gas

industry has become more aware of the need for a sustainable infrastructure that

may lead to increases in revenue.

In this project, a special attention is paid to the effective application of the

transport and short-term storage of natural gas. More precisely, as a strategic idea

to meet market demand, and motivated by previously suggested models, we focus

on optimizing the gas contained (line-pack) in the pipelines over time. We thus

propose a mixed-integer non-linear model for maximizing flow in transmission

pipeline systems for a given planning horizon.

In the subsequent sections, the key issues addressed in designing the optimiza-

tion model are discussed. The description of the problem is provided next.

6.1 The line-packing problem

Gas pipelines have proven to be the most suitable transportation means for the

gas industry since the advent of metallurgical improvements and welding tech-

niques after World War II. Since then, dependable and economic pipeline systems

have become essential in preserving the continuous business growth of the gas

transport industry in national and international arenas. Nevertheless, a common

denominator in the transportation process is that a number of unpredictable or

scheduled events do occur on a daily basis. Among these events we can find,
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e.g., the break down of flow capacities elsewhere in the system due to malfunc-

tions, routine maintenance or inspection; failures in upstream process capacity;

shortfall in downstream capacity; demand uncertainty; and high fluctuation in

demand due to seasons (in the winter the demand is usually higher than in the

summer). However, gas producers must be able to supply gas to their customers

despite such difficulties.

Figure 6.1: Test instance U – (see Table 1 in Paper V )

When such events can be predictable, as in the case of routine maintenance

and scheduled inspections, the fundamentals of deterministic optimization are

applied in this thesis. Hence, we propose an optimization model that aims at

satisfying market demand for a given planning horizon based on given values in

upstream capacity.

To alleviate the consequences caused by unforeseen events, it requires a stochas-

tic model, which is out of the scope of this thesis. Interested readers on stochas-

tic analyses for transport and storage of natural gas are referred to the works of

Carter and Rachford [17] and Contesse et al. [25].

The model to be proposed in this project takes into account one key fact:

Gas pipelines do not only serve as transportation links between producer and

consumer, but they also represent potential storage units for safety stocks. That

is, due to the compressible nature of dry gas, large reserves can be stored on a

short-term basis inside the pipeline, referred to as the line-pack, for subsequent

extraction when flow capacities elsewhere in the system break down. Hence, the

problem of keeping a sufficient level of line-pack during a given planning horizon

becomes critical to the transporter.
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Fig. 6.1 shows one of the typical test cases used in this study. As observed, the

network system is composed of 10 sources, 10 terminals and 10 pipeline segments

that can serve as potential storage units to meet market demand over time.

To conceptualize this problem, let us see the simplest example. Let us suppose

that there is a unique transmission line between one producer and one costumer,

and let us assume that the amount of gas required by the client during sev-

eral consecutive periods can easily be satisfied with only 60% of the maximum

capacity. An obvious solution is simply to send the required amount for the men-

tioned periods. However, let us assume that the demand increases up to 120% of

the maximum capacity for some subsequent period. Here, the producer can not

meet such requirement, thus leading to considerable economic losses. Hence, the

strategic idea would be to send for instance 80% of the maximum capacity, then

consuming just the required demand in each period, and storing the remaining

gas to satisfy future extraordinary requirements.

Summing up, the line-packing problem in gas pipeline systems basically refers

to optimizing the refill of gas in pipelines in periods of sufficient capacity, and

optimizing the withdrawals in periods of shortfall. This is accomplished by, e.g.,

closing (or throttling) a downstream valve while upstream compressors continue

sending gas into the pipeline for future use.

Some attempts, although few, have been made in the direction of mathemat-

ical planning models for this problem (see [17] and [47]).

In this project, a mixed-integer non-linear programming (MINLP) model is

proposed to tackle the line-packing problem in natural gas transmission pipeline

systems. The model maximizes gas deliveries on a multi-source, multi-demand

transmission system for a given multi-period planning horizon. To do so, we base

the study on building up and consuming line-packs in the pipelines over time.

This is discussed in detail in the subsequent sections.

6.2 Design of the optimization model

The design of the mathematical model to be given in this section obeys two

fundamental assumptions. First, we assume the network to be in steady-state,

which implies that the partial derivative with respect to time for any property

of the gas or network is zero. In other words, we assume that a certain time has

elapsed after the system is initiated before reaching the current state. Second, the

gas flow is considered isothermal, i.e., we assume the temperature to be constant.

In the subsequent sections, the main ideas behind how we impose the con-

straints related to building up and consuming the line-pack in the pipelines during

a given multi-period horizon, are discussed. The discussion also includes the way
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in which the gas composition is tracked during the transmission process. As a
result, we present a single-objective, multi-source, multi-demand, multi-quality,
and multi-period problem that is formulated as a MINLP model.

6.2.1 Heterogeneous batches

Contracts between suppliers and clients often specify a certain quality of the gas
to be delivered. The quality will in this section be illustrated by the relative
CO2 content, but the model to be developed accepts an arbitrary set of quality
parameters. The sources do not necessarily all supply gas of equal quality. Fig. 6.2
shows a case with 3 sources which all are different in this respect, and one terminal
where the CO2 content cannot exceed 0.8%. It follows that a certain proportion
of the delivery must originate from source S2. If the flow from the sources to the
pipelines changes over time, so does the quality of the gas stored in the pipelines.

In agreement with [47], we assume that no blending process takes place inside
the pipelines, which results in batches of possible unequal quality. Hence, the
notion of heterogeneous batches.

Figure 6.2: Heterogeneous gas – The relative CO2 content varies at the sources

6.2.2 Notation

Let G = (N,A) be an acyclic directed network representing a gas transmission
pipeline system (see Fig. 6.1), where N = S∪L∪T is the set of nodes partitioned
into sources (S), pipelines (L) and terminals (T ). The arc set A represents the
set of links joining pairs of nodes, where each link is assumed to have a valve.

Let K = {1, · · · , κ} be the set of periods of length δ representing the planning
horizon. Consider any two periods, k and l, where l ≤ k. Some batch entered
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pipeline i in period l, and is henceforth referred to as batch (i, l). Due to extrac-

tion, the size of the batch may in period k be reduced, possibly to zero. Let βkl
i be

the size of batch (i, l) in period k. Clearly, we have βll
i ≥ βl+1,l

i ≥ · · · ≥ βκl
i ≥ 0.

Let ykli be a binary variable, where ykli = 1 means that batch (i, l) in pipeline

i is extracted (fully or partly) in period k, and ykli = 0 otherwise. Let rkli be

the proportion of batch (i, l) extracted in period k. Let αkl
i be the amount of

gas extracted from batch (i, l) in period k, and let xk
ij be the flow through link

(i, j) ∈ A in period k.

For each source node i ∈ S, the total supply in period k is given by bki . For

each sink node i ∈ T , the total gas demand in period k is given by dki . For each

pipeline node i ∈ L, the minimum and maximum line-pack levels are given by

∆min
i and ∆max

i , respectively, with 0 < ∆min
i ≤ ∆max

i . Furthermore, the initial

inventory is determined by β00
i .

For any node i ∈ V , let V −
i = {j ∈ V : (j, i) ∈ A} be the set of start nodes

of incoming arcs, and let V +
i = {j ∈ V : (i, j) ∈ A} be the set of end nodes of

outgoing arcs.

6.2.3 Building up batches in the pipelines

The constraints that we add to the model in order to build up heterogeneous gas

batches in the pipelines during a given planning horizon are

∑
j∈V −

i

xk
ji −

∑
j∈V +

i

xk
ij ≤ fi ·

(
∆max

i −
k∑

l=0

βkl
i

)
, ∀i ∈ L, k ∈ K (6.1)

βkk
j =

∑
j∈V −

i

xk
ji, ∀j ∈ L, k ∈ K (6.2)

∆min
i ≤

k∑
l=0

βkl
i ≤ ∆max

i , ∀i ∈ L, k ∈ K. (6.3)

Constraint (6.1) says that the net input pipeline flow in any period has an

upper bound proportional to the slack ∆max
i −

∑k
l=0 β

kl
i in line-pack capacity. The

proportionality factor is constant over time and denoted fi.

Constraint (6.2) defines the new batch (j, k) of initial size
∑

i∈V +
j
xk
ij. Finally,

(6.3) imposes that the total line-pack in pipeline i (
∑k

l=0 β
kl
i ) in any period must

be kept within given specified limits. These bounds are physical or contractual

limitations imposed by, e.g., the transporter.

Fig. 6.3 shows the relation between the initial size of batch (j, k) and the

corresponding flow streams of which it is composed. Once the batches have
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Figure 6.3: Relation between incoming flows in pipeline j and the batch built up in
period k

entered the pipeline, they can be consumed. The consumption is however subject
to physical and logical restrictions, which are studied next.

6.2.4 Consumption of batches

The constraints that we add to the model in order to systematically consume the
batches stored in the pipelines are given by

∑
j∈V +

i

xk
ij −

∑
j∈V −

i

xk
ji ≤ wi ·

(
k∑

l=0

βkl
i −∆min

i

)
, ∀i ∈ L, k ∈ K (6.4)

rkli ≤ ykli , ∀i ∈ L, 0 ≤ l ≤ k ≤ κ, (6.5)

αkl
i = βll

i · rkli , ∀i ∈ L, 0 ≤ l ≤ k ≤ κ (6.6)
k∑

l=0

αkl
i =

∑
j∈V +

i

xk
ij, ∀i ∈ L, k ∈ K (6.7)

βk+1,l
i = βkl

i − αkl
i , ∀i ∈ L, 0 ≤ l ≤ k ≤ κ. (6.8)

ykli ≤
k∑

t=l−1

rt,l−1
i , ∀i ∈ L, 0 ≤ l ≤ k ≤ κ (6.9)∑

k∈K
rkli ≤ 1, ∀i ∈ L, 0 ≤ l ≤ κ (6.10)
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Constraint (6.4) imposes the input flow capacity in pipeline i to be propor-

tional to the present line-pack (
∑k

l=0 β
kl
i − ∆min

i ) after gas extraction in period

k, where wi denotes the constant proportionality factor over time.

Constraint (6.5) states that batch (i, l) can be extracted in period k only if

ykli = 1. (6.6) represents the extraction αkl
i of batch (i, l) in period k. Conse-

quently, (6.7) states that the total flow leaving pipeline i towards downstream

pipelines in period k is given by the total gas extracted from the batches in the

pipeline.

Since a batch may be consumed in fractions over time, (6.8) forces the model

to update the contents of the batches in pipeline i from one time period to the

next.

Constraint (6.9) basically applies the FIFO principle of a queue, i.e., the batch

(i, l) can be consumed in period k (totally or partially), only if its predecessor is

fully consumed during periods l − 1, · · · , k. (6.10) is a logical constraint which

imposes that the sum of all proportions of gas (
∑

k∈K rkli ) extracted from batch

(i, l) since it entered the pipeline up to the final period (κ) cannot exceed 1.

6.2.5 Gas quality estimation

Unlike source nodes, the gas quality at any other component of the network must

be estimated accordingly to the gas streams that enter the network component

in each period.

Keeping track of gas composition entails a modeling process that can briefly

be described as follows.

Let us consider the network instance shown in Fig. 6.2. In the example, we

assume only the relative CO2 content in the natural gas mixture is of interest to

the client. Let Λk
i be the relative CO2 content in period k at node i. It is given

as a weighted average of the CO2 contents at its upstream neighbor nodes as

Λk
i =

∑
j∈V −

i
Λk

jx
k
ji∑

j∈V −
i
xk
ji

,∀i ∈ N\S, k ∈ K. (6.11)

Eq. (6.11) defines the relative CO2 content in node j as the weighted average

of the relative CO2 contents of all flow streams entering the node, where the flow

values constitute the weights.

The flow leaving pipeline i in period k may be composed of several batches.

We assume that these are blended upon extraction from i, and by following

the principle of equation (6.11), the relative CO2 content of the flow becomes

Λk
i =

k∑
l=0

λl
iα

kl
i

/
k∑

l=0

αkl
i , where λl

i is the relative CO2 content of batch (i, l).
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By extending the arguments presented so far, let Γ be the set of gas quality

parameters subject to constraints at any terminal. Let the variable λl
ia represent

the quality parameter a ∈ Γ of batch (i, l) in the current period. Similarly, let

the variable Λk
ia represent the quality parameter a ∈ Γ of the total flow leav-

ing pipeline i, and the total flow entering sink node i in period k. The model

constraints related to the quality requirements are then given by

λk
ja · βkk

j =
∑

i∈V +
j

Λk
ia · xk

ij, ∀j ∈ L, k ∈ K, a ∈ Γ (6.12)

Λk
ia ·

∑
j∈V +

i

xk
ij =

k∑
l=0

λl
ia · αkl

i , ∀i ∈ L, k ∈ K, a ∈ Γ (6.13)

Λk
ja ≤ Λk

ja ≤ Λ
k

ja, ∀j ∈ T, k ∈ K, a ∈ Γ. (6.14)

Constraint (6.12) imposes the quality of batch (i, k) as a result of the corre-

sponding flow streams of which it is composed. (6.13) follows the same principle

of equation (6.11) to impose the quality of flow streams leaving pipeline i based

on the quality of the batches of which it composed. Let [Λk
ja,Λ

k

ja] be a given in-

terval of the quality required at terminal j ∈ T for each quality parameter a ∈ Γ.

Then, the quality at sink nodes is finally imposed by (6.14).

6.2.6 Flow capacities

Assuming that in any period k there is an upper bound bki on the supply at source

i, we arrive at the constraint∑
j∈V +

i

xk
ij ≤ bki ,∀i ∈ S, k ∈ K. (6.15)

Constraint (6.15) simply restricts that the sum of all gas streams leaving

source node i in period k can be no larger than bki .

At the terminals, it is assumed that no more than what is specified by contract

regulations can be delivered. Thus, the following constraint is added to the model.∑
i∈V +

j

xk
ij ≤ dkj ,∀j ∈ T, k ∈ K, (6.16)

where dkj is the maximum amount of gas required at terminal j in period k.
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6.2 Design of the optimization model

To reflect the physical resistance of the pipelines in each period, the following

equation is included in the model:∑
j∈V +

i

xk
ij −

∑
j∈V −

i

xk
ji

2

= Wi

(
pki − qki

)
, ∀i ∈ L, k ∈ K. (6.17)

where Wi is the resistance factor of pipeline i, and pki and qki are the squared inlet

and outlet pressure variables of the pipeline, respectively, in period k.

Eq. (6.17) refers to the Weymouth equation [105] introduced in Section 4.3.4

(see Chapter 4).

Every link (i, j) ∈ A has a valve that is either open or closed. An open valve

implies that the outlet pressure at pipeline i and the inlet pressure at pipeline j

are equal. Since a closed valve obviously implies zero flow through the link, we

have the constraint

xk
ij(q

k
i − pkj ) = 0,∀(i, j) ∈ A, k ∈ K. (6.18)

Eq. (6.18) essentially allows the model to open or close a valve between any

pair of adjacent pipelines in the system. If xk
ij > 0, valve (i, j) is open in period k,

and (6.18) implies pkj = qki . Correspondingly, if the pressures differ, the equation

implies zero flow. By denoting the squared pressures in period k at source s and

terminal t by qks and pkt , respectively, (6.18) also holds for links (i, j) where either

i ∈ S or j ∈ T .

6.2.7 Final state conditions

The final state conditions of the pipelines are accomplished by imposing a mini-

mum line-pack of adequate quality by the end of the planning horizon. Thus, the

following constraints are also added to the model:

κ∑
l=0

βκ+1,l
i ≥ ∆final

i , ∀i ∈ L, (6.19)

κ∑
l=0

λκ+1,l
ia βκ+1,l

i = µia ·
κ∑

l=0

βκ+1,l
i , ∀i ∈ L, a ∈ Γ. (6.20)

µ
ia
≤ µia ≤ µia, ∀i ∈ L, a ∈ Γ, (6.21)

where ∆final
i is an input data representing the line-pack size required in pipeline

i at the final state, µia is a continuous decision variable representing the quality
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in pipeline i for each parameter a ∈ Γ in the final period, and µ
ia

and µia are

lower and upper quality bounds imposed in the final period.

Constraint (6.19) specifies that the gas remaining in pipeline i, which is given

by the sum of batches created from period 0 to period κ must be at least equal

to ∆final
i at the end of the planning horizon (period κ+ 1).

As Eq. (6.13) introduced in the previous section, (6.20) imposes the quality of

the final inventory in pipeline i as the weighted average of all batches remaining

in the pipeline in period κ+ 1.

6.2.8 A MINLP Model

Summarizing all the above, we can now formulate a mixed-integer non-linear

programming model as follows.

Obj = max
∑
k∈K

∑
j∈T

∑
i∈V +

j

xk
ij (6.22)

s.t. (x, p, q, β, r, y, α, λ,Λ, µ) ∈ Ω, (6.23)

pLi ≤ pki ≤ pUi , ∀i ∈ N, k ∈ K, (6.24)

qLi ≤ qki ≤ qUi , ∀i ∈ N, k ∈ K, (6.25)

xk
ij ≥ 0, ∀(i, j) ∈ A, k ∈ K, (6.26)

pki , q
k
i ≥ 0, ∀i ∈ N, k ∈ K, (6.27)

βkl
i , r

kl
i , α

kl
i , λ

kl
i ≤ 0, ∀i ∈ L, 0 ≤ l ≤ k ≤ κ, (6.28)

ykli ∈ {0, 1}, ∀i ∈ L, 0 ≤ l ≤ k ≤ κ, (6.29)

Λk
ia ≥ 0, ∀i ∈ N\S, a ∈ Γ, k ∈ K, (6.30)

µia ≥ 0, ∀i ∈ L, a ∈ Γ. (6.31)

where Ω = {x, p, q, β, r, y, α, λ,Λ, µ| Eqs. (6.1)–(6.21) are satisfied.} is the set of

feasible solutions, and pLi , p
U
i and qLi , q

U
i are the lower and upper bounds, respec-

tively, on the squared of the inlet and outlet pressures at node i ∈ N .

Table 6.1 shows a complete list of decision variables for the MINLP model,

where all but variable ykli are continuous decision variables.

A summary of the numerical results is provided next.
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6.3 Overview of the numerical experiments

Table 6.1: Decision variables for the MINLP model proposed in Project 3.

Obj = Objective function value

Variables defined in period k ∈ K :

xk
ij = Total flow through link (i, j) ∈ A
pki = Squared inlet pressure of pipeline i ∈ L
qki = Squared outlet pressure of pipeline i ∈ L
βkl
i = Amount of flow stored in batch l in pipeline i ∈ L
rkli = Ratio of gas extracted from batch l in pipeline i ∈ L
ykli = Activation of batch l in pipeline i ∈ L for gas extraction
αkl
i = Proportion of gas extracted from batch l in pipeline i ∈ L

λkl
ia = Gas quality of batch l in pipeline i ∈ L

Λk
ia = Weighted average quality of total flow stream leaving pipeline i ∈ L

µia = Weighted average quality of the final inventory in pipeline i ∈ L

6.3 Overview of the numerical experiments

The aim of the numerical experiments is to examine the computability of the

model proposed in the previous section, and thus to analyze what features make

it more difficult to solve.

This is accomplished by means of a GAMS formulation and a global optimizer,

BARON [131]. We submit 10 network instances to BARON and let κ ∈ {1, 3, 6}
for each case. Note that BARON is set to call MINOS [97] to solve the convex

subproblems in each node of the search tree. Furthermore, a time limit of 3600

CPU-seconds is imposed on each application of BARON with a relative optimality

tolerance ε = 10−2. This implies that any feasible solution is considered to be

optimal if the gap between the objective function value and its upper bound

is below 1% of the objective function value. In instances where BARON fails

to compute the global optimum, it may still provide an upper bound on the

maximum flow to give some indications on the quality of the output.

The range of the size of the tested network instances is wide. The number

of sources, pipelines, terminals, links and quality parameters range respectively

from 2 to 18, from 2 to 11, from 3 to 14, from 10 to 176, and from 1 to 13.

6.3.1 Summing up the numerical results

For a planning horizon with 1 time period, all test cases were solved to optimality

in less than 1 minute. When the number of periods was increased to 3, nine out

of 10 cases were solved to optimality, whereas the remaining case showed an
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optimality gap of 15% once the time limit was reached. Concerning the CPU-
time, six cases required less than 5 minutes, no more than 20 minutes in 2 cases,
and up to 28 minutes in the remaining case.

For a planning horizon with 6 time periods, 6 out of 10 cases were solved
to optimality, whereas the optimality gap found in the remaining cases was no
larger than 20% after reaching the time limit imposed on BARON. Three cases
required less than 4 minutes, no more than 30 minutes in 2 cases, and up to 54
minutes in the remaining case.

The number of variables, constraints and non-linear terms increases linearly
with respect to κ. For κ = 6, the largest instance comprised more than 12000
constraints, 10000 variables, and up to 48000 non-linear terms.

6.4 Conclusions

In order to hedge against scheduled events that may affect the transport of nat-
ural gas via pipelines, the implementation of a strategy known as line-packing is
required. The idea behind this strategy is to store gas temporarily in the pipeline
system itself in order to consume it whenever it is required. This entails that a
greater amount of natural gas can be supplied to delivery points during a given
period of high demand than what it is currently injected at sources.

The optimization model is formulated as a mixed-integer non-linear program,
which tackles the line-packing problem by building up and consuming heteroge-
neous batches in the pipelines over time. More precisely, the model maximizes the
flow of natural gas in a transmission pipeline system, and keeps track of energy
content and quality to meet market demand in a given multi-period horizon, thus
maintaining the reliability of producers and transporters.

Several numerical experiments were conducted by means of a GAMS formu-
lation and the application of a global optimizer, BARON. The aim was to assess
the computability of the model. The numerical results showed that test cases of
small and moderate size can be handled effectively by means of global optimiza-
tion, even for the largest given planning horizon. Nevertheless, BARON showed
to be sensitive to the number of time periods, and was time consuming when
applied to the largest networks.
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CHAPTER 7
Concluding remarks

W
ithin three research projects on the optimization of natu-

ral gas transport in transmission pipeline systems, a number of vari-

ous mathematical models, algorithms, and numerical experiments have

been presented and discussed in this thesis. The proposed optimization meth-

ods are composed of NLP and MINLP models, as well as of exact and heuristic

methods. In addition, the experimental analyses conducted on each project were

devoted to gain insight into three major issues: 1) the assessment of the com-

putability of the mathematical models, 2) the performance of the proposed opti-

mization techniques, and 3) comparison of the proposed techniques with existing

optimization algorithms and tools.

Project 1 focused on minimizing the total fuel consumption incurred by com-

pressor stations installed in a gas pipeline system. The project was mainly de-

voted to tackle large natural gas pipeline systems with cyclic structures. After

conducting a painstaking study on the NLP model introduced in Section 4.3, three

different methodologies were proposed to effectively overcome both the difficulties

encountered in the steady-state flow model, namely the non-linearity and non-

convexity, as well as the weaknesses found in previously suggested optimization

approaches.

