REPORTS
IN
INFORMATICS

ISSN 0333-3590

Spheres of Permutations under the

Infinity Norm -
Permutations with limited displacement

Torleiv Klagve

REPORT NO 376 November 2008

Department of Informatics

UNIVERSITY OF BERGEN
Bergen, Norway



This report has URL http://www.ii.uib.no/publikasjoner/texrap/ps/2008-376.ps

Reports in Informatics from Department of Informatics, University of Bergen, Norway, is
available at http://www.ii.uib.no/publikasjoner/texrap/.
Requests for paper copies of this report can be sent to:

Department of Informatics, University of Bergen, Hgyteknologisenteret,
P.O. Box 7800, N-5020 Bergen, Norway



Abstract

The following problem is considered: how many permutations p of {1,2,...,n}
satisfy |p; —i| < d for all 47

1 Introduction

A class of enumerative combinatorial problems can be formulated as follows. Let
Sp denote the set of all permutations of {1,...,n}. Suppose that for each integer
i > 1 we have a set S[i] of positive integers. How many of the permutations p in
Sy satisfy p; € S[i] for all 4, 1 < i < n? Problems of this form have been studied
for more than a hundred years, and several methods have been developed to attack
such problem. One method is the reformulation of the problem as a problem on
permanents. In a paper in 1961, Mendelsohn [6] expressed the following opinion:

”The method of expressing the number of permutations of a set of ele-
ments subject to certain types of restrictions as the value of a permanent
is well known, but the literature is practically non-existent mainly be-
cause the evaluation of a permanent is a formidable problem.”

He then went on to apply the permanent to obtain recursions which could be used
to give numerical result and, in some cases, also closed formulas.

The problem considered in this paper is the enumeration of permutations which
satisfy |p; —i| < d for all s. The motivation comes from coding theory. The problem
can be rephrased as: what is the size of a sphere of radius d in the set of permutations
of length n under the distance defined by the [, norm.

More precisely, we consider the distance d, between permutations defined by

Let ¢ denote the identity permutation in S,. The object of study in this paper
is V(d,n), the number of permutations in S, within distance d of the identity
permutation, that is

V(d,n) = [Tanl,

where
Tan={p € Sn|lpi—i <dforl<i<n}.

We note that since I (¢, ¢) = loo (p, pg) for any permutation p € S,,, the number
of permutations in S,, within distance d of p will also be V(d,n). In [3] this fact
was used to obtain a Plotkin type bound for permutation arrays.

In general, no simple expression for V(d,n) is known. As far as I can tell, this
particular problem was first discussed by Lagrange [4] in 1962. He limited his study
to d < 3. He found recursions that could be used to compute V(d, n) numerically.
The method was ad hoc, and already for d = 3, the recursion and the discussion
leading up to them became quite complicated. The case d = 3 takes over five pages
in his paper.

The problem was next considered by Lehmer [5] in 1970. For fixed d, V(d, n)
satisfies a linear recurrence in n. Lehmer stated this without giving a detailed
proof. He used the expression for V(d,n) as a permanent. His idea was to expand
the permanent by the first row or column. Each of the resulting matrices are in turn
expanded and ”the process continues until no 'new’ matrices occur”. He carried the
process through for d < 3 and gave generating functions (with no published details),
but gave no proof that the process will always work.

A proof that V' (d,n) do satisfy a linear recurrence is given in Stanley’s textbook
[9] (Proposition 4.7.8 on page 246). Stanley considers a wider class of related
problems. The permanent is not used in his proof.



Baltié studied the problem more recently. Only a very short abstract of his work
has been published, in [1], p. 105. He has computed values of V' (4,n) for n < 24,
posted in [8] as sequence A072856.

The fact that V(d,n) satisfies a linear recurrence implies that

lim V(d,n)"" = uq,

n—oo

where pg is the largest root of the polynomial corresponding to the shortest lin-
ear recurrence of V(d,n). For d = 1, d = 2, and d = 3, these recurrences were
determined explicitly by Lehmer [5] and he also determined pg (approximately).

2 Notation and basic results

The permanent of an n X n matrix A is defined by

per A = Z A1py = Anp,, - (1)

PESH
In particular, if A is a (0, 1)-matrix, then
perA={p€ S, | aip, =1forallil<i<n}.
Let A7) be the n x n matrix with al(.flj’n) =1if |i —j|] < d and agfij’n) =0
otherwise. The old idea is the following relation. For completeness, we include a
proof.

Lemma 1. V(d,n) = per A(®"),

Proof.

V(d,n) = |{p € Sy | pi—i| < dforalli}| = {p € Sy |alt™ =1 for all i}| = per A",
O

For an n x n (0, 1)-matrix it is known (see Theorem 11.5 in [13]) that
perA < H(m!)l/”,
i=1

where r; is the number of ones in row <.
For A" we clearly have 7; < 2d + 1 for all i. Hence we have the following
upper bound given in [3].

V(d,n) < [(2d+ 1)1/ Z4FD for all n (2)

and so
pa < [(2d + 1)/ @D, (3)

Since we have two rows of weight i for d + 1 < ¢ < 2d and the remaining rows
of weight 2d + 1, we actually get the stronger (but more complicated) upper bound

[Tt (10
Vid,n) < [(2d + 1)]24/d+D)

[(2d + 1)!]7/ 24+, (4)

We note that [(2d + 1)1]/(24+D ~ 2441 for § — 00, Lehmer [5] also stated that
the ”van der Waerden conjecture” (now a theorem) can be used to prove that

Hd 1
> - =0. .
Y 0.36788 (5)




He did not give any details. We will discuss this lower bound in some detail at
the end of the paper. In particular, we give a proof.
Also, combined with the upper bound, this shows that

Hd
2d +1

1
— — when d — oo.

In Table 1 we give the values of ug and the upper bound in (2) for d < 8. For
d =1,2,3, the values of p4 are due to Lehmer [5]. The values for d > 4 are new.

Table 1: g and its upper bound.

d| [(2d 4+ D)JY/CHD T 4,/ (2d 4+ 1) | [(2d + 1)V @440 /(2d 4 1)
1]1.61803 1.81712 0.53934 0.60571
2 | 2.33355 2.60517 0.46671 0.52103
3 13.06177 3.38002 0.43739 0.48286
4 | 3.79352 4.14717 0.42150 0.46080
5 | 4.52677 4.90924 0.41152 0.44629
6 | 5.26082 5.66769 0.40468 0.43598
7 | 5.99534 6.42342 0.39969 0.42823
8 | 6.73016 7.17704 0.39589 0.42218

The purpose of this paper is to study the linear recurrences and generating
functions for V(d,n) in more detail. In particular we study constructive upper
bounds on the length of such recurrences.

There is no simple way to evaluate permanents similar to Gaussian elimination
for determinants. However, if A is an n X n matrix, then perA can be computed
by expanding by some row (or column) and repeat the process recursively. For
example, expanding a (0,1) matrix by the first row,

perd = Z perA; (6)

jlai,;=1

where A; denotes the (n — 1) x (n — 1) matrix obtained by deleting the first row
and column j in A.

To find a recursion of V(d,n) for a given d, a first task is to determine a class
X4 of matrices such that for each n, the number of n X n matrices in Xy is a
constant which depends only on d, and such that for any n x n matrix in Xg4, the
(n—1) x (n —1) matrices A;, where a; ; = 1 also belong to X4. Further we require
that the matrices A(d™) belong to X4 for all n. From this we obtain a recursion
for the permanents. In the next section, we determine one such class of matrices,
in the following section another class that is more complicated to define but which
gives a shorter recursion.

