REPORTS IN INFORMATICS

ISSN 0333-3590

On the Growth Rate of Convolutional Codes

Kjell Jørgen Hole

REPORT NO 172 May 1999

Department of Informatics

UNIVERSITY OF BERGEN Bergen, Norway

This report has URL http://www.ii.uib.no/pub/ps/1999-172.ps Requests for paper copies of this report can be sent to:

Department of Informatics, University of Bergen, Høyteknologisenteret, P.O. Box 7800, N-5020 Bergen, Norway

On the Growth Rate of Convolutional Codes

Kjell J. Hole^∗, Member, IEEE

May 6, 1999

Abstract

Let C be a rate (n � r)/n convolutional code with canonical parity-

check matrix H(D), and let w_0 denote the minimum average weight per edge over all nonzero cycles in the state diagram for C. The rate of growth per edge of the minimum distance between two nonmerged codewords is given by the value of w_0. For any code C, we show how to obtain an upper bound on w_0 from the columns of H(D).

Index Terms—convolutional codes, minimum average weight per edge.

I. Introduction

In this paper we investigate how fast the minimum weight of an unmerged codeword grows as a function of the codeword length. We are particularly interested in determining the growth rates for the codes constructed in [3].

We denote a convolutional code with symbols in F=GF(2) by (n, n−r, m, d_{free}) where n is the block length, n − r is the dimension, m is the code degree (or constraint length), and d_{free} is the free distance [7, Sec. 3]. A code will be defined by a canonical parity-check matrix, H(D). The maximum degree of the polynomials in the ith row of H(D) is denoted by e_i, 1 ≤ i ≤ r, and called the ith row degree. We assume that the rows of any matrix H(D) are ordered such that the row degrees satisfy e_1 = e_2 = · · · = e_γ = 0 for some γ, 0 ≤ γ < r, and 1 ≤ e_{γ+1} ≤ e_{γ+2} ≤ · · · ≤ e_r. All ordered canonical parity-check matrices for a

�The author is with the Department of Informatics, University of Bergen, HiB, N-5020 Bergen, Norway. Internet: Kjell.Hole@ii.uib.no. This work was supported by the Norwegian Research Council, NFR.

given convolutional code have the same row degrees and the sum e_1 + e_2 + · · ·+ e_r of the row degrees is equal to the code degree m [7, Sec. 3].

If γ > 0, then the γ first rows of H(D) define a parity-check matrix for an [n, n − γ] binary block code, E, called the embedded block code [6]. For γ = 0, we define E to be the trivial [n, n] block code consisting of all possible binary n-tuples. The minimum distance of E is denoted by d_E . Note that if γ = 0, then d_E = 1.

The labels on the edges in the state diagram obtained from a canonical paritycheck matrix are the codewords in E [6]. Observe that no nonzero label can have weight less than d_E . As an example, the 2 × 3 canonical parity-check matrix

1 1 1 1 + D D 1

has row degrees e_1 = 0 and e_2 = 1, i.e. γ = 1. The first row of the matrix defines a [3, 2] embedded block code E with d_E = 2.

A path of length τ (≥ 1) in a state diagram consists of τ consecutive edges and the corresponding labels. A cycle of length τ is a path of length τ that starts and ends in the same state s and whose other states are different from each other as well as s. The average weight per edge of a cycle is equal to the total Hamming weight of all labels on the edges divided by τ. We denoted by w_0 the minimum average weight per edge over all cycles in a state diagram, excluding the cycle of length one and weight zero that starts and ends in the zero state.

The minimum weight nonzero codeword of length τ which is unmerged with the zero state is obtained, when τ is large, by first following the minimum weight connecting path from the zero state to the cycle with average weight w_0 and then repeating this cycle until τ edges have been traversed [8]. Hence, as pointed out in [2], the weight of the minimum weight unmerged codeword of length τ can be approximated by w(τ) ≈ w_0τ for large τ.

It was shown in [3] that any (n, n − r, m) code has w_0 ≥ d_E /e_{max} where e_{max} = max{e_i}. To upper bound w_0, we have found it very convenient to use a novel vector notation for (n, n − r, m) codes first introduced by Ytrehus [9]. A somewhat simplified version of this notation is presented in Section II.

In Section III, the vector notation is used to show how w_0 for an arbitrary (n, n − r, m) code, C, can be upper bounded by studying the columns of a canonical parity-check matrix for C. The bounding technique is a generalization of a technique for (n, n − 1, m) codes given in [4]. To demonstrate the usefulness of the technique, we prove that, for each value of e_{max}, there exist codes with least possible w_0 = 1/e_{max} for all values of the code parameters (n, n − r, m). It is furthermore shown that all the codes with free distances 3, 4 and 5 constructed in [3] have w_0 = 1 for all m.

