REPORTS IN INFORMATICS

ISSN 0333-3590

Weight hierarchies of linear codes satisfying the almost chain condition

Wende Chen and Torleiv Kløve

REPORT NO 215 May 2001

Department of Informatics

UNIVERSITY OF BERGEN Bergen, Norway

This report has URL http://www.ii.uib.no/publikasjoner/texrap/ps/2001-215.ps Reports in Informatics from Department of Informatics, University of Bergen, Norway, is available at http://www.ii.uib.no/publikasjoner/texrap/.

Requests for paper copies of this report can be sent to: Department of Informatics, University of Bergen, Høyteknologisenteret, P.O. Box 7800, N-5020 Bergen, Norway

Weight hierarchies of linear codes satisfying the almost chain condition

Wende Chen, Laboratory of Systems and Control, Center of Information Security, Institute of Systems Science, Academy of Mathematics and Systems Science, Chinese Academy of Science, Beijing 100080, China.

Torleiv Kløve, The Selmer Center, Department of Informatics, University of Bergen, HIB, N-5020 Bergen, Norway.

Abstract

The weight hierarchy of a linear [n, k; q] code C over GF (q) is the sequence (d1, d2, . . . , d_k) where dr is the size of the smallest support of an r–dimensional subcode of C. An [n, k; q] code satisfies the chain condition if there exists subcodes D1 ⊂ D2 ⊂ · · · ⊂ D_k = C of C such that Dr has dimension r and support of size dr for all r. Further, C satisfies the almost chain condition if it does not satisfy the chain condition, but there exists subcodes Dr of dimension r and support of size dr for all r such that D2 ⊂ D3 ⊂ · · · ⊂ D_k = C and D1 ⊂ D3. A simple necessary condition for a sequence to be the weight hierarchy of a code satisfying the almost chain condition is given. Further, explisit constructions of such codes are given, showing that in almost all cases, the necessary conditions are also sufficient.

1 Introduction

The weight hierarchy of linear codes has been much studied. For a code of dimension k, it is a sequence of parameters (d_1, d_2, . . . , d_k). In particular, d_1 is the minimum distance of the code. The parameters were first introduced in [12]. In [19] it was shown that these parameters are important in the analysis of an application of linear codes to the wiretap channel of type II. Later, the weight hierarchy has been shown to be important in the analysis of the trellis complexity of linear codes, see e.g. [11], [14], [18]; and analysis of linear codes for error detection on the local binomial channel, see [16]. The possible weight hierarchies of binary linear codes of dimension up to 4 were determined in [15]. In [1]–[9] we studied the possible weight hierarchies of linear codes, both for dimension 4 or less in detail and for arbitrary dimensions for codes satisfying the chain condition. Further results on codes satisfying the chain condition are given in [17].

2 Notations and problem formulation

Throughout this paper, unless otherwise stated, C will be an [n, k] code, that is, a binary linear code of length n and dimension k.

For any subcode D of C, the support of D is the set of positions where not all the codewords of D are zero, and it is denoted by χ(D). Further, the support weight of D is the size of χ(D), and it is denoted by w_S (D).

For 1 ≤ r ≤ k, the the r-th minimum support weight (or Generalized Hamming weight) of C is defined by

d_r(C) = min{w_S (D) | D is an [n, r] subcode of C}.

The sequence (d_1, d_2, . . . , d_k) is the weight hierarchy of C. The chain condition was introduced in [20].

Definition 1 A linear [n, k; q] code C satisfies the chain condition if there exist subcodes D_r of C for 1 ≤ r ≤ k such that dim(D_r) = r, w_s(D_r) = d_r, and D_1 ⊂ D_2 ⊂ · · · ⊂ D_k. The weight hierarchies of codes satisfying the chain condition have been studied in [5], [10], [17], and [20]. In this paper we will study the weight hierarchies of a class of codes which almost satisfies the chain condition.

Definition 2 A linear [n, k; q] code C satisfies the almost chain condition if C does not satisfy the chain condition, but there exist subcodes D_r of C for 1 ≤ r ≤ k such that dim(D_r) = r, w_s(D_r) = d_r, D_2 ⊂ D_3 ⊂ · · · ⊂ D_k, and D_1 ⊂ D_3.

We note that if we add a zero-position to an [n, k] code C we get an [n + 1, k] code C^′ = { (c|0) | | c ∈ C}. The codes C and C^′ have the same weight hierarchy. Therefore, without loss of generality, we can restrict ourselves to codes without zero-positions, that is, we will assume that n = d_k. Our problems can then be reformulated in terms of projective geometry and we do this next.

The difference sequence (DS) (i_0, i_1, · · · , i_{k−1}) of C is defined by i_r = d_{k−r} − d_{k−r−1} for 0 ≤ r ≤ k − 1 where d_0 = 0.

The difference sequence can easily be computed from the weight hierarchy and vice versa. It was shown in [12] that i_r ≥ 1 for all r.

Let G be a generator matrix for C. For any x ∈ GF (q)^k , m(x), the value of x, will denote the number of occurrences of x as a column in G. In [13] it was shown that there is a one-one correspondence between the subspaces of C of dimension r and the subspaces of GF (q)^k of dimension (k − r) such that if D corresponds to U, then w_S (D) + ∑ x∈U m(x) = d_k. (1)

We may view the vectors as points in the projective space P G(κ, q), where κ = k−1. To U of dimension k − r there is a corresponding projective subspace of P G(κ, q) of projective dimension κ − r. From now on, we will only consider projective spaces (subspaces of P G(κ, q)) and by dimension we will always mean the projective dimension.

A value assignment is a function m : P G(κ, q) → N = {0, 1, 2, . . .}. For p ∈ P G(κ, q), we call m(p) the value of p. A value assignment defines a generator matrix and a code (up to equivalence). We define the value of a subset S of P G(κ, q) as follows: m(S) = ∑ p∈S m(p). By (1), if m corresponds to the code C, then for 0 ≤ r ≤ κ we have

max{m(S) | S subspace of P G(κ, q) of dim. r} = r∑ j=0 i_j . For 0 ≤ r ≤ κ, let

M_r = { P_r | | Pr subspace of P G(κ, q) of dim. r, m(Pr) = r∑ j=0 i_j } .

In particular M_κ = {P G(κ, q)}. Note that in general, M_r depends on the sequence (i_0, i_1, · · · , i_κ). The definition of chain condition and almost chain condition can be reformulated as follows.

Definition 3 If there exist subspaces P_r of P G(κ, q) for 0 ≤ r ≤ κ − 1 such that P_r ∈ M_r and P_0 ⊂ P_1 ⊂ · · · ⊂ P_{κ−1}, then (i_0, i_1, · · · , i_κ), is called a chain difference sequence (CDS).

Definition 4 If (i_0, i_1, · · · , i_κ) is not a CDS, but there exist subspaces P_r of P G(κ, q) for 0 ≤ r ≤ κ − 1 such that P_r ∈ M_r,

P_0 ⊂ P_1 ⊂ · · · ⊂ P_{κ−3} ⊂ P_{κ−2} (2) and P_{κ−3} ⊂ P_{κ−1}, (3) then (i_0, i_1, · · · , i_κ) is called an almost chain difference sequence (ACDS).

3 Presentation of the main result

Definition 5 We call a sequence (i_0, i_1, · · · i_κ) almost chain-permissible if it satis- fies i_r ≤ qi_{r−1} − (q + 1), for 1 ≤ r = κ − 1, κ, (4) i_r ≤ qi_{r−1}, for 1 ≤ r ≤ κ − 2, (5) i_{κ−2} ≤ i_κ. (6)

Clearly, there are only finitely many almost chain-permissible sequences whose first element is i or less. Let M(i) be the number of such sequences, and let N(i) be the number of such sequences which are ACDS.

Theorem 1 a) If (i_0, i_1, · · · , i_κ) is ACDS, then it is almost chain-permissible. b) For q ≥ 3 and k ≥ 3 we have M(i) = q^{k(k−1)/2−4}(q^2 − 1)^2 k! i^k + q^{(k2 −3k−2)/2}(q^2 − 1)g(q, κ) 2 (k − 1)! i^{k−1} + O(i^{k−2}), where g(q, κ) = q^{k−1} + q^{k−2} − 2q^2 − 4q − 1, N(i) ≥ M(i) − q^{(k2 −3k−2)/2}(q^2 − 1)^2(q^{k−3} + q^{k−4} − 1) (k − 1)! i^{k−1} + O(i^{k−2}), and N(i) M(i) ≥ 1 − k(q + 1) q i^{−1} + O(i^{−2}).

c) Almost all almost chain-permissible sequences are ACDS in the sense that lim_{i→∞} N(i) M(i) = 1.

