Note on the stability of Gauss-Jordan elimination for diagonally dominant matrices

A.N. Malyshev Report 168, Institute of Informatics, University of Bergen

Abstract

Peters and Wilkinson [4] state that “it is well known that Gauss-Jordan is stable” for a diagonally dominant matrix, but a proof does not seem to have been published [3]. The present note fills this gap. Gauss-Jordan elimination is backward stable for matrices diagonally dominant by rows and not backward stable for matrices diagonally dominant by columns. In either case it is forward stable.

Gauss-Jordan elimination (GJE) reduces a matrix A ∈ R^{n×n} to diagonal form in n successive steps. Starting from A^{GJE(0)} = A, the k-th elimination step transforms A^{GJE(k−1)} into A^{GJE(k)} such that the off-diagonal elements in the k-th column become zero. Let m_k be the column vector

m_k = [ A^{GJE(k−1)} 1k , . . . , A^{GJE(k−1)} k−1,k , 0, A GJE(k−1) k+1,k , . . . , A GJE(k−1) nk ]T /A^{GJE(k−1)} kk , then GJE produces the following matrices: A^{GJE(0)} = A, A^{GJE(k)} = (I − m_ke^T_k )A^{GJE(k−1)}, k = 1 : n, A^{GJE(n)} = D, where e_k = [0, . . . , 0, 1, 0, . . . , 0]^T with 1 in the k-th entry. Solution of a linear system Ax = b is given by x = D^{−1}(I − m_ne^T_n ) . . . (I − m_1e^T_1 )b.

The analysis of GJE is simplified if one considers it as comprising two stages [1], [3], [4]. The first stage is the Gaussian elimination (GE) U = L^{−1}A, y = L^{−1}b. The second stage solves Ux = y with the upper triangular matrix U by GJE. The latter stage computes a matrix V such that V U = D = diag(U). In this notation x = D^{−1}V L^{−1}b.

Values computed in a floating point arithmetic will be marked by the symbols fl or ~. To analyze rounding errors, we follow the standard model: fl(x ∘ y) = (x ∘ y)(1 + δ), |δ| ≤ ϵ = ϵ_{machine}, ∘ = +, −, ×, /, and sometimes the model fl(x ∘ y) = (x ∘ y)/(1 + δ). As in [3] we use the parameter γ_n = nϵ_{machine}/(1 − nϵ_{machine}). The matrix inequality A ≤ B means that A_{ij} ≤ B_{ij} for all i, j, and |A| = abs(A) denotes the matrix with elements |A_{ij}|.

1 General error analysis

It is well known that ~L ~U = A + E_1, |E_1| ≤ γ_{n−1}| ~L|| ~U|. (1) Indeed, the equation A_{ij} = ∑min(i,j) k=1 L_{ik}U_{kj} is solved by ~L_{ij} = fl([A_{ij} − j−1∑ k=1 ~L_{ik} ~U_{kj}]/ ~U_{jj}), i > j, ~U_{ij} = fl(A_{ij} − i−1∑ k=1 ~L_{ik} ~U_{kj}), i ≤ j. The estimate of E_1 follows from Lemma 1 [3] If y = (c − ∑k−1 i=1 a_ib_i)/b_k is evaluated in floating point arithmetic, then, no matter what the order of evaluation, ~yb_k(1 + θ^{(k)}_k ) = c − k−1∑ i=1 a_ib_i(1 + θ^{(i)}_k ),

where |θ^{(i)}_k | ≤ γ_k for all i. If b_k = 1, so that there is no division, then |θ^{(i)}_k | ≤ γ_{k−1} for all i.