3 First class of matrices

The first class of matrices is relatively simple to describe. One reason to include the
first class is that the main underlying ideas are simpler to describe for this class.
But it will also be used to prove some results that do not follow from the second
construction.

First we introduce some notations that will be used for both classes. Through-
out, we will assume that d is fixed. Therefore, d will not be included the notations.



Forl1<a<d+4+land1<b<d,let
Xop ={(x1,22,...,2q) |a =21 > 22>+ >z, >0and z; =0 for ¢ > b}.
For0<a<dand 0<b<d, let
Yo ={(z1,22,...,2q) |la=x1 > 22 >--- > 1 >0 and x; =0 for ¢ > b}.
Let

d

Y = UYa,d:{(xhx?v"'?xd)|d2x12x22"'2xd20}~
a=0

Lemma 2. We hﬂ})}g
1) |Xa,b| = (abfl )’

i) Yol = (27 = ("),

iii) Y] = (3.
Proof. First we note that
[ Xap| = Y1 (7)

by the 1-1 mapping
(1,22, ., 2p,0,...,0) &~ (1 — 1,29 — 1,..., 2 — 1,0,...,0).

Hence, for a > 1 and b > 1 we have, by definition of Y, 3,

b b
Yasl =Y [ Xael = D [Yaorel:
c=1 c=1

Since Yy 5| = 1, ii) follows by induction:

b
at+c—2 at+b—1
RS

c=1

Next, i) follows from (7). Finally

d d
a+d—1 2d
=S mad =3 (1) = ()
a=0

a=0

The recursion

For a sequence x, let Ay, be the n x n matrix (a;,;) be defined by

a;j = O0forj>i+dori>j+d,
a;j = 0forl1<j<dandj+d—z;<it<j+d
a;; = 1 otherwise,

and let
ax(n) = per Ax .

We note that if 1 = d+1, then the first column of Ay ,, is all zero and so ax(n) = 0.
In this notation, Ag,, = A@™ and ag(n) = V(d,n). The first class of matrices
is

Mi ={Ax, |x€Y,n>1}.



Suppose that n > d+ 1. In the first row of Ay ,,, exactly the first d + 1 elements
are 1. We see that for 1 < j < d+ 1, we get (Ax,n); = Ax[j],n—1 Where

X[j] = (:Cl + 1,20 + ].,...,{Ej,1 + ].,{EjJrl,:EjJrQ,...,{Ed,O).

In particular, x[1] = (22, 23,...,24,0) and x[d + 1] = (x1 + 1,22+ 1,..., 24 + 1).

By (6), )
+1

ax(n) = 3" avegy(n — 1), (8)
j=1

For n < d, we similarly get

d+1

ax(n) = Zax[j] (n—1)= Z axj)(n —1)

when we put ay(n) = 0 whenever y € X, , for some b > n.

For n = 0 we get ap(0) = 1 and ax(0) = 0 for x # 0. Combining this with
(8), we get a recursion which can be used to compute all ax(n), and in particular
ag(n), that is V(d,n). The values of V(d,n) for n < 30 and d < 10, computed in
this way, are given in an appendix.

Generating functions

We can also determine a generating function for V(d,n) from this recursion. For
convenience we will use the notation § = (2dd).
For numerical computations is convenient to note that when we order the ele-

ments of Y lexicographically and let the position of 0 be 0, then the position of x
is

Ed: (d i+ xj)

= d+1—3j

Let T be the ¢ x § matrix where the rows and columns are indexed by Y (ordered
lexicographically), and where

txjlx =1for j=1,2,...,d+1 and tyy = 0 otherwise if 21 < d,
txp1)x =1 and ty x = 0 otherwise if z1 = d,

and let similarly v(n) be the vector of length § with the elements ax(n) indexed in
the same way. In particular, v(0) = (1,0,0,...,0). Then, for n > 1,

v(n) =v(n—1)T, (9)
and so
v(n) =v(0)T". (10)
Let
é
9(z) =det(T — 21) = Zcmﬂ
i=0

be the characteristic polynomial of T. Then ¢(T") = 0 and so Zf:o c; Tk = 0 for

all £k > 0. Hence
5

> ciax(i+k) =0 (11)

i=0
forall x € Y and all £ > 0.



Let 5
H(z)= an_jzj,
j=0
and let

Fe(z) =) ax(i)z'
=0

be the generating function of {ax(i)}. From the theory of linear recurrences, we
know that this is a rational function in z (see e.g. [9], Chapter 4). More precisely,

Fx(2)H(z) = Zz" Z ax(i)es—; (12)

n=0 i+j=n

00 min{n,é} 00
= Z z" Z ax(n—j)es—j = Z bp2".
n=0 §=0 n=0
In particular, if n > §, then
§ 5
b, = Zax(n —J)cs—j = Zax(n -0+ =0
=0 1=0

by (11). Hence

Fe(z) = = . (13)

In particular,

_ ho(2) _ fa(2)
H(z)  ga(z)

where ged{f4(z), g4(2)} = 1. Hence, we get the following theorem.

Fo(z)

Theorem 1. Ford > 1, V(d,n) has a generating function

iV(d, n) on = J402) (14)

paare 9a(z)

where fq(z) and gq(z) are polynomials, ged{fq(z),94(2)} =1, and

deg ga(z) < <2j).

In the next section we derive another recursion that proves the stronger upper
bound deg gq(z) < 2% + (%) /2.

We have computed Fx(z) by the method above for all x when d < 5. Using the
recursion developed in the next section, we have also computed Fg(z) for d = 6. In
the appendix, we give the fq(z) and gq(z) for d < 6. In Example 1, we give the
results for d = 3.



Table 2: hy for d = 3.

X | ha(2)/(1+ 2+ 2% =23 + 22+ 25 - 29)

000 [1—2—222—22% 427428

100 | 242244225227 28

110 | 222 4+223 4224 —225 — 226

111 | 622 +622 —225 — 1320 —827T — 228 442942210 42212 4 218

200 | (2422 =22 =24 =22+ 25 +27)(1 — 2)

210 | 222

211 | 423 + 424 — 426227

220 | 222 —42% —225—-226 42274228

221 | 423 —22°

222 | 423 —92° 426 - 4274228 4229 42211 4 212

300 | z—22—223— 225+ 284 2°

310 | 224225 +226 - 228 - 29

311 [ 22342244225 —226-2.7

320 | (22422 — 22— 25 — 20 4+ 2T+ 28)(1 - 2)

321 | 228

322|223 —425—2206 227422834229

330 | 22 — 23 =221 — 226 4 294 210

331 | 2342204227229 210

332 | (23422 =22 =20 — 2T+ 28 4291 - 2)

333 | 23 — 24 =225 —227 4 210 4 211
Example 1. For d =3, 6 = 20. Calculation shows that the characteristic polyno-
maal is

g(z) = 14+2-3224+23 432" — 1125 — 1320 — 427 + 162°

+1227 — 42" 4 82" 4 282" 4 202 — 212
17215 _ 16 5,17 3,18 19, 20
= (1-2)(—1+z+22-22+24+2°+29
(=1 —32—32% =52 —92% — 725 + 326 41927 + 2128
41329 43210 4 3211 4 212 13,

We get H(z) = 220g(1/2) = (1 + 2 + 22 — 23 + 2% + 25 — 2%)g3(2) (where
93(2) is divisible by (1 — z)). It turns out that for all x, hx(2) is divisible by

1+ 2+ 22

— 23 420+ 2% — 20 We list ha(2)/(1+ 24+ 22 — 23 + 20 +2° — 2%) in

Table 2. In some cases, hx(z) is also divisible by 1 — z and we have marked this by
giving the factor 1 — z explicitly.