As discussed in Chapter 4, the key to success in this project was to apply

the strategic idea of discretizing the feasible operating domain of compressor

stations, which in turn allowed the implementation of hybrid solution methods

based on powerful optimization techniques such as DP, tabu search, and tree

decomposition. Note that the idea of working within a discretized space has been

successfully applied since the liquid pipeline optimization conducted in the late

1960s by Jefferson [66], until the non-traditional optimization technique suggested

by Carter [15] in 1998.
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The computational experiments conducted on each proposed optimization

method, coupled with comparisons with typical approaches found in the liter-

ature, indicated that a continual improvement was achieved at each implementa-

tion. This is supported by the fact that the proposed algorithms were capable of

effectively solving a wider variety of test instances, including difficult cases where

previous methods had failed.

Project 2 focused on maximizing the gas flow through transmission network

systems. Unlike previously suggested models, the proposed model admitted

variations in gas specific gravity and compressibility. More precisely, we imple-

mented the network model suggested in the literature where all arcs correspond to

pipelines, and considered the pipeline flow and the gas pressure at each network

node as the main decision variables. However, to support these decisions, the

model also had to assess the gas specific gravity at each node, and the gas com-

pressibility at each pipeline. Thus, in addition to flow conservation constraints,

the model includes constraints that relate flow to pressure while considering the

specific gravity and compressibility variations. Constraints defining the gas prop-

erties as functions of flow and pressure variables are also included.

Since global optimization is challenged by the non-convex feasible domain of

the model, thus becoming time consuming, a heuristic approach was also pro-

posed.

Several numerical experiments were conducted to support the need for a more

accurate model and to show the effectiveness of the proposed heuristic approach.

Through experiments, it was proved that the application of traditional models in

which the variation of specific gravity or compressibility or both are neglected,

tends to yield misleading results. The numerical experiments also showed that

the heuristic is capable of providing optimal or near-optimal solutions to the

proposed model. It also outperforms a multistart local optimization procedure.

Project 3 focused on optimizing the line-pack management in pipeline sys-

tems. Here, the network model included three different sets of nodes to represent

sources, pipelines and terminals, and a set of arcs to indicate the links between

the nodes.

To overcome the consequences caused by unforeseen events, it requires a

stochastic model, which is out of the scope of this thesis. However, whenever

such events can be predictable, the fundamentals of the deterministic optimiza-

tion can be applied. Hence, a MINLP model was proposed for maximizing the

flow through a pipeline system in order meet market demand over a given plan-

ning horizon. The key of the model was to build up line-packs in pipelines over

time, and to consume them whenever so is required in order to comply with

contract regulations.
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Unlike previously suggested models, the proposed model allowed the line-pack
in the pipelines to be composed of batches having different gas composition. This
was a consequence of the fact that the market imposes quality constraints and
gas sources may supply gas of different quality. Hence, the model is enabled to
keep track of gas composition at all network components.

The numerical results conducted on the model showed that test cases of small
and moderate size can be handled effectively by means of global optimization.
Nevertheless, the global optimizer (BARON) showed to be sensitive to the number
of time periods when applied to the largest networks, thus resulting to be time
consuming.

In general, the systematic design of various sets of test instances produced
in each project becomes an inherent contribution in this thesis. The aim of this
design was to assess the proposed optimization methods in terms of efficiency and
effectiveness when applied to large test instances.

A final remark: Regardless of the promising results shown and discussed in
detail in the previous chapters, the findings may still be far from a successful
practical implementation. Unfortunately, it seems to be a common agreement
that the inherent transition between theory and practice requires an extra effort
that takes the theoretical fundamentals beyond a traditional developing phase.
Conspicuous breakthroughs, such as the simplex or interior point methods during
the last century, the extensively developed metaheuristics, among others, have
already shown that this transition is possible and worth the effort no matter the
number of external considerations that have to be done.
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a b s t r a c t

In this paper, the problem of how to efficiently operate a natural gas transmission network under steady-
state assumptions is considered. The problem is modeled as a nonlinear network optimization problem
where the decision variables are mass flow rate in each arc and gas pressure in each node. The objective
function to be minimized is the total amount of fuel consumed in the system by the compressor stations. In
the past, several techniques ranging from classical gradient-based procedures to dynamic programming,
for solving this difficult nonconvex problem have been applied with limited success, particularly when
applied to cyclic network topologies. A cyclic system is defined as a network containing at least one cycle
involving two or more compressor stations. In this paper we propose a hybrid metaheuristic procedure that
efficiently exploits the problem structure. This hybrid procedure combines very effectively a nonsequential
dynamic programming algorithm for finding an optimal set of pressure variables for a fixed set of mass flow
rate varables, and short-term memory tabu search procedure for guiding the search in the flow variable
space. The proposed procedure represents an improvement to the best existing approach to the best of
our knowledge. In addition, empirical evidence over a number of instances supports the effectiviness of
the proposed procedure outperforming a multi-start GRG method both in terms of solution quality and
feasibility. Furthermore, to assess the quality of the solutions obtained by the algorithm, a lower bound
is derived. It is found that the solution quality obtained by the proposed procedure is relatively good.

© 2008 Published by Elsevier Ltd.

1. Introduction

In this paper, we address the problem of minimizing the fuel
consumption incurred by compressor stations in a natural gas
pipeline transmission system. During this process, energy and pres-
sure are lost due to both friction between the gas and the pipes’
inner wall, and heat transfer between the gas and the environ-
ment. To keep the gas flowing through the system, it is necessary
to periodically increase its pressure, so compressor stations are
installed through the network. It is estimated that compressor sta-
tions typically consume about 3–5% of the transported gas. This
transportation cost is significant because the amount of gas being
transported in large-scale systems is huge. On the other hand, even
a marginal improvement in gas operations can have a significant
positive impact from the economic standpoint, so this provides the
main motivation from the practical side of the proposed work.

The problem is represented by a network, where arcs correspond
to pipelines and compressor stations, and nodes correspond to their
physical interconnection points. We consider two types of contin-

∗ Corresponding author.
E-mail addresses: Borraz-Sanchez@ii.uib.no (C. Borraz-Sánchez),

roger@mail.uanl.mx (R.Z. Ríos-Mercado).

uous decision variables: mass flow rates through each arc, and gas
pressure level at each node. So, from the optimization perspective,
this problem is modeled as a nonlinear program (NLP), where the
cost function is typically nonlinear and nonconvex, and the set of
constraints is typically nonconvex as well. It is well known that
nonconvex NLP is NP-hard (Horst, Pardalos, & Thoai, 1995). This
motivates the choice of the proposed heuristic approach.

The state of the art on research on this problem reveals a few
important facts. First, there are two fundamental types of network
topologies: noncyclic and cyclic. We would like to emphasize that,
the former is a type of topology that has received most of the atten-
tion during the past 30 years. Several methods of solution have been
developed, most of them based on dynamic programming (DP),
which were focused on noncyclic networks.

In particular, as far as handling cyclic topologies are concerned,
gradient search and DP approaches have been applied with little
or limited success. The main limitation of the former is its local
optimality status. The drawback of the latter is that its application
is limited to problems where the flow variables are fixed so the
final solution is “optimal” with respect to a prespecified set of flow
variables. This is because cyclic topologies are a lot harder to solve.

In this paper, we proposed a novel solution methodology for
addressing the problem of how to optimally operate the compres-
sor stations in a natural gas pipeline system, focusing in cyclic

0098-1354/$ – see front matter © 2008 Published by Elsevier Ltd.
doi:10.1016/j.compchemeng.2008.07.009
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topologies. The proposed technique combines a nonsequential
DP technique (originally proposed by Carter, 1998) within a tabu
search (TS) framework. For the past few years, TS has established
its position as an effective metaheuristic guiding the design and
implementation of algorithms for the solution of combinatorial
optimization problems in a number of different areas (Glover &
Laguna, 1997). In this case, even though we are dealing with a
continuous optimization problem, the high nonconvexity of the
objective function and the versatility of TS to overcome local opti-
mality make TS, with an appropriate discrete solution space, a very
attractive choice.

Empirical evidence over several instances with data taken from
industry shows the efficiency of the proposed approach. A com-
parison with a multi-start GRG-based method demonstrates the
significant superiority of the proposed procedure. The method rep-
resents an improvement over existing state-of-the-art approaches.
Furthermore, in order to assess the quality of the solutions deliv-
ered by the algorithm, a lower bound was derived. It is shown that
the optimality gaps found by our technique are less than 16%, most
of them less than 10%, which represents a significant progress to
the current state of the art in this area. The scientific contribution
of this work is providing the best technique known to date, to the
best of our knowledge, for addressing this type of problem in cyclic
topologies.

The rest of this paper is organized as follows. In Section 2, we
formally introduce the fuel consumption minimization problem
(FCMP), describing its main features, modeling assumptions, and
important properties. Then, in Section 3, we present a review of
earlier approaches for this problem, highlighting the most related
to our work, and how we attempt to exploit some of them. The
proposed methodology is outlined in Section 4. A computational
evaluation of the heuristic, including comparison with a multi-start
GRG method, is presented in Section 5. Finally, we wrap up this work
with the conclusions and directions for future research in Section
6.

2. Problem description

Pipeline system models can be mainly classified into steady-
state and transient systems. Like all those previous works (reviewed
in Section 3), here we assume a steady-state model. That is, our
model provides solutions for systems that have been operating for
a relatively large amount of time, which is a common practice in
industry. Transient analysis has been done basically by descrip-
tive models, because transient models are a highly intractable from
the optimzation perspective. Optimization for transient systems
remains as one of the great research challenges in this area. We
also assume we work with a deterministic model, that is, each
parameter is known with certainty. In terms of the compressor sta-
tions, we assume we work with centrifugal compressor units, which
are the most commonly found in industry. As far as the network
model is concerned, we assumed the network is balanced, that is,
no gas is lost, and that each arc in the network has a prespecified
direction.

2.1. The model

This model was originally introduced by Wu, Ríos-Mercado,
Boyd, and Scott (2000). Vs ⊂ V and Vd ⊂ V are the set of supply
and demand nodes, respectively. The set of arcs A is partitioned
into a set of pipeline arcs Ap and a set of compressor station (or
simply compressor) arcs Ac, i.e. Ap ∪ Ac and Ap ∩ Ac. Let Uij and Rij

the capacity and resistance of pipeline (i, j) ∈ Ap, respectively. Let
PL

i
, PU

i
be the pressure lower and upper limits at node i ∈ V . Let Bi

the net mass flow rate at node i ∈ V , where Bi > 0 if i ∈ Vs, Bi < 0 if

i ∈ Vd, and Bi = 0 otherwise. The decision variables are given by xij ,
the mass flow rate in arc (i, j) ∈ A, and pi, the pressure at node i ∈ V .

2.1.1. Formulation FCMP
Minimize

∑
(i,j) ∈ Ac

gij(xij, pi, pj) (1)

subject to
∑

j:(i,j) ∈ A

xij −
∑

j:(j,i) ∈ A

xji = Bi, i ∈ V (2)

xij ≤ Uij, (i, j) ∈ Ap (3)

p2
i − p2

j = Rijx
2
ij , (i, j) ∈ Ap (4)

pi ∈ [pL
i , pU

i ], i ∈ V (5)

(xij, pi, pj) ∈ Dij , (i, j) ∈ Ac (6)

xij, pi ≥ 0, (i, j) ∈ A, i ∈ V (7)

The objective function (1) represents the total amount of fuel con-
sumption in the system. We use a function gij in the following form:

g(xij, pi, pj) = ˛xij

{(pj

pi

)m

− 1

}
, (xij, pi, pj) ∈ Dij,

where ˛ and m are assumed constant (and known) parameters that
depend on the gas physical properties. Constraints (2) and (3) are
the typical network flow constraints representing node mass bal-
ance and arc capacity, respectively. Constraint (4) represents the gas
flow dynamics in each pipeline under the steady-state assumption.
Constraints (5) denote the pressure limits in each node. These limits
are defined by the compressor physical properties. Constraint (6)
represents the nonconvex feasible operating domain Dij for com-
pressor station (i, j). The algebraic representation of Dij is the result
of curve fitting methods based on empirical data taken from the
compressors. The details on the nature of the compressor station
domain and how it is derived can be found in Wu et al. (2000). Fig. 1
shows a two-dimensional shape of this domain for pi fixed. The pre-
cise model formulation for each of instances tested is available for
download from http://yalma.fime.uanl.mx/ roger/ftp/. Finally, the
mathematical model is bounded by nonnegative decision variables
(7).

Fig. 1. 2D compressor station feasible domain for pi (suction pressure) fixed.
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3. Previous work

In this section, we review the most significant contributions over
the last 30 years for solving the FCMP or related problems.

3.1. Methods based on dynamic programming

The key advantages of DP are that a global optimum is guar-
anteed to be found and that nonlinearity can be easily handled.
In contrast, its application is practically limited to noncyclic net-
works, such as linear (also known as gun-barrel) or tree topologies,
and that computation increases exponentially with the dimension
of the problem, commonly referred as the curse of dimensionality.

DP for pipeline optimization was originally applied to gun-
barrel systems in the late 1960s. It has been one of the most useful
techniques due to both its computational behavior and its versa-
tility for handling nonlinearity on sequential systems. DP was first
applied to linear systems by Wong and Larson (1968a), and then
applied to tree-structured topologies by Wong and Larson (1968b).
A similar approach was described by Lall and Percell (1990), who
allow one diverging branch in their system.

Luongo, Gilmour, and Schroeder (1989) published a hierarchi-
cal approach that allowed for both cycles and branches of arbitrary
complexity. This represented significant progress in terms of finally
addressing the issue of real world pipeline configurations. Their
technique was no longer pure DP. Basically, DP was used to opti-
mally describe the pieces of the pipeline that were arranged in a
sequential manner. This typically reduced the system to a much
smaller combinatorial problem, without any possibility of a recur-
sive DP solution. A sufficiently small instance could be solved
exactly via enumeration; otherwise it was solved inexactly using
simulated annealing. This hierarchical approach worked very well
for some complex pipelines, but for others the computational cost
was very high.

The most significant work on cyclic networks known to date is
due to Carter (1998) who developed a nonsequential DP algorithm,
but limited to a fixed set of flows. This led to an interesting question
of how to find the optimal setting of the flow variables and how to
modify the current flow setting to obtain a better objective value.
So with this in mind, recently Ríos-Mercado, Kim, and Boyd (2006)
propose a network-based heuristic for modifying the flow values.
The computational results showed an improvement with respect
to Carter’s NDP approach. A limitation of that work, though, is that
the experimental phase was done over a small number of instances.
Unfortunately, that code is no longer available for research pur-
poses. In the present work, we use Carter’s ideas and incorporate
them within a tabu search scheme for iteratively adjusting the set
of flows with great success. This will be further described in Section
4.

3.2. Methods based on gradient search

Percell and Ryan (1987) applied a different methodology based
on a generalized reduced gradient (GRG) nonlinear optimization
technique for noncyclic structures. One of the advantages of GRG,
when compared with DP, is that they can handle the dimensionality
issue relatively well, and thus, can be applied to cyclic struc-
tures. Nevertheless, being a method based on a gradient search,
there is no guarantee for a global optimal solution, especially
when there are discrete decision variables. Villalobos-Morales
and Ríos-Mercado (2005) evaluated preprocessing techniques for
GRG, such as scaling, variable bounding, and choice of starting
solution, that resulted in better results for both cyclic and non-
cyclic structures. More recently, Flores-Villarreal and Ríos-Mercado
(2003) performed an extensive computational evaluation of the

GRG method over a large set of instances on cyclic structures with
relative success. No comparison to DP was done in that work, so
part of our contribution is to provide a comparison frame among
Carter’s NDP, GRG, and our method tested in the same set of
instances.

3.3. Related models

Discrete decisions such as numbre of units operating within
compressor stations are incoporated into a mixed-integer non-
linear programming model (MINLP). MINLP models in pipeline
optimization have been studied by Pratt and Wilson (1984) and
Cobos-Zaleta and Ríos-Mercado (2002). They present satisfactory
results as they were able to find local optima for many instances
tested.

Optimization of individual compressor stations has been studied
by Osiadacz (1980), Percell and Reet (1989), and Wu, Boyd, and Scott
(1996). Later, Wu et al. (2000) completed the analysis for the same
problem, but considering several units within compressor stations.
In a related work, some of the most important theoretical properties
regarding pipeline networks are developed by Ríos-Mercado, Wu,
Scott, and Boyd (2002).

Carter, Gablonsky, Patrick, Kelley, and Eslinger (2002) present
some algorithms based on implicit filtering for a class of noisy opti-
mization problems which also consider discrete decision variables
with promising results. In a related work, Osiadacz and Górecki
(1995) address a pipeline network design problem with modest
success. More recently, Costa, de Medeiros, and Pessoa (2000) use
linear programming for the optimal design of pressure relief header
networks.

Optimization techniques have also been applied for transient
(time dependent) models. For instance, Larson and Wismer (1971)
propose a hierarchical control approach for a transient operation
of a gunbarrel pipeline system. Osiadacz and Bell (1986) suggest a
simplified algorithm for the optimization of the transient gas trans-
mission network, which is based on a hierarchical control approach.
The hierarchical control approach for transient models can be found
in Anglard and David (1988), Osiadacz (1994), and Osiadacz and
Swierczewski (1994). Some degree of success has been reported
from these approaches as far as optimizing the compressor sta-
tion subproblem. However, these approaches have limitations in
globally optimizing the minimum cost.

See display Ríos-Mercado (2002, Chapter 18.8.3) for more refer-
ences on optimization techniques applied to gas pipeline problems.
It is important to mention that optimization approaches developed
to date work well under some general assumptions; however, as
the problems become more complex, the need arises for further
research and effective development of algorithms from the opti-
mization perspective.

4. Solution procedure

The proposed methodology (depicted in Fig. 2) proceeds as fol-
lows. In Step 1, a preprocessing phase is performed both to refine
the feasible operating domain given by tightening decision variable
bounds, and to reduce the size of the network by a reduction tech-
nique (motivated by the work of Ríos-Mercado et al., 2002). Then,
in Step 2, a set of initial feasible flows (x) is found by two differ-
ent methods: a classic assignment technique and a reduced graph
algorithm.

In Step 3, a set of optimal pressures (p), for teh specified flow
obtained before is found by applying a nonsequential DP (NDP)
algorithm. At this point, we have an initial feasible solution (x, p)
which enters a TS local search procedure.
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Fig. 2. Pseudocode of NDPTS.

Within the TS, there are two main components for neighbor
generation: a flow modification component and a pressure com-
putation component. In the former, an attempt is made to find a
different set of flows, and in the latter, a corresponding set of opti-
mal pressure values is found by NDP. The TS is performed until a
stopping criteria (in the case, a number of iterations) is met. As
we know from theoretical properties of pipeline networks (Ríos-
Mercado et al., 2002), the flow modification step is unnecessary for
noncyclic topologies because there exists a unique set of optimal
flow values which can be determined in advance at preprocessing.
So, here we focus on cyclic topologies. For finding the optimal set of
pressures, we implemented a NDP technique motivated by the work
of Carter (1998). The overall procedure is called NDPTS. The meth-
ods employed in Steps 1 and 2 have been fairly well documented in
our previous work (Borraz-Sánchez & Ríos-Mercado, 2004b), so, in
the reminder of this section, we assume we have an initial feasible
flow and provide a description of the NDP and the TS components,
which is the core of the proposed work.

4.1. Nonsequential dynamic programming

We include in this section a brief description of the essence of
the NDP algorithm. The details can be found in Borraz-Sánchez and
Ríos-Mercado (2004a). Starting with a feasible set of flow variables,
the NDP algorithm searches for the optimal set of nodal pressure
values associated to that prespecified flow. Rather than attempt-
ing to formulate DP as a recursive algorithm, at a given iteration,
the NDP procedure grabs two connected compressors and replace
them by a “virtual” composite element that represents the opti-
mal operation of both compressors. These two elements can be
chosen from anywhere in the system, so the idea of “recursion” in
classical DP does not quite apply here. After performing this step,
the system has been replaced by an equivalent system with one
less compressor station. The procedure continues until only one
virtual element, which fully characterizes the optimal behavior of
the entire pipeline system, is left. Aftwerwards, the optimal set of
pressure variables can be obtained by a straight-forward backtrack-
ing process. The computational complexity of this NDP technique
is O(|Ac|N2

p), where Np is the maximum number of elements in a
pressure range discretization.

4.2. Tabu search

We start the procedure with a given feasible solution (x, p). We
define the nature of a feasible solution based on three basic com-
ponents which are directly related with a cyclic network topology:
(a) static component, a mass flow rate value not belonging to any

cycle, (b) variable component, a mass flow rate value belonging to
a cycle, and (c) search component, all pressure variables in the net-
work. These components are depicted in Fig. 3. The search space
employed by TS is defined by the flow variables xij only because
once the flow rates are fixed, the pressure variables are optimally
found by NDP. Furthermore, we do not need to handle the entire
set of flow variables, but only one per cycle. This is so because
once you fix a flow rate in a cycle, the rest of the flows can be
uniquely determined. Thus, a given state is represented by a vec-
tor x̄ = (x˛1 , . . . , x˛m ), where ˛w is an arc that belongs to a selected
cycle w. Note that this set of arcs is arbitrarily chosen, and that con-
verting a flow from x to and from x̄ is straightforward, so in the
description x and x̄ are used interchangeably.

Then a neighborhood V(x̄) of a given solution x̄ is defined as the
set of solutions reachable from x̄ via a slight modification of �x

units in each of its components. This is given by

V(x̄) = {x′ ∈ Rm|x′
w = x̄w ± j�x, j = 1, 2, . . . , Nsize/2, w = 1, . . . , m}

(8)

where Nsize is the predefined neighborhood size and �x accounts
for the mesh size. Note that, for a given solution, we do not store the
entire solution but only the flow in the selected arc to be modified.
Note also that once this value is set, the rest of the flow variables
in the cycle are easily determined, so in this sense, it is precisely
this mass flow rate which becomes the attribute. Then the best
x′ ∈ V(x̄) which is non-tabu is chosen and the corresponding sub-
sets are updated accordingly. A tabu list (TL) stores recently used
attributes, in our case, values of the x variables. The size of the TL
(tabu tenure) controls the number of iterations a particular attribute
is kept in the list. The search terminates after iter max iterations.

5. Computational evaluation

The purpose of designing and setting up a database with prob-
lem instances is twofold. First, it is necessary for testing our
proposed algorithms. Second, it aims at providing a common frame-
work for benchmarking different algorithms. As far as we know,
there is no such database for this type of problems. So this becomes
an important contribution of this work.

There are three different kinds of network topologies: (a) lin-
ear or gun-barrel, (b) tree or branched, and (c) cyclic. Technically,
the procedure for making this classification is as follows. In a given
network, the compressor arcs are temporarily removed. Then each
of the remaining connected components are merged into a big
supernode. Finally, the compressor arcs are put back into their
place. This new network is called the associated reduced network.

Linear topology: This corresponds to a linear arrangement of the
compressor station arcs, that is, when the reduced network is a
single path.
Tree topology: This occurs when the compressors are arranged in
branches through the system, that is, when the reduced network
is a tree.
Cyclic topology: This happens when compressors are arranged
forming cycles with other compressor stations. That is, it refers
to a cyclic reduced network.

As stated before, linear and tree topologies can be solved by
dynamic programming since it has been shown that the flow vari-
ables in every arc can be uniquely determined. So in this work,
our focus is on addressing cyclic topologies. Fig. 4 shows exam-
ples of cyclic topologies. A stripped node (shown with an ingoing
arrow next to it) represents a supply node, a black node (shown
with an outgoing arrow next to it) represents a demand noid, and
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Fig. 3. Basic components of a feasible solution on a cyclic topology.

a white node is a transshipment node. A single directed arc joining
two nodes represents a pipeline, and a directed arc with a black
trapezoid joining two nodes represents a compressor arc.