When computing y = L^{−1}b, the computed vector ~y satisfies ( ~L + E_2)~y = b, |E_2| ≤ γ_{n−1}| ~L|. (2) Again Lemma 1 is applied to ~y_i = fl(b_i − i−1∑ k=1 ~L_{ik} ~y_k). Since ~v_{ij} = −fl([ ∑j−1 k=i ~vik ~ukj]/~ujj) for i < j, the i-th row of the matrix ~V , eTi ~V , has the

property that e^T_i ~V ( ~U +E_{3i}) = ~U_{ii}e^T_i , |E_{3i}| ≤ γ_{n−i}| ~U|, i = 1 : n. (3i) From (3i) it follows that ~V ~U = ~D + E_3, ~D = diag( ~U), |E_3| ≤ γ_{n−1}| ~V || ~U|. (3) Similarly, when computing x = D^{−1}V y, one obtain that ~x_i = ~U^{−1}_{ii} (e^T_i ~V )(I+E_{4i})^{−1} ~y, |E_{4i}| ≤ γ_{n+2−i}I, i = 1 : n, (4i) and, consequently, ~x = ~D^{−1}( ~V + E_4)~y, |E_4| ≤ γ_{n+1}| ~V |. (4) All details concerning the derivation of these estimates are found in [3].

Theorem 1 Let ~x be a computed by GJE solution to Ax = b. Then each component ~x_i of ~x satisfies ~x_i = e^T_i (A + Δ_i)^{−1}b, |Δ_i| ≤ γ_{4n−2}| ~L|| ~U|, i = 1 : n. Proof: Using estimates (1), (2), (3i), and (4i):

~x_i = ~U^{−1}_{ii} (e^T_i ~V )(I + E_{4i})^{−1}( ~L + E_2)^{−1}b = e^T_i ( ~U + E_{3i})^{−1}(I + E_{4i})^{−1}( ~L + E_2)^{−1}b, Δ_i = ( ~L + E_2)(I + E_{4i})( ~U + E_{3i}) − A, |Δ_i| ≤ |E_1| + [(1 + γ_{n−1})^2(1 + γ_{n+1}) − 1]| ~L|| ~U| ≤ γ_{4n−2}| ~L|| ~U|. This result due to Peters and Wilkinson [4] shows that the forward error in ~x computed by GJE is of the same order of magnitude as that of GE.

Let us denote the matrices produced in GE as A^{(1)} = A, A^{(2)},. . . , A^{(n)} = U and define the growth factor of GE by g = max_{i,j,k} |A^{(k)}_{ij} |/‖A‖_∞. One can prove [3] that ‖| ~L|| ~U|‖_∞ ≤ 2n(1 + γ_2)~g‖A‖_∞. (5) Since ~x_i − x_i = −e^T_i (A + Δ_i)^{−1}Δ_ix,

|~x_i − x_i| ≤ ‖(A + Δ_i)^{−1}Δ_ix‖_∞ ≤ ‖Δ_i‖_∞‖A^{−1}‖_∞ 1 − ‖Δ_i‖_∞‖A^{−1}‖_∞ ‖x‖_∞. As a result, ‖~x − x‖_∞ ‖x‖_∞ ≤ 2n(1 + γ_2)γ_{4n−2} ~gκ_∞(A) 1 − 2n(1 + γ_2)γ_{4n−2} ~gκ_∞(A)

= (8n^2 − 4n)ϵ~gκ_∞(A) + O(ϵ^2), (6)

where κ_∞(A) = ‖A^{−1}‖_∞‖A‖_∞. If the growth factor ~g is not large, then GJE is forward stable.

Theorem 2 A solution ~x to Ax = b computed by GJE satisfies (A + Δ_{LU} )(I + Δ_V )^{−1} ~x = b, where |Δ_{LU} | ≤ γ_{2n−2}| ~L|| ~U|, |Δ_V | ≤ γ_{2n}| ~U^{−1}|| ~U| ( I − γ_{n−1}| ~U^{−1}|| ~U| )−1 , if γ_{n−1}‖| ~U^{−1}|| ~U|‖_∞ < 1. Proof: Derive from (3) that ( ~V + E_4) ~U = ~D + E_3 + E_4 ~U and ~D^{−1}( ~V + E_4) = (I + ~D^{−1}E_3 + ~D^{−1}E_4 ~U) ~U^{−1}. Therefore, ~x = ~D^{−1}( ~V + E_4)( ~L + E_2)^{−1}b = (I + ~D^{−1}E_3 + ~D^{−1}E_4 ~U) ~U^{−1}( ~L + E_2)^{−1}b, ( ~L + E_2) ~U(I + ~D^{−1}E_3 + ~D^{−1}E_4 ~U)^{−1} ~x = b. Denote Δ_{LU} = E_1 + E_2 ~U and Δ_V = ~D^{−1}E_3 + ~D^{−1}E_4 ~U. Then (A + Δ_{LU} )(I + Δ_V )^{−1} ~x = b, |Δ_{LU} | ≤ γ_{2n−2}| ~L|| ~U|, |Δ_V | ≤ γ_{2n}|~D^{−1} ~V || ~U|.