II. A general vector notation

Let an (n, n − r, m) convolutional code C be defined by a r × n canonical paritycheck matrix H(D), and let h^{(i)}_j (D) = h^{(i)}_{j0} + h^{(i)}_{j1} D + h^{(i)}_{j2} D^2 + · · · + h^{(i)}_{jei} D^{ei} , h^{(i)}_{js} ∈ F, denote the jth polynomial in the ith row of H(D). The coefficients of the polynomial define a column vector h^{(i)}_j = (h^{(i)}_{j0} h^{(i)}_{j1} h^{(i)}_{j2} · · · h^{(i)}_{jei} )^T . Together, the n polynomials in the ith row of the parity-check matrix define a (e_i + 1) × n binary matrix H^{(i)} = [h^{(i)}_1 · · · h^{(i)}_n ].

Let x = (x_ax_{a+1} · · · x_b)^T be a (b − a + 1)-dimensional binary column vector. The yth shift of x, denoted by x^{y←} , is defined by x^{y←} = (x_{a+y} · · · x_b0 · · · 0)^T where y > 0. Note that y zeros are added to the bottom of the column vector as its bits are shifted up. As an example, let x = (10010111)^T , then x^{3←} = (10111000)^T .

Let u_t = (u^1_t · · · u^n_t )^T denote a binary column vector. A codeword that “starts” at time t = 0 can be represented by a semi-infinite sequence u = (u_0, u_1, · · ·). The ith syndrome vector S^{(i)}_t = (s^{(i)}_{t,0} · · · s^{(i)}_{t,ei} )^T at time t can now be defined as

S^{(i)}_t = (S^{(i)}_{t−1})^{1←} + H^{(i)}u_t, t ≥ 0, (1)

with S^{(i)}_{−1} equal to some fixed vector, usually the all-zero vector, 1 ≤ i ≤ r. The ith syndrome sequence is equal to (s^{(i)}_{0,0} s^{(i)}_{1,0} · · ·) where s^{(i)}_{t,0}, t ≥ 0, is the zeroth element in the (e_i + 1)-dimensional syndrome vector S^{(i)}_t .

The rows of the matrix H(D) define r binary (e_i + 1) × n matrices H^{(i)}. Since a binary sequence u is a codeword if and only if all the r syndrome sequences obtained from (1) are equal to the all-zero sequence, the code is given by C = {u | s^{(i)}_{t,0} = 0, t ≥ 0, 1 ≤ i ≤ r}. An example illustrates how the expression in (1) can be used to determine subsequences of codewords. Consider the (4, 2, 4) convolutional code defined by the canonical parity-check matrix

H(D) =

1 + D + D^2 1 + D^2 1 + D D + D^2 0 D 1 + D + D^2 1 + D + D^2 .

The coefficients of the polynomials in the two rows define two 3×4 binary matrices

H^{(1)} =

1 1 1 0 1 0 1 1 1 1 0 1

, H^{(2)} =

0 0 1 1 0 1 1 1 0 0 1 1 .

Let the syndrome vectors at time t − 1 be S^{(1)}_{t−1} = (010)^T and S^{(2)}_{t−1} = (001)^T . Furthermore, let u_t = (0100)^T and u_{t+1} = (0000)^T . Then, from (1), the syndrome vectors at time t are

S^{(1)}_t = (100)^T + (101)^T = (001)^T , S^{(2)}_t = (010)^T + (010)^T = (000)^T ,

and the syndrome vectors at time t + 1 are

S^{(1)}_{t+1} = (010)^T + (000)^T = (010)^T , S^{(2)}_{t+1} = (000)^T + (000)^T = (000)^T .

The binary vectors, or labels, u_t and u_{t+1} are contained in a codeword since the first symbol in each syndrome vector is equal to zero, i.e., s^{(1)}_{t,0} = s^{(2)}_{t,0} = s^{(1)}_{t+1,0} = s^{(2)}_{t+1,0} = 0.

Notice that when a label u_{t+1} is the all-zero label, then the new syndrome vectors S^{(i)}_{t+1} are obtained by simply taking a shift of the old syndrome vectors S^{(i)}_t . We will use this observation repeatedly in the next section.