By the standard theory of linear recurrences (see e.g. [9] Theorem 4.1.1),

V(da TL) ~

p(n)¢™, where ( is the largest positive zero of gx(1/z) = 0 and p(n)

is some polynomial of degree one less than the order of ¢ (as a zero). This implies
that Hd = C

The relation (8) implies a similar relation for the generating functions. If 1 < d,



we get

0o o d+1
Fi(2) =Y ax(n)2" = ax(0)+ > 2" > ayp(n
n=0 n=1 Jj=1
d+1 oo
= Oéx(O) + Z Z Ax[4] (n)zn+1
j=1n=0
d+1
= ax(0)+2 ) Fi(2). (15)
Jj=1

If 21 = d, then ayp;(n —1) =0 for j > 1 and ax(0) = 0 and so

Fu(2) = 2Fy1)(2) = 2F (g ,24,....24,0)(2)- (16)

Note that z; = d for exactly half of the vectors in Y. More general, if x; = d for
1 <i<land z; < d, then we can repeat the argument and get

FX(Z) = Zl_lF(rl7$l+17~~~,$d70707---70) (Z) (17)

Substituting this back into the set of equations (15), we get a set of §/2 equations
for the Fx(z) with x; < d. Explicitly, if z; < d — 1, the equation (15) is kept. But
itx; =d—1fori<{andx; <d—1, then ax(0) =0 and (17) gives

l

Fe(2) = 2Flaym,,04,0) (2 +ZZF(T1+17 gL a0)(2)
j=2
d+1
+ Z ZF(Il,~~~,$z—1+1,$z+1,~~@j71+1,30j+17~~~,wd70)(Z)
Jj=l+1

ZF(IEQ,IE;;,...,md,O) (Z) + Z ZjF(IE_7‘+17...,.764,0,...,0) (Z)

d+1

+ Z ZlF(wz+1,~~~7ijf1+1,wj+1wu;wd,O,m,O)(Z)' (18)
j=l+1

Example 2. For d = 3 we get the following 10 equations.
Floooy(2) = 1+ 2 Fiooo) (2) + 2 Fl100y (2) + 2 Fl110)(2) + 2 Flainy (2),

Fl100)(2) = 2 Floo0) (2) + 2 Fl200)(2) + 2 Fl210)(2) + 2 Fl211)(2),
Fl110)(2) = 2 Fl100)(2) + 2 Fla00) (2) + 2 Fl220)(2) + 2 F(221)(2),
F(111)(Z) = ZF(no)( 2) + 2 Fl210)(2) + 2 Fla20)(2) + 2 Fl222)(2),
Floooy (2) = (Z + 2%) Fo00) (2) + 2% F100)(2) + 2° F(110)(2),
Fai)(2) = 2 Fooo)( z) + 2 F100) (2) + 2% Fia00)(2) + 2% F210)(2),
Foiy(z) =2 F(lOO)( z) + 2 F110)(2) + 2% Fla00) (2) + 2% Fla20)(2),
Flag0)(2) = (Z +z )F(ooo)( z) + 2% Flao0) (2) + 2 Fiao0) (2),
F(221)(Z) ==z F(ooo)( z) + 22 F100) (2) + 23 Fla00) (2) + 2 Fl210)(2),
Flag2)(2) = (2% + 2%) Flooo) (2) + 2° Flao0) (2) + 2 F(220)(2)

The set of equations can be reduced by further simple substitutions. For exam-
ple, we see that for x € X4_1 4, all the terms Fy,(z) in the right hand expressions in
(18) have y4 = 0. Hence we can substitute these equations back into the remaining
equations and thus reduce the number of equations by |Xg4_1.4| = (2(;1__13). Since

2d—3
(o) _ (=1 1

92 2d(2d—1) Ty




this reduces the number of equation by almost 25%.
This can be carried further. For x € X4_1 5 (where 1 <b<d) andy €Y, let

y=<xifyi<d—-1lory e Xq_1,. where c <b.
We can make simple substitutions for all x € Y;_; 4 such that
x[j]* <xforall j=1,2,...,d. (19)

Here x[j]* denotes the vector we obtain from x[j] when removing any initial elements
with value d (this is what we get using (17); for example, if d = 4 and x = (33221),
then x[2] = (42210) and x[2]* = (22100). For example, we see that for d = 3, (19)
is satisfied for 5 of the 6 vectors x € Y5 3, the exception is (210). For the actual
computation we first substitute for the x € Xg_1 4 (this is the case we considered
above), next all x € X4_1 41 that satisfy (19), then those in Xg4_1 42, etc.

For example, for d = 3 this leave us with the following set of 5 equations.

Floon)(2) = 1+ 2 Fooo)(2) + 2 Fl1o0) (2) + 2 Fl110) (2) + ZF(111 ( )s
Flooy(2) = (2 + 2%+ 2% 4 2% 4 32° + 22° )F(ooo (2) + (22° + 2° + 22°) Fla00) (2)
(& 4 2% 4 2+ 2°) Faig) (2) + 2 Flaig) (2),
F(ll()) (Z) = (2'2 + 323 + 324 + 2'5 +z )F(OOO)( ) ( + 22’4 + ZG) F(lOO) (Z)
+(23 + 2% + 29) Faiy(2) + 2 F(zlo)( z),
F(lll) (Z) = (223 + 6214 + 215)F(000)( ) (22 + 321 ) (100) (Z)
+(z 4 2" 4+ 22°)F110)(2) + 2 F210) (2),
Foi)(z) = (224 2% 4 2")Flooo) (2) + (2 + 2*) F100 (2)
+24 Fra0)(2) + 2° Fia10)(2),

In general, we can find a formula for the number of x € Y;_; 4 that does not
satisfy (19), that is, the number of equations that will remain. Assume that x starts
with 7 elements that equal d — 1 and ends in s zeros (that is x € Xgq_1 4—5). For
1 <75 <7, we see that

x[jl=d,...,d,d—1,...,d =1, 2r41,...,24—s,0,...,0)
with j — 1 initial d’s and so
x[j*=(d-1,....,d— 1, 2r41,...,24-5,0,...,0)

ends in d — s — j zeros. Hence (19) is satisfied for those j. It is easy to see
that if (19) is not satisfied for some j where r < j < d, then it is not sat-
isfied for j = d. Since x[d]* € X, . 11,d-r, (19) is not satisfied exactly when
ZTr41 = d—2 and r < s. For such X, (¥ry1,Trt2,...,24—s) € Xg—2,4—r—s. Hence
(Tr41, Trg2,y - -3 Td—s,0,...,0) € Yy_o 4_o, and also any element in Yg_o 4o, gives
rise to an x € Yy_1 4 that do not satisfy (19). The total number of such x € Yy_1 4
is therefore

[(d—1)/2] [(d—1)/2]
2d — 2r — 3
= Y_ —2r| = .
=Y Wi ;(H)

There seems not to be a simple closed expression for v4. The sequence {vg} is
sequence A014301 in [8]. It is not too hard to show that v4/|Y4—1,.4| — 1/6 when
d — co. Hence this simple method of repeated substitutions reduces the remaining
set of sequences with approximately 41.6% (compared with the 25% for the first
step given above). In all, we are left with an equation set of size 29.2% of the
original set of |Y| equations.



