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Introduction

Universal algebra is a mathematical theory of algebraic structures. The isomorphism theorems
in universal algebra are generalizations of the isomorphism theorems known from group theory
and ring theory. In universal algebra these theorems apply to all algebras, e.g. groups, rings,
groups acting on sets, etc.

Universal algebra has been developed in type theory before [6, 4, 2]. To model quotient
types and function extensionality, these developments are using setoids. This leads to well-
known problems.

We formalize universal algebra in the HoTT library [1] using Coq’s type class mechanism
[5] in the style of the math-classes library [6]. Propositional truncation and quotient types are
defined in terms of HITs [7, Chapter 6] and the univalence axiom implies function extensionality
[7, Section 4.9]. By using this we avoid the need for setoids. We show that there is a univalent
category of algebras and homomorphisms for a signature. The development contains the three
fundamental isomorphism theorems, which become identification theorems in HoTT.

The following sections give a brief overview of the work. A longer explanation is available
at https://github.com/andreaslyn/Work/blob/master/Math-Bachelor.pdf.

Fundamental definitions
A (multi-sorted) algebra A : Algebra(o) for a signature o : Signature consists of

e A carrier type Ag : U for each s : Sort(o), where Sort(o) is a type of sorts corresponding
to the signature o. It is required that A, is a set for all s : Sort(o).

e An operation u? : Operation(A,u) for each u : Symbol(c). Here Symbol(c) is a type of
function symbols corresponding to o, and

Operation(A,u) = (As, = As, = -+ — Ay ),

where n : N and sq,...,s, : Sort(c) depends on w.

For example, a group G acting on a set .S is an algebra with two carrier types, the group G and
the set S. This algebra has the usual group operations: the identity element e : G, the binary
operation - : G — G — G, and the inverse operation (—)~!: G — G. Additionally there is the
action of G on S, an operation a : G — S — S.

A homomorphism f : A — B between algebras A, B : Algebra(o) is a family of functions
fs : As = Bs, indexed by s : Sort(c), that preserves operations in the sense that

fsn+1 (UA(xlva? s ,l‘n)) = uB(f81 (xl)’fsz(l‘Q)a e '7f8n (xn»?

for all w : Symbol(c) and x; : As,.
An isomorphism is a homomorphism f : A — B where, for all s : Sort(c), fs is both
injective and surjective, or equivalently f, is an equivalence.
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A property of homomorphisms f : A — B is that equational laws involving operations, such
as ut(vA(z),y) = w?(z,y), are always preserved,

PP (fr(2)), fs(1) = folu? (0 (2), ) = felw? (z,y)) = wP(f(2), fs(¥))-
Results

For generic single-sorted (single carrier type) algebraic structures, Coquand and Danielsson
show that isomorphic structures are equal [3]. This leads us to a central theorem about multi-
sorted algebras:

If there is an isomorphism A — B between two algebras A, B : Algebra(o), then A = B.

This is in fact an equivalence, which we use to show that there is a (univalent) category o-Alg
of algebras and homomorphisms for signature ¢. This was previously formalized in HoTT for
single-sorted algebraic structures [7, Section 9.8]. We have generalized this to multi-sorted
algebraic structures, but with a more specific notion of algebraic structure and homomorphism.

We define product algebra, subalgebra and quotient algebra. Product algebras are used
to construct products in the category o-Alg, equalisers are subalgebras, and coequalisers are
quotient algebras. We prove the three isomorphism theorems. The first isomorphism theorem
states that:

Given a homomorphism f: A — B between algebras A, B : Algebra(o),

o The kernel of f, defined by ker(f)(s,x,y) := (fs(x) = fs(y)), gives rise to a quotient
algebra A/ ker(f) of A by ker(f).

e Set inim(f)(s,y) := || (A, (fs(@) = y)||, where ||—|| denotes propositional truncation.
It induces a subalgebra B& inim(f) of B, the homomorphic image of f.

e There is an isomorphism A/ ker(f) — B& inim(f), and hence A/ ker(f) = B& inim(f).

It follows that any morphism f : A — B in o-Alg image factorizes A — B& inim(f) < B.
Images are stable under pullback, so the category o-Alg of algebras for signature o is regular.
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