A more compact form of the notation is also available. Let H be the combined binary matrix whose e_1 + 1 first rows are the rows of H^{(1)}, the next e_2 + 1 rows are the rows of H^{(2)}, and so on for all H^{(i)} matrices, 1 ≤ i ≤ r. Note that the combined matrix has ∑r i=1(e_i + 1) = m + r rows and n columns. Furthermore, let S_t = (S^{(1)}_t , · · · , S^{(r)}_t )^T be the combined syndrome vector at time t, and let S^{1←}_t = ((S^{(1)}_t )^{1←}, · · · , (S^{(r)}_t )^{1←}). The combined syndrome vector at time t can now be written as S_t = (S_{t−1})^{1←} + Hu_t, t ≥ 0. (2)

The combined syndrome vector in (2) contains ∑r i=1(e_i + 1) = m + r bits.

Since S_t is a syndrome vector for a codeword if and only if the r subvectors S^{(i)}_t have s^{(i)}_{t,0} = 0, ∀i, t, there are 2^m possible syndrome vectors. It should be clear that we can obtain a state diagram representation for any convolutional code from (2) where each state in the diagram represents a combined syndrome vector.

III. Upper bounds on w_0

In the following we show how w_0 for an arbitrary (n, n − r, m) code C can be upper bounded studying the columns of the combined matrix H. Several of the results stated below are generalizations of results for (n, n−1, m) codes presented in [4], [5].

Consider the state diagram for C obtained from (2). For any τ ∈ {0, 1, · · · e_{max} − 1}, let B_τ = (s^{(1)}_0 · · · s^{(1)}_{e1} , s^{(2)}_0 · · · s^{(2)}_{e2} , · · · , s^{(r)}_0 · · · s^{(r)}_{er} )^T

denote a nonzero state in the state diagram such that s^{(i)}_j = 0 for all 0 ≤ j ≤ min{τ, e_i} and all 1 ≤ i ≤ r, and such that there exists at least one value of i for which s^{(i)}_{τ+1} = 1 (we have removed the subscript t from the elements in B_τ to simplify the notation). In other words, the ith subvector of B_τ has min{τ, e_i} + 1 leading zeros. As an example, for r = 2, e_1 = e_2 = 3, and τ = 1, two possible states are B_1 = (0010, 0001)^T and ~B_1 = (0000, 0011)^T .

A. Analysis of codes with e_{max} ¿ 1

Lemma 1: Let d(τ) = ∑ i:e_i≥τ (ei − τ) for τ ∈ {1, 2, · · · , emax − 1} and emax > 1. The state diagram for C contains 2^{d(τ)} − 1 distinct all-zero paths of length τ whose states are all nonzero. Each path starts in some state B_τ and ends in state (B_τ )^{τ←} .

Remark: Forney [1, Theorem 2] was the first to prove a nearly identical result and Lemma 1 should therefore be attributed to him. The difference is that we only consider all-zero paths that do not contain the zero state. Our Lemma makes explicit which states are the starting states of the all-zero paths. This information is needed to upper bound w_0.

Proof: We first note that all shifts (B_τ )^{i←} for i = 1, 2, · · · , τ result in valid state vectors since, for each value of i, all r subvectors of (B_τ )^{i←} have zeroth elements equal to zero. Setting S_0 = B_τ and u_t = (0 · · · 0)^T in (2), we find that the new state for each time instant t = 1, 2, · · · τ is given by S_t = (B_τ )^{t←}. Consequently, there is an all-zero path from B_τ to (B_τ )^{τ←} .

The number of starting states S_0 containing τ + 1 leading zeros in each of the r subvectors is 2^{d(τ)} since the e_i − τ last elements in each subvector can be chosen freely. This number must be reduced by one since we require that S_0 is different from the zero state. Q.E.D.

Let the jth (combined) column of a combined matrix H be denoted by

h_j = (h^{(1)}_{j0} h^{(1)}_{j1} · · · h^{(1)}_{je1} , h^{(2)}_{j0} h^{(2)}_{j1} · · · h^{(2)}_{je2} , · · · , h^{(r)}_{j0} h^{(r)}_{j1} · · · h^{(r)}_{jer} )^T .

We are now ready to prove the following upper bound on w_0.

Theorem 1: Let H be a combined matrix with maximum row degree e_{max} > 1. If there exists a sum of l ≥ d_E columns in H = [h_j] such that l∑ k=1 h_{jk} = B_τ + (B_τ )^{τ+1←−} (3)

for some state B_τ , then w_0 ≤ l/(τ + 1).