4 Necessary conditions

Proof of Theorem 1a): Let (i_0, i_1, · · · , i_κ) be an ACDS. By definition, there exists P_r ∈ M_r for 0 ≤ r ≤ κ − 1 such that (2) and (3) are satisfied. Let P_{−1} = ∅ and P_κ = P G(κ, q). In the sum below, Q runs through the q spaces of dimension r − 1 such that P_{r−2} ⊂ Q ⊂ P_r. Let

δ_r = { 1, if r = κ − 1, κ 0, otherwise.

For 1 ≤ r ≤ κ we get r∑ j=0 i_j = m(P_r) ≤ ∑ P_{r−2} ⊂Q⊂P_r m(Q) ≤ (q + 1)(m(P_{r−1}) − δ_r) − qm(P_{r−2})

= (q + 1)( r−1∑ j=0 i_j − δ_r) − q r−2∑ j=0 i_j

= (q + 1)i_{r−1} + r−2∑ j=0 i_j − (q + 1)δ_r.

Therefore we get i_r ≤ qi_{r−1} − (q + 1)δ_r, i.e. (4) and (5) are true.

Since the DS is not CDS, P_{κ−2} ⊄ P_{κ−1}. Hence (2) and (3) implies that P_{κ−2} ∩ P_{κ−1} = P_{κ−3}, and so κ∑ j=0 i_j = m(P_κ) ≥ m(P_{κ−2} ∪ P_{κ−1})

= m(P_{κ−2}) + m(P_{κ−1}) − m(P_{κ−3}) = κ−1∑ j=0 i_j + i_{κ−2,}

i.e. (6) is true. □

5 Upper bound construction

To prove Theorem 1b), we give some sufficient conditions on ACDS. These we obtain by explicit constructions. We use the notations S_{j,l} = (q − 1)q^{j−l−1} for 0 ≤ l ≤ j − 1, and S_{j,j} = 1. From [17, Theorem 2] we have the following Lemma. Lemma 1 For any sequence (i_0, i_1, · · · , i_κ) which satisfies 1 ≤ i_r ≤ qi_{r−1} for 1 ≤ r ≤ κ, if there exist nonnegative integers α_{j,l} and λ_{j,l} (0 ≤ j ≤ κ, 0 ≤ l ≤ j) such that the parameters i_j have the expressions:

i_j = j∑ l=0 (α_{j,l}S_{j,l} + λ_{j,l}), 0 ≤ j ≤ κ, (7) where λ_{j,l} < S_{j,l}, λ_{j,j} = 0, and satisfy the monotonicity properties: α_{j,l} ≥ α_{j+1,l} + ⌈ λ_{j+1,l} S_{j+1,l} ⌉ , α_{j,l} ≥ α_{j,l+1} + ⌈ λ_{j,l+1} S_{j,l+1} ⌉ , (8)

then (i_0, i_1, · · · , i_κ) is CDS.

We define some further notations. First we introduce coordinates for the points in P G(κ, q). Let e_1 = (0 · · · 001), e_2 = (0 · · · 010), . . . , e_{κ+1} = (10 · · · 00) be a basis of P G(κ, q). Denote by ⟨p_1, p_2, · · · , p_r⟩ the subpace of P G(κ, q) spanned by {p_i | 1 ≤ i ≤ r}. If the points are linearly independent, the space has dimension r − 1. For example, ⟨p, p^′⟩ is the line determined by the points p ≠ p^′. Let ⟨e_1, e_{κ+1}⟩ = {p(j) | 0 ≤ j ≤ q}, ⟨e_κ, e_{κ+1}⟩ = {p̂(j) | 0 ≤ j ≤ q}. For 2 ≤ r ≤ κ − 1 and integers j_1, j_2, . . . , j_{r−1} ∈ {0, 1, . . . , q − 1}, let ⟨p(j_1, j_2, . . . , j_{r−1}), e_r⟩ = {p(j_1, j_2, . . . , j_{r−1}, j_r) | 0 ≤ j_r ≤ q} (9) and for 1 ≤ r ≤ κ − 2, let p̂(j, j_1, j_2, . . . , j_r) = ⟨e_r, p̂(j, j_1, j_2, . . . , j_{r−1})⟩ ∩ ⟨e_κ, p(j_1, j_2, . . . , j_r)⟩. Denote by P_r(t) the subspace of P G(κ, q) of dimension r−1 spanned by {e_θ (mod_{k)} | t ≤ θ ≤ t + r − 1}. Denote by P_{j,l} the set of points in P_{j−l+1}(l + 1)\(P_{j−l}(l + 2) ∪ P_{j−l}(l + 1)). Then it is easy to verify that |P_{j,l}| = S_{j,l} Let q^{κ−3} | (i_{κ−2} − 1). We define λ and μ by:

i_{κ−2} − 1 = λq^{κ−2} + μq^{κ−3} (10)

where λ ≥ 0, 0 ≤ μ < q.

For now we let q ≥ 3, we will consider q = 2 in last section.

Construction 1 Let

i_r = qi_{r−1} − (q + 1) for r = κ − 1, κ, and i_{κ−2} = λq^{κ−2} + μq^{κ−3} + 1.

For the points x in P G(κ, q), the values of m(x) are given by Table 1 where ϵ = ϵ(x) = 0 or 1, are chosen such that m(P_{j,l}) = α_{j,l}S_{j,l} + λ_{j,l} for j ≤ κ − 2, (11) m(P_{κ−1,l}) = q m(P_{κ−2}, 2) for l ≤ κ − 4, (12) m(P_{κ−1,κ−3}) = q α_{κ−2,κ−3}S_{κ−2,κ−3} − 2, (13) λ_{κ−2,κ−3} = 0, (14) m(P_{κ−1,κ−3} ∩ P_κ(κ)) = m(P_{κ−2,κ−3}). (15) m(x) for x in range of parameters α_{j,l} + ϵ P_{j,l} 0 ≤ l < j ≤ κ − 2 α_{jj} P_{j,j} 0 ≤ j ≤ κ − 2 α_{κ−2,l} + ϵ P_{κ−1,l} 0 ≤ l ≤ κ − 4 α_{κ−2,κ−3} − ϵ P_{κ−1,κ−3} α_{κ−2,κ−2} − 1 P_{κ−1,l} l = κ − 2, κ − 1 λ + 1 ⟨e_2, e_3, · · · e_{κ−1}, p̂(j, j_1)⟩\P_{κ−2}(2) 1 ≤ j_1 ≤ μ 1 ≤ j ≤ q λ − 1 ⟨e_{κ−1}, p̂(j, μ + 1, 1, · · · , 1)⟩ j_{κ−1} = q − 1, q − 2 ∩ ⟨e_κ, p(μ + 1, 1, · · · , 1, j_{κ−1})⟩ 1 ≤ j ≤ q where the number of 1 is κ − 3.

λ rest of P G(κ, q)\P_κ(1) Table 1. Values of m for Construction 1.

Using Construction 1, we will prove the following theorem.

Theorem 2 Let (i_0, i_1, · · · , i_κ) be an almost chain-permissible sequence satisfying

i_r = qi_{r−1} − (q + 1) for r = κ − 1, κ, i_{κ−2} = λq^{κ−2} + μq^{κ−3} + 1, where λ ≥ 1.

If, for 0 ≤ j ≤ κ − 2, i_j can be expressed as

i_j = j∑ l=0 (α_{j,l}S_{j,l} + λ_{j,l}), (16) where S_{j,l} > λ_{j,l}, λ_{κ−2,l} = λ_{jj} = 0, α_{κ−2,κ−2} ≥ 1, α_{j,l} ≥ α_{j+1,l} + ⌈ λ_{j+1,l} S_{j+1,l} ⌉ , α_{j,l} ≥ α_{j,l+1} + ⌈ λ_{j,l+1} S_{j,l+1} ⌉ + δ_1q, (17) and where δ_1 = { 1, if l = 0, 0, otherwise, then (i_0, i_1, · · · , i_κ) is ACDS.

To prove Theorem 2 we need several lemmas.

Lemma 2 The subspaces of ⟨e_r, e_{r+1}, · · · e_{κ−1}, p̂(j, j_1, j_2, · · · , j_{r−1})⟩ containing P_{k−r−2}(r+ 1) are ⟨e_{r+1}, e_{r+2}, · · · , e_{κ−1}, p̂(j, j_1, j_2, · · · , j_r)⟩ for 0 ≤ j_r ≤ q. Proof: From (9) we get {⟨e_κ, p(j_1, j_2, · · · , j_r)⟩ ∩ ⟨e_r, p̂(j, j_1, j_2, · · · , j_{r−1})⟩ | 0 ≤ j_r ≤ q} = ⟨e_r, p̂(j, j_1, j_2, · · · , j_{r−1})⟩ = {p̂(j, j_1, j_2, · · · , j_r) | 0 ≤ j_r ≤ q}. Hence ⋃ 0≤j_r ≤q ⟨e_{r+1}, e_{r+2}, · · · , e_{κ−1}, p̂(j, j_1, j_2, · · · , j_r)⟩ = ⟨e_r, e_{r+1}, · · · , e_{κ−1}, p̂(j, j_1, j_2, · · · , j_{r−1})⟩. □ Similarly we have:

Corollary 1 We have ⟨e_r, e_{r+1}, · · · e_{κ−2}, p̂(j, j_1, · · · , j_{r−1})⟩ = ⋃ 0≤j_r ≤q ⟨e_{r+1}, e_{r+2}, · · · , e_{κ−2}, p̂(j, j_1, · · · , j_r)⟩.