Another way to reduce the number of equations is to start with the equations
(18) for Fx(z) for x; small. To elaborate on this, we introduce an alternative
notation. For x € Y, 4, let

=iz =4}

and denote Fx(z) by ®,, pu_1....p1 (we omit the z for convenience). For example
Fis311100)(2) = ®2,0,3. For Fo(z) we just use the notation ®, and sometimes, by
abuse of notation, ®y. The first equation in the example above for d = 3 then reads

P=14+20+ 2P + 2Dy + z P3.

In general, we see that

d
=1+20+2) &, (20)
r=1
For x € Y7 4 we get the equations
j—1 d—j
(I)j = Z(I)J;l +qu)r,jflfr +ZZ(I)j’S’ (21)
r=1 s=0

for 1 < j < d. We can solve these equations for the ®; in terms of the ®, ; and be
left with d fewer equations. Then we can repeat this process for the set of equations
(18) where 1 = 2, etc.

We will show that the solutions for the equations with z7 = 1 (that is, equation
(21) can be given a relatively compact explicit form. We do this in two lemmas. To
simplify the expressions, we introduce two more notation:

1_ r+1
pr:1_2_22_”._zr:72
142
1 —zrtl
Qr=1+z+ - +2=——
1—=2

We note that for b > a we get P, — P, = 2T Qp_q_1.
Clearly, P, 4+ 2" = P,y for r > 1 and 1 — P, = zQ,_1. More general, if a < b,
then P, — P, = 2T Qp_q_1.

Lemma 3. For 0 < j < d we have

j d—r j—1j—1—r
PjJrl(I) _Zj+zj+1 Z (I) +ZZZJ+1 TP (I)rs+z Z ZJ "R, T+S+1(I)rs
r=j+1 r=1s=0 r=1 s=0

(22)

We prove this by induction on j. For j = 0, (22) follows immediately from (20).
Let j > 1 and suppose that (22) is true for j — 1. From (21) and (22) we get

d—j
Pid;, = 2P, 1+zZP<I>J 1t 2y P
r=1 s=0
j—1ld—r
= {zj 1—|—2J<I> + 27 Z D, +ZZz] "P®,
r=j+1 r=1s=0
j—2j—2—r
+Z Z Zj 1—r— SP, T+S+1(I)TS}—|—ZZP(I)J 1— T+ZZP(I)j8'
r=1 s=0 = s=0

10



Hence, noting that P; — 2t = P11, we get

d
Pj+1(I)j = Zj+Zj+1 Z (I)T
r=j+1
j—ld—nr
+3 N Pt g—i—ZzP(I)Jg
r=1s=0
Jj—2j—2-r j—1
+Z Z ZJ e g r+s+1q)rs+zzpq),j 1—r
r=1 s=0 r=1

which shows that (22) is true for j. QED
Starting from j = d and working downwards, we can now eliminate the ®,. terms
from the right hand side of (22). It is easiest to do this in two steps.

Lemma 4. For 0 < j < d we have

d—1 d—r—1

d d-r
=270y > AT - Y Y e, (23)

r=1 s=max{0,j—r} r=j+1 s=0

Proof. Again the proof is by induction, starting with j = d. We see that (23) is
trivially true for j = d since both double sums are zero.

Let 0 < j < d and suppose that (23) is true for j + 1. From (21) and the
induction hypothesis we get

j d—j—1
® = 27— Prjr— Y Piris
r=1 s=0
d—1 d—r—1 d d—r
= 279, — Z Z TSP, — Z sz"'l_r D, o
r=1 s=max{0,j+1—-7} r=j+2 s=0

J d—j—1

—E Prjr — E PQjt1,s-
r=1 s=0

Since
7 d—1 d—r—1 d—1 d—r—1
AP VTP VNS Ch DEED DR et
r=1 s=max{0,j+1—r} r=1 s=max{0,j—r}
and
d—j—1 d d—r d d-—r
+1— +1—
PRI ID S LD DD DE A
s=0 r=j+2 s=0 r=j4+1 s=0
(23) is true also for j. O

From Lemma 3 we get in particular that

d d—r d—1ld—1-r
Pr®a=2"++) Y 2RO Y Y 2T P @ (24)
r=1s=0 r=1 s=0

We can now combine this and Lemma 4 to get the following theorem. We omit the
easy proof.
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Theorem 2. For 0 < j < d we have

j d—r d d—r
j j+1— 2
PdJrl(I)j = 2+ Z Z ZjJr " Pr(I)r,s + Z Z z Qdfrq)r,s

r=1s=0 r=j+1 s=0

d—1j—r—1 d—1 d—r—1
N 19
+ Z Z Zj re Pr-l—s-i—l(I)r,s + Z Z Z]+ Qd—i—l—r—s(br,s-

r=1 s=0 r=1 s=max{0,j—r}

What we have done is essentially Gaussian elimination. We can go on the solve
for the Fx(z) for with 1 = 2 in terms of Fy,(z) where y; > 3, again with Gaussian
elimination. However, to get explicit general expressions, valid for all d, in this case
seems to be quite complicated. For a given small d however, solving the equations
seems relatively easy.

A bound on deg f;(z)
The relation (17) can also be used to derive an upper bound on deg fq(z).

Theorem 3. For the polynomial fq(z) given by (14),
deg fa(z) < deg ga(z) — d.
Proof. From 17) we see that
degho(z) = —d +degh(qq,...q)(2) < —d + deg H(z). (25)
Since deg gq(z) — deg fa(z) = deg H(z) — deg ho(2), the theorem follows. O

For 1 < d < 6 it turns out that deg fx(z) = deg gx(z) — 2d. Whether this is true
in general is an open question, on the quite limited basis we have, combined with
some heuristic argument for the general case, we conjecture that it is.

Conjecture 1. For all d > 1 we have
deg fi(2) = deg ga(z) — 2d. (26)
where fq(z) is given by (14) in Theorem 1.

We now give the heuristic argument for the conjecture. From (15) we see that
for x # 0 we have
«(z) <1 «[1(2)- 2
deghx(z) <14 | Jnax deg hx[;)(2) (27)

Moreover, we have equality, except if there are several j for which Fyp;(2) have the
same degree, that this degree is maximal, and that the sum of the coefficients of this
maximal degree is zero. Provided we do have equality in (27) when x = (r,r,...,7)
for 1 < r < d (which seems likely), we get

degh(r—1,r—1,..r—1)(2) = L +deghp, .. (2)-
By induction,
deghg,da,..aq)(2) = —(d—1) +degh(i 1. 1)(2) < deg H(z) —d.
Combining this with (25), we get

degho(z) = —(2d — 1) +degh(11,...1)(2)

12



and so
degho(z) < deg H(z) — 2d (28)

with equality if
deghqi,...1)(2) = deg H(z) — 1. (29)

Note that (28) with equality is equivalent to (26). So, why should (29) be true?
From (15) with x = 0 we see that

deg H(z) =1+ Jnax deghop; (2)

where hgp;)(z) =1,1...,1,0,0...,0) (with j ones and d — j zeros). Hence
deg H(z) = 1+ deg hpy, (2)(2) for at least one value of j.