Let us estimate Δ_V in terms of ~U. Since ~V = (~D + E_3) ~U^{−1}, one can derive that |~D^{−1}E_3| ≤ γ_{n−1}|I + ~D^{−1}E_3|| ~U^{−1}|| ~U| ≤ γ_{n−1}| ~U^{−1}|| ~U| + γ_{n−1}|~D^{−1}E_3|| ~U^{−1}|| ~U|, |~D^{−1}E_3|(I − γ_{n−1}| ~U^{−1}|| ~U|) ≤ γ_{n−1}| ~U^{−1}|| ~U|. The condition γ_{n−1}‖| ~U^{−1}|| ~U|‖_∞ < 1 implies that I − γ_{n−1}| ~U^{−1}|| ~U| is nonsingular and (I − γ_{n−1}| ~U^{−1}|| ~U|)^{−1} = ∑∞ k=0 ( γ_{n−1}| ~U^{−1}|| ~U| )k . Hence all entries of (I − γ_{n−1}| ~U^{−1}|| ~U|)^{−1} are nonnegative. At last, |~D^{−1}E_3| ≤ γ_{n−1}| ~U^{−1}|| ~U|(I − γ_{n−1}| ~U^{−1}|| ~U|)^{−1}, |Δ_V | ≤ γ_{2n}|I + ~D^{−1}E_3|| ~U^{−1}|| ~U| ≤ (I − γ_{n−1}| ~U^{−1}|| ~U|)^{−1}γ_{2n}| ~U^{−1}|| ~U|. The following asymptotic estimate holds: |b − A~x| ≤ [ (2n − 2)ϵ| ~L|| ~U| + 2nϵ|A|| ~U^{−1}|| ~U| ] |~x| + O(ϵ^2). (7) The sequence of formulas ‖Δ_V ‖_∞ ≤ γ_{2n}‖| ~U^{−1}|| ~U|‖_∞(1 − γ_{n−1}‖| ~U^{−1}|| ~U|‖_∞)^{−1}, ‖(I + Δ_V )^{−1}‖_∞ ≤ (1 − ‖Δ_V ‖_∞)^{−1} ≤ (1 − γ_{n−1}‖| ~U^{−1}|| ~U|‖_∞)(1 − γ_{3n−1}‖| ~U^{−1}|| ~U|‖_∞)^{−1}, (A + Δ_{LU} )(I + Δ_V )^{−1} − A = (Δ_{LU} − AΔ_V )(I + Δ_V )^{−1},

‖(A + Δ_{LU} )(I + Δ_V )^{−1} − A‖_∞ ≤ γ_{2n−2}‖| ~L|| ~U|‖_∞ + γ_{2n}‖A‖_∞‖| ~U^{−1}|| ~U|‖_∞ 1 − γ_{3n−1}‖| ~U^{−1}|| ~U|‖_∞ leads to an estimate of the backward error:

‖(A + Δ_{LU} )(I + Δ_V )^{−1} − A‖_∞ ≤ 2nγ_{2n−2} ~g + γ_{2n}‖| ~U^{−1}|| ~U|‖_∞ 1 − γ_{3n+1}‖| ~U^{−1}|| ~U|‖_∞ ‖A‖_∞. (8) The residual b − A~x satisfies the asymptotic estimate ‖b − A~x‖_∞ ≤ [ (4n^2 − 4n)ϵ~g + 2nϵ‖| ~U^{−1}|| ~U|‖_∞ ] ‖A‖_∞‖~x‖_∞ + O(ϵ^2), (9) which “means that the Gauss-Jordan solution gives a residual which is commonly of the order of magnitude one naturally associates with its accuracy” [4].