Lemma 3 We have ⋃ 0≤j≤q ⟨e_{r+1}, e_{r+2}, · · · , e_{κ−1}, p̂(j, j_1, j_2, · · · j_r)⟩ = ⟨e_{r+1}, e_{r+2}, · · · , e_κ, p(j_1, j_2, · · · , j_r)⟩ for 1 ≤ r ≤ κ − 2.

Proof: Since {p̂(j) | 0 ≤ j ≤ q} = ⟨e_κ, e_{κ+1}⟩ and p(j_1) ∈ ⟨e_1, e_{κ+1}⟩, so {p̂(j, j_1) | 0 ≤ j ≤ q} = {⟨e_1, p̂(j)⟩ ∩ ⟨e_κ, p(j_1)⟩ | 1 ≤ j ≤ q} = ⟨e_κ, p(j_1)⟩. Suppose that {p̂(j, j_1, j_2, · · · j_{r−1}) | 0 ≤ j ≤ q} = ⟨e_κ, p(j_1, j_2, · · · , j_{r−1})⟩.

Then by p(j_1, j_2, · · · , j_r) ∈ ⟨e_r, p(j_1, j_2, · · · , j_{r−1})⟩ we have {p̂(j, j_1, j_2, · · · , j_r) | 0 ≤ j ≤ q} = {⟨e_r, p̂(j, j_1, j_2, · · · , j_{r−1})⟩ ∩ ⟨e_κ, p(j_1, j_2, · · · , j_r)⟩ | 0 ≤ j ≤ q} = ⟨e_κ, p(j_1, j_2, · · · , j_r)⟩. (18) Therefore, similar to the proof of Lemma 2, Lemma 3 is true. □ Lemma 4 In Construction 1, if (16) is true, then for 0 ≤ j ≤ q we have m(P_κ(1)) = m(⟨e_1, e_2, · · · , e_{κ−1}, p̂(j)⟩) = κ−1∑ l=0 i_l − 1. Proof: From (11), (12), (13), and Table 1 we have

m(P_κ(1)) = m(⟨e_1, e_2, · · · , e_{κ−1}, e_κ⟩) = κ−1∑ j=0 j∑ l=0 m(P_{j,l})

= κ−2∑ j=0 j∑ l=0 (α_{j,l}S_{j,l} + λ_{j,l}) + κ−4∑ l=0 q m(P_{κ−2,l}) + κ−1∑ l=κ−3 m(P_{κ−1,l})

= κ−2∑ j=0 i_j + q κ−4∑ l=0 (α_{κ−2,l}S_{κ−2,l} + λ_{κ−2,l}) +q(α_{κ−2,κ−3}S_{κ−2,κ−3} + λ_{κ−2,κ−3}) − 2 + q(α_{κ−2,κ−2} − 1) = κ−2∑ j=0 i_j + qi_{κ−2} − q − 2 = κ−1∑ j=0 i_j − 1.

From Table 1, (10), (15), and Lemma 2, for 1 ≤ j ≤ q we have m(⟨e_1, e_2, · · · , e_{κ−1}, p̂(j)⟩) = m(P_{κ−1}(1)) + λq^{κ−1} − 2 + μ∑ j_1 =1 |⟨e_2, e_3, · · · , e_{κ−1}, p̂(j, j_1)⟩\P_{κ−2}(2)|

= κ−2∑ j=0 i_j + λq^{κ−1} − 2 + μq^{κ−2} = κ−2∑ j=0 i_j + q(i_{κ−2} − 1) − 2 = κ−1∑ j=0 i_j − 1.

Lemma 5 In Construction 1, if (16) is true, then

m(P_κ(κ)) = κ−1∑ j=0 i_j .

Proof: Since ⟨e_{κ−1}, p̂(j)⟩ ∩ ⟨e_κ, e_{κ+1}⟩ = p̂(j), so ⟨e_1, e_2, · · · , e_{κ−2}, e_{κ−1}, p̂(j)⟩ ∩ P_κ(κ) = ⟨e_1, e_2, · · · , e_{κ−2}, p̂(j)⟩. (19) By Corollary 1 we have ⟨e_1, e_2, · · · , e_{κ−2}, p̂(j)⟩\P_{κ−2}(1) = q⋃ j_1 =1 (⟨e_2, e_3, · · · , e_{κ−2}, , p̂(j, j_1)⟩\P_{κ−3}(2)).

Hence, by Table 1 we have m(⟨e_1, e_2, · · · , e_{κ−2}, p̂(j)⟩\P_{κ−2}(1)) = λq^{κ−2} + μ∑ j_1 =1 |⟨e_2, e_3, · · · , e_{κ−2}, p(j.j_1)⟩\P_{κ−3}(2)| = λq^{κ−2} + μq^{κ−3} = i_{κ−2} − 1. Therefore, from (15), (19), and Table 1 we get m(P_κ(κ)) = q∑ j=1 m(⟨e_1, e_2, · · · , e_{κ−2}, p̂(j)⟩\P_{κ−2}(1)) + m(⟨e_1, e_2, · · · , e_{κ−2}, e_κ⟩)

= q(i_{κ−2} − 1) + ( κ−2∑ j=0 i_j − 1) = κ−1∑ j=0 i_j . □ Proof of Theorem 2. From (16) and λ_{κ−2,l} = 0 we have i_{κ−1} − 1 = qi_{κ−2} − q − 2 = q κ−2∑ l=0 α_{κ−2,l}S_{κ−2,l} − q − 2

= κ−4∑ l=0 α_{κ−2,l}S_{κ−1,l} + ((α_{κ−2,κ−3} − 1)S_{κ−1,κ−3} + q(q − 1) − 2) +(α_{κ−2,κ−2} − 1)S_{κ−1,κ−2} + (α_{κ−2,κ−2} − 1)S_{κ−1,κ−1} =: κ−1∑ l=0 (α_{κ−1,l}S_{κ−1,l} + λ_{κ−1,l}), where λ_{κ−1,l} = 0 for l ≠ κ−3, λ_{κ−1,κ−3} = q(q −1)−2; α_{κ−1,l} = α_{κ−2,l} for l ≤ κ−4; α_{κ−1,l} = α_{κ−2,l} − 1 for l = κ − 3, κ − 2, κ − 1. Hence α_{κ−2,l} ≥ α_{κ−1,l} + ⌈ λ_{κ−1,l} α_{κ−1,l} ⌉

and α_{κ−1,l} ≥ α_{κ−1,l+1} + ⌈ λ_{κ−1,l+1} α_{κ−1,l+1} ⌉ . Therefore, by (16) and (17) for the sequence (i_0, i_1, · · · i_{κ−2}, i_{κ−1} − 1), we get (7) (with κ changed to κ − 1) and (8). So, from Lemma 1, (i_0, i_1, · · · i_{κ−2}, i_{κ−1} − 1) is CDS. Now the values m(x) on P_κ(1) in Table 1 are similar to the values m(x) in [17, Structure 1]. Therefore in P_κ(1) we have r−1∑ j=0 i_j = m(P_r(1)) ≥ m(S_r) for 1 ≤ r ≤ κ − 1, (20)

where S_r is any subspace in P_κ(1) of dimension r − 1.

Note that

P_κ(κ) = ⟨e_κ, e_{κ+1}, e_1, e_2, · · · , e_{κ−2}⟩ ⊃ ⟨e_1, e_2, · · · , e_{κ−2}⟩ = P_{κ−2}(1), (21) i.e. (2) is true. By Lemma 4 we have

m(P G(κ, q)) = m(P_κ(1)) + q∑ j=1 m(⟨e_1, e_2, · · · , e_{κ−1}, p̂(j)⟩\P_{κ−1}(1))

= κ−1∑ j=0 i_j − 1 + q(i_{κ−1} − 1) = κ∑ j=0 i_j . (22)

Hence from Lemmas 4 and 5, (20), (21), and (22) we only need prove that l−1∑ j=0 i_j > m(S_l) for 1 ≤ l ≤ κ, where S_l is any subspace of dimension l − 1 satisfying S_l ⊄ P_κ(1).