Proof: From Lemma 1, if e_{max} > 1 then the state diagram obtained from (2) contains an all-zero path of length τ ≥ 1 from a nonzero state B_τ to the state (B_τ )^{τ←} . The all-zero path is on a cycle of length τ + 1 if there is a branch from (B_τ )^{τ←} back to B_τ . It follows from (2) that this is the case if for some l there is a sum of columns ∑l k=1 h_{jk} such that

B_τ = ((B_τ )^{τ←})^{1←} + l∑ k=1 h_{jk} = (B_τ )^{τ+1←−} + l∑ k=1 h_{jk} , or equivalently,_l ∑ k=1 h_{jk} = B_τ + (B_τ )^{τ+1←−}.

The average weight per branch of this cycle is l/(τ + 1) since the cycle has τ all-zero labels and one label of weight l. Consequently, w_0 ≤ l/(τ + 1). Since the labels in the state diagram are the codewords in the embedded block code E [6], any nonzero label has weight at least d_E and l ≥ d_E . Q.E.D.

Theorem 1 defines a simple technique for determining upper bounds on w_0 by combining columns in canonical parity-check matrices. To illustrate the usefulness of this technique, we prove two corollaries.

Corollary 1: If the combined matrix H has row degrees 1 ≤ e_1 ≤ · · · ≤ e_r = e_{max} with e_{max} > 1, and one combined column h_j is equal to (0 · · · 0, · · · , 0 · · · 0, 10 · · · 01)^T , then w_0 = 1/e_{max}, and no other code with the same maximum row degree e_{max} can have smaller w_0.

Proof: For τ = e_{max} − 1 = e_r − 1, there exists a nonzero state B_{er−1} = (0 · · · 0, · · · , 0 · · · 0, 0 · · · 01)^T in the state diagram. For this particular state, the right-hand side of (3) is given by B_{er−1} + (B_{er−1})^{er←} = (0 · · · 0, · · · , 0 · · · 0, 10 · · · 01)^T . Since l ≥ d_E = 1 and there exists a column in H such that the left-hand side of (3) is also equal to (0 · · · 0, · · · , 0 · · · 0, 10 · · · 01)^T , we have w_0 ≤ 1/e_{max}. On the other hand, it follows from Lemma 1 that the longest all-zero path nowhere merged with the zero state has length e_{max} − 1. Hence, a path of length e_{max} has weight at least one and w_0 ≥ 1/e_{max}. Q.E.D.

In [3] we constructed a general parity-check matrix H^∗_m(D) (valid for all m) with row degrees e_1 = 0, e_2 = · · · e_{m−1} = 1 and e_m = 2. The matrix defines a (2^{2m−1}, 2^{2m−1} − m, m, 4) convolutional code with w_0 ≥ 1 for any m ≥ 2. The embedded block code has minimum distance d_E = 2. We use the fact that H^∗_m(D) contains the columns E^T_{1+2}2m�3 = (1, 00, · · · , 00, 100)^T and E^T_{1+2}2m�1 = (1, 00, · · · , 00, 001)^T to prove that w_0 = 1.

Corollary 2: The (2^{2m−1}, 2^{2m−1} − m, m, 4) convolutional codes constructed in [3] have w_0 = 1 for all m ≥ 2.

Proof: We first note that the canonical parity-check matrix H^∗_m(D) has maximum row degree e_{max} = 2. For τ = e_{max} − 1 = 1, there exists a nonzero state B_1 = (0, 00, · · · , 00, 001)^T . The right-hand side of (3) for this state is equal to B_1 + (B_1)^{2←} = (0, 00, · · · , 00, 101)^T . On the other hand, the sum of the l = 2 columns E^T_{1+2}2m�3 and E^T_{1+2}2m�1 is also equal to the column vector (0, 00, · · · , 00, 101)^T , and we have from Theorem 1 that w_0 ≤ l/(τ +1) = 2/2 = 1. Since it was shown in [3] that w_0 ≥ 1, the result follows. Q.E.D.

B. Analysis of codes with e_{max} = 1

When e_{max} = 1, the r subvectors of a state S have maximum length 2. Since the zeroth element of each subvector must be equal to zero for S to be a valid state, a shift S^{1←} only result in a new valid state if S is the all-zero state. In other words, a code with e_{max} = 1 has a state diagram with only one edge of weight zero, namely the edge constituting the zero state cycle. Hence, we can no longer consider cycles containing all-zero paths to upper bound w_0.