2 GJE for matrices diagonally dominant by rows

We say that A ∈ R^{n×n} is diagonally dominant by rows if |A_{ii}| ≥ n∑ j=1 j≠i |A_{ij}|, i = 1 : n.

It is well known [2] that the diagonal dominance is preserved under Gaussian elimination.

Theorem 3 Assume that A ∈ R^{n×n} satisfies the condition |A_{ii}| ≥ α_i n∑ j=1 j≠i |A_{ij}| with α_i ≥ (1 + γ_2)^{n−1}. (10)

Then the upper triangular matrix ~U computed by GE in a floating point arithmetic is diagonally dominant by rows. Moreover, the growth factor ~g is bounded from above by 1 + γ_{n−1}.

Proof: Consider the first elimination step A^{(1)} = A → A^{(2)}. The matrix ~A^{(2)} has the entries

~A^{(2)}_{ij} = [ A_{ij} − A_{i1}A_{1j} A_{11}

(1 + δ^′)(1 + δ^{′′}) ] (1 + δ^{′′′}), i = 2 : n, j = 2 : n,

with |δ^′|, |δ^{′′}|, |δ^{′′′}| ≤ ϵ. From this representation we derive that | ~A^{(2)}_{ii} | ≥ |A_{ii}|(1 − ϵ) − |A_{i1}||A_{1i}| |A_{11}| (1 + ϵ)^3

and_n ∑ j=2 j≠i | ~A^{(2)}_{ij} | ≤ (1 + ϵ) n∑ j=2 j≠i |A_{ij}| + (1 + ϵ)^3 n∑ j=2 j≠i |A_{i1}||A_{1j}| |A_{11}| ≤

(1 + ϵ) (|A_{ii}|/α_i − |A_{i1}|) + (1 + ϵ)^3 |A_{i1}| |A_{11}| (|A_{11}|/α_1 − |A_{1i}|) =

1 + ϵ α_i |A_{ii}| − (1 + ϵ)^3 |A_{i1}||A_{1i}| |A_{11}| + (1 + ϵ) [ (1 + ϵ)^2

α_1 − 1 ] |A_{i1}| ≤ 1 + ϵ α_i(1 − ϵ) [ | ~A^{(2)}_{ii} | + (1 + ϵ)^3 |A_{i1}||A_{1i}| |A_{11}| ] − (1 + ϵ)^3 |A_{i1}||A_{1i}| |A_{11}| + (1 + ϵ) [ (1 + ϵ)^2 α_1 − 1 ] |A_{i1}| ≤ 1 + γ_2 α_i | ~A^{(2)}_{ii} | + (1 + ϵ)^3

( 1 + γ_2 α_i − 1 ) |A_{i1}||A_{1i}| |A_{11}| + (1 + ϵ)

( 1 + γ_2 α_1 − 1 ) |A_{i1}|. Therefore,_n ∑ j=2 j≠i | ~A^{(2)}_{ij} | ≤ 1 + γ_2 α_i | ~A^{(2)}_{ii} |, when α_i ≥ 1 + γ_2.

Denote α^{(2)}_i = α_i/(1 + γ_2), then α^{(2)}_i ∑n j=2 j≠i | ~A^{(2)}_{ij} | ≤ | ~A^{(2)}_{ii} |. After n − 1 elimination steps

α^{(n)}_i = α_i/(1 + γ_2)^{n−1} ≥ 1.