If S_l ⊄ ⟨e_2, e_3, · · · , e_κ, p(j_1)⟩ for any j_1 and l < κ, then by Lemma 3, (4), (5), (20), and Table 1 we have

m(S_l) = q∑ j_1 =1

m(S_l ∩ (⟨e_2, e_3, · · · , e_κ, p(j_1))\P_{κ−1}(2)⟩ + m(S_l ∩ P_κ(1))

≤ q∑ j_1 =1,j_1≠μ+1 q∑ j=1 m(S_l ∩ (⟨e_2, e_3, · · · , e_{κ−1}, p̂(j, j_1)⟩\P_{κ−2}(2))) +λq^{l−2} + m(S_l ∩ P_κ(1)) = (λ + 1)μq^{l−2} + λ(q − 1 − μ)q^{l−2} + λq^{l−2} + m(S_l ∩ P_κ(1)) ≤ λq^{l−1} + μq^{l−2} + l−2∑ j=0 i_j = i_{κ−2} − 1 q^{κ−1−l} + l−2∑ j=0 i_j < l−1∑ j=0 i_j . For l = κ, if S_l ∩ ⟨e_{κ−1}, e_κ⟩ = {e_{κ−1}}, then S_l ⊃ {x_1, x_2}, where m(x_1) = m(x_2) = λ − 1. Hence m(S_l) ≤ λq^{l−1} + μq^{l−2} − 2 + l−2∑ j=0 i_j = q(i_{κ−2} − 1) − 2 + l−2∑ j=0 i_j = l−1∑ j=0 i_j − 1. If S_l ∩ ⟨e_{κ−1}, e_κ⟩ ≠ {e_{κ−1}}, then m(S_l ∩ P_κ(1)) ≤ l−1∑ j=0 i_j − 1. Hence m(S_l) ≤ q(i_{κ−2} − 1) + l−2∑ j=0 i_j − 1 = l−1∑ j=0 i_j , and if S_{l−1} ⊂ S_l, then m(S_{l−1}) < l−1∑ j=0 i_j . If S_l ⊂ ⟨e_2, e_3, · · · , e_κ, p(j^∗_1 )⟩ for some j^∗_1 , then (S_l ∩ P_κ(1)) ⊂ ⟨e_2, e_3, · · · , e_κ⟩.

Denote S^′_{l−1} := S_l ∩ P_κ(1). By Table 1, (16) and (17), similar to the proof of [17, Theorem 2], we get m(S^′_{l−1}) ≤ m(P_{l−1}(2)). From (17) and Table 1 we get:

m(P_{l−1}(2)) = l−1∑ j=1 j∑ t=1 m(P_{j,t}) = l−1∑ j=1 j∑ t=1 (α_{j,t}S_{j−1,t−1} + λ_{j,t})

≤ l−2∑ j=0 j∑ t=0 (α_{j,t}S_{j,t} + λ_{j,t}) − q l−2∑ j=0 S_{j,0} − qϵ_1

= l−2∑ j=0 i_j − q^{l−1} − qϵ_1, where ϵ_1 = { 1 if l = κ, 0 otherwise.

Hence

m(S_l) ≤ (λ + 1)q^{l−1} + m(S^′_{l−1}) ≤ (λ + 1)q^{l−1} + l−2∑ j=0 i_j − q^{l−1} − qϵ_1

≤ i_{κ−2} − 1 q^{κ−1−l} + l−2∑ j=0 i_j − qϵ_1 < l−1∑ j=0 i_j . 6 Some sets of lines or planes in P G(κ, q)

In order to get a general construction from the upper bound construction, we study some sets of lines and planes in P G(κ, q). We define some notations. Define two kinds of points:

p_1(j_1, j_2, · · · , j_τ ) := (1j_10j_2 · · · j_τ 0 · · · 0), p_2(j_1, j_2, · · · , j_τ ) := (01j_1j_2 · · · j_τ 0 · · · 0), where 0 ≤ j_r < q for 1 ≤ r ≤ τ. Let L(j_1, j_2, · · · , j_t, j) denote the set of the following q^{κ−1−t} lines with one point omitted: ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1, j_2, · · · , j_{κ−2})⟩\{p_2(j, j_1, j_2, · · · , j_{κ−2})} where 0 ≤ j_r < q for t < r ≤ κ − 1.

Denote S_r(p) := ⟨e_1, e_2, · · · , e_{r−1}, p⟩, S_r(p, p^′) := ⟨e_1, e_2, · · · , e_{r−2}, p, p^′⟩. For a collection X of sets of points, ⋃ X denotes the union of the sets in X (and similarly for multisets).

Lemma 6 For j > 0 and 0 < t ≤ κ − 2, we have ⋃ L(j_1, j_2, · · · j_t, j) = S_{k−t}(p_1(j_1, j_2, · · · , j_t), p_2(j, j_1, j_2 · · · , j_{t−1}))\S_{k−t−1}(p_2(j, j_1, j_2 · · · , j_{t−1})).

Proof: Since e_1 = (0 · · · 01), we have {p_1(j_1, · · · , j_{κ−1}) | 0 ≤ j_{κ−1} < q} ∪ {e_1} = ⟨e_1, p_1(j_1, · · · , j_{κ−2})⟩. Hence by ⟨e_1, p_2(j, j_1, · · · , j_{κ−2})⟩ = ⟨e_1, p_2(j, j_1, · · · , j_{κ−3})⟩ we get ⋃ L(j_1, · · · , j_{κ−2}, j) ∪ ⟨e_1, p_2(j, j_1, j_2, · · · , j_{κ−2})⟩ = ⋃ 0≤j_{κ−1} <q ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1, j_2, · · · , j_{κ−2})⟩\{p_2(j, j_1, j_2, · · · , j_{κ−2})} ∪ ⟨e_1, p_2(j, j_1, j_2, · · · , j_{κ−2})⟩ = ⟨e_1, p_1(j_1, · · · , j_{κ−2}), p_2(j, j_1, j_2, · · · , j_{κ−2})⟩ = ⟨e_1, p_1(j_1, · · · , j_{κ−2}), p_2(j, j_1, j_2, · · · , j_{κ−3})⟩.

This proves Lemma 6 for t = κ − 2. Suppose that Lemma 6 is true for t = m, i.e. we have ⋃ L(j_1, j_2, · · · , j_m, j) = S_{k−m}(p_1(j_1, · · · , j_m), p_2(j, j_1, · · · , j_{m−1})) \S_{k−m−1}(p_2(j, j_1, · · · , j_{m−1})). (23) Since {p_1(j_1, · · · , j_m) | 0 ≤ j_m < q} ∪ {e_{k−m−1}} = ⟨e_{k−m−1}, p_1(j_1, · · · , j_{m−1})⟩, and the space containing S_{k−m−1}(p_2(j, j_1, · · · , j_{m−1})) and one point on the line ⟨e_{k−m−1}, p_1(j_1, · · · , j_{m−1})⟩ is contained in S_{k−m+1}(p_1(j_1, · · · , j_{m−1}), p_2(j, j_1, · · · , j_{m−1})), by (23) we have ⋃ L(j_1, · · · , j_{m−1}, j) ∪ S_{k−m}(p_2(j, j_1, · · · , j_{m−1})) = ⋃ 0≤j_m <q ⋃ L(j_1, · · · , j_m, j) ∪ S_{k−m}(p_2(j, j_1, · · · , j_{m−1})) = ⋃ 0≤j_m <q S_{k−m}(p_1(j_1, · · · , j_m), p_2(j, j_1, · · · , j_{m−1}))\S_{k−m−1}(p_2(j, j_1, · · · , j_{m−1})) ∪S_{k−m}(p_2(j, j_1, · · · , j_{m−1})) = S_{k−m+1}(p_1(j_1, · · · , j_{m−1}), p_2(j, j_1, · · · , j_{m−1})).

Hence by ⟨e_{k−m−1}, p_2(j, j_1, · · · , j_{m−1})⟩ = ⟨e_{k−m−1}, p_2(j, j_1, · · · , j_{m−2})⟩, we prove the lemma for t = m − 1. □

Corollary 2 For j > 0 we have ⋃ 0≤j_1 <q ⋃ L(j_1, j) = P_k(1)\P_κ(1).

Proof: Let t = 1. By Lemma 6 we have ⋃ L(j_1, j) = S_κ(p_1(j_1), p_2(j))\S_{κ−1}(p_2(j)).

Similar to the proof of Lemma 6 we get ⋃ 0≤j_1 <q ⋃ L(j_1, j) ∪ P_κ(1) = ⋃ 0≤j_1 <q S_κ(p_1(j_1), p_2(j))\S_{κ−1}(p_2(j)) ∪ S_κ(p_2(j)) = P_k (1). □ Denote by cS the multiset of set S, where each element in S appears c times.

Let l(j_1, j) denote the set of lines ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1, j_2, · · · , j_{κ−2})⟩ where 0 ≤ j_r < q for 1 < r ≤ κ − 1. Then from Corollary 2 we get the following corollary.