So in the instance database tested below, a name net-x-m cn
represents an instance of type x, x ∈ {a, b, c}, with m nodes and
n compressor arcs. In addition, a suffix -Cy present means the
instance uses compressors type y, where y is one of nine different
type of compressors used in industry. This database is available at:
http://yalma.fime.uanl.mx/ roger/ftp/, or directly from the authors
upon request. Each instance is given as a GAMS file.

The proposed TS was developed in C++ and run on a Sun Ultra
10 workstation under Solaris 7. All of the compressor-related data,
described in Villalobos-Morales, Cobos-Zaleta, Flores-Villarreal,
Borraz-Sánchez, and Ríos-Mercado (2003), was provided by a con-
sulting firm in the pipeline industry. For the tabu list size and
the neighborhood size, several preliminar experiments were done
using values of {5, 8, 10} and {20, 30, 40}, respectively. For the
experiments we use the following values for the algorithmic param-
eters which were found to produce the best results in preliminar
fine-tuning computations: Iteration limit (iter max = 100), dis-
cretization size in V(x) (�x = 5), discretization size for pressure
variables (�p = 20), tabu tenure Ttenure = 8, and eighborhood size
Nsize = 20. In order to assess the effectiveness of the proposed pro-
cedures, we apply the algorithms to solving several instances under
different cyclic network topologies on the same platform.

Fig. 4. Cyclic topology instances.

It is evident that the proposed NDPTS approach dominates NDP.
This has been verified empirically, where the NDTPS has reported
improvements in solution quality of up to 27% with respect to
NDP. This comparison between NDPTs and NDP is presnted in
(Borraz-Sánchez & Ríos-Mercado, 2005). In this paper, we present a
comparison between the proposed NDPTS and the best GRG-based
implementation known to date. In a second experiment, we pro-
vide evidence of the quality of the solution reported by NDPTS by
comparing to a lower bound.

Table 1 shows a comparison between the GRG and NDPTS on
cyclic networks. For the GRG we used the implementation by Flores-
Villarreal and Ríos-Mercado (2003) within a multi-start strategy.
That is, given that GRG is basically a local search method, the
idea is to apply GRG from multiple different starting solutions for
an amount of time equal to the time used by the NDPTS in each
instance. In preliminary work, it was also observed that the multi-
start GRG produced better results than the single application of the
GRG as expected.

The first column shows the instances tested. The second column
shows the total number of iterations employed by the multi-start
GRG method. The third and fifth column show the GRG and NDPTS
solution, respectively. The fourth column shows the running time
of both methods. The last column shows the relative improvement
of NDPTS over GRG given by

RI = gGRG − gNDPTS

gNDPTS
× 100%,

where gZ denotes the objective function value found by method Z
and Z being any of GRG or NDPTS.

First, the NDPTS obtained solutions to all instances tested,
whereas GRG failed for four of these, that is, for the four harder
instances the GRG could not find feasible solutions. The results
indicate that NDPTS procedure outperforms GRG in terms of solu-

Table 1
Comparison between GRG and NDPTS

Instance Iterations GRG Time NDPTS RI (%)

net-c-6c2-C1 8712 2,312,548.24 271.72 2,288,252.53 1.06
net-c-6c2-C4 8535 1,393,061.12 270.02 1,393,001.99 0.004
net-c-6c2-C7 9637 1,210,687.22 272.33 1,140,097.39 6.19
net-c-10c3-C2 7581 5,811,713.60 288.92 4,969,352.82 16.95
net-c-10c3-C4 7633 4,751,940.94 283.61 2,237,507.93 112.37
net-c-15c5-C2 5040 6,219,045.57 228.32 4,991,453.59 24.59
net-c-15c5-C4 5377 3,554,598.11 317.26 3,371,985.41 5.41
net-c-15c5-C5 10040 Not found 334.01 7,962,687.43 N/A
net-c-17c6-C1 9654 Not found 368.12 8,659,890.72 N/A
net-c-19c7-C4 8906 Not found 393.45 8,693,003.78 N/A
net-c-19c7-C8 18574 Not found 398.72 7,030,280.45 N/A

http://yalma.fime.uanl.mx/~roger/ftp/
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Table 2
Solution quality

Instance LB NDPTS Gap (%)

net-c-6c2-C1 2,287,470.58 2,288,252.53 0.03
net-c-6c2-C4 1,392,354.29 1,393,001.99 0.05
net-c-6c2-C7 949,909.48 1,140,097.39 16.68
net-c-10c3-C2 4,303,483.50 4,969,352.82 13.40
net-c-10c3-C4 2,015,665.98 2,237,507.93 9.91
net-c-15c5-C2 4,955,752.90 4,991,453.59 0.72
net-c-15c5-C4 3,103,697.48 3,371,985.41 7.96
net-c-15c5-C5 6,792,248.08 7,962,687.43 14.69
net-c-17c6-C1 8,129,730.11 8,659,890.72 6.12
net-c-19c7-C4 7,991,897.18 8,693,003.78 8.06
net-c-19c7-C8 5,897,768.92 7,030,280.45 16.10

tion quality. In the instances where both procedures found feasible
solutions, NDPTS obtains solution of significantly better quality
than those obtained by GRG as can be observed from the relative
improvement of NDPTS over GRG. In terms of computational effort,
both procedures employed the same amount of time in a range of
270–400 s.

To assess the quality of the solutions delivered by the algorithm
it is necessary to derive a lower bound. Now, deriving lower bounds
for a nonconvex problem can become a very difficult task. Obtaining
convex envelopes can be as difficult as solving the original prob-
lem. However, for this problem we note two important facts that
lead us to an approximate lower bound. First, by relaxing constraint
(4) in model FCMP the problem becomes separable in each com-
pressor station. That is, the relaxed problem consists of optimizing
each compressor station individually. Now, this is still a noncon-
vex problem, however, we exploit the fact that in each compressor,
the objective is a function of three variables only, so we build a
three-dimensional grid on these three variables and perform an
exhaustive evaluation for finding the global optimum of the relaxed
problem (for a specified discretization).

Table 2 shows these results. The first column displays the
instances tested, the second and third columns show the lower
bound and the best value found by the heuristic, respectively, and
the last column shows the relative optimality gap obtained by
NDPTS. As can be seen from the table, all of the tested instances have
a relative optimality gap of less than 17%, 7 out of 11 instances tested
have a relative gap of less than 10%, and three of these observed an
optimality gap of less than 1%. This shows the effectiveness of the
proposed approach. Finally, although our NDPTS algorithm finds
better solutions than the GRG method or the simple NDP, it is more
computationally expensive. In general, any additional time leading
to even small improvements can be easily justified since the costs
involved in natural gas transportation are relatively huge.

Fig. 5 shows the convergence of the NDPTS algorithm on instance
net-c-10c3-C1. It can be seen how, at some iterations, the solution
deteriorates but then it improves to a better solution, which illus-
trates how getting stuck at a local optimum is overcome by the
TS mechanism. This figure also shows that the algorithm often did

Fig. 5. Convergence on instance net-c-10c3-C1.

not improve beyond 50 iterations. In fact, we have observed similar
behavior in all other tested instances.

6. Conclusions

In this work we have proposed a hybrid heuristic based on NDP
and TS for a very difficult problem arising in the natural gas pipeline
industry. The NDPTS implementation, based primarily in a short-
term memory strategy, proved very successful in the experimental
work as it was able to obtained solutions of much better quality than
those delivered by earlier GRG-based approaches when tested on
a number of instances with data taken from industry. In addition,
the way the method operates clearly produces better solutions that
those found by Carter’s NDP method. This represents, to the best of
our knowledge, a significant contribution to the state of the art in
this area of work. Other contributions include the evaluation of a
simple lower bounding scheme and a data set collection which can
be used for benchmarking.

There are still many areas for forthcoming research. The pro-
posed procedure is a basic short-term memory tabu search. It would
be interesting to incorporate advanced TS strategies such as intensi-
fication and diversification. In addition, one of the great challenges
in the industry is to address time-dependent systems from the
optimization perspective.
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ABSTRACT

In this paper, we address the problem of computing optimal transportation plans of natural gas by means of compressor
stations in pipeline networks. This non-linear (non-convex) problem takes into account two types of continuous decision
variables: mass flow rate through each arc, and gas pressure level at each node. Compressors consume fuel at rates depending
on flow and pressure, and the problem is to assign values to these variables such that the total fuel cost is minimized.
We propose a dynamic programming algorithm based on tree decomposition, which applies to a broader class of instances
than currently available techniques can solve. Through computational experiments, we demonstrate that our algorithm is
capable to solve several instances where previously suggested methods and commercially avialable solvers for non-linear
optimization fail.

Keywords: Gas Transmission Network, Fuel Cost, Dynamic Programming, Tree Decomposition

1. INTRODUCTION

Natural gas has become one of the most important energy
resources worldwide. Consequently, the volumes of gas
flowing from the fields through transmission networks to
the market have been increasing steeply during the past
decades, and in parallel, a growing interest in reducing
costs associated with pipeline gas transportation has been
observed.

In this paper, the fuel cost minimization problem (FCMP)
to transport natural gas in a general class of transmission
networks is addressed. The FCMP involves two types of
continuous decision variables: mass flow rate through each
arc, and gas pressure level at each node. The problem can
be described as follows: We need to move natural gas over
large distances from several possible sources to different
distribution centers through various devices including pipes
and compressor stations. During the transmission, energy
and pressure are lost, and the compressor stations installed
in the pipeline system are crucial for keeping the gas mov
ing. Consequently, fuel consumption associated costs are
incurred at these stations. The problem is to determine a
transportation plan on an existing network minimizing the
total fuel cost, while meeting specified demand at the dis
tribution centers.

1.1. Related work

An extensive literature on the FCMP has been published
over the past 30 years. This includes applications ofnumer
ical simulations (see [10]), Dynamic Programming (DP)
(see [6], [8] and [17]), gradient techniques (see [4]). and
others. Most of these contributions are practically lim
ited to pipelines networks with non-cyclic structures or to
sparse cyclic networks, and have obtained a considerable
success on such instances.

Several works based on successive reductions of the net
work (see [1], [2] and [3]), and graph theory and functional
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analysis (see [12]) have been developed with the promise to
handle cyclic topologies. However, since these optimiza
tion approaches require a certain sparse network structure,
their application is still in a development phase. The pur
pose of the current work is to present a solution approach
that admits a more general network structure, and hence
overcome the limitations of network reduction techniques.

The remainder of this paper is organized as follows. In
Section 2, we define the problem in mathematical terms.
In Section 3, we present a contemporary solution method,
and point out a serious point of weakness. In Section 4,
the tree decomposition based algorithm to solve the FCMP
via DP is described. Our numerical results based on dif
ferent computational experiments are shown in Section 5,
where we compare our results to those obtained by alter
native methods when applied to several network configu
rations. Finally, concluding remarks are given in Section
6.

2. PROBLEM DEFINITION

Let G == (V, A) be a directed graph representing a gas
transmission network, where V and A are the node and arc
sets, respectively. Let Vv+ and Vv- denote the sets of out
and in-neighbors, respectively, of node v E V, let Vs ~ V
be the set of supply nodes, Vd ~ V the set of demand
nodes, and let A == Ac U Ap be partitioned into a set of
compressor arcs Ac and a set of pipeline arcs Ap . That is,
if (u, v) E A c then u, v E V are the network node repre
senting the input and the output units, respectively, of some
compressor (u,v). An analogous interpretation is made for
pipeline arcs (u, v) E Ap .

Two types of decision variables are defined: Let X u v de
note the mass flow rate at arc (u, v) E A, and let Pv denote
the gas pressure at node v E V. For each v E V, we de
fine the parameters net mass flow rate B; and (lower and
upper, respectively) pressure bounds P!: and P:!. By con
vention, B; > 0 if v E ~,Bv < 0 if v E Vd, and Bv == 0
otherwise. By the assumption that flow is conserved at the
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nodes, the decision variables are subject to the constraints
LUEV

v
+ Xvu - LUEV; Xuv == Bv for all v E V. Con

straints linking the pressure and flow variables are given
for the arc sets A c and Ap , and these are discussed next.

Summarizing the two last sections, the FCMP can then be
formulated as follows:

3. SOLUTION METHODS

Several solution methods have been suggested for FCMP,
including those by Rios-Mercado et al. [11] and Borraz
Sanchez and Rios-Mercado [1], which all follow the idea
of Algorithm 1.

min L 9uv(X,P) (5)
(u,v)EAc

s.t.:

L x vu- L Xuv == B v Vv E V (6)

2.1. Compressor arc constraints

The variables that are manipulated in a compressor (u, v) E
A c in order to have the desired values of Xuv, Pu, and Pv
are according to Wu et al. [18] compressor speed Suv, vol
umetric inlet flow rate Quv, adiabatic head Huv and adi
abatic efficiency TJuv. As explained more detailed in e.g.
[18], these relate to (x uv, Pu, Pv) according to

u.; = a [ (;:) m - 1] V(u,v) E A c (1)

Xuv V(u,v) E A c (2)Quv == am-
Pu

H~v = ¢1 (Quv) V(u,v) E A c (3)
Suv s:

_ ¢2 (Quv) V(u,v) E Ac (4)TJuv - s:

uEVv+ uEVv-

(xuv,Pu,Pv) E Duv

x~v == Wuv (p~ - p~)

P!: <Pv ::; P;;
X uv 2:: 0

V(u,v) E Ac (7)

V(u,v) E Ap (8)

Vv E V (9)

V(u,v) E A (10)

where m E (0, 1) and a > 0 are gas specific constants, and
¢1 and ¢2 are polynomial functions (typically of degree 3).
The coefficients of¢1 and ¢2 are assessed by applying least
squares analysis to a set of selected data points. For each
(u, v) E Ac , Quv is subject to lower and upper bounds Q~v
and Q;:v' and we adopt a similar notation for bounds on the
variables Suv, Huv and TJuv.

The fuel consumption cost is given by (see [18])

V(u,v) E Ac ,

where c > 0 is a monetary constant.

The operating domain of compressor (u, v) E A c is the set
D uv C ~3 of value assignments to (x uv, »«, Pv) for which
there exist values of (Q uv, Suv, Huv , TJuv) satisfying (1)
(4) and the bounds Qtv < o.: :s; QYw, Sav:s; s.; < S;;v'
H f:v < Huv ::; H;;v' and TJtv < TJuv < TJuv·

We assume that for all (xuv,Pu,Pv) E D uv, there is
a unique feasible (Quv, Suv, Huv, TJuv). This correspon
dence defines the desired transformation from feasible flow
and pressure variable values (x uv, Pu, Pv) to an estimate
9uv (x, p) of the fuel cost.

2.2. Pipeline arc constraints

Following [18], the relation between pipeline flow and (suf
ficiently high) pressure in steady state networks can be
written as x~v == Wuv (p~ - p~), where Wuv > 0 is some
constant depending on characteristics of the gas and the
pipeline (u, v) E Ap .

2.3. Mathematical model

For each node v E V, we impose lower and upper pressure
bounds P!:, and P:! ,respectively. We confine our study to
irreversible flow, and impose X uv 2:: 0 for all (u, v) E A.

Algorithm 1 SolveFCMP
Step 1: Choose initial (feasible) flow
repeat

Step 2: Optimize pressure while keeping the flow
fixed
Step 3: Optimize flow while keeping the pressure
fixed

until flow does not change

With the risk ofmissing the global optimum, flow and pres
sure are determined separately in Steps 2 and 3, respec
tively. As we show next, this can be accomplished by fo
cusing on only a subset of the variables.

3.1. Compressor network

In [12], it was shown that if A c == 0 then for any B E ~v

there exists a unique solution to the set of equations defined
by (6) and (8). That is, the flow assignment to Ap is unique
(and infeasible if it violates (10)).

Let V' ~ V consist of exactly one node from each of the
connected components in the directed graph (V, Ap ) , and
let GV == (VV,AV) denote the component (subgraph) to
which v E V' belongs. By applying the result in [12] to GV
for any v E V', we get that the pipeline flow is uniquely
determined once the compressor flow is given. If also Pv
is given, we can by repeated application of (8) also find Pu
for all other nodes u E V", Hence FCMP is reduced to
finding the flow on all arcs in Ac (Step 2 in Algorithm 1)
and Pv for all v E V' (Step 3).

Step 2 can be approached by identifying cycles in G with
negative net cost, as suggested in e.g. [12], and will not be
discussed further here. Step 3 can be viewed as follows:
Define the compressor network (in [12] referred to as the
reduced network) as the directed graph G' == (V', A~),
where (u, v) E A~ if and only if u, v E V' and there exists
some arc in Ac from VU to V", As in [12], we assume that
G' does not contain loops, which means that no compressor
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arc has both it start node and its end node in the same con
nected component of (V, Ap ) . The node set of G' can al
ternatively be associated with the subgraphs GV, as shown
in the illustration of the transition from G to G' (Fig. I).
Optimizing the pressure is now equivalent to solving

Input G =

the out-neighbors of v, and the principle applies also
if the sole neighbor oft is an out-neighbor.

(c) Parallel: If k > 1 arcs al, .. . , ak in G' connect nodes
u and v, then these are replaced by a single arc (u , v).
The associated cost parameters are defined as gYv =
",k ij \..I ' . - 1
L.£=l g a t vZ,J - , . .. , m.

The serial and parallel reductions constitute the pre
processing procedure suggested by Koster et al. [7].

When neither of the reductions (a)-(c) can be carried out,
NDP fails. Fig. 3 shows a simple example where this oc
curs . To overcome this weakness, we now go on to demon
strate how such instances of (11) can be solved.

Step 2:

Fig. 2: Network reduction types
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4. A TREE DECOMPOSITION APPROACH TO
OPTIMIZING THE PRESSURE VALUES

Fig. 3: An instance of G' where NO P fails

Carter [3] suggested to solve (11) by discretizing [p L, p U]
and then apply a network reduction technique referred to
as Non-sequential Dynamic Programming (NDP). Assume
that there are m discretization points denoted p;" . .. ,pr;:
for each v E V ', and let gYv = g~v (p~,pn if (Pu,Pv) E

D~v and gYv = 00, otherwise. Then NDP consists of a
sequence of reductions of G' until the resulting graph is a
single node. Three reduction types (see Fig. 2) are consid
ered:

Fig. I : Transition to compressor network

r~l iX:lr~1
: : :. : : :

St'P 3 ' ,~_

V'

Output G' = ()::()::O

where g~v (Pu ,Pv) is the cost incurred on all arcs in A c be
tween VUand VV given that u and v are assigned pressure
values Pu and Pv, respectively. Further, D~v is the feasible
domain of (Pu ,Pv), taking (7) into account for all arcs from
VU to v-.

(a) Serial: If v E V' has exactly two incident arcs
(u ,v) and (v ,t) in G', then v, (u ,v) and (v ,t)
are replaced by a new arc (u, t), and g:!t
mink {g~~ + g~! :k = 1, . . . , m}. The same princi

ple applies ifboth arcs incident to v enter (leave) v.

(b) Dangling: If v E V' has only one incident arc
(v , t), then t and (v , t) are removed, and, for all in
neighbors u of v in G' , gYv is updated to gYv +
mink {g~~ :k = 1, ... , m}. Similar updates apply to

Problem (11) has the mathematical structure of the fre
quency assignment problem [7], and can also be solved
by the procedure suggested in [7]. This is based on the
following concept introduced by Robertson and Seymour
[13]:

Definition 1 A tree decomposition of G' is a pair :J =

({Xi : i E I} ,T), where each X i is a subset ofV', called
a bag, and T is a tree with node set I . Thefollowing prop
erties must be satisfied:
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Algorithm 2 DP(J, i, X, 7f)

if i is a leaf in T then

return min { L g~v(Pu,Pv) : Pv == 7fv VV E x}
PE'DXi u X (u,v)EA~

u,vEXiUX

else

return min { L g~v(Pu,Pv) + L DP(J,j,Xi U X,p) : Pv == 7fv VV E x}
pE'DXi u X (u,V)EA~ jEKi

u,vEXiUX

• UiEI Xi == V';

• for all (u, v) E A~, there is an i E I such that
{u, v} ~ Xi;

• Vi, j, k E I, if j lies on the path between i and k in T,
then Xi n x; <x;

The width ofa tree decomposition J is maxiEI IXi I - 1.

For any X ~ V', define PX as the vector with com
ponents Pv (v E X) in any consistent order. Define
D; == {p~, ... ,p~} for all v E V', and let V x ==

{px : Pv E D; Vv E X}. For any i E I, let K i denote the
set of child nodes of i in T.

Algorithm 2 applies dynamic programming to a tree de
composition J of G'. When bag Xi is to be processed, the
union X of all ancestor bags of Xi are input along with
a pressure vector 7f E V x . The algorithm optimizes the
value ofPv for all v E Xi by complete enumeration ofV v ,

and by taking into account optimal pressure assignments to
all nodes in all child bags of Xi. This is expressed in terms
of a recursive call in Algorithm 2. Since Xi n X may be
nonempty, we must ensure that nodes contained in this set
are not assigned new pressure values when processing Xi,
and we impose the constraint that Pv == 7fv for all v EX.

The running time of Algorithm 2 is 0 (IIlmd ) , where d is
the width of J. This means that finding a tree decomposi
tion of small width can be crucial for the running time of
the algorithm. It is however well known [13] that finding
one with minimum width is an NP-hard problem, and it is
therefore unlikely that a tree decomposition minimizing the
running time of Algorithm 2 can be found in polynomial
time. We will rely on a heuristic approach to constructing
J with small width.

5. NUMERICAL EXPERIMENTS

To solve (11), we thus apply a two-phase procedure,
TreeDDP, where the computation of some tree decomposi
tion J is the first phase, and where Algorithm 2 constitutes
the second. The input to this procedure is a network, which
is reduced as much as possible by the techniques described
in Fig. 2. To compute J, we apply the technique given in
[14] based on Maximum Cardinality Search [15].

5.1. Test instances

All experiments reported in this work were carried out on
the set of test instances shown in Tab. 1. Each row gives an

Tab. 1: Test instances
Size J

Ref IV'I IA~I type width III
A 3 3 4 3 1
B 3 3 5 3 1
C 4 6 1 3 3
D 4 6 2 3 4
E 4 6 3 3 5
F 4 6 4 3 4
G 4 6 5 3 4
H 4 6 6 3 3
I 4 6 7 3 4
J 5 8 4 3 6
K 5 8 8 3 4
L 9 20 4 4 9
M 9 20 5 4 8
N 18 25 2 3 25
a 18 25 4 3 18
P 18 25 9 3 22

identifier of an instance, the size in terms ofnodes and arcs
in G' after reduction, and the type of compressor used. We
consider 9 different compressor types, and all compressors
are identical within any given instance. Furthermore, the
width and the number ofbags in the tree decomposition are
given in the two last columns of Tab. 1.

5.2. Experiments

The experiments can be briefly described as follows. The
first experiment is a feasibility study where we examine the
performance of TreeDDP while varying the granularity of
the discretization. We let m E {50, 100, 1000}, and let
the pressure values be uniformly distributed between their
lower and upper bounds.

