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Outline

@ Introduction
@ Classical vector field topology

@ First steps towards time-dependent data

® Lagrangian methods

® Space-time domain approaches

® Local methods

@ Statistical and Multi-Field Methods
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® Motion of liquids and gasses

® Mathematically modeled by PDEs
(Navier-Stokes equations)

®@ For visualization: velocity field
® generalization: any vector field

[avl.com] [VATECH] [M.Béttinger, DRMZ]
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How does the Data look like?

@ Vector field v: R WR YWY v(x)
@ analytic (rare)
@si mul at ed Y vectors

® Dimenstions
® n=23

® Time dependency
@ steady flow rare in nature!
@ time window

® \What to visualize?

® Example: analytic, n=2, steady
V(X,y):(X,-y)T
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What to Visualize?

® Raw data

® one possability:
arrows
@ pro. - intuitive
con: - little information
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What to Visualize?

® Topology: segmentation of flow in regions of
different behavior (asymtocially)

®@ pro. - solid mathematical theory
- holistic
- no clutter
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www.thetruthaboutcars.com

dokufoto.de

Why bother?
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(Classical) Vector Field Topology
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Vector Field Tolopolgy Jeg

® Based on theory of dynamical systems (H. Poincare)

® Finding topological skeleton:

@ Computation of crtitical points
l.e. find all x s.th. v(x) =0

@ Classification of critical points
based on eigenvalues of the gradient

® Computation of the seperatrices
l.e. integration from critical points in direction of the
eigenvectors

@ Computation of higher order critical structures
e.g. closed orbits

@ Classification of higher order critical structures
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Finding the Topological Skeleton

® Computation of critical points
® Analytical computation (piecewise linear fields)

® Numerical computation
® Newtoni Raphson method
® Subdivision methods

@ Classification of critical points
® Near critical point: v(x+h)=v(x)+JX)h+ & = X)(+ &

G

focus source focus sink node source node sink saddle
Im(A12)#0 Im(A12)#0 Im(A12)=0 Im(A12)=0 Im(A12)=0 [GH83]
Re(A12)>0 Re(A12)<0 A12 >0 A12<0 AMAp <0
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Finding the Topological Skeleton

® Computation of separatrices

Integrate in direction e backward or forward in time
according to the sign of the respective eigenvalue

| /""'“\\“ v(B)=0 J T
= ] o \

, /i I: i@\\\\% //' o ( "\ ~—
AN A oo NS
- ‘ } -~ | o B | R Zaah

\\ 4 ,\T(A)=0 \K\{\//‘ (a) \\ | ,// \\ .//r(c)

® Computation of higher order structures

@ Classification of higher order structures
repelling, attracting, saddle-like

[AsI93]
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Separatices

[SHIKOO]

[MBS*04]
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Separatrices Seg

® 3D
® some occlusion issues, but works

Armin Pobitzer - Topology-based Unsteady Flow Visualization STAR



Periodic Orbits Seg

® Poincare map o

(or first recurrence map) b
x PJK{‘T 0=P(0)

[LKGO8]
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Time-dependent fields

@ Different concepts

@ streamline:
time-dependent flow = time-stack of steady

@ pathline:
path of (massless) particle

Armin Pobitzer - Topology-based Unsteady Flow Visualization STAR 20 )
\



Streamline vs. Pathline

®@ Streamline
@ solution of initial value problem
X0 ( ¥(X(tkxs), X(0)=x0
@ topological segmentation of each time step s
@ physical interpretation questionable
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Streamline vs. Pathline

@ Pathline
@ solution of initial value problem
X0 ( Y(X(tkt), X(0)=x0
@ spacial intersection
® no theory for segmentation
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First steps towards time-dependent data
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Tracking of Topology

® Extract vector field topology for every time-slice

®@ Indentify corresponding stuctures in adjacent time
steps

[WSHO1]

® Extracted geometry does not segment flow!
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Bifurcations

[TSHO1Db]

[TWHSO05]
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. . r
Deficiency of VFT for unsteady flow Seg

@mOnly theoretically jJust.]
steady [Perry and Chong

® Extracted structures may not have the claimed
properties

[WCW*09]
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Lagrangian Methods

Benjamin Schindler
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Contents Seg

® Finite Time Lyapunov Exponent (FTLE) based
methods

@ Introduction

® FTLE as Lagrangian Coherent Structure (LCS)
® Ridge computation

@ Evaluation

@ Different Lagrangian feature detectors
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. . = r
Finite Time Lyapunov Exponent (FTLE) 5:9’5'"

® Measure for flow separation (or contraction) over
time

® Made popular by the works of Haller [Hal01, Hal02]
® Based on the flow map:

X(t, + 1)

) D(x(ty); 1, t) =x(t, + t)
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. . = r
Finite Time Lyapunov Exponent (FTLE) Sé’gm

® Repelling is measured using the flow map gradient
® Usually calculated using finite differences

VOX(L): o, 1) / ///4

® Maximal repelling occurs in the direction of the
maximal eigenvalue of the squared flow map
gradient

58 (X) = A VO(X 1, )T VO 4, ) |
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. . = r
Finite Time Lyapunov Exponent (FTLE) 535'"

® Recall Formula for maximal repelling

L (%) = e V(X 1, T VO( 1, 0

® FTLE is defined as

1

. T : E(HO)
A(t,t,, X) = Iog[/lmax VO (X, 1) VD (X;t,,t) ]

® The local maxima of A coincide with the field g
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Finite Time Lyapunov Exponent (FTLE) 535'"

®@ Haller then defines Lagrangian Coherent Structures
(LCS) as the height ridges of the field A

" . : - AR, ; l\:’~':
® Height Ridge: Maximum in s
.'r/ PR A y

at least one direction

'-\} ‘ »‘(’:’_ Y

Image credit: P. Majer

@ Attracting LCS obtained by calculating FTLE
backwards in time
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Finite Time Lyapunov Exponent (FTLE) 535'"
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Finite Time Lyapunov Exponent (FTLE)
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Finite Time Lyapunov Exponent (FTLE) 5;;5"'

[ SL MO 5]

@mShadden et al . a
|l e (among oth
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Finite Time Lyapunov Exponent (FTLE) 5&’5’"

@mShadden et al . | SLMO5] a
gyren example (among ot h

® Showed that particles seeded on the ridge follow it
® Analytic formula for flux through the FTLE ridge

G00Z uappeys :abew
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