Corollary 3 Let L := {l(j_1, j) | 0 ≤ j_1 < q, 0 < j < q}. Then ⋃ L = (q − 1)(P_k(1)\P_κ(1)) ∪ q((P_κ(1)\P_{κ−1}(1))\P_κ(κ)).

Define two kinds of points:

p̃_1(j_1, j_2, · · · , j_τ ) := (10j_1j_2 · · · j_τ 0 · · · 0), p̃_2(j_1, j_2, · · · , j_τ ) := (010j_1j_2 · · · j_τ 0 · · · 0), where 0 ≤ j_r < q for 1 ≤ r ≤ τ. Let L̃(j_1, j_2, · · · , j_t, j) denote the following set of lines with one point omitted: ⟨p̃_1(j_1, · · · , j_{κ−1}), p̃_2(j, j_2, · · · , j_{κ−2})⟩\p̃_2(j, j_2, · · · , j_{κ−2}) where 0 ≤ j_r < q for t < r ≤ κ − 1. Lemma 7 For j ≥ 0, we have ⋃ L̃(j_1, j_2, · · · , j_t, j) = S_{k−t}(p̃_1(j_1, j_2, · · · , j_t), p̃_2(j, j_2, · · · , j_t))\S_{k−t−1}(p̃_2(j, j_2, · · · , j_t)). Proof: Similar to the proof of Lemma 6 we have ⋃ L̃(j_1, j_2, · · · , j_{κ−2}, j) ∪ ⟨e_1, p̃_2(j, j_2, · · · , j_{κ−2})⟩ = ⟨e_1, p̃_1(j_1, j_2, · · · , j_{κ−2}), p̃_2(j, j_2, · · · , j_{κ−2})⟩. Hence the lemma is true for t = κ − 2. Suppose that Lemma 7 is true for t = m. Let t = m − 1. Similar to the proof of Lemma 6 and by ⟨e_{k−m−2}, p̃_2(j, j_2, · · · , j_m)⟩ = ⟨e_{k−m−2}, p̃_2(j, j_2, · · · , j_{m−1})⟩, and ⟨e_{k−m−1}, p̃_1(j_1, · · · , j_m)⟩ = ⟨e_{k−m−1}, p̃_1(j_1, · · · , j_{m−1})⟩ we have ⋃ L̃(j_1, · · · , j_{m−1}, j) ∪ S_{k−m}(p̃_2(j, j_2, · · · , j_{m−1})) = ⋃ 0≤j_m <q S_{k−m}(p̃_1(j_1, · · · , j_m), p̃_2(j, j_2, · · · , j_m))\S_{k−m−1}(p̃_2(j, j_2, · · · , j_m)) ∪ S_{k−m}(p̃_2(j, j_2, · · · , j_{m−1})) = ⋃ 0≤j_m <q S_{k−m}(p̃_1(j_1, · · · , j_m), p̃_2(j, j_2, · · · , j_{m−1}))\S_{k−m−1}(p̃_2(j, j_1, · · · , j_{m−1})) ∪ S_{k−m}(p̃_2(j^′_1, j_2, · · · , j_{m−1})) = S_{k−m+1}(p̃_1(j_1, · · · , j_m), p̃_2(j, j_2, · · · , j_{m−1})) = S_{k−m+1}(p̃_1(j_1, · · · , j_{m−1}), p̃_2(j, j_2, · · · , j_{m−1})). □ Corollary 4 Let l̃(j_1, j) denote the set of lines ⟨p̃_1(j_1, · · · , j_{κ−1}), p̃_2(j, j_2, · · · , j_{κ−2})⟩ where 0 ≤ j_r < q for 2 ≤ r ≤ κ − 1, and let L̃ := {l̃(j_1, j) | 1 ≤ j_1 < q, 0 ≤ j < q}. Then we have ⋃ 1≤j_1 <q ⋃ L̃(j_1, j) = P_k(1)\(P_κ(1) ∪ P_κ(κ))

and ⋃ L̃ = q ( P_k(1)\(P_κ(1) ∪ P_κ(κ)) ) ∪ q(q − 1) ( P_κ(1) ∩ P_κ(κ) ) .

The proof is omitted.

Next, we consider sets of planes. By a similar method we can get the same kind of results as we did for the sets of lines. We omit the details of the proofs. Define three kinds of points: p_1 = (001j_1j_2 · · · j_{κ−2}), p_2 = (010jj_1j_2 · · · j_{κ−3}), p_3 = (100j^∗jj_1j_2 · · · j_{κ−4}). Let p(j, j^∗) := {⟨p_1, p_2, p_3⟩\⟨p_2, p_3⟩ | 0 ≤ j_r < q, 1 ≤ r ≤ κ − 2}, L^∗(j^∗) := {⟨p_2, p_3⟩ | 0 ≤ j_r < q, 1 ≤ r ≤ κ − 3, 0 ≤ j < q}. We have ⋃ p(j, j^∗) = P_k(1)\P_κ(κ), ⋃ L^∗(j^∗) = (P_κ(κ)\P_{κ−1}(k)) ∪ q(S_{κ−2}(100j^∗0 · · · 0)).

Hence ⋃ 0≤j^∗ <q ⋃ L^∗(j^∗) = q(P_κ(κ)\P_{κ−2}(1)), ⋃ 0≤j<q,0≤j^∗ <q ⋃ p(j, j^∗) ∪ q ⋃ 0≤j^∗ <q ⋃ L^∗(j^∗) = q^2(P_k(1)\P_{κ−2}(1)).

Therefore we get following lemma. Lemma 8 If P := {⟨p_1, p_2, p_3⟩ | 0 ≤ j_r < q, for 1 ≤ r ≤ κ − 2, 0 ≤ j < q, 0 ≤ j^∗ < q}, then ⋃ P = q^2(P_k (1)\P_{κ−2}(1)).

7 A general Construction

Denote π_r := (1 − q) r−1∑ j=0 i_j + i_r = r∑ j=1 (i_j − qi_{j−1}) + i_0,

for 0 ≤ r ≤ κ. From (5) and (7) of [17], or [5], we have the following lemma. Lemma 9 If i_j ≤ qi_{j−1} for 1 ≤ j ≤ κ, then we have π_0 ≥ π_1 ≥ · · · ≥ π_κ (24) and i_r = r∑ j=0 π_j S_{r,j} for 0 ≤ r ≤ κ. (25)

Lemma 10 Define α_{r,j} := π^∗_j := π_j − q + 1 for 1 ≤ j ≤ κ − 2, j ≤ r ≤ κ − 2, α_{r,0} := π^∗_0 := π_0 + 1 for 0 ≤ r ≤ κ − 2, λ_{r,j} := 0 for 0 ≤ r ≤ j ≤ κ − 2. Then α_{r,j} , λ_{r,j} satisfy (16) and (17) (but i_0 is changed to i_0 + 1 in (16)).

Proof: By (25) of Lemma 9, S_{r,j} = qS_{r,j+1} for r > j + 1, and we have

i_r = r∑ j=0 π_j S_{r,j} = (π_0 + 1)S_{r,0} + r∑ j=1 (π_j − q + 1)S_{r,j}

= r∑ j=0 π^∗_j S_{r,j} = r∑ j=0 (α_{r,j} S_{r,j} + λ_{r,j} ),

for 0 < r ≤ κ − 2, and i_0 + 1 = π^∗_0 .

From (24) we get

α_{r,0} = π^∗_0 = π_0 + 1 ≥ (π_1 − q + 1) + q = π^∗_1 + q = α_{r,1} + q, α_{r,j} = π^∗_j = π_j − q + 1 ≥ π_{j+1} − q + 1 = π^∗_{j+1} = α_{r,j+1}, for 1 ≤ j ≤ κ − 3. α_{r,j} = α_{r+1,j} = π^∗_j . □ For 0 ≤ r ≤ κ, denote

m_r = ⌊ i_r q^r ⌋ , p_r = i_r − m_rq^r. For 0 ≤ r ≤ κ − 1, let δ_r = { 0 if p_{r+1} ≤ p_rq, 1 if p_{r+1} > p_rq.

Define f(q) := 1 + κ−3∑ r=0 (δ_r(q^{r+1} − 1) + qp_r − p_{r+1}). (26)

We note that f(q) depends on the sequence (i_0, i_1, . . . , i_κ). However, 0 ≤ δ_r(q^{r+1} − 1) + qp_r − p_{r+1} ≤ q^{r+1} − 2 and so 1 ≤ f(q) ≤ F (q) := q q − 1 (q^{κ−2} − 1) − 2κ + 5, (27) where F (q) only depends on q and κ, not the sequence.