For a comparison ofTreeDDP to a generic global optimiza
tion tool, we submit in the second set of experiments (11)
to BARON [16]. The algorithm of BARON is a variant
of branch-and-bound where a convex program is solved
in each node of the search tree. We use version 8.1.5 of
BARON with version 5.51 of MINOS [9] to solve the con
vex subproblems.

In the third set of experiments, we applied MINOS to com
pute local optima to problem (11) for 1000 randomly gen
erated starting points.

The TreeDDP procedure was coded in C++ under Linux
Red Hat, and all experiments were run on a 2.4 GHz In-
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Tab. 2: Performance of TreeDDP Tab. 3: Performance of BARON
m == 50 m == 100 m == 1000 Ref Its #nodes Obj LB

Ref CPU(s) Obj CPU(s) Obj CPU(s) Obj A 551 131 0.75 0.75
A 0.0 1.12 0.0 0.77 0.8 0.75 B 1148 342 2.62 2.62
B 0.0 2.63 0.0 2.62 2.2 2.62 C 21521 7462 9.02 4.45
C 1.0 10.29 15.9 9.34 245.8 8.79 D 445 38 7.35 7.28
D 0.1 7.45 11.3 7.34 421.8 7.34 E 17059 7023 5.30 4.02
E 1.4 9.66 21.9 6.36 836.1 5.29 F 26765 7480 3.94 2.71
F 1.8 6.87 29.5 5.69 1845.2 4.12 G 5231 1283 2.27
G 0.6 9.43 9.5 6.30 1322.5 6.30 H 2109 204 5.19 5.04
H 0.7 6.34 12.7 5.93 712.8 5.09 I 3267 324 2.73
I 0.6 2.83 9.5 2.82 412.2 2.77 J 27832 2299 5.15 5.10
J 0.8 6.07 13.4 5.59 2201.3 5.27 K 14968 3344 20.86
K 0.6 9.4 35.67 1052.7 35.67 L 740 451 65.94 43.81
L 3.1 68.89 49.9 61.83 3424.1 61.73 M 2438 765 31.12
M 2.5 89.68 39.5 74.80 3092.4 60.74 N 1830 839 34.28
N 2.1 60.71 34.4 52.46 3554.1 46.00 a 1124 168 15.74
a 2.6 127.31 41.5 44.51 3623.1 32.62 P 978 655 17.43
P 1.4 35.25 23.1 37.67 3417.2 26.54

tel(R) processor with 2 GByte RAM. Experiments with
BARON and MINOS were conducted by formulating the
model in GAMS [5].

5.3. Results

Table 2 shows the results achieved by TreeDDP while vary
ing m. Instance references are given in the first column,
and computation times (CPU-seconds) and objective func
tion values for the respective values of m are given in
columns 2-7. The only case where TreeDDP failed to find
a feasible solution was for m == 50 in instance K. We ob
serve that as m increases, better solutions are found (min
imum cost decreases) in all instances, except from a cost
increase from m == 50 to m == 100 in instance P. Never
theless, a finer discretization also implies, as expected, that
the computational requirements increase, and the running
time slightly exceeds one CPU-hour in one instance (0).

Table 3 shows the performance of BARON when applied
to the test instances. A time limit of 3600 CPU-seconds is
imposed, and the relative optimality tolerance is set to 0.01.
That is, any feasible solution is considered to be optimal if
the gap between the objective function value and its lower
bound is below one percent of the objective function value.
Columns 2-5 contain the number of iterations in BARON,
the maximum number of open nodes the search tree ever
had, the objective function value of the best feasible solu
tion found (if any), and the lower bound on the minimum
cost.

In 9 out of 16 instances, BARON was able to find a feasible
solution, and in 4 instances (A, B, D and J) it was able to
prove optimality within the given tolerance. In instances C,
E, F, Hand L, the relative optimality gap ranged from 2.9%
(H) to 50.1% (C), whereas in the remaining instances, no
feasible solution was found before the time limit expired.
By comparing the last column in Tab. 2 to the lower bounds
in Tab. 3, we also observe that the relative optimality gap
of TreeDDP in one instance (G) is as large as 64.0%. In
the instances where BARON found a feasible solution, the
largest gap is 49.4% (instance C).

Tab. 4: TreeDDP vs. other optimizers

Minimum cost TreeDDP vs

Ref BARON MINOS TreeDDP BARON MINOS

A 0.75 0.75 0.75 0.0 0.0
B 2.62 2.62 2.62 0.0 0.0
C 9.02 10.97 8.79 2.5 19.9
D 7.35 7.34 7.34 0.1 0.0
E 5.30 5.63 5.29 0.2 6.0
F 3.94 4.74 4.12 -4.6 13.1
G 6.30
H 5.19 5.31 5.09 1.9 4.1
I 2.77
J 5.15 5.69 5.27 -2.3 7.4
K 35.67
L 65.94 69.16 61.73 6.4 10.7
M 61.58 60.74 1.4
N 46.00
a 32.71 32.62 0.3
P 26.54

In Tab. 4, we compare our results (when m == 1000) to
the best results obtained by MINOS applied to 1000 ran
domly generated initial solutions. For an overview, we
also include the results from BARON. Columns 2-4 contain
the best objective function values obtained by each solver.
Whenever applicable, we give in the two last columns the
relative cost reduction in percentages when TreeDDP is ap
plied in place of BARON and MINOS, respectively. The
numerical values in Column 5 show that neither BARON
nor TreeDDP outperforms the other when both are able to
compute feasible solutions. We observe that also MINOS
failed to find a feasible solution in 5 of the instances, and
that it in most instances produced solutions that are ofpoor
quality compared to the TreeDDP and BARON solutions.

6. CONCLUDING REMARKS

In this paper, we have studied a model (FCMP) for mini
mizing compressor fuel cost in transmission networks for
natural gas. An arc in the network model corresponds to ei
ther a pipe or a compressor, and the decision variables are
arc flow and node pressure. In addition to flow conserva-
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tion constraints, the model contains non-linear constraints
relating pipeline flow to inlet and outlet pressure, as well
as non-convex constraints defining the operation domain of
the compressors.

Following a general algorithmic idea, which has been
suggested and supported experimentally in several recent
works, we consider a procedure where each iteration con
sists of a flow improvement step and a pressure optimiza
tion step. Alternating between flow and pressure, one set of
decision variables is kept fixed in each step. Still in agree
ment with previously suggested methods, the non-convex
subproblem of optimizing pressure is approximated by a
combinatorial one. This is accomplished by discretization
of the pressure variables. The contribution of this paper is
a method for solving the discrete version of the problem in
instances where previously suggested methods fail.

Unlike methods based on successive network reductions,
our method does not make any assumptions concerning the
sparsity of the network. By constructing a tree decompo
sition of the network, and apply dynamic programming to
it, we are able to solve the discrete version of the pressure
optimization problem without enumerating the whole solu
tion space.

We have tested our solution method on a set of imaginary
instances, and compared the results to those obtained by
applying both a global and a local optimizer to the contin
uous version of the problem. The experiments indicate that
a method guaranteeing the global optimum in reasonable
time seems unrealistic even for small instances. Further,
discretizing the pressure variables and applying dynamic
programming to a tree decomposition gives better results
than local optimization, with multiple initial solutions, of
the continuous version.
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a b s t r a c t

In this paper, the problem of computing optimal transportation plans for natural gas by means of com-
pressor stations in pipeline networks is addressed. The non-linear (non-convex) mathematical model
considers two types of continuous decision variables: mass flow rate along each arc, and gas pressure
level at each node. The problem arises due to the presence of costs incurred when running compressors
in order to keep the gas flowing through the system. Hence, the assignment of optimal values to flow and
pressure variables such that the total fuel cost is minimized turns out to be essential to the gas industry.
The first contribution from the paper is a solution method based on dynamic programming applied to a
discretized version of the problem. By utilizing the concept of a tree decomposition, our approach can
handle transmission networks of arbitrary structure, which makes it distinguished from previously sug-
gested methods. The second contribution is a discretization scheme that keeps the computational effort
low, even in instances where the running time is sensitive to the size of the mesh. Several computational
experiments demonstrate that our methods are superior to a commercially available local optimizer.

� 2010 Published by Elsevier Ltd.

1. Introduction

Natural gas has become one of the most important energy re-
sources worldwide. Consequently, the volumes of gas flowing from
the fields through transmission networks to the market have been
increasing steeply during the past decades, and in parallel, a grow-
ing interest in reducing costs associated with pipeline gas trans-
portation has been observed.

A gas transmission network is a system consisting of sources,
pipelines, compressors and distribution centers. At the sources, a
supply of gas received from external fields is refined, and trans-
ported via pipelines and compressors to the distribution centers.
The distribution centers are the end points of the transmission net-
work, and the gas finally received here is input to local distribution
networks supporting households and other clients.

The flow capacity of any pipeline increases with the inlet pres-
sure and decreases with the outlet pressure of the pipeline. If no
compressors are installed along a flow path, the pressure will be
continuously decreasing. Since the pressure at the distribution cen-
ters typically is fixed, the flow capacity may therefore eventually
become prohibitively small. To increase the pressure, and thereby
the flow capacity, compressors are hence installed at the entry
points of selected pipelines. Operation of the compressors incurs
a cost depending on the flow and their inlet and outlet pressures.

In this paper, the fuel cost minimization problem (FCMP) to
transport natural gas in a general class of transmission networks
is addressed. The FCMP involves two types of continuous decision
variables: mass flow rate through each arc, and gas pressure level
at each node. The problem is to determine a transportation plan
minimizing the total fuel cost, while meeting a specified demand
at the distribution centers.

An extensive literature on the FCMP has been published over
the past 30 years. Most of the suggested solution methods are lim-
ited to pipelines networks with acyclic structures, and in such in-
stances, the suggested methods have shown a strong potential. In
some of the more recent works, methods for cyclic networks have
been developed. However, since these optimization approaches re-
quire a certain sparse network structure, their applicability is
somewhat restricted. The following sections give a more detailed
overview of the most relevant methods. A common assumption
is that the system is in steady-state, which means that rapid
changes in parameter values do not occur.

1.1. Methods based on dynamic programming

By discretizing the range of the pressure variables, FCMP has in
several works been formulated as a combinatorial problem that
can be approached by dynamic programming (DP). Wong and Lar-
son (1968) published the first work on optimization of pipeline
transportation of natural gas by DP. They applied it to a gun-barrel
(linear) network, that is a problem instance where the underlying
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network is a path, using a recursive formulation. A disadvantage
was that the length and diameter of the pipeline segment were as-
sumed to be constant because of limitations of DP. Martch and
McCall (1972) modified the problem by adding branches to the
pipeline segments and letting the length and diameter of the pipe-
line segments vary. However, since their problem formulation did
not allow unbranched network, more complicated network sys-
tems could not be handled.

The first attempt to solve instances with tree-shaped networks by
DP was done by Zimmer (1975). A similar approach was described by
Lall and Percell (1990). They allowed a divergent branch in their sys-
tems and included an integer decision variable into the model that
represented the number of operating compressors in the stations.

Carter (1998) developed an algorithm referred to as non-
sequential DP. The principal idea of the method is to reduce the
network by three basic reductions techniques until it consists of
a single node. The method can handle a wide range of instances
with cyclic networks, but fails if the networks are not sufficiently
sparse. Based on this approach, Borraz-Sánchez and Ríos-Mercado
(2004, 2009) developed a hybrid meta-heuristic combining tabu
search and non-sequential DP. The restriction that the networks
must be sparse is however a shortcoming that the hybrid method
inherits from the original paper.

1.2. Methods based on gradient techniques

Percell and Ryan (1987) applied a generalized reduced gradient
(GRG) method for solving FCMP. In comparison with DP, an advan-
tage of GRG is that the rapid growth in instance size caused by many
discretization points is avoided. Also, GRG is applicable to cyclic net-
works. Nonetheless, only a local optimum can be provided, of which
instances of FCMP can have many, and the solution to be output de-
pends on the choice of starting point. Flores-Villarreal and Ríos-Mer-
cado (2003) extended the previous study by means of an extensive
computational evaluation of the GRG method.

1.3. Other techniques and related problems

Wu, Ríos-Mercado, Boyd, and Scott (2000) address the non-con-
vex nature of FCMP, and suggest mathematical models that pro-
vide strong relaxations, and hence tight lower bounds on the
minimum cost. Based on this model and the PhD thesis of Wu
(1998), they demonstrated the existence of a unique solution to a
non-linear algebraic equations system over a set of flow variables.
This theoretical result lead to a technique for reducing the size of
the original network without altering its mathematical structure.

Villalobos-Morales, Cobos-Zaleta, Flores-Villarreal, Borraz-Sán-
chez, and Ríos-Mercado (2003) formulated a non-linear optimiza-
tion model that also contains integer variables representing the
number of compressor units inside a compressor station. Cobos-
Zaleta and Ríos-Mercado (2002) extended this model, and sug-
gested a solution technique based on outer approximation.

1.4. Contributions from the current work

Several works have demonstrated that, at least in acyclic and
sparse cyclic instances of FCMP, it is a promising approach to dis-
cretize the pressure variables, and apply DP to the resulting com-
binatorial problem. The purpose of this research is twofold: First,
we demonstrate how such approaches can be applied to networks
of arbitrary structure. Second, in order to keep the running time
down in dense and cyclic instances, we propose a new scheme
for discretizing the pressure variables. This scheme is adaptive in
the sense that it avoids fine discretization of variables in area un-
likely to contain good solutions, and intensifies discretization in
more promising regions.

The remainder of the paper is organized as follows: In the next
section, we define the problem in mathematical terms. In Section 3,
we present a contemporary solution method, and point out a sim-
ple instance where it fails. In Section 4, we show how the weakness
of the method discussed in Section 3 can be overcome by our alter-
native method. Our adaptive discretization method is given in Sec-
tion 5. Results from computational experiments are reported in
Section 6, and concluding remarks are given in Section 7.

2. Problem definition

Let G = (V,A) be a directed graph representing a gas transmission
network, where V and A are the node and arc sets, respectively. Let Vþv
and V�v denote the sets of out- and in-neighbors, respectively, of node
v 2 V. Let Vs # V be the set of supply nodes representing the sources,
Vd # V the set of demand nodes representing the distribution cen-
ters, and let A = Ac [ Ap be partitioned into a set of compressor arcs
Ac and a set of pipeline arcs Ap. That is, if (u,v) 2 Ac then u, v 2 V are
the network nodes representing the input and the output units,
respectively, of some compressor (u,v). An analogous interpretation
is made for pipeline arcs (u,v) 2 Ap.

Two types of decision variables are defined: Let xuv denote the
mass flow rate at arc (u,v) 2 A, and let pv denote the gas pressure
at node v 2 V. For each v 2 V, we define the parameters net mass
flow rate Bv and pressure bounds PL

v and PU
v (lower and upper,

respectively). By convention, Bv > 0 if v 2 Vs, Bv < 0 if v 2 Vd, and
Bv = 0 otherwise. By the assumption that flow is conserved at the
nodes, the decision variables are subject to the constraintsP

u2Vþv
xvu �

P
u2V�v

xuv ¼ Bv for all v 2 V. Constraints linking the
pressure and flow variables are given for the arc sets Ac and Ap,
and these are discussed next.

2.1. Compressor arc constraints

The variables that are manipulated in a compressor (u,v) 2 Ac in
order to have the desired values of xuv, pu, and pv are according to
Wu et al. (2000) compressor speed Suv, volumetric inlet flow rate
Quv, adiabatic head Huv and adiabatic efficiency guv of the compres-
sor. These can briefly be explained as follows (more details can be
found in the cited work):

� The variable Suv is the speed at which each molecule flows
through compressor (u,v), and should not be confused with
the flow xuv itself.
� While xuv is the mass flow per time unit, the volumetric flow Quv

is simply xuv divided by the gas density at the inlet point of the
compressor. Due to pressure variations, the density is not con-
stant throughout the network.
� The adiabatic head Huv says how much energy is required to

compress one mass unit of gas from one pressure level to
another without altering the gas temperature.
� The adiabatic efficiency guv is the ratio between the energy

effective in compressing the gas and the total energy spent.

As explained more detailed by, e.g. Wu et al. (2000), the above
magnitudes relate to (xuv,pu,pv) according to

Huv ¼ a
pv
pu

� �j

� 1
� �

8ðu;vÞ 2 Ac ð1Þ

Quv ¼ aj
xuv

pu
8ðu;vÞ 2 Ac ð2Þ

Huv

S2
uv

¼ /1 Q uv

Suv

� �
8ðu;vÞ 2 Ac ð3Þ

guv ¼ /2 Q uv

Suv

� �
8ðu;vÞ 2 Ac ð4Þ
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where j 2 (0,1) and a > 0 are gas specific constants, and /1 and /2

are polynomial functions (typically of degree 3). The coefficients of
/1 and /2 are assessed by applying least squares analysis to a set of
selected data points. For each (u,v) 2 Ac, Quv is subject to lower and
upper bounds QL

uv and QU
uv , and we adopt a similar notation for

bounds on the variables Suv,Huv and guv.
The fuel consumption cost is given by Wu et al. (2000):

guvðxuv ;pu;pvÞ ¼
cxuv

pv
pu

� �j
� 1

h i
guv

8ðu; vÞ 2 Ac

where c > 0 is a monetary constant.
The feasible operating domain of compressor station (u,v) 2 Ac

is the set Duv � R3 of value assignments to (xuv,pu,pv) for which
there exist values of (Quv,Suv,Huv,guv) satisfying (1)–(4) and the
bounds Q L

uv 6 Q uv 6 QU
uv , SL

uv 6 Suv 6 SU
uv , HL

uv 6 Huv 6 HU
uv , and

gL
uv 6 guv 6 gU

uv .
We assume that for all (xuv,pu,pv) 2 Duv, "(u,v) 2 Ac, there is a

unique feasible (Quv,Suv,Huv,guv). This correspondence defines the
desired transformation from feasible flow and pressure variable
values (xuv,pu,pv) to an estimate guv(xuv,pu,pv) of the fuel cost.

2.2. Pipeline arc constraints

Following Wu et al. (2000), the relation between pipeline flow
and (sufficiently high) pressure in steady state networks can be
written as x2

uv ¼Wuv ðp2
u � p2

v Þ, where Wuv > 0 is some constant
depending on characteristics of the gas and the pipeline (u,v) 2 Ap.

2.3. Mathematical model

For each node v 2 V, we impose lower and upper pressure
bounds PL

v , and PU
v , respectively. We confine our study to irrevers-

ible flow, and impose xuv P 0 for all (u,v) 2 A. Summarizing the two
last sections, the FCMP can then be formulated as follows:

min
X
ðu;vÞ2Ac

guvðxuv ; pu; pvÞ ð5Þ

s:t: :
X
u2Vþv

xvu �
X
u2V�v

xuv ¼ Bv 8v 2 V ð6Þ

ðxuv ;pu;pvÞ 2 Duv 8ðu; vÞ 2 Ac ð7Þ
x2

uv ¼Wuv p2
u � p2

v
� 	

8ðu;vÞ 2 Ap ð8Þ
PL

v 6 pv 6 PU
v 8v 2 V ð9Þ

xuv P 0 8ðu;vÞ 2 A ð10Þ

Wu et al. (2000) give simple illustrations of the domains Duv, point-
ing out the fact that these typically are non-convex sets. It is there-
fore unlikely that simple local optimization methods are sufficient
to solve the above model, and the remainder of this article is de-
voted to methods aimed for non-convex problem instances.

3. Solution methods

Several solution methods have been suggested for FCMP,
including those by Ríos-Mercado, Kim, and Boyd (2006) and
Borraz-Sánchez and Ríos-Mercado (2009), which all follow the idea
of Algorithm 1.

Algorithm 1. SolveFCMP

Step 1: Choose initial (feasible) flow
repeat

Step 2: Optimize pressure while keeping the flow fixed
Step 3: Optimize flow while keeping the pressure fixed

until flow does not change

With the risk of missing the global optimum, flow and pressure
are determined separately in Steps 2 and 3, respectively. As we
show next, this can be accomplished by focusing on only a subset
of the variables.

3.1. Compressor network

The focus in this paper is to accomplish Step 2 of the above algo-
rithm, and we now demonstrate how this can be done by optimiz-
ing over only a subset of the pressure variables.

Let V0 # V consist of exactly one node from each of the con-
nected components in the directed graph (V,Ap), and let Gv = (Vv,Av)
denote the component (subgraph) to which v 2 V

0
belongs. Define

the compressor network (by Ríos-Mercado, Wu, Scott, & Boyd
(2002) referred to as the reduced network) as the directed graph
G0 ¼ V 0;A0c

� 	
, where ðu;vÞ 2 A0c if and only if u,v 2 V0 and there exists

some arc in Ac from Vu to Vv. As in (Ríos-Mercado et al., 2002), we
assume that G0 does not contain loops, which means that no com-
pressor arc has both its start node and its end node in the same
connected component of (V,Ap). Equivalently, the node set of G0

can be associated with the subgraphs Gv (v 2 V0), as shown in the
illustration of the transition from G to G0 (Fig. 1).

Theorem 1. If Ac = ; then for any B 2 RV satisfying
P

v2V Bv ¼ 0, any
real number pref P 0, and any v 2 V, there exist unique x 2 RA and
p 2 RV

þ satisfying pv = pref, (6) and (8).

Proof. See Ríos-Mercado et al. (2002). h

The essence of Theorem 1 is that in any network consisting
exclusively of pipeline arcs, the flow and pressure values are all gi-

Fig. 1. Transition to compressor network.

C. Borraz-Sánchez, D. Haugland / Computers & Industrial Engineering xxx (2010) xxx–xxx 3

Please cite this article in press as: Borraz-Sánchez, C., & Haugland, D. Minimizing fuel cost in gas transmission networks by dynamic programming and
adaptive discretization. Computers & Industrial Engineering (2010), doi:10.1016/j.cie.2010.07.012

http://dx.doi.org/10.1016/j.cie.2010.07.012


ven uniquely once the pressure at any reference node v 2 V is set to
any value pref. If (x,p) also satisfies (9) and (10), the assignment
pv = pref is feasible.

The observation that Theorem 1 applies to Gv for all v 2 V0 sug-
gests the following approach to Step 2 in Algorithm 1: Identify the
connected components in (V,Ap), and nominate one reference node
in each. Since x is fixed in this step, all other pressure values are
found by utilizing (8), and feasibility is checked by verifying
whether (9) holds. As pointed out by Ríos-Mercado et al. (2006),
and exploited in the algorithm given in the same reference, it fol-
lows that Step 2 is reduced to the problem of solving instances of
(5)–(10) where Ap = ; and x is fixed.

Theorem 1 shows that if xuv and pv are fixed for all compressor
arcs (u,v) 2 Ac and all reference nodes v 2 V0, the remaining vari-
able values are computed by solving the system of equations con-
sisting of (6) and (8). In Step 3, we thus keep pv fixed for all v 2 V0,
and optimize over {xuv:(u,v) 2 Ac}. To respect the flow balance con-
straints (6), flow updates must be made by sending flow along cy-
cles in G0, and by identifying cycles with negative net cost a
reduction in the objective function value is achieved. To check
the cost of sending flow along a cycle, we have to take into account
the change in xuv for all compressor arcs (u,v) along the cycle, but
also the change in pv for all v 2 VnV0 in connected components of
(V,Ap) intersected by the cycle. For more details, we refer the read-
er to Ríos-Mercado et al. (2002).