For d < 5, this appears for j = d, that is, (29) is satisfied. In fact it appear that

deg ho(z) for j =1,
deg hopj)(z) = ¢ degho(z) —d—1+4j for2<j<d-1,
deg ho(z) +2d — 1 for j =d.

We showed above that deg (g z,,....2,)(2) = 14+ degha,, . 2..0)(2).
For d < 5 we also have

deghry,.. r)(2) =degH —r for 1 <r <d,

and
deg hy(z) < degH(z) —2d

for all other x with z1 < d. Further, deg hx(2) = deg H(z) — 2d for these x exactly
when x =0, x =(1,0,0,...,0) or when z; > 2 for all i.
This may very well be the case for all d.

4 Second recurrence

The first recursion was obtained by in each case expanding the permanent by the
first row. We now consider a recursion which is obtained by sometimes expanding
by the first row, sometimes by the first column (or equivalently, by the first row of
the transposed matrix, since a matrix and its transposed have the same permanent).
The task is twofold. We have to introduce a rule for when to expand by the first
row and when to expand by the first column. Further we have to describe the class
of matrices obtained. We will do this in reversed order, first describe the class of
matrices, then the rule. We have to show that the class is closed under expansion
using this rule. Also we will determine the number of matrices (of given size), as
above this will determine the length of the recursion.

To describe the class of matrices, we first introduce some further notations. Let

d—1

X = L_JO Yad—a-

Fory = (y1,y2,---,95,0,0,...,0) € X, let

y7 :(yQ_]-ay?)_]-a“'vyb_]-aovoa"'vo) Gszfl,bfl'

13



For a pair x,y € Y, let Axy » be the n x n matrix (a; ;) be defined by

a;j = Oforj>i+dori>j+d,

aj; = O0forl<i<dandi+d—xz;<j<i+d
a;;j; = O0forl<j<dandj+d—-y;<i<j+d
a;; = 1 otherwise,

We note that in the first row of this matrix, the first d + 1 — x; elements are 1,
the remaining are 0.

Let < denote the lexicographic ordering, that is y < x if y = x or y; = «; for
1<i<jandy; < x; for some j.

We define three classes of pairs of sequences:

Zr = {(x,0)]|x€ X},
Zy = {(xy)|x€VYsd—0a,¥ € Yod—a, where 1 <b<a<d-—1andy <x},
Zs = {(x,y7)|xy € Xa,dt1—a, where 1 <a <dand x <y}.

Let Z = Z1 U Z3 U Z3. Further, let

Gia = [{(x,2) € Zi [ 21 = a}|,
and Ca = Cl,a + CQ,a + C37a.
Lemma 5. We have

) =3O+ (@)} fro<a<a

a

i) |z =3(%) + 29
Proof. We observe that (p = (4 =1. Let 1 <a <d— 1. First we have

d—1
Ca = Yo,d-al = ( )
a

We know, by Lemma 2, that |Xg 411-a] = (d_l). For the largest x € Xg d+1-a,

a—1
there is one y which determines an element of Z3, for the second largest there are
two, etc. Hence

(ac1)

Coa = E_;;%(Z:D{(Z:DH}

J

Similarly, for the largest x € Y; q—q, there are (Z) — 1 possible y that determines
an element of Z5, for the second largest x there is one less y, etc. Hence

e ¥ = H{(O-(OHO ()

Combining these expressions, we get

Hence
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The second class of matrices is defined by
Mo ={Axn | (x,2) € Z}.
Observe that for any matrix M = (a, ;) in Mo,
Qi dg1—z, = 1for 1 <i<2d+1—2q,

that is, there are no ”"extra” zeros in column d + 1 — x; (when compared to A(%™)),
Moreover, the set of extra zeros determined by x and the set of extra zeros deter-
mined by y are disjoint. Hence, when we remove the first row and j’th column of
matrix Ax 5, where 1 < j <d+1—x;, we get a matrix Ay 5 ,—1 Wwhere

x' = (7g,73,...,74,0)

and
zf;:zi—klforl§i<jandz£=z7;+1forizj.

We will show that when we do this for a matrix in Moy, then we get a matrix in
Mo or the transposed of such a matrix, that is (x/,2') € Z or (z/,x') € Z.

Proof. We split the proof into cases.

Case I) (x,2) € Z; (where (z =0). Then x € X,; where 1 <1 <d—a.

Subcase I.a) j = 1. Then 2z’ = 0. Hence (x/,2') € Z;.

Subcase Ib) 1 < j <d+ 1. Thenz' =(1,1,...,1,0,0,...,0) € Xy ;-1 C X.
Subsubcase Ib.1) (x' = 0. Then (z',x') € Z;.

Subsubcase Ib.2) x’ = (1,1,...,1,0,0,...,0) € X7, where ¢ < j—1. Then (z/,x’) €
Zs.

Subsubcase I.b.3) z’ < x'. Then (x/,2) € Z.

Case II) (x,y) € Z2. Thenx € X, andy € Xy, where 1 <b<a,1<[<d-—a
and 1 < m < d—a . In this case, we get X' € Xy, d-1-¢ C Y, d—u, since
d—1—a=dy —21 <d—1—29<d— z5.

Subcase I.a) j = 1. Theny’ = (y2,...,Ym,0,...,0) € Xy, m—1. If y’ < X/, then
(x',y' € Zy since Xy, m—1 C Yy, d—z, (because m—1 <d—a—1 < d—=x2). On the
other hand, if X’ <y’ ,thenzys <goandd—1—-a<d—-1-b<d—1—ys <d—ys
and so X' € Y, 4y, and (y',x’ € Z5.

Subcase IL.b) 1 < j < m. Then

yI: (y1+17y2+1a"'7yj—1+17yj+17"'7ym705"'70) 6Xy1+1,m—1-

If y/ < %/, then (x',y’ € Z3 since Xy, +1,m-1 C Yy, +1,d—a, (because m — 1 <
d—a—1<d—x3). On the other hand, if x’ <y’, we must have x5 < y» + 1 and
so d —x9 < d— 1y, that is, X' € Y, q—y,. Hence then (y',x’ € Zs.

Subcase II.c) m+ 1 < j < d—a. We get

y/:(yl+1ay2+17---7ym+1;17---7170;---;0)EXyl-l—l,j—l-

We have j —1 <d—a—1<d—xs. Hence if y/ < x', then (x',y’) € Z5. On the
other hand, if X’ <y’,thenm—-1<d—-a—-1<d—y;—landsox’ €Yy, g_y 1.
Hence (y',x') € Z.

Subcase I1.d) j =d+ 1 — a. We get

Y=w+Ly+1...,ym+1,1,...,1,0,...,0) € Xy 41.d—a-
Subsubecase I11.d.1) y’ < x’. Then (x',y’) € Z5.
Subsubcase I1.d.2) x’ <y’ and y; + 1 < a. Then (x',y’) € Z5.

15



Subsubcase 11.d.3) y;1 + 1 = a + 1. Note that ;1 +1 = a+ 1. Let u = (a +
l,xo +1,...,24-4 + 1,0,...,0). Then u~ = x’. Since y < x, y/ < u. Hence
v, x')=(y',u7) € Zs.