Theorem 3 For any almost chain permissible DS (i_0, i_1, · · · , i_κ), if it satisfies i_1 ≤ qi_0 − q, (28) i_r = qi_{r−1} − (q + 1) for r = κ − 1, κ, i_{κ−2} = λq^{κ−2} + (μ − ϵ)q^{κ−3} + 1, where λ and μ are defined by i_{κ−3} = λq^{κ−3} + μq^{κ−4} + ν, 0 ≤ μ < q, 0 ≤ ν < q^{κ−4}, (29) ϵ = { 1, if ν = 0, 0, otherwise, (30) and π_{κ−2} ≥ q, (31) then (i_0, i_1, · · · , i_κ) is ACDS. Condition (31) can be changed to m_{κ−2} ≥ q + f(q) − 1. (32) Note: π_{κ−2}, m_{κ−2} are defined by (i_0 − 1, i_1, · · · , i_κ).

Proof: By (28) we know that (i_0 −1, i_1, · · · , i_κ) is chain permissible. Since π_{κ−2} ≥ q, by the definition of Lemma 10 we get α_{r,j} , λ_{r,j} satisfying (16) and (17). From (32) we have qi_{κ−3} ≥ i_{κ−2} ≥ q^{κ−1}. Hence by (29) λ = ⌊i_{κ−3}/q^{κ−3}⌋ ≥ q ≥ 1. (33) From Theorem 2, (i_0, i_1, · · · , i_κ) is ACDS.

If (i_0 − 1, i_1, · · · , i_{κ−2}) satisfy m_r = m_{r+1} + δ_r, for 0 ≤ r ≤ κ − 3, (34) then by [5] we have

m_{κ−2} = π_{κ−2} + κ−3∑ r=0 (δ_r(q^{r+1} − 1) + qp_r − p_{r+1}). (35)

Similar to [1, Lemma 6] and [17, Lemma 3] (or [5, Lemma 2]), for any chain permissible (i^′_0 − 1, i^′_1, · · · , i^′_{κ−2}) we can get (i_0 − 1, i_1, · · · , i_{κ−2}) satisfying (34) by i^′_r = i_r + α_rq^r for 0 ≤ r ≤ κ − 3, (36) i^′_{κ−2} = i_{κ−2}, where α_r := κ−3∑ i=r (m^′_i − (m^′_{i+1} + δ^′_i)) for 0 ≤ r ≤ κ − 3;

m^′_i and δ^′_i are defined by (i^′_0 − 1, i^′_1, · · · , i^′_{κ−2}).

Hence for (i^′_0, i^′_1, · · · , i^′_{κ−2}) we define α_{r,j} = π^∗_j + α_r for 0 ≤ r ≤ κ − 3, where π^∗_j are defined by Lemma 10, π_j are defined by (i_0 − 1, i_1, · · · , i_κ). Since (i^′_0 − 1, i^′_1, · · · , i^′_{κ−2}) is chain permissible, we have α_0 ≥ α_1 ≥ · · · ≥ α_{κ−3} ≥ 0. Therefore α_{r,j} , 0 ≤ j ≤ r ≤ κ−2, satisfy (17) by Lemma 10. From (36) and Lemma 10 we also get i^′_r = r∑ j=0 α_{r,j} S_{r,j} + λ_{r,j} for 0 ≤ r ≤ κ − 2. Hence by (35), condition (32) can be changed to condition (31), and by Theorem 2, (i^′_0, i^′_1, . . . , i^′_{κ−2}, i_{κ−1}, i_κ) of Theorem 3 is ACDS.

Theorem 4 For any almost chain permissible DS (i_0, i_1, · · · , i_κ), if it satisfies (28) and i_r = qi_{r−1} − (q + 1) for r = κ, κ − 1, (37) U_{κ−2} − ωq^κ ≤ i_{κ−2} ≤ U_{κ−2} := λq^{κ−2} + (μ − ϵ)q^{κ−3} + 1 − qδ, (38) where ω = ⌊(π^∗_{κ−2} − 1)/q^2⌋, and δ = 1 for k = 4, δ = 0 otherwise, π^∗_{κ−2} := ⌊U_{κ−2}/q^{κ−2}⌋ − q + 2 − f(q) ≥ 1, (39) then (i_0, i_1, · · · , i_κ) is ACDS, where λ, μ, ϵ, f(q) are defined by (29), (30), (31), and (26).

Proof: If i_{κ−2} = U_{κ−2} and (34) is true, then by (37), (39), and Theorem 3, (i_0, i_1, · · · , i_κ) is ACDS. From the proof of Lemma 4, and by Lemma 10, (14) and (17) we have λq^{κ−1} + (μ − ϵ)q^{κ−2} − 2 − q^2δ = q κ−4∑ l=0 (α_{κ−2,l}S_{κ−2,l} + λ_{κ−2,l}) + q(α_{κ−2,κ−3}S_{κ−2,κ−3} + λ_{κ−2,κ−3}) −2 + q(α_{κ−2,κ−2} − 1) = q κ−2∑ l=0 α_{κ−2,l}S_{κ−2,l} − q − 2

≥ q(α_{κ−2,1} + q)S_{κ−2,0} + q κ−2∑ l=1 α_{κ−2,l}S_{κ−2,l} − q − 2 ≥ α_{κ−2,κ−2}q^{κ−1} + (q − 1)q^{κ−1} − q − 2

Hence for k ≥ 3 we get λ ≥ α_{κ−2,κ−2}. Therefore in Construction 1 of Lemma 10 we have π^∗_{κ−2} − 1 = α_{κ−2,κ−2} − 1 = min{m(x) | x ∈ P G(κ, q)}. (40) If (34) is true and ω > 0, by Lemma 8 from Construction 1 we can give a modified new constructions as following: Define m^′ by

m^′(x) = { m(x) − 1 if x ∈ ⟨p_1, p_2, p_3⟩, m(x), otherwise,

where ⟨p_1, p_2, p_3⟩ is a plane in the set P of Lemma 8, m(x) is defined by Table 1 and Lemma 10. Since ⟨p_1, p_2, p_3⟩ ∩ P_{κ−2}(1) = ϕ, we have r−1∑ j=0 i_j = m^′(P_r(1)) ≥ m^′(S_r), 1 ≤ r ≤ κ − 2

where S_r is any subspace in P G(κ, q) of dimension r − 1. Since ⟨p_1, p_2, p_3⟩ ∩ S_{κ−1} contains at least one point, and ⟨p_1, p_2, p_3⟩ ∩ P_{κ−1}(1) contains exactly one point, we get m^′(P_{κ−1}(1)) ≥ m^′(S_{κ−1});

since ⟨p_1, p_2, p_3⟩ ∩ S_κ contains at least a line, and ⟨p_1, p_2, p_3⟩ ∩ P_κ(κ) is a line, we get m^′(P_κ(κ)) ≥ m^′(S_κ).

Hence (i_0, i_1, · · · , i_{κ−3}, U_{κ−2} − 1, i_{κ−1}, i_κ) satisfying (28), (34) and (37) is ACDS. We can repeat this modification until i_{κ−2} = U_{κ−2} − q^2 · q^{κ−2}, when ⟨p_1, p_2, p_3⟩ are selected from the set P one by one in some order. We can also repeat the all modifications above ω times. In the end, by (40) and Lemma 8 we get: min{m^′(x) | x ∈ P G(κ, q)} = π^∗_{κ−2} − 1 − ωq^2 ≥ 0. Hence any (i_0, i_1, · · · , i_κ) satisfying (28), (34), (37) (38), and (39) is ACDS. Similar to the proof above that (32) can be changed to (31), we can omit the condition (34).