Step 3 will not be discussed further here. We define the problem
FCMP’ to be equivalent to (5)–(10), with the additional conditions
that Ap = ; and x is fixed. With the purpose of developing efficient
computational methods for Step 2, the rest of the paper is devoted
to problem FCMP’.

3.2. Discretized pressure and dynamic programming formulation

Carter (1998) suggested to solve FCMP’ by discretizing [PL,PU]
and then apply a network reduction technique referred to as
non-sequential dynamic programming (NDP). Assume that there
are s discretization points p1

v ; . . . ; ps
v for each v 2 V such that

PL
v 6 p1

v < � � � < ps
v 6 PU

v , and for all i,j = 1, . . . ,s, let gij
uv ¼

guv xuv ; pi
u; p

j
v

� �
if xuv ; pi

u; p
j
v

� �
2 Duv and gij

uv ¼ 1, otherwise. Then

NDP consists of a sequence of reductions of G until the resulting
graph is a single node. Three reduction types (see Fig. 2) are
considered:

(a) Serial: If v 2 V has exactly two incident arcs (u,v) and (v, t) in
G, then v, (u,v) and (v, t) are replaced by a new arc (u, t), and

gij
ut ¼mink gik

uv þ gkj
vt : k ¼ 1; . . . ; s

n o
. The same principle

applies if both arcs incident to v enter (leave) v.
(b) Dangling: If v 2 V has only one incident arc (v, t), then t and

(v, t) are removed, and, for all in-neighbors u of v in G, gij
uv

is updated to gij
uv þmink gjk

vt : k ¼ 1; . . . ; s
n o

. Similar updates

apply to the out-neighbors of v, and the principle applies
also if the sole neighbor of t is an out-neighbor.

(c) Parallel: If k > 1 arcs a1,. . .,ak in G connect nodes u and v, then
these are replaced by a single arc (u,v). The associated cost

parameters are defined as gij
uv ¼

Pk
‘¼1gij

a‘ "i,j = 1, . . . ,s.

The serial and parallel reductions constitute the pre-processing
procedure suggested by Koster, van Hoesel, and Kolen (1999).

When neither of the reductions (a)–(c) can be carried out, NDP
fails. Fig. 3 shows a simple example where this occurs. To over-
come this weakness, we now go on to demonstrate how such in-
stances of FCMP’ can be solved.

4. A tree decomposition approach to optimizing the pressure
values

FCMP’ has the mathematical structure of the frequency assign-
ment problem (Koster et al., 1999), and can also be solved by the
procedure suggested in the cited reference. This is based on the fol-
lowing concept introduced by Robertson and Seymour (1986):

Definition 1. A tree decomposition of G is a pair
J ¼ ðfXi : i 2 Ig; TÞ, where each Xi is a subset of V, called a bag,
and T is a tree with node set I. The following properties must be
satisfied:

�
S

i2IXi = V;
� for all (u,v) 2 A, there is an i 2 I such that {u,v} # Xi;

Fig. 2. Network reduction types.

Fig. 3. An instance of G where NDP fails.
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� "i,j,k 2 I, if j lies on the path between i and k in T, then
Xi \ Xk # Xj.

The width of a tree decomposition J is maxi2IjXij � 1.

For any X # V, define pX as the vector with components pv

(v 2 X) in any consistent order. Define Dv ¼ p1
v ; . . . ; ps

v

 �

for all
v 2 V, and let DX ¼ fpX : pv 2 Dv ;8v 2 Xg. For any i 2 I, let Ki denote
the set of child nodes of i in T.

Algorithm 2. DP ðJ; i;X;pÞ

if i is a leaf in T then
return

min
p2DXi[X

P
ðu;vÞ2A

u;v2Xi[X
guv ðxuv ; pu; pvÞ : pv ¼ pv8v 2 X

( )

else
return

min
p2DXi[X

P
ðu;vÞ2A

u;v2Xi[X
guv ðxuv ; pu; pvÞ

(

þ
P

j2Ki
DPðJ; j;Xi [ X; pÞ : pv ¼ pv8v 2 Xg

Algorithm 2 applies dynamic programming to a tree decompo-
sition J of G. When bag Xi is processed, the union X of all ancestor
bags of Xi are input along with a pressure vector p 2 DX . The algo-
rithm optimizes the value of pv for all v 2 Xi by complete enumer-
ation of Dv , and by taking into account optimal pressure
assignments to all nodes in all child bags of Xi. This is expressed
in terms of a recursive call in Algorithm 2. Since Xi \ X may be non-
empty, we must ensure that nodes contained in this set are not as-
signed new pressure values when processing Xi, and we impose the
constraint that pv = pv for all v 2 X.

The running time of Algorithm 2 is OðjIjsdÞ, where d is the width
of J. This means that finding a tree decomposition of small width
can be crucial for the running time of the algorithm. It is however
well known (Robertson & Seymour, 1986) that finding one with
minimum width is an NP-hard problem, and it is therefore unlikely
that a tree decomposition minimizing the running time of Algo-
rithm 2 can be found in polynomial time. We will rely on a heuris-
tic approach to constructing J with small width.

4.1. Pre-processing variable bounds

In this section, we propose a bounding technique to be applied
as a pre-processing technique in order to speed-up the conver-
gence of our proposed methods. The aim of applying this pre-pro-
cessing technique is to avoid as much as possible huge
computational efforts when applying a finer discretization. We
basically shrink all pressure bounds in G based on the maximum
and minimum potential pressure values given by the physical
properties in each compressor arc (u,v) 2 A. We can define this
bounding technique as elementary operations that may lead to
better algorithmic properties before attempting to apply any of
our proposed methods to G.

Given PL
u; P

U
u

h i
;8u 2 V , the new refined pressure bounds can

then be expressed as:

lbuðPL; PUÞ ¼max PL
u;P

L
u

n o
6 pu 6 ubuðPL; PUÞ

¼min PU
u ;P

U
u

n o
ð11Þ

where (1) is used to obtain the pressure bounds

PL
u ¼ max

v :ðu;vÞ2A
PL

v
jHU

uv
ZRTs

þ 1

 !�ð1=jÞ
ð12Þ

and

PU
u ¼ min

v:ðu;vÞ2A
PU

v
jHL

uv
ZRTs

þ 1

 !�ð1=jÞ
ð13Þ

with j as the isotropic factor defined as

j ¼ ð1:287� 1Þ
1:287

� 0:223:

5. An adaptive discretization method

An important parameter of the approach suggested in the pre-
vious section, is the number of discretization points, s, by which
we represent each pressure variable. Assessing this parameter
may be difficult. On the one hand, a large value of s increases the
possibility of finding a feasible solution of good quality. On the
other hand, the previous section showed that the asymptotic in-
crease in the running time is proportional to sd. With a large width
d of the tree decomposition, choosing a large value of s may lead to
a slow method.

In this section, we therefore develop a method where the num-
ber of discretization points is initially small, and upgraded by a
fixed factor until at least one feasible point is found by dynamic
programming. Next, for each solution in a selection of the feasible
ones hence found, we define an enclosing rectangular subset of the
solution set, henceforth referred to as a focus area. The same proce-
dure is then applied to each focus area.

By this approach, we focus the search in the neighborhood of
some of the feasible solutions found, and repeat the idea recur-
sively until the discretization distance within the focus area drops
below a given threshold. The idea can be depicted by a search tree S
(see Fig. 4), where each node corresponds to a unique focus area
and the branches correspond to the set of feasible solutions found
by DP and selected for further exploration. To limit the size of the
search tree, only a fixed proportion of the feasible solutions are se-
lected to be explored. If X is the set of feasible solutions found, we
select the drjXje solutions in X with the smallest cost, where
r 2 (0,1] is an input parameter.

The dynamic programming algorithm (Algorithm 2) can easily
be generalized such that it produces a set of solutions rather than
only the best solution found. For all possible value assignments to
the variables corresponding to the root bag of J, we make optimal
value assignments to all the remaining variables. Hence, jXj 6 sjX0 j,
where X0 is the root bag of J. Only a trivial modification of Algo-
rithm 2, where the root of J is treated differently from the other
bags, is needed, and for reasons of brevity we omit the details.
The resulting algorithm, denoted by DP0, returns X and takes as in-
put the same arguments as does Algorithm 2.

If DP0 returns the empty set when s is set equal to an initial
number s0 of discretization points, we update s by a fixed factor
c and call DP0 again. The process is repeated until X – ; or
Dv ¼ PU

v�PL
v

s�1 < � for all v 2 V, where the threshold value � is an input
parameter.

The focus area around any selected solution p 2X is defined as
the Cartesian product of the intervals [lbv(p � D),ubv(p + D)],
where D 2 RV is the vector with components Dv(v 2 V). Hence,
the range of a variable in the child node covers at most two consec-
utive intervals between discretization points in the parent node.
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However, the improved bounds defined by (11) are likely to nar-
row down the range.

A summary of the approach is given in Algorithms 3 and 4.

Algorithm 3. adaptiveDiscretization ðJ;G; pL; pU ; �;r; s0; cÞ

(X,s) findFeasibleSolutionsðJ;G; pL; pU ; �;r; s0; cÞ
z 1
if X – ; then

z min
P
ðu;vÞ2Aguvðxuv ; pu; pv Þ : p 2 X

n o
Let X

0
# X consist of the drjXje solutions

in X with smallest cost
D 1

s�1 ðP
U � PLÞ

for all p 2X0 do
z ¼minfz; adaptiveDiscretization
ðJ;G; lbðpL � DÞ;ubðpU þ DÞ; �;r; s0; cÞg

Algorithm 4. findFeasibleSolutionsðJ;G; pL; pU ; �;r; s0; cÞ

s s0

repeat
X DP0(pL,pU,s)
s dcse

until X – ; or pU
v�pL

v
s�1 < � 8v 2 V

return (X,s)

6. Numerical experiments

6.1. Overview of the experiments

In the first experiment, we examine the performance of the dy-
namic programming approach when the number of discretization
points is kept fixed. We let s 2 {50,100,1000}, and let the pressure
values be uniformly distributed between their lower and upper
bounds. The purpose of the experiment is to study the impact of
s on the quality of the solution and the running time.

In the second experiment, we analyze the performance of the
adaptive discretization approach, and compare it to fixed discreti-
zation. The idea behind the experiment is to investigate whether
adaptive discretization produces solutions comparable to those of
fixed discretization in less computer time.

The third experiment is a similar comparison between the dy-
namic programming approaches and the commercially available
local optimizer, MINOS (Murtaugh & Saunders, 1983). Since the lo-
cal optimum output by MINOS, if any, turns out to be sensitive to
the starting point, we run MINOS for 500 and 1000 randomly gen-
erated starting points. The points are drawn from the uniform dis-
tribution on [pL,pU].

The fourth experiment is a comparison between the solutions
produced by our methods to (a lower bound on) the true minimum
cost. We submit FCMP’ to the generic global optimization tool,
BARON (Tawarmalani & Sahinidis, 2004), which is an implementa-
tion of a variant of branch-and-bound where a convex program is
solved in each node of the search tree. To solve the convex sub-
problems, BARON is set to call MINOS. We impose a time limit of
3600 CPU-seconds on each application of BARON, and the relative
optimality tolerance be 0.01. That is, any feasible solution is con-
sidered to be optimal if the gap between the objective function va-
lue and its lower bound is below one percent of the objective
function value. In instances where BARON fails to compute the glo-
bal optimum, it may still provide a lower bound on the minimum
cost, and this bound may also give some indications on the quality
of the output from our methods.

Our solution procedures were coded in C++ under Linux Red
Hat, and all experiments were run on a 2.4 GHz Intel(R) processor
with 2 GByte RAM. To compute the tree decomposition J to be in-
put to the dynamic programming algorithms, we apply the tech-
nique given by Subbarayan (2007) based on Maximum Cardinality
Search (Tarjan & Yannakakis, 1984). Experiments with BARON
and MINOS were conducted by formulating the model in GAMS
(GAMS Development Corporation, 2008), and we have used version
8.1.5 of BARON and version 5.51 of MINOS.

6.2. Test instances

All experiments reported in this work were carried out on the
set of test instances shown in Table 1. Each row gives an identifier
of an instance, the size in terms of nodes and arcs in G after reduc-
tion, and the type of compressor used. We consider nine different
compressor types, and all compressors are identical within any gi-
ven instance. Furthermore, the width and the number of bags in
the tree decomposition are given in the two last columns of Table
1.

All test instances can be downloaded in GAMS-format at http://
www.ii.uib.no/�conrado/caie/instances/index.html.

6.3. Results

Table 2 shows the results achieved by fixed discretization for
three different values of s. Instance references are given in the first
column, and computation times (CPU-seconds) and objective func-
tion values for the respective values of s are given in columns 2–7.
The only case where the method failed to find a feasible solution
was for s = 50 in instance K. We observe that as s increases, better
solutions are found (minimum cost decreases) in all instances, ex-
cept from a cost increase from s = 50 to s = 100 in instances O and
P. Nevertheless, a finer discretization also implies, as expected, that

Fig. 4. Search tree based on adaptive discretization.
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the computational requirements increase, and the running time
slightly exceeds one CPU-hour in one instance (S).

Table 3 shows the results achieved by dynamic programming
and adaptive discretization. In these runs, we have used the
parameter values (see Section 5) s0 = 3, c = 1.5, r = 0.05 and
� = 0.001. Instance references are given in the first column, and
computation time (CPU-seconds), number of calls to DP

0
in Algo-

rithm 4, and objective function values for the corresponding test
instance are given in columns 2–4. We observe that the running
time slightly exceeds 30 CPU-seconds in the most time-consuming
instance (S).

Table 4 shows corresponding results from MINOS. Columns 2–4
give respectively the CPU-time, percentage of the 500 starting
points by which MINOS found a feasible solution, and the cost of

the best feasible solution found. Columns 5–8 give corresponding
results for 1000 starting points. We observe that MINOS fails to
find a feasible solution in 9 instances, and in the other instances
(except A and B), it does so for at least 50% of the starting points.
On the other hand, the solver is fast, and a relatively large number
of starting points is affordable.

Tables 5 and 6 give a comparison between MINOS (with 1000
starting points) and dynamic programming with the two discreti-
zation techniques. In Table 5, we summarize and compare running
times, while costs are compared in Table 6.

First, we observe from Table 5 that adaptive discretization is
much faster than fixed discretization, although the latter requires
only one call to the DP-algorithm. The larger number of calls to
DP

0
reported in Table 3, seems to be more than compensated for

Table 2
Performance of dynamic programming with fixed discretization.

Ref s = 50 s = 100 s = 1000

CPU
(secs)

Obj
(�106)

CPU
(secs)

Obj
(�106)

CPU
(secs)

Obj
(�106)

A 0 1.12 0 0.77 1 0.75
B 0 2.63 0 2.62 2 2.62
B1 0 2.83 0 2.63 138 2.61
B2 0 3.30 0 2.98 138 2.84
B3 0 2.17 0 2.08 132 1.83
C 1 10.29 16 9.34 1935 8.93
D 0 7.45 11 7.34 1047 7.34
E 1 9.66 22 6.36 1082 5.29
F 2 6.87 30 5.69 1845 4.12
G 1 9.43 10 6.30 817 6.30
H 1 6.34 13 5.93 692 5.09
I 1 2.83 10 2.82 529 2.77
J 1 6.07 13 5.59 842 5.27
K 1 – 9 35.67 772 35.67
L 3 68.89 50 61.83 2987 61.73
M 3 89.68 40 74.80 2715 60.74
N 2 60.71 34 52.46 2554 46.00
O 6 63.03 180 63.38 3422 38.80
P 1 35.25 23 37.67 2417 26.54
Q 3 23.31 80 21.32 3015 15.15
R 5 24.02 149 22.78 3310 20.10
S 15 72.01 482 69.59 3662 65.51

Table 4
Performance of MINOS.

Ref 500 Starting points 1000 Starting points RI
(%)

CPU
(secs)

Feas
(%)

Obj
(�106)

CPU
(secs)

Feas
(%)

Obj
(�106)

A 30 59.2 0.75 64 59.4 0.75 0.0
B 59 100.0 2.63 115 99.8 2.62 0.4
B1 21 37.4 2.62 55 37.7 2.62 0.0
B2 26 22.2 2.83 57 24.3 2.83 0.0
B3 18 20.4 1.82 52 22.3 1.82 0.0
C 29 7.4 9.09 66 7.8 9.03 0.7
D 31 19.6 7.36 88 20.4 7.36 0.0
E 36 31.2 6.02 68 29.0 6.01 0.2
F 53 23.8 4.21 117 23.2 4.15 1.4
G 20 0.0 – 61 0.0 – –
H 54 39.2 5.45 129 40.7 5.45 0.0
I 52 0.0 – 124 0.0 – –
J 49 50.0 6.14 110 49.3 5.98 2.6
K 65 0.0 – 120 0.0 – –
L 125 2.8 68.09 241 2.5 68.09 0.0
M 19 0.0 – 36 0.0 – –
N 58 0.0 – 124 0.0 – –
O 52 1.0 39.22 139 0.7 39.22 0.0
P 37 0.0 – 75 0.0 – –
Q 147 0.0 – 365 0.0 – –
R 102 0.0 – 238 0.0 – –
S 57 0.0 – 116 0.0 – –

Table 1
Test instances.

Ref Size Type J

jV0 j A0c
�� �� Width jIj

A 3 3 3 3 1
B 3 3 4 3 1
B1 3 3 5 3 1
B2 3 3 6 3 1
B3 3 3 8 3 1
C 4 6 1 3 3
D 4 6 2 3 4
E 4 6 3 3 5
F 4 6 4 3 4
G 4 6 5 3 4
H 4 6 6 3 3
I 4 6 7 3 4
J 5 8 4 3 6
K 5 8 8 3 4
L 9 20 4 4 9
M 9 20 5 4 9
N 18 25 2 4 15
O 18 25 4 4 15
P 18 25 9 3 18
Q 8 10 4 3 6
R 8 10 6 3 6
S 17 23 6 4 8

Table 3
Performance of dynamic programming with adaptive discretization.

Ref CPU (secs) Calls to DP0 Obj (�106)

A 1 395 0.75
B 1 117 2.62
B1 0 267 2.60
B2 0 12 2.83
B3 0 11 1.82
C 1 429 7.79
D 2 16 7.35
E 1 263 5.29
F 11 852 3.94
G 1 239 5.87
H 4 319 5.17
I 4 558 2.76
J 2 122 5.18
K 2 204 31.32
L 35 210 63.14
M 16 212 54.64
N 26 631 38.09
O 31 596 29.55
P 44 547 24.34
Q 13 438 14.58
R 17 1631 15.96
S 60 815 62.46
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by the smaller number of discretization points. Second, Table 6
shows that in all instances but D, H and L, where fixed discretiza-
tion gives up to 2.3% lower cost, the faster approach gives solutions
of equal or better quality.

Also when compared to MINOS, the adaptive discretization ap-
proach turns out to be superior. Applying MINOS with a single ran-
dom starting point is certainly faster, but this involves a
considerable risk of failing to find a feasible solution. When the
number of random starting points is increased such that the total
running time of MINOS exceeds the one of adaptive discretization,
the total cost of the best MINOS solution is in general higher than
the cost of the solution produced by its competitor. The relative
improvement of adaptive discretization when compared to MINOS

and fixed discretization, respectively, is given in columns 5–6 of
Table 6.

Table 7 shows the performance of BARON when applied to the
test instances. In addition, we compare the adaptive discretization
approach to the best results obtained by BARON in terms of the
quality of the solution. Columns 2–5 contain the number of itera-
tions in BARON (the number of convex subproblems solved), the
maximum number of open nodes the search tree ever had, the
objective function value of the best feasible solution found (if
any), and the lower bound on the minimum cost. For more conve-
nient comparison, we give the cost obtained by adaptive discreti-
zation in column 6 (identical to column 3 in Table 3), and in the
7th column, we give whenever applicable the relative improve-
ment (in percentages) of these solutions over the best BARON
solutions.

As seen in Table 7, in 15 out of 22 instances, BARON was able to
find a feasible solution, and in two instances (A and B), it was able
to prove optimality within the given tolerance. In the remaining in-
stances, no feasible solution was found before the time limit ex-
pired. By comparing columns 5 and 6, we also observe that the
relative optimality gap (relative distance from minimum cost) of
adaptive discretization in one instance (G) may be as large as
61.3%. In the instances where BARON found a feasible solution,
the largest gap is 42.9% (instance C).

Column 7 of Table 7 shows that BARON is able to find a better
solution than does our method in instances J, R and S. However,
extensive computations were needed to find these solutions. The
last column of the table gives the relative distance from the lower
bound on optimality provided by BARON. In nine of the instances,
we are less then 3% from the minimum cost, but in some instances,
the optimality gap is large (as large as 61.3% in instance G). It is
however unknown whether this is due to weak lower bounds or
shortcomings of our algorithm.

7. Concluding remarks

In this paper, we have studied a model (FCMP) for minimizing
compressor fuel cost in transmission networks for natural gas. An
arc in the network model corresponds to either a pipe or a com-
pressor, and the decision variables are arc flow and node pressure.

Table 6
Dynamic programming vs. MINOS: cost.

Ref Cost (�106) Adaptive vs. (RI%)

MINOSa Fixedb Adaptive MINOSa Fixedb

A 0.75 0.75 0.75 0.0 0.0
B 2.62 2.62 2.62 0.0 0.0
B1 2.62 2.61 2.60 0.8 0.4
B2 2.83 2.84 2.83 0.0 0.4
B3 1.82 1.83 1.82 0.0 0.5
C 9.03 8.93 7.79 13.7 12.8
D 7.36 7.34 7.35 0.1 -0.1
E 6.01 5.29 5.29 12.0 0.0
F 4.15 4.12 3.94 5.1 4.4
G – 6.30 5.87 – 6.8
H 5.45 5.09 5.17 5.1 -1.6
I – 2.77 2.76 – 0.4
J 5.98 5.27 5.18 13.4 1.7
K – 35.67 31.32 – 12.2
L 68.09 61.73 63.14 7.3 -2.3
M – 60.74 54.64 – 10.0
N – 46.00 38.09 – 17.2
O 39.22 38.80 29.55 24.7 23.8
P – 26.54 24.34 – 8.3
Q – 15.15 14.48 – 4.4
R – 20.10 15.96 – 20.6
S – 65.51 62.46 – 4.7

a With 1000 starting points.
b With s = 1000.

Table 7
Adaptive discretization vs. a global optimizer.

Ref Performance of BARON Adaptive discretization

#Its #Nodes Obj LB Obj RI(%) GAP(%)

A 551 131 0.75 0.75 0.75 0.0 0.0
B 1148 342 2.62 2.62 2.62 0.0 0.0
B1 47 5 2.62 2.59 2.60 0.4 0.8
B2 125 11 2.83 2.81 2.83 0.0 0.0
B3 37 5 1.82 1.80 1.82 0.0 0.0
C 21521 7462 9.02 4.45 7.79 13.6 42.9
D 445 38 7.35 7.28 7.35 0.0 1.0
E 17059 7023 5.30 4.02 5.29 0.2 24.0
F 26765 7480 3.94 2.71 3.94 0.0 31.2
G 5231 1283 – 2.27 5.87 – 61.3
H 2109 204 5.19 5.04 5.17 0.4 2.5
I 3267 324 – 2.73 2.76 – 1.1
J 27832 2299 5.15 5.10 5.18 �0.6 1.5
K 14968 3344 – 20.86 31.32 – 33.4
L 740 451 65.94 43.81 63.14 4.2 30.6
M 2438 765 – 31.12 54.64 – 43.0
N 1830 839 – 34.28 38.09 – 10.0
O 234 59 – 22.13 29.55 – 25.1
P 978 655 – 17.43 24.34 – 28.4
Q 330 212 17.43 12.82 14.58 16.9 11.5
R 1182 468 15.94 13.09 15.96 �0.1 18.0
S 3123 632 59.39 44.17 62.46 �5.2 29.3

Table 5
Dynamic programming vs. MINOS: CPU-time.