Lemma 2: Let H be a combined matrix with maximum row degree e_{max} = 1. If there exists a sum of l ≥ d_E columns in H = [h_j] such that l∑ k=1 h_{jk} = S + S^{1←}

for some nonzero state S, then w_0 ≤ l.

Proof: It follows from (2) that there is a cycle of length one starting and ending in S if for some l there is a sum of columns ∑l k=1 h_{jk} such that

S = S^{1←} + l∑ k=1 h_{jk} , or equivalently,_l ∑ k=1 h_{jk} = S + S^{1←}.

The label on the cycle has weight l and hence w_0 ≤ l. Q.E.D.

We illustrate how to use Lemma 2 by proving two corollaries. In [3] we constructed a class of (2^{2m} − 2^m, 2^{2m} − 2^m − m, m, 3) convolutional codes with w_0 ≥ 1 for all m ≥ 1. The general canonical parity-check matrix has row degrees e_1 = e_2 = · · · = e_m = 1, and hence the embedded block code has minimum distance d_E = 1. The last combined column of the matrix is equal to B^T_22m_{−1} = (11, 11, · · · , 11)^T .

Corollary 3: The (2^{2m} −2^m, 2^{2m} −2^m −m, m, 3) convolutional codes constructed in [3] have w_0 = 1 for all m ≥ 1.

Proof: We only need to show that w_0 ≤ 1. The state diagram contains the nonzero state S = (01, 01, · · · , 01)^T . Since S + S^{1←} = B^T_22m_{−1}, we have from Lemma 2 that w_0 ≤ l = 1. Q.E.D.

In [3] we also gave a general construction for a code class with d_{free} ≥ 2t+1 for many t ≥ 2. For t = 2, the class contains (2^m − 1, 2^m − 1 − m, m, 5) convolutional codes with w_0 ≥ 1. The row degrees are e_1 = e_2 = · · · = e_m = 1, and the first combined column is h_1 = (11, 00, · · · , 00)^T . The embedded block code has d_E = 1 since all row degrees are nonzero.

Corollary 4: The (2^m − 1, 2^m − 1 − m, m, 5) convolutional codes constructed in[3] have w_0 = 1 for all m ≥ 3.

Proof: We must show that w_0 ≤ 1. The state diagram contains the nonzero state S = (01, 00, · · · , 00)^T . Since S + S^{1←} = h_1, we have from Lemma 2 that w_0 ≤ l = 1. Q.E.D.

C. Discussion

The bounding technique used to prove the upper bounds on w_0 can of course be used to prove many other upper bounds. For some codes it may be necessary to consider cycles containing more than one all-zero subpath to obtain tight bounds.

Examples of such bounds for (n, n − 1, m) codes are given in [4]. It is not difficult to generalize these bounds to (n, n − r, m) codes.

References

[1] G. D. Forney, Jr., “Structural analysis of convolutional codes via dual codes,” IEEE Trans. Inform. Theory, vol. IT-19, pp. 512–518, July 1973.

[2] F. Hemmati and D. J. Costello, Jr., “Asymptotically catastrophic convolutional codes,” IEEE Trans. Inform. Theory, vol. IT-26, pp. 298–304, May 1980.

[3] K. J. Hole, “On classes of convolutional codes that are not asymptotically catastrophic,” Tech. Report no. 169, Department of Informatics, University of Bergen, April 1999.

[4] K. J. Hole, ”A note on asymptotically catastrophic convolutional codes of rate (n − 1)/n,” IEEE Trans. Commun., vol. 45, pp. 1014–1016, Sept. 1997.

[5] M. F. Hole and K. J. Hole, ”Tight bounds on the minimum average weight per branch for rate (n − 1)/n convolutional codes,” IEEE Trans. Inform. Theory, vol. 43, pp. 1301–1305, July 1997.

[6] K. J. Hole and Ø. Ytrehus, “Cosets of convolutional codes with least possible maximum zero- and one-run lengths,” IEEE Trans. Inform. Theory, vol. 44, pp. 423–431, Jan. 1998.

[7] R. J. McEliece, “The algebraic theory of convolutional codes,” Chapter 12 in the Handbook of Coding Theory. Edited by V. S. Pless and W. C. Huffman, North-Holland, Amsterdam, 1998.

[8] I. L. Traiger and A. Gill, “On an asymptotic optimization problem in finite, directed, weighted graphs,” Inform. Contr., vol. 13, pp. 527-533, 1968.

[9] Ø. Ytrehus, “A note on high rate binary convolutional codes,” Tech. Report no. 68, Department of Informatics, University of Bergen, Aug. 1992.