Theorem 5 For any almost chain permissible DS (i_0, i_1, · · · , i_κ), if it satisfies (28), (38), (39), and i_{κ−1} ≥ U_{κ−1} − (ω_1 + ω_2)q(q − 1)q^{κ−2}, (41) where U_{κ−1} = qi_{κ−2} − q − 1, ω^′ = ⌈ U_{κ−2} − i_{κ−2} q^κ ⌉ , ω_1 = ⌊ π∗_{κ−2} − 1 − ω′q2 q ⌋ , ω_2 = min {⌊ π∗_{κ−2} − 1 − ω′q2 q(q − 1) ⌋ , ⌊ λ − 1 − ω′q2 − ω_1(q − 1) q ⌋} ,

and U_{κ−2}, π^∗_{κ−2}, λ are define by (38), (39), and (29), then (i_0, i_1, · · · , i_κ) is ACDS. Proof: If (28), (37), (38), and (39) are true, then by Theorem 4, (i_0, i_1, · · · , i_κ) is ACDS. Denote the corresponding value function by m(x). Define m^′ by

m^′(x) = { m(x) − 1 if x ∈ ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1, · · · , j_{κ−2})⟩, m(x) otherwise, where ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1 · · · , j_{κ−2})⟩ is a line from the set L in Corollary 3. Similar to the proof of Theorem 4, we get that (i_0, i_1, · · · , i_{κ−2}, i_{κ−1} −1, i_κ) is ACDS. If ⟨p_1(j_1, · · · , j_{κ−1}), p_2(j, j_1 · · · , j_{κ−2})⟩ are selected from L one by one in some order, then we can repeat this modification until i_{κ−1} − q(q − 1)q^{κ−2}. We can also repeat all modifications above ω_1 times. By Theorem 4 for i_{κ−1} = qi_{κ−2} − q − 1 we have min{m(x) | x ∈ P G(κ, q)} ≥ π^∗_{κ−2} − 1 − ω^′q^2 ≥ 0, Hence, by Corollary 3, we get min{m^′(x) | x ∈ P G(κ, q)} ≥ 0, (42) min{m^′(x) | x ∈ P_k(1)\P_κ(1)} ≥ λ − 1 − ω^′q^2 − ω_1(q − 1), (43) min{m^′(x) | x ∈ (P_κ(1)\P_{κ−1}(1))\P_κ(κ)} ≥ π^∗_{κ−2} − 1 − ω^′q^2 − ω_1q, (44) min{m^′(x) | x ∈ P_κ(1) ∩ P_κ(κ)} ≥ π^∗_{κ−2} − 1 − ω^′q^2, (45) where m^′ is the value function of the last modification. Similarly we can again give a further modified new constructions as follows: Define m^{′′} by m^{′′}(x) = { m^′(x) − 1, if x ∈ ⟨p̃_1(j_1, · · · , j_{κ−1}), p̃_2(j, j_2, · · · , j_{κ−1})⟩, m^′(x), otherwise, where ⟨p̃_1(j_1, · · · , j_{κ−1}), p̃_2(j, j_2, · · · , j_{κ−1})⟩ is a line from the set L̃ in Corollary 4. Similarly the DS corresponding to m^{′′} is ACDS. By Corollary 4 we can repeat this modification q(q − 1) times if ⟨p̃_1(j_1, · · · , j_{κ−1}), p̃_2(j, j_2, · · · , j_{κ−1})⟩ are selected from L̃ in Corollary 4 one by one in some order. We can also repeat all the modifications above ω_2 times. Hence by Corollary 4 and (42)–(45) we get min{m^{′′}(x) | x ∈ P G(κ, q)} ≥ 0. Therefore, similarly any almost chain permissible DS satisfying (28), (38), (39), (41) and i_κ = i_{κ−1}q − q − 1 is ACDS. By the core method in [6] we can modify the construction to make it valid for all i_κ ≤ q i_{κ−1} − q − 1. □

8 Estimating M(i) and N(i)

By definition, M(i) is the number of sequences (i_0, i_1, . . . , i_κ) such that i_0 ≤ i and

i_{κ−2} ≤ i_κ, (46) 1 ≤ i_κ ≤ q i_{κ−1} − q − 1, (47) 1 ≤ i_{κ−1} ≤ q i_{κ−2} − q − 1, (48) 1 ≤ i_r ≤ q i_{r−1} for 1 ≤ r ≤ κ − 2. (49)

For 3 ≤ t ≤ κ, let σ_t be the number of sequences (i_{κ−t}, i_{κ−t+1}, . . . , i_κ) satisfying (46)–(49) for some fixed i_{κ−t}. Lemma 11 We have

σ_3 = q^2(q^2 − 1)^2 6 i^3_{κ−3} − q(q^2 − 1)(q^2 + 3q + 1) 4 i^2_{κ−3} + q(q + 1)(q^2 + 8q + 9) 12 i_{κ−3} − (q + 2).

Proof: Combining (46) and (47) we get i_{κ−1} ≥ i_κ + q + 1 q ≥ i_{κ−2} + q + 1 q . From (48) we get i_{κ−2} > 1. Hence

σ_3 = q i_{κ−3}∑

i_{κ−2} =2 q i_{κ−2} −q−1 ∑ i_{κ−1} =⌈^{iκ−2 +q+1}_q ⌉ q i_{κ−1} −q−1 ∑ i_κ =i_{κ−2} 1

= q i_{κ−3}∑

i_{κ−2} =2 q i_{κ−2} −q−1 ∑ i_{κ−1} =⌈^{iκ−2 +q+1}_q ⌉ (q i_{κ−1} − q − i_{κ−2})

= q−1∑ i_{κ−2} =2 q i_{κ−2} −q−1 ∑ i_{κ−1} =2 (q i_{κ−1} − q − i_{κ−2})

+ i_{κ−3} −1 ∑ a=1 aq+q−1 ∑ i_{κ−2} =aq q i_{κ−2} −q−1 ∑ i_{κ−1} =a+2 (q i_{κ−1} − q − i_{κ−2})

+ q^2 i_{κ−3} −q−1 ∑ i_{κ−1} =i_{κ−3} +2 (q i_{κ−1} − q − q i_{κ−3})

= q^2(q^2 − 1)^2 6 i^3_{κ−3} − q(q^2 − 1)(q^2 + 3q + 1) 4 i^2_{κ−3} + q(q + 1)(q^2 + 8q + 9) 12 i_{κ−3} − (q + 2).

For 4 ≤ t ≤ κ we have

σ_t = q i_{κ−t}∑

i_{κ−t+1} =1

σ_{t−1}. (50) Let g(q, t) = q^{t−1} + q^{t−2} − 2q^2 − 4q − 1.

In particular, g(q, 3) = −(q^2 + 3q + 1). From (50) and Lemma 11, using induction, we get the following lemma.

Lemma 12 For 3 ≤ t ≤ κ and q ≥ 3, we have

σ_t = q^{t(t+1)/2−4}(q^2 − 1)^2 t! i^t_{κ−t} + q^{t(t−1)/2−2}(q^2 − 1)g(q, t) 2 (t − 1)! i^{t−1}_{κ−t} + O(i^{t−2}_{κ−t}). In particular, σ_κ = σ_κ(i_0) is given by Lemma 12. Since M(i) = ∑_i i_0 =1 σκ(i0),

we get the following lemma.

Lemma 13 We have M(i) = q^{k(k−1)/2−4}(q^2 − 1)^2 k! i^k + q^{(k2 −3k−2)/2}(q^2 − 1)g(q, k) 2 (k − 1)! i^{k−1} + O(i^{k−2}).

Now we estimate N(i). In addition to the conditions (4)–(6) defining almost chain-permissible sequences, we have introduced some extra conditions on i_1, i_{κ−2}, and i_{κ−1} for the constructions, namely (28), (38), (39), and (41).

We note that if c_1 and c_2 are constants and r ≥ 1, then qn−c_2∑

m=c_1 m^r =

(qn − c_2)^{r+1}

r + 1 + (qn − c_2)^r 2 + O(n^{r−1})

= q^{r+1} r + 1 n^{r+1} − q^r ( c_2 − 1 2 ) n^r + O(n^{r−1}). In particular, the two main terms does not depend on c_1. Similarly, the two main terms of ∑_{qn−c2} m=n/q+c_1 m r will not depend on c_1.

We first have to determine or estimate the quantities in the bounds (28), (38), (39), and (41).

From (29), (30), and (38) we have qi_{κ−3} − U_{κ−2} = { q^{κ−3} − 1 + qδ if ν = 0, qν − 1 + qδ if ν > 0. (51)

In particular, U_{κ−2} ≥ qi_{κ−3} − q^{κ−3} + 1. (52) By (27), (38) and (39) we have ω = ⌊(π^∗_{κ−2} − 1)/q^2⌋ ≥ π^∗_{κ−2} q^2 − 1 = ⌊U_{κ−2}/q^{κ−2}⌋ − q + 2 − f(q) q^2 − 1 > U_{κ−2} q^κ − 1 q^2

(F (q) + q^2 + q − 1).