Ref MINOS Discretization

500 Iters 1000 Iters Fixeda Adaptive

A 30 64 1 1
B 59 115 2 1
B1 21 55 138 0
B2 26 57 138 0
B3 18 52 132 0
C 29 66 1935 1
D 31 88 1047 2
E 36 68 1082 1
F 53 117 1845 11
G 20 61 817 1
H 54 129 692 4
I 52 124 529 4
J 49 110 842 2
K 65 120 772 2
L 125 241 2987 35
M 19 36 2715 16
N 58 124 2554 26
O 52 139 3422 31
P 37 75 2417 44
Q 147 365 3015 13
R 102 238 3310 17
S 57 116 3662 60

a With s = 1000.
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In addition to flow conservation constraints, the model contains
non-linear constraints relating pipeline flow to inlet and outlet
pressure, as well as non-convex constraints defining the operation
domain of the compressors.

Following a general algorithmic idea, which has been suggested
and supported experimentally in several recent works, we consider
a procedure where each iteration consists of a flow improvement
step and a pressure optimization step. Alternating between flow
and pressure, one set of decision variables is kept fixed in each
step. Still in agreement with previously suggested methods, the
non-convex subproblem of optimizing pressure is approximated
by a combinatorial one. This is accomplished by discretization of
the pressure variables.

The contribution of this paper is a method for solving the dis-
crete version of the problem in instances where previously sug-
gested methods fail. Unlike methods based on successive
network reductions, our method does not make any assumptions
concerning the sparsity of the network. By constructing a tree
decomposition of the network, and apply dynamic programming
to it, we are able to solve the discrete version of the pressure opti-
mization problem without enumerating the whole solution space.
By an adaptive discretization scheme, we obtain significant speed-
up of the dynamic programming approach in comparison with
fixed discretization.

We have tested our solution methods on a set of imaginary in-
stances, and compared the results to those obtained by applying
both a global and a local optimizer to the continuous version of
the problem. The experiments indicate that a method guaranteeing
the global optimum in reasonable time seems unrealistic even for
small instances. Further, discretizing the pressure variables and
applying dynamic programming to a tree decomposition gives bet-
ter results than applying a commercially available local optimiza-
tion package.

Non-convex continuous optimization problems can in general
be approached by discretization of the variable space, and in many
cases, the resulting discrete problem can be solved by dynamic
programming. The challenge of finding the ideal balance between
accuracy in the discrete model and speed of the DP-algorithm is
however hardly avoidable by the approach. We therefore believe
that the adaptive discretization scheme developed in this paper
may have merit beyond the specific application in gas transmission
networks studied here.
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Abstract In this paper, the problem of flow maximization in pipeline systems for transmission of natural

gas is addressed. We extend previously suggested models by incorporating the variation in pipeline

flow capacities with gas specific gravity and compressibility. Flow capacities are modeled as functions

of pressure, compressibility and specific gravity by the commonly-used Weymouth equation, and the

California Natural Gas Association method is used to model compressibility as a function of specific

gravity and pressure. The sources feeding the transmission network do not necessarily supply gas with

equal specific gravity. In our model, it is assumed that when different flow streams enter a junction point,

the specific gravity of the resulting flow is a weighted average of the specific gravities of entering flows.

We also assume the temperature to be constant, and the system to be in steady state.

Since the proposed model is non-convex, and global optimization hence can be time consuming, we

also propose a heuristic method based on an iterative scheme in which a simpler NLP model is solved

in each iteration. Computational experiments are carried out in order to assess the computability of the

model by applying a global optimizer, and to evaluate the performance of the heuristic approach. When

applied to a wide set of test instances, the heuristic method provides solutions with deviations less than

12% from optimality, and in many instances turns out to be exact. We also report several experiments

demonstrating that letting the compressibility and the specific gravity be global constants can lead to

significant errors in the estimates of the total network capacity.

Keywords Natural gas · Compressibility factor · Specific gravity · Weymouth equation · Transmission

network · Nonlinear optimization · CNGA method

1 Introduction

Steady state models for optimizing pipeline transportation of natural gas are distinguished from classical

network flow models by their non-constant arc capacities. This is implied by the dependence between the

pipeline flow and the pressure drop along the pipeline, and the fact that the pressure can be considered

as a state variable. The pressure value at any network node is in its turn determined by flow and pressure

values found in network elements in the upstream direction of the node.
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The idea of modeling arc capacities as decision dependent functions is already well established in the

optimization literature. In an early work on minimization of compressor fuel cost, Wong and Larson (1968)

suggested to model the pipeline capacity by means of the popular Weymouth equation (Osiadacz, 1987).

In more developed versions, the same principle has been applied by, e.g., Carter (1999), Rı́os-Mercado et

al. (2002), De Wolf and Smeers (1994, 2000), Borraz-Sánchez and Rı́os-Mercado (2004, 2009), Bakhouya

and De Wolf (2007), Kalvelagen (2007), and Borraz-Sánchez and Haugland (2009).

All the cited works neglect the fact that the parameter in the Weymouth equation depends not

only on pipeline characteristics, but also on thermodynamic and physical gas properties. This includes

temperature, specific gravity (relative density) and compressibility (z-factor). In instances where the

network elements show no or only modest variation in these properties, it is sound modeling practice to

represent them by global constants. This does however not seem to be the case in all real-life instances.

The pipeline network connecting wells on the Norwegian continental shelf with the European conti-

nent is supplied by gas from sources of relatively lean gas, situated in the North Sea, and sources located

in e.g. the Haltenbank area. Since the latter area generally has richer gas, in the sense that it consists of

components of higher specific gravity, the assumption of constant properties may be unrealistic. In this

paper, we consequently extend previously suggested models such that variability in gas specific properties

is reflected.

The first objective of the current work is to assess the improvement in estimates of total throughput

gained by modeling variable gas properties. It is unlikely that such an improvement comes without

additional computational cost, and this cost must be assessed. Second, we address the question of how

the improved model can be solved approximately in instances where exact optimal solutions are too time

consuming. The goal is to have a fast computational procedure, which also is sufficiently accurate to

avoid that improved model realism gets lost in weak computational effectiveness.

To accomplish these objectives, we formulate a model where not only the pressure, but also com-

pressibility and specific gravity are defined as state variables. The gas temperature is assumed to be

constant also in this work. We assume that the network is in steady state, which essentially means that

time variations can be neglected. Implicitly, all state variables become functions of the flow variables.

The non-convex nature of these functions implies that also the feasible region of the model is non-convex.

Global optimization is expected to be time consuming in many instances of realistic size, and we

therefore also propose a fast heuristic method. Our method is based on an iterative scheme in which,

for given values of the gas specific gravity in each network element, a simpler model is solved in each

iteration. By the end of each iteration, the specific gravity is assigned a value consistent with flow values

observed in the current iteration. A computational evaluation to assess the performance of the proposed

method, including a comparison with a global optimizer, is presented. The procedure is repeated until

all variables converge.

The literature on optimization models for pipeline gas transportation does not seem to very rich on

models with variable specific gravity or compressibility, and most works focus on models for transient

flow. Interested readers are referred to the works by Abbaspour and Chapman (2008) and Chaczykowski

(2010), and the references therein.

The remainder of this paper is organized as follows. In Section 2, we develop the mathematical model.

Special emphasis is put on formulation of the relations between the various state variables, and how they

relate to the flow. A heuristic method for the resulting non-convex model is described in Section 3. In

Section 4, we make an experimental comparison between our model and a model based on the traditional

approach of considering gas properties as global constants. The section also reports computational results

from a comparison between our heuristic method and the results from a global optimizer applied to our

model. Finally, concluding remarks are given in Section 5.
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Table 1: Parameters and their typical values in English units

Parameters Typical value

APipe efficiency factor, e : [0.85, 1]→ 0.92
Darcy-Weisbach friction factor, f : 8.5× 10−4

Pipe length, L : [15, 100](miles)
Pipe inside diameter, d : [3, 5](ft)

Pipe resistance factor, K : (1.3305× 105)T
Net mass flow rate LB and UB, [BL, BU ] : Known(lbf/min)

Pressure LB and UB, [pL, pU ] : [200, 1200](psig)

2 Problem Definition

Let G = (V,A) be a directed acyclic graph representing a gas transmission network, where V and A are

the node (junction point) and arc (pipeline) sets, respectively. Let Vs ⊆ V be the set of supply nodes

(sources), and let Vd ⊆ V be the set of demand nodes.

For each node i ∈ V , we define the net mass flow rate as the variable bi. By convention, bi ≥ 0 if

i ∈ Vs, bi ≤ 0 if i ∈ Vd, and bi = 0 otherwise. For any node i ∈ V , let V −
i = {j ∈ V : (j, i) ∈ A} be

the set of start nodes of incoming arcs, and let V +
i = {j ∈ V : (i, j) ∈ A} be the set of end nodes of

outgoing arcs. Let pLi and pUi , respectively, be a lower and an upper pressure bound on the pressure at

node i ∈ V . A full list of parameters associated with the models presented in this paper, including their

typical values, is shown in Table 1.

2.1 Assumptions

Several assumptions are necessary to delimit the scope of our proposed model. We work on natural gas

transmission networks with large diameter pipelines that operate at high pressures (200 psig and beyond).

The model to be presented is not intended for lower pressures, since we do not expect it to reflect reality

in such instances. We assume that the mass is conserved at each node in the network, which means that

the decision variables xij , ∀(i, j) ∈ A representing arc flow are subject to the constraints:

∑
j∈V +

i

xij −
∑

j∈V −
i

xji − bi = 0, ∀i ∈ V. (1)

For simplicity, we confine our study to irreversible flow in steady-state, i.e, the gas can flow through

a pipeline in only one direction. Extension of our model to a bidirectional flow model, which may become

relevant e.g. when connecting storage facilities to the network, is however straightforward.

The gas flow is considered isothermal at an average effective temperature. We also assume all pipelines

to be horizontal pipelines, although in practice, transmission lines have frequent changes in their elevation.

However, the need for correction factors to compensate these changes in elevation would require special

attention out of the scope of the current work.

We assume V −
i = ∅ ∀i ∈ Vs, i.e., there are no incoming flow streams (pipes) to a node which has

been identified as source node. Instances violating this assumption can be converted by adding a dummy

node pointing toward the original source node. The dummy node inherits all properties of the source

node that it replaces, which in its turn becomes a simple transshipment node.
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2.2 Relating flow capacity to gas properties

Following Shashi Menon (2005), both the physical properties of the pipelines and the composition of

the gas have an influence on the flow capacity. Several equations have been proposed for modeling the

steady state flow in pipelines. We can find the Weymouth equation developed in 1912 (see Osiadacz,

1987), the Panhandle A equation developed in 1940, and the Panhandle B equation developed in 1956,

among others. Details these equations can be found in e.g., Crane (1982) and Modisette (2000).

In this paper, we make use of the Weymouth equation due to its simplicity and its accuracy when

applied to gas flows at high pressures. The Weymouth equation defines the relationship between the mass

flow rate xij through a pipeline (i, j) ∈ A and the corresponding difference between the squares of the

inlet and outlet pressures pi and pj , respectively. We also refer to it as the pipeline resistance equation,

which takes the following form for flow in a horizontal pipe:

x2
ij = Wij

(
p2i − p2j

)
, ∀(i, j) ∈ A. (2)

Parameter Wij , referred to as the Weymouth factor, depends on gas and pipeline properties as given by

Wij =
d5ij

KzijgiTfijLij
,

where zij is the compressibility of the flow in pipeline (i, j), gi the specific gravity of the flow arriving

at node i, T the gas temperature, fij is the (Darcy-Weisbach) friction factor in pipeline (i, j), Lij is the

length of pipeline (i, j), dij the inside diameter of pipeline (i, j), and K is a global constant with value

defined by the units used.

By defining wij = zi,jgiWij , (2) can be written

zijgix
2
ij = wij

(
p2i − p2j

)
, ∀(i, j) ∈ A. (3)

We observe that wij , contrary to Wij , is independent of the variable flow properties zij and gi. For this
reason, the Weymouth equation will henceforth be written on the form (3).

2.3 Gas compressibility

The gas compressibility, also referred to as the z-factor, can be considered as the deviation from ideal

gas. More formally, it is defined as the relative change in gas volume in response to a change in pressure.

The importance of good estimates of this parameter is obvious from (2) and the definition of Wij .

The literature on gas metering reveals a number of diverse methods for approximating the z-factor,
including experimental measurements, equations of state methods (Dranchuk and Abou-Kassem, 1975),

empirical correlations (Katz et al., 1959) and regression analysis methods (Dranchuk et al., 1974; Gopal,

1977.

For instance, Katz et al. (1959) presented a graphical correlation for the z-factor as a function of

pseudo-reduced temperature and pressure based on experimental data. As a result, the Standing-Katz z-
factor chart has been used to obtain natural gas compressibility factors for more than 40 years. Dranchuk

and Abou-Kassem (1975) used the equation of the state to fit the Standing-Katz data and extrapolated

to higher reduced pressure. This was accomplished by a simple mathematical description of the Standing-

Katz z-factor chart. The California Natural Gas Association (CNGA) developed a method (Davisson,

1965) to compute the z-factor based on the gas specific gravity, temperature and pressure values. All

these methods have a domain where they are reasonably accurate, and may break down outside. A survey

of the methods can be found in Shashi Menon (2005).

In this paper, we make use of the CNGA method, which is briefly described next.
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2.3.1 The California Natural Gas Association method

The CNGA method has been in use since the middle of the last century. One of its first applications

is reported by Davisson (1965), who makes use of the method in a computer program for precise flow

calculations.

In our work, there are two key reasons for choosing this method. First, the method is valid for z-
factor computations at high pressures, which agrees with the assumption made in Section 2.1. Second, in

comparison with other procedures, the CNGA method presents a simple and effective way to compute

compressibility as a function of specific gravity, temperature and pressure.

The CNGA equation can be stated as follows:

zij =
1

1 +
pijα10

βgi

T δ

, (4)

where pij is the average pipeline pressure, T is the gas temperature and g is the gas specific gravity, and

α, β and δ are universal constants.

According to Shashi Menon (2005), by using (4), the estimation of zij typically becomes more accurate

for transportation pipelines working at pressures beyond 100 psig. Since we assume gas streams under

isothermal conditions, i.e., T is assumed fixed, (4) can be written

zij
(
1 + ωpij × 10

βgi

)
= 1, (5)

where ω = α
T δ is an instance specific constant.

2.4 Computing average pressure in a pipeline

The pressure is decreasing along the pipeline. According to Shashi Menon (2005), the formula

pij =
2

3

(
pi + pj −

pipj
pi + pj

)
. (6)

gives a better approximation to the average pressure pij in pipeline (i, j) ∈ A, than does the arithmetic

mean of pi and pj . The suggested formula in its quadratic form 3pij(pi + pj) = 2(p2i + p2j + pipj) is

adopted in the current work.

2.5 The gas specific gravity

The specific gravity is a dimensionless unit defined as the ratio between the density (mass per unit

volume) of the actual gas and the density of air at the same temperature. A list of specific gravity and

other properties of various hydrocarbon gases is provided by Shashi Menon (2005). Published values of

the specific gravity of natural gas range from 0.554 to 0.870.

For a source node i ∈ Vs, we assume gi to be known, and for nodes j ∈ V \ Vs, we assume that

gj =

∑
i∈V −

j
gixij∑

i∈V −
j
xij

(7)

That is, we let the specific gravity of a blend of different gases be the weighted average of specific gravities

of entering flows. The flow values constitute the respective weights.
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Table 2: Decision variables

Y = Objective function value
xij = Flow through arc (i, j) ∈ A,
bi = Net flow (Supply/demand) at node i ∈ V,
pi = Gas pressure at node i ∈ V,
pij = Average gas pressure in arc(i, j) ∈ A,
zij = Compressibility of gas in arc (i, j) ∈ A
gi = Specific gravity of gas at node i ∈ V \Vs

The equation of specific gravity balance is obtained by multiplying (7) by the total flow:

gj
∑

i∈V −
j

xij −
∑

i∈V −
j

gixij = 0, ∀j ∈ V. (8)

2.6 Mathematical Formulation

Summarizing the above sections, we formulate a mathematical model (M1) with flow, pressure, com-

pressibility and specific gravity as decisions. For convenience, a complete list of decision variables of M1

is given in Table 2.

The constraints include conservation of flow (see Section 2.1), the Weymouth equation as given in

Section 2.2, the compressibility formula suggested in Section 2.3.1, the equation of specific gravity balance

(see Section 2.5), the quadratic form of the average pressure formula suggested in Section 2.4, as well

as pressure and flow bounds. The objective function, describing a flow maximization problem, takes the

form max
∑

i∈Vs
bi.

M1 can then be formulated as follows:

(M1) Y1 = max
∑

i∈Vs
bi (9)

s.t.: ∑
j∈V +

i

xij −
∑

j∈V −
i

xji − bi = 0, ∀i ∈ V (10)

gj
∑

i∈V −
j

xij −
∑

i∈V −
j

gixij = 0, ∀j ∈ V \Vs (11)

zij(1 + ωpij × 10βgi) = 1, ∀(i, j) ∈ A (12)

3pij(pi + pj) = 2(p2i + p2j + pipj), ∀(i, j) ∈ A (13)

gizijx
2
ij = wij

(
p2i − p2j

)
, ∀(i, j) ∈ A (14)

pLi ≤ pi ≤ pUi , ∀i ∈ V (15)

bi = 0, ∀i ∈ V \Vs\Vd (16)

bi ≥ 0, ∀i ∈ Vs (17)

bi ≤ 0, ∀i ∈ Vd (18)

xij ≥ 0, ∀(i, j) ∈ A. (19)

Since constraints (11)–(14) are non-convex, computing a global optimal solution to M1 is expected to

be time consuming. In instances of realistic size, fast and possibly inexact solution methods may be

required, and suggestions to this are discussed next.
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3 A Heuristic Method

In this section, we propose a heuristic method to tackle the model M1 presented in Section 2.6. To di-

minish the difficulty introduced by the non-convex constraint (11), we propose to deal with the variability

of g outside the model, and develop an iterative procedure where g is kept fixed in each iteration. This

leads to a simpler mathematical formulation (M2) that is solved once in each iteration. By declaring the

specific gravity at each node i ∈ V as an input parameter gi, M2 is put in the following form:

(M2) Y2 = max
∑

i∈Vs
bi (20)

s.t.:

(10), (12)− (19). (21)

By virtue of the reduced number of decision variables and the absence of (11), M2 is easier to solve

than M1. In addition, constraints (12) and (14) have become simpler since g is considered to be constant.

Algorithm 1 Heuristic(ε, g
(0)
i|i∈Vs

)

t← 0
compute g

(t)
j such that g

(t)
j = 1

|V −
j |

∑
i∈V −

j

g
(t)
i for all j ∈ V \Vs.

repeat
t← t+ 1
fix g to g(t), and solveM2 for x(t), z(t), p(t) and p(t).
for i ∈ Vs do

g
(t+1)
i ← g

(t)
i

for j ∈ V \ Vs do

if
∑

i∈V −
j

x
(t)
ij > 0 then

g
(t+1)
j ←

∑
i∈V −

j

g
(t)
i x

(t)
ij

/ ∑
i∈V −

j

x
(t)
ij

else
g
(t+1)
j ← g

(t)
j

until
(
x(t), z(t), p(t), p(t), g(t+1)

)
is feasible in (12) and (14) within a tolerance ε.

Two main steps inside a loop constitute the main parts of the proposed heuristic method. Keeping

g fixed to some value g(t) in iteration t, we first solve M2 to get a feasible point
(
x(t), z(t), p(t), p(t)

)
.

Next we correct g in order to make it consistent with the feasible point found, as specified by (8). Note

that at any source node i, gi is given as input data, and remains unchanged throughout the heuristic.

For a node j ∈ V \ Vs, the initial value g
(0)
j is based on the specific gravities given for source nodes i

on paths leading to j. More precisely, we let g
(0)
j = 1

|V −
j |

∑
i∈V −

j
g
(0)
i such that each node initially has a

specific gravity equal to the mean specific gravity of upstream neighbor nodes. Since the network has no

directed cycles, it is straightforward to compute the vector g(0).

The point
(
x(t), z(t), p(t), p(t), g(t+1)

)
is declared feasible if∣∣∣∣z(t)

ij (1 + ωp
(t)

ij × 10βg
(t+1)

i )− 1

∣∣∣∣ ≤ ε · max
(i,j)∈A

max{z
(t)

ij (1 + ωp
(t)

ij × 10βg
(t+1)

i ), 1}

and
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Fig. 1: Real network instance: The Bogota-Apiay-Cusiana, Colombia Transmission System

∣∣∣g(t+1)

i z
(t)

ij (x
(t)

ij )
2 − wij

(
(p

(t)

i )2 − (p
(t)

j )2
)∣∣∣ ≤ ε · max

(i,j)∈A
max{g

(t+1)

i z
(t)

ij (x
(t)

ij )
2, wij

(
(p

(t)

i )2 − (p
(t)

j )2
)
}.

In that case, the algorithm stops. A summary of the approach is given in Algorithm 1.

4 Computational Analysis

In this section, we present results from a computational evaluation of the model and the solution method

presented in earlier sections. The purpose of the experiments is twofold. First, we compare the model

M1 to a model (M3) based on the traditional approach where specific gravity and compressibility are

considered as global constants. Considering only the specific gravity as a global constant yields the model

M2 used in Algorithm 1, and therefore, we also compare M1 to M2. Second, we evaluate the efficiency

and effectiveness of Algorithm 1 by comparing it to the performance of commercially available solvers

applied to M1.

4.1 Test instances

All experiments reported in this work were carried out on the set of test instances shown in Table 3,

where an identifier for each test instance is given in the first column. Columns 2 and 3 show the size of

the network in terms of nodes and arcs, respectively. The number of constraints, variables, and non-linear

terms in M1 are given in columns 4–6 of Table 3, respectively, and the two last columns give respectively

the smallest and largest specific gravity defined at any source. In all instances, we put pLi = 400 and

pUi = 1600 for all i ∈ V .