In order to estimate ~g, we proceed as follows: n∑ j=2 | ~A^{(2)}_{ij} | ≤ (1 + ϵ) n∑ j=2 |A_{ij}| + (1 + ϵ)^3 n∑ j=2 |A_{i1}||A_{1j}| |A_{11}| ≤

(1 + ϵ) n∑ j=2 |A_{ij}| + (1 + ϵ)^3|A_{i1}|/α_1 ≤ (1 + ϵ) n∑ j=1 |A_{ij}|, if α_1 ≥ (1 + ϵ)^2.

After step k we have ∑n j=k+1 |A (k+1) ij | ≤ (1 + ϵ)^k ∑n j=1 |A_{ij}| and finally max_{i,j,k} |A^{(k)}_{ij} | ≤ (1 + γ_{n−1})‖A‖_∞. Since the matrix ~U is diagonally dominant by rows, one can derive nice estimates of | ~U^{−1}|| ~U| that allow one to show the backward stability of GJE for matrices, which satisfy (10). Let us denote W = ~D^{−1} ~U, then | ~U^{−1}|| ~U| = |W^{−1}||W |. The matrix W is unit upper triangular and ∑n j=i+1 |Wij| ≤ 1 due to the diagonal dominance by rows of ~U.

Lemma 2 |W^{−1}| ≤ T = 1 1 . . . 1 1 . . . 1 ... . . 1 .

Proof: Denote the j-th column of the matrix W^{−1} by z. We have z_j = 1, z_i = 0 for i > j, and ∑j k=i W_{ik}z_k = 0 for i < j, so z_i = − ∑j k=i+1 Wikzk. Assume, by induction, that |zk| ≤ 1

for k = i + 1 : j, then |z_i| ≤ ∑j k=i+1 |Wik| ≤ 1. By the lemma, | ~U^{−1}|| ~U| ≤ T |W | and |Δ_V | ≤ γ_{2n}T |W |(I − γ_{n−1}T |W |)^{−1}. (11) Since ‖T |W |‖_∞ ≤ 2n − 1, ‖(A + Δ_{LU} )(I + Δ_V )^{−1} − A‖_∞ ≤ (8n^2 − 6n)ϵ‖A‖_∞ + O(ϵ^2). (12)

3 GJE for matrices diagonally dominant by columns

In general GJE for such matrices is not backward stable. Consider, for instance, the following example: A = 1 + δ 1 0 1 1 + δ 1 0 0 1 + δ , b = A 1 1 1 = 2 + δ 3 + δ 1 + δ . Choose δ = 10^{−10} and compute all with 17 decimal digits. Then ~x = [1 − δ, 1, 1]^T , r = b − A~x = [δ(1 + δ), δ, 0]^T ,

~U = 1 + δ 1 0 0 2δ 1 0 0 1 + δ , |A|| ~U^{−1}|| ~U| = 1 + δ 3 2/δ 1 3 − δ^{1−δ}_{1+δ}^2_δ +^{1+2δ}_{1+δ} 0 0 1 + δ . Since ϵ_{machine} = 10^{−16} and κ_∞(A) = ‖A^{−1}‖_∞‖A‖_∞ ≈ 9/(2δ), we have ‖~x − x‖_∞ ‖x‖_∞ = δ ≈ 2 9 · 10^{−4}ϵ_{machine}κ_∞(A), ‖r‖_∞ ‖A‖_∞‖~x‖_∞ ≈ 1 3 · 10^{−10} = 1 3 · 10^6ϵ_{machine}.

References

[1] T.J. Dekker, W. Hoffman and K. Potma, Stability of Gauss-Huard Elimination for Solving Linear Systems, Tech. Report CS-93-08, Dept. Comp. Sc., Univ. of Amsterdam, 1993.

[2] G.H. Golub and C.F. Van Loan, Matrix Computations, 2nd ed., The Johns Hopkins Univ. Press, Baltimore, MD, 1989.

[3] N.J. Higham, Accuracy and Stability of Numerical Algorithms, SIAM, Philadelphia, 1996.

[4] G. Peters and J.H. Wilkinson, On the Stability of Gauss-Jordan Elimination with Pivoting, Communications of the ACM, 18(1): 20–24 (1975).