Hence U_{κ−2} − ωq^κ < F_1(q) := q^{κ−2}(F (q) + q^2 + q − 1). (53) By (41) and (39)

ω_1 ≥ π^∗_{κ−2} − ω^′q^2 q − 1 ≥ π^∗_{κ−2} − 1 − q^2(U_{κ−2} − i_{κ−2})/q^κ q − 1 ≥ i_{κ−2} q^{κ−1} − F (q) q − q − 2. (54)

Similarly ⌊ π∗_{κ−2} − 1 − ω′q2 q(q − 1) ⌋ ≥ i_{κ−2} (q − 1)q^{κ−1} − F (q) (q − 1)q − 2q q − 1 . (55)

By (38), (41), and (54) we have ⌊ λ − 1 − ω′q2 − ω_1(q − 1) q ⌋

≤ 1 q ( −1 − (μ − ϵ)q^{κ−3} − qδ + 1 q^{κ−2} + i_{κ−2} q^{κ−2} − ω_1(q − 1) )

≤ i_{κ−2} q^κ + F (q)(q − 1) q^2 + (q + 2)(q − 1) q − 1 q ( μ + ϵ q + 1 − qδ q^{κ−2} + 1 )

=: i_{κ−2} q^κ + F_2(q). (56)

Hence if i_{κ−2} ≥ F_3(q) := (q − 1)q^κ ( F_2(q) + F (q) q(q − 1) + 2q q − 1 ) , (57)

then by (55) and (56) we get

ω_2 = ⌊ λ − 1 − ω′q2 − ω_1(q − 1) q ⌋ ≥ i_{κ−2} q^κ + F_2(q) − ( 2q + 1 − 1 q ) . (58)

From (41), (54), and (58), if (57) is true, then we have

U_{κ−1} − (ω_1 + ω_2)(q − 1)q^{κ−1} ≤ 1 q i_{κ−2} + ( F (q) q − F_2(q) + 3q + 3 − 1 q ) (q − 1)q^{κ−1} − q − 1 =: 1 q i_{κ−2} + F_4(q). (59) If i_{κ−3} ≥ q^{κ−3}(q + 2 + F (q)), (60) then ⌊ i_{κ−3} q^{κ−3} ⌋ ≥ q + 1 + F (q),

and so, by (38) and (29), we have ⌊ U_{κ−2} q^{κ−2} ⌋ ≥ λ − 2 = ⌊ i_{κ−3} q^{κ−3} ⌋ − 2 ≥ q + f(q) − 1, i.e. (39) is true. We summarize this discussion as follows: if (i_0, i_1, . . . , i_κ) is a chain permissible sequence such that i_1 ≤ qi_0 − q, i_{κ−3} ≥ q^{κ−3}(q + 2 + F (q)), max{F_1(q), F_3(q)} ≤ i_{κ−2} ≤ qi_{κ−3} − q^{κ−3} + 1, 1 q i_{κ−2} + F_4(q) ≤ i_{κ−1} ≤ qi_{κ−2} − q − 1, then by (28); (60); (38), (39), (52), and (53); (41) and (59), respectively, (i_0, i_1, . . . , i_κ) is ACDS. Note that F_1(q)–F_4(q) all are constants independent of the sequence (i_0, i_1, . . . , i_κ).

Let N_u(i) denote the number of such sequences with i_0 ≤ i. Then N(i) ≥ N_u(i). We will determine the two main terms of N_u(i). Since F (q), F_1(q), F_3(q), and F_4(q) are constants, they will not affect the two main terms.

In analogy to the estimate of M(i), for 3 ≤ t ≤ κ, let ρ_t be the number of sequences (i_{κ−t}, i_{κ−t+1}, . . . , i_κ) satisfying the conditions. The computations are similar to the computations for M(i) and we only give the results. Lemma 14 For 3 ≤ t ≤ κ − 1 and q ≥ 3, we have

ρ_t = q^{t(t+1)/2−4}(q^2 − 1)^2 t! i^t_{κ−t} + q^{t(t−1)/2−2}(q^2 − 1)(g(q, t) − 2(q^2 − 1)(q^{κ−3} − 1)) 2 (t − 1)! i^{t−1}_{κ−t} +O(i^{t−2}_{κ−t}). Further,

ρ_κ = q^{κ(κ+1)/2−4}(q^2 − 1)^2 κ! i^κ_0 + q^{κ(κ−1)/2−2}(q^2 − 1)(g(q, κ) − 2(q^2 − 1)(q^{κ−2} + q^{κ−3} − 1)) 2 (κ − 1)! i^{κ−1}_0 +O(i^{κ−2}_0 ) and N_u(i) = q^{k(k−1)/2−4}(q^2 − 1)^2 k! i^k + q^{(k2 −3k−2)/2}(q^2 − 1)(g(q, k) − 2(q^2 − 1)(q^{k−3} + q^{k−4} − 1) 2 (k − 1)! i^{k−1} +O(i^{k−2}).

Remark. If q = 2, then we change Table 1 a little: Only if j_{κ−1} = q − 1, we take m(x) = λ − 2. Since P_{κ−1,κ−3}\P_κ(κ) contains a simgle point x^∗, we take m(x^∗) = α_{κ−2,κ−3} − 1. We take m(P_{κ−1,κ−2}) = α_{κ−2,κ−2} − 2. We require that (11–15) are true. If m(P_{κ−1,κ−2}) = α_{κ−2,κ−2} − 1, then we may use Lemma 1. Now m(P_{κ−1,κ−2}) decrease by 1 and ∑_l j=0 i_j remains unchanged for 0 ≤ l ≤ κ−2. So we can prove that Theorem 2 is true for λ ≥ 2 and α_{κ−2,κ−2} ≥ 2. By (33), Theorems 3, 4, and 5 are true if the right sides of (31), (32), and (39) are increased by 1. Therefore, Theorem 1 a) and c) is true also for q = 2. A result similar to Theorem 1 b) can be found, but we omit the details here.

References

[1] W. Chen and T. Kløve, ”The weight hierarchies of q-ary codes of dimension 4”, IEEE Trans. Inform. Theory, vol. 42, pp. 2265-2272, 1996.

[2] W. Chen and T. Kløve, ”The weight hierarchies of q-ary codes of dimension 2 and 3”, The Second Shanghai Conference on Designs, Codes and Finite Geometries, May 15–19, 1996, pp. 15-16.

[3] W. Chen and T. Kløve, ”Bounds on the weight hierarchies of extremal nonchain codes of dimension 4”, Applicable Algebra in Eng., Commun. and Computing, vol. 8, pp. 379-386, 1997.

[4] W. Chen and T. Kløve, ”Bounds on the weight hierarchies of linear codes of dimension 4”, IEEE Trans. Inf. Theory, vol. 43, pp. 2047-2054, 1997.

[5] W. Chen and T. Kløve, “Weight hierarchies of linear codes satisfying the chain condition”, Designs, Codes and Cryptography, vol. 15, pp. 47-66, 1998.

[6] W. Chen and T. Kløve, “Classification of the weight hierarchies of binary linear codes of dimension 4”, Reports in Informatics, Dept. of Informatics, Univ. Bergen, no. 147, March 1998.

[7] W. Chen and T. Kløve, ”Weight hierarchies of extremal non-chain binary codes of dimension 4”, IEEE Trans. Inf. Theory, vol. 45, pp. 276-281, 1999.

[8] W. Chen and T. Kløve, “Weight hierarchies of linear codes of dimension 3”, Journal of Statistical Planning and Inference vol. 94, no. 2, pp. 167-179, 2001.

[9] W. Chen and T. Kløve, “Weight hierarchies of binary linear codes of dimension 4”, accepted for publication in Discrete Math.

[10] S. Encheva and T. Kløve, ”Codes satisfying the chain condition”, IEEE Trans.

Inform. Theory, vol. 40, pp. 175-180, 1994.

[11] G. D. Forney, ”Dimension/length profiles and trellis complexity of linear block codes”, IEEE Trans. Inform. Theory, vol. 40, pp. 1741-1752, 1994.

[12] T. Helleseth, T. Kløve, J. Mykkeltveit, ”The weight distribution of irreducible cyclic codes with block lengths n_1((q^l − 1)/N)”, Discrete Math., vol. 18, pp. 179-211, 1977.

[13] T. Helleseth, T. Kløve, Ø. Ytrehus, ”Generalized Hamming weights of linear codes”, IEEE Trans. Inform. Theory, vol. 38, pp. 1133-1140, 1992.

[14] T. Kasami, T. Takata, T. Fujiwara, S. Lin, ”On the optimum bit orders with respect to the state complexity of trellis diagrams for binary linear codes”, IEEE Trans. Inform. Theory, vol. 39, pp. 242-243, 1993.

[15] T. Kløve, ”Minimum support weights of binary codes”, IEEE Trans. Inform.

Theory, vol. 39, pp. 648-654, 1993.

[16] T. Kløve, ”The worst-case probability of undetected error for linear codes on the local binomial channel”, IEEE Trans. Inf. Theory, vol. 42, pp. 172-179, 1996.

[17] Y. Luo, W. Chen, F. Fu, “On the weight hierarchies satisfying the chain condition”, Proceedings of the AAECC-14 Symposium, Melbourne, November 26-30, 2001.

[18] A. Vardy and Y. Be’ery, ”Maximum-likelihood soft decision decoding of BCH codes”, IEEE Trans. Inform. Theory, vol. 40, pp. 546-554, 1994.

[19] V. K. Wei, ”Generalized Hamming Weights for Linear Codes”, IEEE Trans.

Inform. Theory, vol. 37, pp. 1412-1418, 1991.

[20] V. K. Wei and K. Yang, ”On the generalized Hamming weights of product codes”, IEEE Trans. Inform. Theory, vol. 39, pp. 1709-1713, 1993.