Fig. 1 shows a real gas transmission network from Bogota, Colombia (instance AD). The other

instances are generated manually, and Fig. 2 shows a typical test network (instance T), where a striped

node with an incoming arrow represents a source node, a gray node with an outgoing arrow represents

a demand node, and a white node is a transshipment node. To challenge the heuristic method, we also

designed more complex test instances, such as instance AF shown in Fig. 3.
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Fig. 2: Typical test network: Instance T (see Table 3)

Fig. 3: A more challenging network: Instance AF (see Table 3)

4.2 Comparison to the traditional approach

In accordance with the traditional approach, model M3 admits specific gravity and compressibility only

in terms of global constants. Letting ḡ and z̄, respectively, denote these input parameters, M3 is obtained
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Table 3: Test instances

Size Model statistics Gravity range
Ref |V | |A| # Consts # Vars # NLP terms gmin gmax

A 2 1 8 11 10 0.62 0.62
B 6 7 38 47 66 0.62 0.76
C 10 14 74 87 133 0.52 0.78
D 11 17 86 102 159 0.64 0.85
E 12 29 137 153 269 0.63 0.85
F 13 26 127 144 243 0.56 0.87
G 26 50 243 279 466 0.55 0.69
H 30 32 179 219 308 0.58 0.82
I 14 17 92 111 162 0.56 0.62
J 18 32 160 183 301 0.54 0.69
K 16 45 208 229 416 0.60 0.82
L 18 47 218 243 434 0.55 0.74
M 19 36 182 202 342 0.68 0.68
N 21 37 196 220 369 0.62 0.84
O 23 35 182 210 333 0.56 0.72
P 37 58 288 344 540 0.56 0.86
Q 23 38 192 218 353 0.62 0.68
R 24 53 254 285 494 0.56 0.82
S 25 28 156 188 270 0.55 0.69
T 25 36 182 210 333 0.55 0.87
U 28 63 302 337 588 0.55 0.82
V 26 55 264 299 512 0.55 0.82
W 29 50 236 276 441 0.57 0.89
X 30 65 310 347 599 0.62 0.84
Y 35 70 343 386 657 0.54 0.82
Z 40 75 372 421 706 0.54 0.88
AA 29 58 281 320 539 0.61 0.81
AB 37 66 314 364 591 0.58 0.87
AC 45 80 401 456 755 0.54 0.88
AD 26 25 150 179 248 0.56 0.63
AE 45 260 1097 1152 2321 0.60 0.60
AF 280 309 1767 2065 3016 0.60 0.60

by simplifying M1 as follows:

(M3) Y3 = max
∑

i∈Vs
bi (22)

s.t.:

ḡz̄x2
ij = wij

(
p2i − p2j

)
, ∀(i, j) ∈ A (23)

(10), (15)− (19). (24)

To adapt the input data of M1 to M3, we let

ḡ =
gmin + gmax

2

and

z̄ =
1

1 + ω pmin+pmax

2 10βḡ
,

where gmin = mini∈Vs
gi, g

max = maxi∈Vs
gi, p

min = mini∈V pLi , p
max = maxi∈V pUi . In M2, we

replace all occurrences of gi by ḡ, but no replacement is made for zij .
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All three models were formulated in the GAMS modeling language (GAMS, 2008) and submitted

to version 8.1.5 of the global optimizer BARON (Tawarmalani and Sahinidis, 2004). BARON is an

implementation of a branch-and-bound algorithm where a convex relaxation of the submitted problem

is solved in each node of the search tree. We made BARON call version 5.51 of MINOS (Murtaugh and

Saunders, 1983) to solve the relaxations.

We imposed a time limit of 3600 CPU-seconds to each application of BARON, where two different

relative optimality tolerances (ε ∈ {10−1, 10−3}) were applied. That is, BARON stopped once it is

proved that a feasible solution with objective function value above (1 − ε) times the maximum flow is

found. In instances where BARON fails to compute the global optimum within the time limit, it may

still provide an upper bound on the maximum flow to give some indications on the quality of the output.

All experiments reported in this work were run on a 2.4 GHz Intel(R) processor with 2 GByte RAM

under Linux Red Hat operating system.

The results from these experiments can be found in Table 4. Column 1 shows the instance id, and

the next four columns give the CPU-time in seconds and the best objective function value obtained for

each value of ε when running M1. The same information for M2 and M3 is provided in columns 6–9

and columns 10–13, respectively. In instances where BARON did not converge within the time limit, the

upper bound on the solution is provided in parenthesis.

Serving as a measure of the deviations of the M2-solutions from the M1-solutions, column 2 of

Table 5 contains the observed values of Y2−Y1

Y1
100% when both M1 and M2 were submitted to BARON

with a relative optimality tolerance of ε = 10−1. Column 3 holds corresponding results for ε = 10−3, and

columns 4–5 give the deviations observed for M3. The percentages in the last two columns indicate to

what extent the traditional approach (M3) results in wrong estimates of the total flow capacity of a net-

work, and columns 2–3 provide similar information for an approach (M2) where only the compressibility

is allowed to vary with the network components.

Model M1 appears to be hard to solve to optimality. Given the largest optimality tolerance and a

time limit of 1 CPU-hour, BARON failed to do so in 9 (R, U, V, X, Y, Z, AC, AE and AF) out of 32

instances. With the tolerance reduced to 10−3, it failed in 6 instance more (K, L, S, T, AA and AB).

As expected, models M2 and M3 appear to be less difficult to handle by BARON. It failed to provide

optimality in only 2 (AE and AF) and 1 (AE) out of 32 test cases, respectively, with ϵ = 10−1. With ϵ
reduced to 10−3, it failed in 1 instance more in both models (AB and AE, respectively).

We however observe that the traditional approach in several instances results in considerable devia-

tions from the max flow. In cases where BARON could not close the optimality gap, large deviations may

be implied by weak lower bounds on the optimal objective function value. However, even when BARON

found the solutions within the given tolerances, the deviation is below -14% for M3 in 6 instances (B,

G, J, N, W and AE) and above 7% in one instance (V). Also M2 results in deviations as large as 5.3%

in one instance (AF), up to 21% in instance V, and below -4% in instance J.

4.3 Evaluation of the heuristic approach

The aim of the second set of experiments is to compare the output from Algorithm 1 to the true optimal

solution to M1, and to compare the computational effort of the algorithm to the effort of computing Y1

exactly.

Recall that Algorithm 1 requires access to solutions to instances of M2. This was accomplished

by letting the algorithm call a local optimizer (MINOS) once in each iteration. The relative stopping

tolerance, ϵ, was set to 10−3 in all runs.

Multistart local optimization is a straightforward heuristic approach, which by virtue of its simplicity

deserves to be compared to Algorithm 1. We implemented a procedure that generates randomly a set of,

not necessarily feasible, solutions to M1. Each solution is passed to MINOS, which is asked to perform
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Table 4: Results from BARON applied toM1,M2, andM3

M1 M2 M3

ε = 10−1 ε = 10−3 ε = 10−1 ε = 10−3 ε = 10−1 ε = 10−3

Ref CPU Y1 CPU Y1 CPU Y2 CPU Y2 CPU Y3 CPU Y3

A 0 0.36 0 0.36 0 0.36 0 0.36 0 0.33 0 0.33
B 0 0.41 1 0.41 0 0.40 0 0.40 0 0.35 0 0.35
C 0 1.42 4 1.42 0 1.42 1 1.42 0 1.27 0 1.27
D 0 3.92 5 3.92 0 3.85 2 3.85 0 3.47 0 3.47
E 3 5.17 32 5.17 0 5.13 9 5.13 0 4.48 0 4.48
F 0 7.84 3 7.86 0 7.66 1 7.66 0 6.78 0 6.78
G 18 2.76 105 2.76 1 2.69 12 2.69 0 2.34 0 2.37
H 240 1.07 1624 1.08 6 1.07 45 1.07 0 0.95 0 0.95
I 4 0.81 40 0.81 0 0.82 3 0.82 0 0.73 0 0.73
J 4 1.92 1204 1.92 0 1.83 61 1.83 0 1.61 9 1.61
K 137 2.70 (2.96) 2.70 16 2.70 71 2.70 0 2.39 0 2.39
L 275 3.61 (4.44) 3.61 5 3.64 69 3.64 0 3.31 0 3.31
M 0 1.17 6 1.17 0 1.15 5 1.17 0 1.07 0 1.07
N 11 1.18 44 1.18 0 1.16 8 1.16 0 1.01 0 1.01
O 19 3.10 590 3.11 1 3.12 17 3.12 0 2.75 0 2.75
P 12 5.34 260 5.34 1 5.21 42 5.21 0 4.61 0 4.61
Q 25 1.92 282 1.92 9 1.93 117 1.93 1 1.74 1 1.74
R (0.94) 0.74 (0.94) 0.74 4 0.74 131 0.74 0 0.66 0 0.66
S 9 1.73 (1.77) 1.74 1 1.70 13 1.70 0 1.49 0 1.49
T 3574 1.18 (1.58) 1.18 6 1.19 82 1.19 0 1.05 0 1.05
U (1.42) 0.96 (1.42) 0.96 28 0.97 1184 0.97 0 0.87 0 0.87
V (1.69) 1.05 (1.69) 1.05 4 1.27 132 1.27 73 1.13 122 1.13
W 19 7.17 162 7.17 0 7.01 7 7.01 0 6.15 0 6.15
X (2.48) 2.04 (2.48) 2.04 52 2.11 658 2.11 0 1.85 84 1.85
Y (1.39) 1.14 (1.39) 1.14 8 1.14 178 1.14 1 1.02 1 1.02
Z (1.49) 1.18 (1.49) 1.18 10 1.16 224 1.16 1 1.03 1 1.03

AA 108 1.54 (1.79) 1.54 5 1.52 168 1.52 1 1.34 1 1.34
AB 2156 1.84 (2.32) 1.84 38 1.83 (2.02) 1.83 1 1.60 23 1.60
AC (1.52) 1.21 (1.52) 1.21 11 1.20 275 1.20 1 1.06 1 1.06
AD 1 8.18 13 8.36 1 8.39 4 8.39 0 7.76 0 7.76
AE (13.91) 10.30 (13.91) 10.30 (13.82) 10.50 (13.82) 10.50 (10.19) 7.05 (10.19) 7.05
AF (4.77) 3.95 (4.77) 3.95 (4.63) 4.16 (4.63) 4.16 615 3.80 (3.88) 3.80

local optimization starting from the submitted initial point. The procedure is assigned an upper bound

on the CPU-time, and the number of initial points generated is determined as the maximum that can

be afforded given that the multistart procedure terminates within this bound.

All instances in Table 3 were submitted to Algorithm 1 and to the multistart local optimization

procedure, where the latter was given a time bound of 20 CPU-seconds. This limit was chosen since

Algorithm 1 in no instance needed more time to converge. Fairness to its competitor in terms of time

allocation is hence assured.

Results from Algorithm 1 and multistart local search are reported in Table 6. Columns 2–5 concern

Algorithm 1. Results given are respectively the CPU-time (seconds), the number of iterations, the best

solution found, and the relative deviation from the best known solution. More precisely, column 5 shows

Y
alg1
1 −YBARON

1

YBARON
1

100%, where Y
alg1
1 and Y BARON

1 denote the best solutions produced by Algorithm 1

and BARON (see Table 4), respectively. The results for multistart local search (columns 6–9) are re-

spectively the number of local searches accomplished within the time limit, after how many searches the

best solution was found, the largest objective function value observed, and the relative deviation from

the result of BARON. The deviation is defined analogously to the deviation for Algorithm 1.
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Table 5: Deviations (%) fromM1-results

Y2 Y3

Ref ε = 10−1 ε = 10−3 ε = 10−1 ε = 10−3

A 0.0 0.0 -8.3 -8.3
B -2.4 -2.4 -14.6 -14.6
C 0.0 0.0 -10.6 -10.6
D -1.8 -1.8 -11.5 -11.5
E -0.8 -0.8 -13.3 -13.3
F -2.3 -2.5 -13.5 -13.7
G -2.5 -2.5 -15.2 -14.1
H 0.0 -0.9 -11.2 -12.0
I 1.2 1.2 -9.9 -9.9
J -4.7 -4.7 -16.1 -16.1
K 0.0 0.0 -11.5 -11.5
L 0.8 0.8 -8.3 -8.3
M -1.7 0.0 -8.5 -8.5
N -1.7 -1.7 -14.4 -14.4
O 0.6 0.3 -11.3 -11.6
P -2.4 -2.4 -13.7 -13.7
Q 0.5 0.5 -9.4 -9.4
R 0.0 0.0 -10.8 -10.8
S -1.7 -2.3 -13.9 -14.4
T 0.8 0.8 -11.0 -11.0
U 1.0 1.0 -9.4 -9.4
V 21.0 21.0 7.6 7.6
W -2.2 -2.2 -14.2 -14.2
X 3.4 3.4 -9.3 -9.3
Y 0.0 0.0 -10.5 -10.5
Z -1.7 -1.7 -12.7 -12.7
AA -1.3 -1.3 -13.0 -13.0
AB -0.5 -0.5 -13.0 -13.0
AC -0.8 -0.8 -12.4 -12.4
AD 2.6 0.4 -5.1 -7.2
AE 1.9 1.9 -31.6 -31.6
AF 5.3 5.3 -3.8 -3.8

We observe that Algorithm 1 in all instances but AB, AE and AF produces solutions within 5%

deviation from the best known solution. A comparison with multistart local search shows that Algorithm 1

looses with a difference less than 1% in 5 instances (F, K, O, P and S), with a difference no larger than

4% in 5 other instances (H, J, Z, AA and AC), and up to 8.2% in instance AB. In 5 instances (G, R,

V, W and X), the relative difference between the two heuristics are observed up to 75.5% (instance G)

in favor of Algorithm 1. In addition, multistart local search was unable to produce anything better than

the zero solution in two instances (AE and AF), whereas for Algorithm 1 this occurred only in instance

AE.

We conclude that one promising approach to solving model M1, is a sequential procedure where

some state variables are kept fixed in each iteration. A local optimum to a simplified version of the model

(model M2 in the case of Algorithm 1) can be found quickly, and new and better estimates of the state

variables are computed. The likelihood of converging to a solution far from optimum seems smaller than

by multistart local search. Besides, the computer time needed for doing so is not close to the time needed

to prove optimality.
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Table 6: Performance of heuristic methods

Algorithm 1 Multistart local optimization
Ref CPU Its Y1 Dev Runs Best Y1 Dev
A 0 1 0.36 0.0 385 86 0.36 0.0
B 0 2 0.41 0.0 334 79 0.41 0.0
C 0 4 1.36 -4.2 254 28 1.42 0.0
D 0 3 3.92 0.0 196 182 3.92 0.0
E 0 5 5.17 0.0 162 67 5.17 0.0
F 0 2 7.85 -0.1 164 71 7.86 0.0
G 1 7 2.74 -0.7 89 1 0.67 -75.7
H 1 9 1.05 -2.8 60 49 1.08 0.0
I 0 2 0.81 0.0 149 6 0.81 0.0
J 0 3 1.87 -2.6 99 15 1.92 0.0
K 1 3 2.70 0.0 120 85 2.69 -0.4
L 1 3 3.60 -0.3 105 64 3.60 -0.3
M 0 1 1.17 0.0 257 213 1.17 0.0
N 0 2 1.18 0.0 206 189 1.18 0.0
O 0 2 3.09 -0.6 129 24 3.11 0.0
P 0 3 5.31 -0.6 94 58 5.34 0.0
Q 1 4 1.92 0.0 182 68 1.92 0.0
R 1 5 0.74 0.0 25 16 0.73 -1.4
S 0 4 1.73 -0.6 95 32 1.74 0.0
T 1 5 1.18 0.0 126 82 1.18 0.0
U 2 4 0.96 0.0 77 2 0.96 0.0
V 2 5 1.03 -1.9 24 4 1.27 21.0
W 1 8 7.17 0.0 184 1 3.86 -46.2
X 1 5 2.09 2.5 85 74 2.12 3.9
Y 2 5 1.14 0.0 37 24 1.14 0.0
Z 1 8 1.14 -3.4 37 14 1.18 0.0
AA 2 5 1.48 -3.9 23 3 1.54 0.0
AB 2 8 1.69 -8.2 36 9 1.84 0.0
AC 2 5 1.17 -3.3 26 11 1.21 0.0
AD 2 2 8.36 0.0 55 1 8.36 0.0
AE 11 25 0.00 -100.0 40 40 0.00 -100.0
AF 18 1 0.29 -92.7 12 1 0.00 -100.0

5 Concluding remarks

In this paper, we have developed a mathematical model for maximizing the flow of natural gas in pipeline

transmission networks. Unlike previously suggested models, our models admits variations in gas specific

gravity and compressibility. All arcs in the network model correspond to pipelines, and the main decision

variables are pipeline flow and gas pressure at each network node. To support these decisions, the model

also has to assess the gas specific gravity at each node, and the gas compressibility at each pipeline.

In addition to flow conservation constraints, the model contains constraints relating pipeline flow to

pressure, as well as constraints defining the gas properties as functions of the flow.

The resulting model has a non-convex feasible domain, and represents a considerable computational

challenge for global optimization algorithms. Simpler, but still non-convex models, where the variation

in gas specific properties is neglected, can already be found in the literature. Through experiments, we

have demonstrated that applying these to instances where the variation is high, tends to give misleading

results.

The simpler models can however be useful building blocks in inexact, but fast, heuristic methods for

our model. We have developed an iterative procedure, which in each iteration keeps the specific gravity

constant while optimizing other decisions. As a preparation for the next round, the specific gravity is
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updated consistently with the flow values observed, and the procedure is repeated until convergence.

Computational experiments demonstrate that this procedure yields optimal or near-optimal solutions in

most of the instances.
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Abstract The gas industry, in order to meet clients’ demand, always strives to levelling the gas
sending rates as much as possible. However, unpredictable or scheduled events that
may occur in the network, including break down of flow capacities elsewhere in the
system, shortfall in downstream capacity and demand uncertainty, play a critical role
while establishing an optimal plan during a given period. As strategy to diminish the
effects caused by such events, line-packing methods are applied to gas transmission
pipeline systems in order to increase the safety stock levels, i.e., customer satisfaction.
In this paper, the problem of determining an optimum line-pack to satisfy clients’
requirements for a given multi-period horizon is addressed. In order to satisfy market
requirements, the proposed MINLP model keeps track of energy content and quality.
An extensive computational experimentation based on a global optimizer by means
of a formulation on a general algebraic modelling system (GAMS) is presented.

Keywords Natural gas; line-packing; transmission network; safety stock; MINLP.

1. Introduction

Reliable and economic pipeline systems for transporting natural gas are essential to the gas
industry. Undoubtedly, they play a significant role in preserving the continuous business
growth around the world. Nevertheless, a common denominator in the transportation process
is that a number of unpredictable or scheduled events do occur on a daily basis. Among
these events we can find, e.g., the break down of flow capacities elsewhere in the system due
to malfunctions, routine maintenance or inspection; failures in upstream process capacity;
shortfall in downstream capacity; demand uncertainty; and high fluctuation in demand
due to seasons (in the winter the demand is usually higher than in the summer). Yet, gas
producers must be able to supply gas to their customers despite such difficulties.
The aim of this paper is to propose a strategy to some extent alleviate the consecuences

of these events by taking into account one key fact: Gas pipelines do not only serve as trans-
portation links between producer and consumer, but they also represent potential storage
units for safety stocks. That is, due to the compressible nature of dry gas, large reserves
can be stored on a short-term basis inside the pipeline for subsequent extraction when flow
capacities elsewhere in the system break down. Hence, keeping a sufficient level of line-pack
during a given planning horizon becomes critical to the transporter.

1.1. The line-packing problem

According to the Council of European Energy Regulators (CEER), line-pack refers to the
“storage of gas by compression in gas transmission and distribution systems, but excluding
facilities reserved for transmission system operators carrying out their functions (Article

1



Borraz and Haugland: Line-packing problem in natural gas transmission systems
2 ICS-2011—Monterey, pp. 000–000, c⃝ 2011 INFORMS

2(15))” [2]. In this definition, we clearly observe which facilities or portion of storage and
line-pack are excluded from Third Party Access (TPA) for transmission operations.
In [2], CEER also claims that the access to storage and line-pack services play a crucial

role in the development of a competitive European gas market since they provide flexibility
services, and conform one of the prerequisites for entering and operating in the gas market.
From a technical point of view, line-pack is an operating pipeline where a downstream

valve is closed (or throttled) while upstream compressors continue sending gas into the
pipeline for future use.
From an industrial perspective, line-pack is the ability (quality) of a natural gas pipeline to

effectively “store” small quantities of gas on a short-term basis by increasing the operating
pressure of the pipeline. The aim is to use it as a resource to handle load fluctuations in a
pipeline system. The strategy is to build up line-pack during periods of decreased demand
and drawing it down during periods of increased demand.
A simple example that may conceptualize this problem can be described as follows. Let

us suppose that there is a unique transmission line between one producer and one costumer,
and let us assume that only 60% of maximum capacity is required for several periods due
to client demands. Here, the gas producer could simply send the required amount of gas
during the mentioned periods. However, let us suppose that for some subsequent periods the
demand increases up to 120% of maximum capacity, then the producer would not be able
to satisfy the demand, thus leading to considerable economic losses. Hence, the strategic
idea would be to send for instance 80% of maximum capacity, then consuming just the
required demand in each period, and storing the remaining gas in order to satisfy future
extraordinary requirements.
Summarizing all the above, the line-packing problem in a gas transportation network

practically means optimizing the refill of gas in pipelines in periods of sufficient capacity,
and optimizing the withdrawals in periods of shortfall. Some attempts, although few, have
been made in the direction of mathematical planning models for this problem (see [1] and
[3]).
In this paper, we propose a mixed-integer non-linear programming (MINLP) model to

tackle the line-packing problem by building up heterogeneous batches in gas transmission
pipeline networks for a multiple-time period planning horizon. The model also includes the
ability to keep track of energy content and quality at the nodes of the network to ensure that
contract terms are met. An extensive computational experimentation is carried out by means
of a formulation on a general algebraic modeling system (GAMS). The results achieved on
a wide range of network topologies show that the application of a global optimizer tool,
BARON [6], is effective and efficient when solving large networks for a planning horizon
with a moderate number of time periods, whereas it turns out to be time consuming for a
large number of time periods.
The remainder of this paper is organized as follows. In the next section, we introduced

a MINLP mathematical formulation to tackle the line-packing problem in gas transmission
networks. Section 3 presents the computational results of the application of a global opti-
mizer when solving the MINLP model on a wide range of test instances. Finally, concluding
remarks are given in Section 4.

2. Mathematical Formulation

The design of the mathematical model presented in this section is based on two fundamental
steps. First, we build up (heterogeneous) batches of natural gas in the pipelines of the
network system during a given multi-period horizon. Second, we consume the batches in
a logical and schematical way such that customer contracts are met. In both steps of the
design, specific quality requirements of the natural gas mixture that is supplied have to be
considered as well. As a result, we present a single-objective, multi-source, multi-demand,
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Figure 1. Network topology: Serie 10 (see Table 2).

multi-quality, and multi-period problem that is formulated as a MINLP model. The objective
function of this model is to maximize the flow through the pipeline system as a strategic
idea to meet market demand during the planning horizon. All constraints related to this
model are studied in detail in subsequent sections. First, a notion of what we refer to as
heterogeneous batches is provided next.

2.1. Heterogeneous batches

Since the dispatcher strives to satisfy future deliveries (consignments) specified by costumer
contracts, it may be required building up the line-packs (gas batches) over several time
periods. This is accomplished by blending various flow streams coming from any available gas
source in the system before entering the pipeline. Assuming all sources in the transportation
system to have the same gas properties would lead to consider homogeneous batches, and
thus the complexity of the problem would considerably be reduced. However, it is unlikely
that such an assumption reflects the reality in practice, and therefore gas sources having
different properties must be considered. As a consequence, the pipeline may end up having
batches of different composition. Here, the notion of heterogeneous batches.
On the other hand, according to [3], a blending process between the batches inside the

pipeline seems to be unrealistic unless a long lasting shortfall in downstream capacity takes
place. Hence, considering no blending process among the batches inside the pipelines, a
common practice in the gas industry, is an essential assumption that follows this research.