Case III) (x,z) € Z3 where z =y, X,y € Xqd+1-q and x < y. In this case, we
get X' € Xy, d—a C X. We have z € X,_1 ,, for some m < d — a.

Subcase IIl.a) j = 1. If 2/ = 0, then (x',2') € Z;. Otherwise, (x',2') € Z3 or
(Z',x') € Zs.

Subcase IIL.b) j = 1. If 2/ = 0, then (x/,2') € Z;. Otherwise, (x',z') € Z or
(Z',x) € Zs.

Subcase ITl.c) 1 < j <m. Then z’ = (y2,¥3, .-, ¥j—1,Yj+1—1L,.. ., ym—1,0,...,0).
Again, (x/,2') € Z5 or (2/,%') € Zs.

Subcase III.d) m+1<j<d+1—a. Then 2’ = (y2,93,---,Ym, 1,...,1,0,...,0).
Subsubcase II1.d.1) j < d — a or y2 < a. Then (x',2') € Z or (2/,x') € Z>.
Subsubcase I11.d.2) j =d+1—a and y2 = a. Then z € X, 4, and so (x',z') € Z
or (z',x') € Zy also in this case. O

Table 3: Example. The first 12 elements of the sequences {ax y} for d =3

X,y
000,000 [, 1, 2, 6, 24, 78, 230, 675, 2069, 6404, 19708, 60216]
100,000 [0, 1, 2, 6, 18, 60, 184, 560, 1695, 5200, 15956, 48916]
110,000 [0, 0, 2, 6, 18, 46, 146, 460, 1436, 4352, 13252, 40532]
111,000 [0, 0, 0, 6, 18, 46, 115, 374, 1204, 3752, 11300, 34324]
100,100 [0, 1, 2, 6, 14, 48, 152, 476, 1425, 4340, 13288, 40852]
110,100 [0, 0, 2, 6, 14, 38, 124, 400, 1232, 3712, 11288, 34628]
110,110 [0, 0, 2, 6, 14, 31, 104, 344, 1084, 3236, 9784, 29964]
200,000 [0, 1, 2, 4, 12, 42, 138, 414, 1235, 3764, 11604, 35664]
210,000 [0, 0, 2, 4, 12, 32, 108, 336, 1036, 3120, 9540, 29244]
200,100 [0, 1, 2, 4, 10, 36, 120, 368, 1089, 3304, 10168, 31312
210,100 [0, 0, 2, 4, 10, 28, 96, 304, 928, 2784, 8504, 26124
220,100 [0, 0, 2, 4, 7, 20, 72, 240, 722, 2140, 6508, 20077
200,200 [0, 1, 2, 3, 8, 30, 102, 308, 905, 2744, 8473, 26112]
300,000 [0, 1, 1, 2, 6, 24, 78, 230, 675, 2069, 6404, 19708]

Since the length of the recursion for V(d,n) is |Z| = 29! + %(Qj), we get the
following theorem.

Theorem 4. Ford > 1,

1/2d
deg ga(z) < 2%7' + §<d)’

where gq(z) is given by (14) in Theorem 1.

For 1 < d < 6 it turns out that deg ga(z) = 2971 + (2dd)/2. Whether this is true
in general is an open question, on the quite limited basis we have, we conjecture
that it is.

Conjecture 2. For all d > 1 we have
1/2d
deg gq(z) =291 + 3 ( d)'

where gq(2) is given by (14) in Theorem 1.
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5 Complexity

In this section we give rough estimates for the (time) complexity of evaluating
V(d,n) and the generating function, using the methods considered in this paper.
For the first recursion, (8), the sum on the right hand side has d + 1 terms
when z; < d and one term when z; = d. Hence d additions are performed for
half the x € Y no additions for the remaining half. Hence the total number of
additions needed when v(n) is computed from v(n — 1) is exactly |Y|/2. Each
element in v(n) has size of the order u7, that it, they have length approximately
nlog,y ttqa. Assuming that work needed to add of two numbers of the same length
m is approximately c¢m for some contant ¢ (which is the case for long integers), we
see that the total work needed to compute v(n) from v(n — 1) is approximately

C|Y| lc;gl() :udn. (30)

Therefore, the work to compute V(d,n) by repeated use of (8) is approximately

Y|l
c| |ngﬂdn2' (31)

For the second recursion, the number of sums with a additions is given by (,
in Lemma 5 i). Since {, = (4—q we see that the average number is d/2 also for
this class. Hence for the second recusion we get expressions similar to (30) and
(31), but with |Z] in stead of |Y'|. Hence the work need for the second recursion is
approximately half of the work needed using the first recurstion.

The work to compute the generating function is harder to estimate. First, we
need to compute V(d,n) for n < |Y|, and the work for this is approximately

1
C Ogio Hd |Y|3 (32)

for the first class and similarly, with |Z|® for the second class.

Further, we need to compute the characteristic polynomial of 7. Ordinary
Gaussian elimination will involve of the order |Y'|? multiplications. Since T is sparse,
many of these multiplications are trivial, others will require relatively much work
(of the order a constant times |Y]).

The final task is the multiplication in (12) which involves of the order |Y'|?
multiplications, the work of each is upper bounded by a constant times |Y|3.

We see that the work to compute the generating function is at least of the
order |Y |2 and probably somewhat more (if we use ordinary Gaussian elimination).
Using the second recursion we would expect to reduce the work by a factor of
approximately 8.

6 Lower bounds

We will discuss lower bounds on V(d,n). In particular, we will give a proof of
Lehmer’s lower bound (5).

The van der Waerden conjecture (now theorem, see e.g. [10, p.104]) states that
for a doubly stochastic n x n matrix, the permanent is lower bounded by n!/n".
Doubly stochastic means that all the elements are non-negative and that the sum
of the element in any row or column is 1. If A is an n X n matrix where the sum
of the element in any row or column is k, then van der Waerdens’s theorem shows
that the permanent is lower bounded by n!k™/n™.
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In A" most rows and columns have sum 2d + 1, but not all. For a closely
related matrix B(®™ gll rows and columns have sum 2d + 1. The matrix B(@™) is
defined as follows:

bij = 0ifi>j+dorj>i+d,
bi; = 2ifi+j<d+lori+j>2n+1-d,
bi; = 1 otherwise.

We see that B(®™) is obtained from A(%™ by changing elements in the upper
left and lower right corners from 1 to 2. From the discussion above we see that

I(2d +1)™ 2d +1\"
per B4 > n(ni;’_) > \/27m< : > . (33)

The elements in B(®™ with value 2 are all located in the first d and the last d
columns. Hence from the definition (1), we see that

per B(@™) < 924 pep Aldn), (34)

and so

V(d,n) > (35)

22d e

7 ()

We collect the upper bound (4) and the lower bound above in a theorem.

Theorem 5. For all d and n we have

V2mn (2d—|—1
e

[(2d 4 1)1/ (2d+1),

n 2d iN2/i
22d ) S V(d, n) < 1_[7,:d+1(Z )

= (2d + 1)1p4/@d+D)

We see that (35) implies that

1/n
n V2mn 2d+1 2d+1
(V(dv n))l/ Z < 92d e - e

when n — oo, that is, ug > (2d + 1)/e. Combined with (3) we get the following

theorem.

Theorem 6. For all d we have

Qd: : < pa < [(2d + DY @D < ((4d + 2)m) Y/ G4+ 2de+ 1.

One way to improve the lower bound in Theorem 35 along the same line is to
improve the bound (34), and we (essentially) do this next. Let C be the d x 2d
matrix in the upper left corner of B(d’"), that is, for 1 < i < d we have

cj=2 for1<j<d+1—1i,
;=1 ford+2—i<i<d+i,
¢j;=0 ford+1+1<j<2d

Further, let
Ri={(p1,p2,---,pa) | 1 <p; <d+1i,1<i<d, and p, # ps for r # s, }
0(p) = C1,p1C2,p, " Ca,py fOr p € Ry,

Qq = Z a(p).

pPERG

and
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For p,7 € Ry, let ¥(p,7,n) be the number of permutations p € T'(d,n) such that
pi =p; for 1 <i<dand pyy1-; =7 for 1 <i<d. Then

per B(n+2d:d) — Z Z a(p)a(t)¥(p,7,n + 2d).
pPERG TER,
The numbers ¥(p, 7,n + 2d) will vary with p and 7. However, we have
U(p,7,n+2d) = per A, , -,

where A, , . is the n x n matrix obtained by removing from A"+24:4) the d first
and d last rows and the columns p; for 1 <i<dandn+2d+1—m7 for 1 <i<d.
In particular, A, , - is obtained from Aln) by changing some ones to zeros (the
number of changes is between 0 and 2d). Hence per A, , - < V(d,n). Therefore

per B +2dd) < v (4 n) Z a(p) Z o(t) = V(d,n) Q3.
pPER, TER,

Let
wg = Qq €d/(2d + 1)d.

By (33), we get
Theorem 7.

V(d,n) >

27(n + 2d) ( 2d + 1)" | (36)

2
Wy e

This gives an improvement of (35). To show how large the improvement is, we
have to determine or at least estimate wy. Our argument is heuristic in that one
step in the argument will be based on numerical evidence only.

It is not obvious how we can obtain a useful general formula for 4 from its
definition. We (first) computed Q4 by exhaustive search for 1 < d < 7. In the next
table we give these values: :

d |1 2 3 4 5 6 7
Q, |3 18 170 2200 36232 725200 17095248
lwa] |3 6 10 19 34 61 110

A search in [8] came up with one sequence, A074932, that coincides with the
seven first terms. A general expression for A074932 is given in [8]:

zd: (i) (m+ 1)

m=0

Since the numbers are so large, it is therefore quite likely that this is not a coin-
cidence and that the sequence gives €y all d. We also computed g = 463936896
and Qg = 14246942336 and checked that they are given by this formula as well. We
therefore make the following conjecture.

Conjecture 3.
d
d
Qa= ) 1)<,
d P (m> (m+1) (37)

We can not prove this conjecture. We will use this conjectured expression for

4 to estimate it.

Let J
.o d (m+ 1e

™ \m 2d + 1 '
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From (37) we get

d
wa= Y tm. (38)
m=0

If we write m = Ad, we have for, 0 < A < 1 (see e.g. [7], p. 466):

()\dd) ~ m <AA(1 jk)l‘*)d'

= (25)

b zﬁA(11_A)d (Wl—lA)“)d(%y

1 e d
T 2na - Nd (§f(A)) ' (39

Let

Then we get

The function f(A) is maximal for A = Ag ~ 0.78219, and the maximal value is
¥ = f(Mo) = 1.32110. Hence the maximal ¢, is

b 1 a4 0.96653
o (=) vd ©
where
Ppe

= —=1. .
%) 5 79556

Since wy has d + 1 terms, clearly, wg < 0.96653 di\/al ©?. Numerical computations

shows that this a quite weak upper bound. We can show the following much stronger
bound:

Lemma 6. We have
wg < 1.67219 v/In(d) — In(In(d)) ¢?.
Proof. From the Taylor expansion of f(\) at the point A = Ao we get

FO) = Fo) {1 =n(A = X0)*} + O((A = X)?),

where ,
= ———— = 3.75203.
n 2)\3(1_/\0) 3.75203
Let
In(+/d/{In(d) — In(In(d In(+v/d/{In(d) — In(In(d
pr = AR @) | finG/@ @) — (@)}
nd nd
From (38) we get
w—Z=S1+SQ+S3,
¥
where
[Md] ‘ [Aa2d] ‘ d .
5oy mso Y sy
m=0 ¥ m:1+LA1dJ ¥ m:1+L)\2dJ ¢
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First, we see that

In(v/d/{In(d) — In(In(d))}) = In(In(d)) )}

{m(d) —In(In(d)) — 1ﬂ(1 T
{In(

Q

d) — In(In(d))} .

N — N~

Hence,

In(d) — In(In(d))
21

-0.96653 ~ 0.70566+/In(d) — In(In(d)).

So S ()\2 — Al)dt)\od S 2\/

For S; we get
d
5, < 1 f)

~ d)\ls/27rd)\1(1—)\1) e
d
v (1 _ In(/d/{In{d) - 1n<1n(d>)}>>

2mA (L — A1) d
M Vd o~ In(/d/{in(d)—In(in(d))}
27‘(’)\1(1 — /\1)
A
= —————+/In(d) — In(In(d))
27‘(’)\1(1 — /\1)
Ao
~ ————/In(d) — In(In(d)) =~ 0.75601/In(d) — In(In(d)).
SIS (d) — In(In(d)) VIn(d) — In(In(d))

Similarly,
S3 < 0.210524/In(d) — In(In(d)).

O

From Lemma 6 we see that wg < /3(In(d) — In(In(d))) for d sufficiently large,
and numerical results shows (or strongly indicate) that this is the case for all d > 3.
Combining this with (36), we get

2v/2 Vn+2d 2d+1\"
>3ﬁ'{1n(d)—1n(1n(d))}1.795562d( e ) '

Hence, (36) clearly improves (35) (provided the conjectured expression (37) is true).

V(d,n) (40)

Comments an Conjecture 3

There is an old saying: ”If you can’t solve it, generalize it”. The idea is that a more
general problem may shed some light on a problem and even lead to a solution. Let
us generalize the matrix C' to a matrix C, that has the value x where C' has the
value 2 and ask the same question as before. To be precise, let C, be the d x 2d
matrix defined by

cij=x for1<j<d+1-4,

Ci7j:1 fOI‘d—FQ—iSiSd—Fi,

cij =0 ford+14+7<5<2d,

and let
Qd(x) = Z C1,p1C2,p5 " Cd,pg+

PERy

Then Q4 = Q24(2). A study of this sum gave the following generalization of Conjec-
ture 3; it has been verified for d < 9.
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Conjecture 4.
d

Qule) = Y- () mo+ e 1)

m=0

If we expand (z — 1)4=™, use the relation (¢) (d_jm) = (j) (“~7), and rearrange
the terms we can get the equivalent expression

ixj <d> dZ (d;j) (m +1)?(—1)4=9 =™,

§=0 I/ =0

The inner sum can rewritten using the identity given by Gould [2] in his proof of
the Govindarajulu-Suzuki identity. For our parameters this identity can be written:

d—j . J :
d—j d— d d N ) ey o
-1 (m — = =) (d— )" )
WZ_O(m)< Y — 2) ;(d_jw)( ra- {7
(41)
for all z. Here, {Z} are the Sterling numbers of the second kind. They have a
generating function

ﬁu — k)7l = i {Z} 2.

k=0 k=0

There are several ways of writing the Sterling numbers as finite sums. For actual
computations, the recurrence

n| i n—1 n n—1

k([ k k—1["
with the initial conditions {Z} =1 for all n > 0, {8} = 0 for all n > 1 is often
useful. Letting z = —1 in (41), we get

= (e =a-ng (5 ) {1

For small j, the right hand side expression is easier to compute, for large j (that is
for small d — j) the left hand expression is the easier to compute.
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Appendix

This appendix contains the values of V(d,n) for 1 <d <10 and 1 <n < 30.
For 1 < d <6 we also give fq(z) and gq(z), where

fa(2)
9d(2)

Z V(d,n)z" =
i=0
is the generating function of V(d,n).

d=1

V(1,n): [1,2,3, 5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181
6765, 10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269].