2.2. Notation

Let G = (N,A) be an acyclic directed network representing a gas transmission pipeline
system (see Fig. 1), where N = S ∪L∪ T is the set of nodes partitioned into three classes:
sources (S), pipelines (L) and terminals (T ). The arc set A represents the set of links joining
some pairs of nodes, where each link is assumed to have a valve.
Let K = {1, · · · , κ} be the set of periods of length δ representing the planning horizon,

where the superscript k ∈K denotes the current period.
For each source node i∈ S, the total supply in period k is given by bki .
For each sink node i∈ T , the total gas demand in period k is given by dki .
For each pipeline node i ∈ L, the minimum and maximum line-pack levels are given by

∆min
i and ∆max

i , respectively, with 0<∆min
i ≤∆max

i . Furthermore, the initial inventory is
determined by β00

i , the required final inventory by ∆final
i , and the reduction and increase
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Figure 2. Interaction between incoming flows in pipeline j ∈L and the new batch in period k ∈K.

factors for the current line-pack are given by wi and fi, respectively. Basically, wi and fi
indicate the minimum and maximum amount of gas permissible for extraction and filling
in the pipeline under steady-state flow conditions, i.e., from a thermodynamic modelling
perspective, they restrict the total amount of gas that can still be stored or extracted in any
period of the planning horizon.
Let V

+

i = {j ∈N | (j, i)∈A} be the set of start nodes of incoming arcs to node i. Similarly,

let V
−

i = {j ∈N | (i, j)∈A} be the set of end nodes of outgoing arcs from node i.
Let βkl

i ∈ R+ be a variable representing the size of batch l in pipeline i ∈ L in period
k ∈K.
Let ykli ∈ {0,1} be a binary variable defined as follows:

ykli =


1 if batch l in pipeline i∈L is extracted

(fully or partly) in period k ∈K

0 otherwise

Let rkli ≤ 1 be a variable defining the ratio of gas extracted in the current period from the
batch that in period l entered pipeline i.
Let xk

ij ∈ R+ be a continuous decision variable representing the total flow through link
(i, j)∈A in period k ∈K.

2.3. Building up heterogeneous batches in the pipelines

The line-pack of the gas system is based on building up heterogeneous batches in every
pipeline. We first bound the maximum available space to build up the batch in period k ∈K
by considering the physical limitation of the pipeline, which is based on a given line-pack
increase factor, fi, and the current remaining capacity for the new batch. The maximum
size of the new batch is then restricted by:

∑
j∈V

+
i

xk
ji −

∑
j∈V

−
i

xk
ij ≤ fi ·

(
∆max

i −
k∑

l=0

βkl
i

)
,∀i∈L,k ∈K (1)
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Eq. (1) basically limits the building up of a batch in pipeline i ∈ L in period k based on
the maximum available space determined by the difference between the maximum line-pack
level (∆max

i ) and the current total amount of gas in the pipeline. The model will then build
up in pipeline j in period k a new batch as follows:

βkk
j =

∑
i∈V

+
j

xk
ij ,∀j ∈L,k ∈K (2)

As shown by Eq. (2), the batch βkk
j to be introduced in pipeline j corresponds to the sum

of all incoming flow streams in the pipeline in the current period.
Fig. 2 shows the interaction between the new batch and the corresponding flow streams

of which it is composed. Note also that each gas stream (xk
ij) entering the pipeline j is in

turn determined by the total amount of gas extracted from all batches previously stored up
to period k in pipeline i. This is explained in detail in subsequent sections.
Since rkli ∈ [0,1] is the ratio of gas extracted from batch l in pipeline i∈L in period k ∈K,

the following constraint is required:

rkli ≤ ykli ,∀i∈L,0≤ l≤ k≤ κ, (3)

stating that it can be extracted gas from the batch that in period l entered pipeline i, only
if its corresponding variable ykli = 1, i.e., the batch is enabled to supply gas in the current
period.
Concerning the limitations of the line-pack in pipeline i∈L, we finally impose that

∆min
i ≤

k∑
l=0

βkl
i ≤∆max

i ,∀i∈L,k ∈K. (4)

Eq. (4) specifies the physical limitations imposed by the transporter on the total line-pack
allowed in the pipeline. That is, the total amount of gas stored in the batches of the pipeline
(
∑k

l=0 β
kl
i ) for any period must always be keep in between specific given values.

2.4. Consumption of batches

Once the batches have entered the pipeline, they can be extracted in order to satisfy market
demand. The consumption of batches is however subject to physical and logical restrictions,
and the corresponding model constraints are studied next.
We first bound the maximum amount of gas that can be extracted from each pipeline in

any period. This is based on the current line-pack and a given reduction factor wi of the
pipeline. The constraint can then be expressed as follows:

∑
j∈V

−
i

xk
ij −

∑
j∈V

+
i

xk
ji ≤wi ·

(
k∑

l=0

βkl
i −∆min

i

)
,∀i∈L,k ∈K. (5)

Eq. (5) expresses the relation between the net flow leaving the pipeline and the total
amount of gas currently stored in the batches of the pipe.
Let αkl

i be a variable representing the amount of gas extracted from batch l in pipeline
i∈L in period k ∈K, i.e.,

αkl
i = βll

i · rkli , ∀i∈L,0≤ l≤ k≤ κ. (6)

As specified by the variable rkli , the model is allowed to consume the batches as a whole
entity or in fractions in each period. Hence, the model is forced to update the contents of the
batches in pipeline i∈L from one time period to the next by imposing the next constraint:
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Figure 3. Interaction of the gas quality between the batches stored in a pipeline and the total flow
stream leaving it in the current period.

βk+1,l
i = βkl

i −αkl
i ,∀i∈L,0≤ l≤ k≤ κ. (7)

Eq. (7) specifies the amount of gas remaining in batch l in period k+ 1 by simply sub-
tracting the amount of gas extracted (αkl

i ) in period k from its current value.
On the other hand, note that more than one of the batches present in a pipeline might

be required to supply gas in the same period. We thus impose in each pipeline i that the
sum of all corresponding variables rt,l−1

i of batch l− 1 from the period when it was created
(t= l− 1) up to the current period (k), must complete the unit (i.e., the batch l− 1 must
be consumed completely) in order to be able to extract gas from its predecessor batch l in
period k. This constraint can be put in the following form:

ykli ≤
k∑

t=l−1

rt,l−1
i ,∀i∈L,0≤ l≤ k≤ κ. (8)

Eq. (8) basically implies the FIFO principle of a queue, i.e., the batch l in pipeline i can
be consumed in period k, only if its predecessor is fully consumed during periods l−1, · · · , k.
In addition, since rkli defines the proportion of gas extracted from batch l in period k, the
sum of r’s for the whole horizon cannot exceed 1:∑

k∈K

rkli ≤ 1,∀i∈L, l= 0, · · · , κ. (9)

2.5. Gas quality constraints

A key point of the model proposed in this paper is its capability of keeping trace of energy
content and quality of the gas that flows through the pipeline system. These gas properties,
also referred to as quality parameters in this work, are imposed by the market and have to
be considered by the producer. For instance, the customer may require that the percentage
of ethane C2H6 and propane C3H8 in the natural gas mixture meets certain bounds for
industrial or economic purposes, but it may require that the content of carbon dioxide
CO2 and mercury Hg be less than a certain value for environmental reasons. Hence, the
model must consider these restrictions when requiring gas from the available supplies. All
constraints related to the quality requirements of natural gas are studied next.
Let Γ be the set of gas quality parameters, including contaminants and energy content,

that must be measured and tracked during the planning horizon.
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For the current period, let the variable λkl
ia represent the quality parameter a ∈ Γ of the

batch that in period l entered pipeline i. Similarly, let the variable Λk
ia represent the quality

parameter a of the total flow leaving pipeline i ∈ L, and the total flow entering sink node
i∈ T in period k.
Note first that, as shown in Fig. 3, the total flow stream leaving pipeline i in period k

can be composed of several batches with possibly different quality. Hence, the flow streams
coming from these batches are first blended into a virtual pool before being sent as a unique
gas flow to the corresponding adjacent pipelines. We thus impose the following constraint:

Λk
ia ·

∑
j∈V

−
i

xk
ij =

k∑
l=0

λkl
ia ·αkl

i ,∀i∈L,k ∈K,a∈ Γ. (10)

Eq. (10) estimates the resulting quality of the gas stream leaving pipeline i, which is used
to create the new batches in adjacent pipelines in the current period, as a linear blending of
each quality parameter a ∈ Γ. More precisely, the gas quality after the blending conducted
in pipeline i is estimated as the weighted average quality Λk

ia of all batches supplied from
the pipeline in period k.
As a consequence, the quality of the new batch built up in period k in pipeline j ∈ L is

imposed by the weighted average quality of all flow streams that are entering the pipeline
(see Fig. 3). We can then estimate the gas quality of batch k by imposing the following
constraint:

λkk
ja ·βkk

j =
∑
i∈V

+
j

Λk
ia ·xk

ij ,∀j ∈L,k ∈K,a∈ Γ. (11)

2.6. Final inventory requirements

First, the minimum line-pack required in pipeline i at the end of the whole planning horizon
is imposed by

κ∑
l=0

βκ+1,l
i =∆final

i ,∀i∈L, (12)

where ∆final
i = β00

i , i.e., the required final inventory must be equal to the initial inventory
in the pipeline.
Second, the quality of the final inventory is imposed as follows. Let the variable µia

represent the expected quality of the final inventory in pipeline i for each quality parameter
a∈ Γ. We can then put this constraint for each pipeline i as follows:

κ∑
l=0

λκ+1,l
ia βκ+1,l

i = µia ·
κ∑

l=0

βκ+1,l
i ,∀i∈L,a∈ Γ. (13)

As Eq. (10) introduced in the previous section, Eq. (13) estimates the expected quality of
the final inventory in pipeline i as the weighted average quality of the gas remaining in the
batches of the pipeline in period κ+1. Consequently, the following constraint is required:

µ
ia
≤ µia ≤ µia,∀i∈L,a∈ Γ, (14)

where [µ
ia
, µia] are given bounds of the quality of the final inventory having at least the

same values as the initial one.
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2.7. Demand satisfaction in period k ∈K

In order to meet the multiple contracts, we follow the strategic idea of demand satisfaction,
i.e., we assume that no more than what is demanded can be delivered. We thus impose the
constraint: ∑

i∈V
+
j

xk
ij ≤ dkj ,∀j ∈ T,k ∈K, (15)

where dkj is the maximum amount of natural gas required by customer j ∈ T during the
period k ∈K.
Concerning the quality of the gas required at the terminals, we impose the constraint

Λk
ja ·

∑
i∈V

+
j

xk
ij =

∑
i∈V

+
j

Λk
ia ·xk

ij ,∀j ∈ T,a∈ Γ, k ∈K. (16)

Eq. (16) estimates the quality at sink node j ∈ T as the weighted average quality of all
incoming flows at the terminal in period k.

Note that quality bounds are solely imposed at sink nodes. Let [Λk
ja,Λ

k

ja] be the interval in
which the quality of the flow has to be met at sink node j ∈ T . Then the following constraint
is required:

Λk
ja ≤Λkk

ja ≤Λ
k

ja, ∀j ∈ T,k ∈K,a∈ Γ. (17)

2.8. Net mass flow constraint at source nodes in period k

Similarly, at the sources there exists a maximum supply of gas that can be used in order
to satisfy market demand. Let bki be the maximum amount of gas at source i∈ S in period
k ∈K. We thus impose that the sum of all gas streams leaving source node i in period k
can no be larger than bki as follows:∑

j∈V
−
i

xk
ij ≤ bki ,∀i∈ S,k ∈K. (18)

2.9. Resistance of the pipeline i∈L in period k

The Weymouth equation is used to define the relationship between the pressure drop and
the flow through a pipeline. ∑

j∈V
−
i

xk
ij −

∑
j∈V

+
i

xk
ji


2

=Ri

(
pki − qki

)
,∀i∈L,k ∈K. (19)

where Ri is the resistance factor of pipeline i, and pki and qki are the squared inlet and outlet
pressure variables of the pipeline segment, respectively, in period k.

2.10. Valve constraints

As already mentioned, every link (i, j) ∈A has a valve that the model takes into account.
An open valve implies that the downstream pressure at the start node and the upstream
pressure at the end node are equal. Since a closed valve obviously implies zero flow through
the link, we have the constraint

xk
ij(q

k
i − pkj ) = 0,∀(i, j)∈A,k ∈K. (20)

Eq. (20) essentially allows the model to open or close a valve between any pair of adjacent
nodes in the system. If xk

ij > 0, valve (i, j) is open in period k, and (20) implies pkj = qki .
Correspondingly, if the pressures differ, the equation implies zero flow.
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Table 1. Decision variables for the MINLP model.

Obj ∈R : Objective function value

Variables defined in period k ∈K :

xk
ij ∈R+ : Total flow through link (i, j)∈A
pki ∈R+ : Squared upstream pressure at node i∈L
qki ∈R+ : Squared downstream pressure at node i∈L
βkl
i ∈R+ : Amount of flow stored in batch l in pipeline i∈L
rkli ∈R+ : Ratio of gas extracted from batch l in pipeline i∈L
ykl
i ∈B : Activation of batch l in pipeline i∈L for gas extraction

αkl
i ∈R+ : Proportion of gas extracted from batch l in pipeline i∈L

λkl
ia ∈R+ : Gas quality of batch l in pipeline i∈L

Λk
ia ∈R+ : Weighted average quality of total flow stream leaving pipeline i∈L

µia ∈R+ : Weighted average quality of the final inventory in pipeline i∈L

2.11. A MINLP Model

Summarizing all the above, we can now formulate a mixed-integer non-linear programming
model, M1, as follows.

(M1) Obj =max
∑
k∈K

∑
j∈T

∑
i∈V

+
j

xk
ij (21)

s.t. (x,p, q, β, r, y,α,λ,Λ, µ)∈Ω, (22)
pLi ≤ pki ≤ pUi , ∀i∈N,k ∈K, (23)
qLi ≤ qki ≤ qUi , ∀i∈N,k ∈K, (24)

xk
ij ≥ 0, ∀(i, j)∈A,k ∈K, (25)

pki , q
k
i ≥ 0, ∀i∈N,k ∈K, (26)

βkl
i , rkli , αkl

i , λkl
i ≥ 0, ∀i∈L,0≥ l≥ k≥ κ, (27)

ykli ∈B, ∀i∈L,0≥ l≥ k≥ κ, (28)
Λk
ia ≥ 0, ∀i∈N\S,a∈ Γ, k ∈K, (29)

µia ≥ 0, ∀i∈L,a∈ Γ. (30)

where Ω⊂R+ ×B is the set of feasible solutions defined as:

Ω= {x,p, q, β, r, y,α,λ,Λ, µ| Eqs. (1)–(20) are satisfied. }

Table 1 shows a complete list of decision variables for the MINLP model, where all but
variable ykli ∈B are continuous decision variables.

3. Numerical experiments

In this section, we present a computational evaluation carried out on the MINLP model
proposed in the previous section. The aim is to examine the computability of the model,
and analyze what features make the model more difficult to solve. This is accomplished by
applying a global optimizer, BARON [6] on a wide set of test instances. BARON, which
stands for Branch And Reduce Optimization Navigator, is an implementation of a variant
of branch-and-bound where a convex program is solved in each node of the search tree.
Note that BARON is set to call MINOS [5] to solve the convex subproblems. MINOS is
an NLP local solver that iteratively solves subproblems with linearized constraints and an
augmented Lagrangian objective function.
We impose a time limit of 3600 CPU-seconds on each application of BARON. A relative

optimality tolerance, ε= 10−2, is set to BARON; this implies that any feasible solution is
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Table 2. Test instances.

Size of the problem Model Statistics
#Variables #NLP

Ref |S| |L| |T | |A| |K| |Γ| #Consts Total Discrete terms
1A 2 2 3 10 1 4 172 139 4 240
1B 2 2 3 10 3 4 507 411 24 732
1C 2 2 3 10 6 4 1227 1041 84 1620
2A 3 4 5 14 1 7 480 367 8 697
2B 3 4 5 14 3 7 1430 1139 48 2115
2C 3 4 5 14 6 7 3455 2897 168 4722
3A 4 3 4 13 1 3 201 165 6 268
3B 4 3 4 13 3 3 619 523 36 822
3C 4 3 4 13 6 3 1516 1330 126 1833
4A 6 4 5 45 1 5 349 293 8 823
4B 6 4 5 45 3 5 1061 917 48 2493
4C 6 4 5 45 6 5 2543 2267 168 5232
5A 8 5 6 70 1 1 243 219 10 506
5B 8 5 6 70 3 1 777 705 60 1548
5C 8 5 6 70 6 1 1878 1734 210 3261
6A 10 6 7 102 1 2 390 346 12 1022
6B 10 6 7 102 3 2 1216 1096 72 3102
6C 10 6 7 102 6 2 2905 2671 252 6494
7A 12 7 8 140 1 11 1321 1109 14 5212
7B 12 7 8 140 3 11 3891 3395 84 15678
7C 12 7 8 140 6 11 9216 8294 294 32637
8A 14 8 9 176 1 13 1743 1467 16 7741
8B 14 8 9 176 3 13 5115 4479 96 23271
8C 14 8 9 176 6 13 12093 10917 336 48246
9A 18 11 14 53 1 2 1645 1335 22 2564
9B 18 11 14 53 3 2 4867 4113 132 7758
9C 18 11 14 53 6 2 11680 10260 462 17199
10A 10 10 10 33 1 4 754 614 20 1018
10B 10 10 10 33 3 4 2300 1940 120 3114
10C 10 10 10 33 6 4 5669 4979 420 7008

considered to be optimal if the gap between the objective function value and its upper bound
is below 1% of the objective function value. In instances where BARON fails to compute
the global optimum, it may still provide an upper bound on the maximum flow to give some
indications on the quality of the output.
Our experiments were run on a 2.4 GHz Intel(R) processor with 2 GByte RAM under

Linux Red Hat operating system, and the mathematical model was formulated in GAMS
release [4] while using version 8.1.5 of BARON and version 5.51 of MINOS.
The test instances are shown in Table 2, where an instance identifier is given in the

first column. Note that the instance identifier is composed of a number and a letter. The
number represents the network topology designed as test instance, and the letter: {A, B, C}
distinguishes the three planning horizons used for the test instances, namely |K|= {1,3,6}.
Columns 2-6 show the size of the instance in terms of number of sources, pipelines, terminals,
arcs, periods, and quality parameters, respectively. Furthermore, the model statistics for
each instance, that is number of constraints, total number of variables, discrete variables
and non-linear terms are given in the four last columns of Table 2.
Table 3 shows the results achieved by applying BARON to the MINLP model. Instance

identifiers are given in the first column. Columns 2-6 show the CPU time (in seconds)
spent by BARON, number of iterations of the branching, number of open branch-and-bound
nodes, value of the objective function, and the upper bound for the problem, respectively.
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Table 3. Performance of BARON when applied to M1.

BARON v.8.1.5 Gap (%)

Ref CPU Its Nodes Yb UB from UB

1A 2 10 8 10.04 10.04 0
2A 5 109 56 1.07 1.07 0
3A 0 1 1 0.41 0.41 0
4A 1 10 9 1.14 1.14 0
5A 1 1 1 1.01 1.01 0
6A 10 1 1 1.22 1.22 0
7A 52 1 1 1.23 1.23 0
8A 46 19 14 0.79 0.79 0
9A 32 64 44 7.28 7.28 0
10A 20 158 16 1.48 1.48 0
1B 4 28 24 15.33 15.33 0
2B 219 448 153 3.20 3.21 0.3
3B 18 91 60 1.15 1.15 0
4B 38 10 9 0.84 0.84 0
5B 172 379 273 3.02 3.03 0.3
6B 210 442 326 1.88 1.88 0
7B 1074 532 100 2.46 2.46 0
8B 463 46 24 1.58 1.58 0
9B 1631 667 253 8.98 8.98 0
10B 3600 1900 1296 1.99 2.34 14.9
1C 52 208 113 36.09 36.09 0
2C 3600 2944 1109 1.39 1.52 8.5
3C 108 253 191 1.70 1.70 0
4C 1675 2557 1710 1.31 1.31 0
5C 881 1117 845 3.01 3.01 0
6C 236 19 16 1.22 1.22 0
7C 3600 181 43 1.28 1.42 9.8
8C 3232 136 54 2.37 2.37 0
9C 3600 442 415 4.73 4.90 3.5
10C 3600 577 94 3.15 3.85 18.2

For the sake of illustration, Table 3 has been arranged with respect to the three planning
horizons considered in the experiments for each test instance: |K|= {1,3,6}.
We can make several observations from Table 3. First, BARON could provide optimality

in 25 out of 30 cases. Second, from the instances where it failed to do so, we observe that
the optimality gap was no larger than 10% in 3 cases (2C, 7C, and 9C) and up to 20% in
the remaining cases (10B and 10C). As we can observe, 4 out of 5 cases in which BARON
failed to provide optimality correspond to the planning horizon C. This is an indication of
the possible limitation of BARON to deal with network instances with a large number of
time periods. On the bright side, we can also observe that BARON was capable to solve to
optimality a model with more than 12,000 constraints, 10,000 variables and 48,000 non-linear
terms (instance 8C).
Concerning the CPU time, we observe that BARON required less than 1 minute to provide

optimality in all test cases with a planning horizon A (first group), less than 5 minutes in 6
out of 9 cases with a planning horizon B (second group), no more than 20 minutes in 2 cases,
and up to 28 minutes in the remaining case (instance 9B). Regarding the test instances
with a planning horizon C (third group), we can observe that BARON required less than 4
minutes to provide optimality in 3 out of 6 cases, no more than 30 minutes in 2 cases, and
up to 54 minutes in the remaining case (instance 8C).
A second set of experiments was also conducted by applying a local optimizer, MINOS [5],

to an alternative NLP model of M1. Note that MINOS relies significantly on the starting-
point provided by the user. Finding a good starting-point is not a trivial task but it may lead
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to a better algorithmic performance of MINOS. We thus proceed to solve the NLP model by
calling MINOS in a multi-local search procedure, i.e., we run this experiment by choosing
1000 starting points for MINOS. Different strategies were applied for providing such starting
points. However, although MINOS performs well when applied to small network instances,
it does not stand up when applied to more challenging networks, thus providing the zero
solution in most of the moderate size instances, and similarly in all bigger networks.

4. Concluding remarks

As insurance against unforeseen or scheduled events that may affect the production or
delivery of natural gas, a process known as line packing, where gas is temporarily stored in
the pipeline system itself, is applied. By conducting this, a greater amount of natural gas
can be supplied to delivery points during a given period of high demand than what it is
currently injected at sources.
In this paper, we have presented a MINLP mathematical formulation for a multi-time

period horizon to tackle the line-packing problem by building up heterogeneous batches in
pipelines. The model maximizes the flow of natural gas in a transmission pipeline system and
keeps track of energy content and the quality at the nodes of the network to maintain the
reliability of supply needed to meet clients’ demand. We have also presented a computational
evaluation on a wide set of test instances to assess the computability of the model by
applying a global optimizer, which has proved to be efficient for a moderate number of time
periods.
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