This is sequence A000045 in [8].

filz)=1,01(2) =1— 2z — 22

d=2

V(2,n): [1, 2,6, 14, 31, 73, 172, 400, 932, 2177, 5081, 11854, 27662, 64554,
150639, 351521, 820296, 1914208, 4466904, 10423761, 24324417, 56762346,
132458006,309097942, 721296815, 1683185225, 3927803988, 9165743600,
21388759708, 49911830577].

This is sequence A002524 in [8].

fo(2) =1—2,g2(2) =1—-22— 223+ 2°.

d=3

V(3,n): [1, 2, 6, 24, 78, 230, 675, 2069, 6404, 19708, 60216, 183988, 563172,
1725349, 5284109, 16177694, 49526506, 151635752, 464286962, 1421566698, 4352505527,
13326304313, 40802053896, 124926806216, 382497958000,

1171122069784, 3585709284968, 10978628154457, 33614073801961,

102918683817146].

This is sequence A002526 in [8].

f3(2)=1—2—222 =224 4+ 27 + 28,
g3(2) =1-22-222—-102* =824+ 226+ 1627 + 1028 +22% — 4210
— 2z 918 _ 14
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d=14

V(4,n): [1, 2, 6, 24, 120, 504, 1902, 6902, 25231, 95401, 365116, 1396948, 5316192,
20135712, 76227216, 288878956, 1095937420, 4159450913, 15783649241, 59878012558,
227128287882, 861543171080, 3268198646496, 12398132725784, 47033439463906,
178423731589482, 676852399580847, 2567638859146849,

9740350856272280, 36950160475723944).

This is sequence A072856 in [8].

fa(z) =

1—22—-322_-23442*-312°—-526

+3227 —212841292° +94210 — 8321 + 11212

— 192213 — 59214 4 63215 — 16216 1 3217 — 29 ;18
— 46219 — 57220 4 253221 — 928222 101223 4+ 172
4104 225 — 15226 — 29 227 | 10228 — 229 4 230

— 232 3,33 4 2357

9a(2) =

1—-32—222423424—7025—3926

+ 3127+ 11428 +52229 + 184 210 — 34 211 — 46 212

— 1444 213 — 202 2'* 4 606 2'° — 1204 216 — 198 217 + 804 28
— 542 219 4+ 26 220 + 2372 22! 4 318 222 — 1582 223 4 328 224
+ 2018 225 4 222 226 — 810 227 — 184 228 + 706 229 4 14 230
— 9204231 — 70232 — 14233 — 28234 4 22,35 | 11 236
—47237+8238+ 11239 +Z40 +4Z41 _ 242 _ 243.

d=5

V(5,n): [1,2, 6,24, 120, 720, 3720, 17304, 76110, 329462, 1441923, 6487445,
29555588, 135025756, 615260976, 2791161792, 12618600768, 57008446080,
257708989200, 1166042944564, 5279435858788, 2390888801 7477,
108262665958797, 490132089640318, 2218641353956314, 10042447508086040,
45456882997868856, 205767975553980624,

93147045735775140 4216626947147148728).

fs(2) =

1—-22—-622—623—421

+222° — 37826 — 480 27 4 276 2% + 728 2*

+ 408 210 4 15398 21 + 22376 212 + 4096 213 — 11540 24

— 13114 2> — 283900 26 — 262024 2'7 4 56670 28 — 28750 219

— 352318 220 4 1537342 22! 4 1635762 222 — 1800918 223 — 2104130 224

+ 3963102 22° 4+ 10076316 226 + 3746874 227 — 7513590 228 + 1538536 227

+ 34806172 239 — 43694200 23! — 40839352 232 + 39912634 233 + 72045960 234

+ 107445760 235 — 402913756 236 — 390995478 237 + 176441940 238 4 433871232 239
+280618882 2401487917018 24! — 1448387386 242399977274 z*34 1268230975 244
+676720348 245 — 3379646316 246 — 2529818252 247+ 721460328 2*84 1365615500 249
+1071433548 2°0—4195765680 2°1—2048800840 2°24+1150167680 253—291299552 54
+319720428 255 — 1126239744 2°6 4+ 58508624 2°7 + 1203484328 258 — 1701184948 259
— 1774111080 259+3049127936 261 +1948591548 262 — 272263964 253 — 732832604 254
—1127720996 2541819368076 2%6+1467155972 267— 1310666356 2984483398188 269
+1439280456 270 — 2005458780 27! — 993846364 272+ 419550560 273 + 118858344 74
+ 277968352 27° — 439300736 276 — 424357532 277 4 792529344 278 — 382154736 277
— 779966984 289 4+ 1291571300 28! 4 452825112 282 — 755726384 283 + 400879764 84
+ 439043324 28° — 742276260 286 — 160395356 237 + 238107743 288 — 206692154 289
— 107502510 2°° 4 209221106 2 + 39196636 292 — 14120258 293 + 46775310 24

+ 1989648 29° — 27234764 296 — 8578456 297 — 7153528 298 — 497714 299
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+ 4044120 2199 — 1225744 2101 4+ 858860 2192 4+ 1109710 2103 — 1487964 2104
— 483832 2105 4 949446 2196 4+ 204362 2107 4 76666 2198 + 122886 109

— 55262 2110 — 58062 2111 — 43818 2112 — 21098 2113 4 19932 2114

+ 9410 2115 — 12174 2116 — 3016 2117 — 772 2118 — 1320 2119

+ 504 2120 4 514 2121 4+ 504 2122 4 176 2123 — 156 2124

— 46 2125 4 84 2126 448 2,127 +10 2128 —92 2129

_ 22130 + 22131 + 2132’

95(2) =

1—-82z—-52z2—23424

+ 52561926 — 81327 — 151 28

+1101 2”2 4+ 7131 210 + 37760 2! + 36452 212

+ 12268 213 + 27864 214 — 104500 215 — 909068 =16

— 628052 217 4+ 467468 28 — 875852 219 — 2986516 22°

+ 4390728 22! 4 7811902 222 — 5144926 223 — 6083586 224

+ 32035730 22° + 56729442 226 + 5296722 227 — 60962238 228

— 12959610 22 + 155004506 230 — 53746134 23! — 195839134 232

+ 70957880 233 4 437243460 23* + 59895516 23° — 1971632928 236

— 1997716868 237 + 211084516 23° + 3583523916 239 4 242527564 240

— 11167051356 2*! — 8574194260 242446091168 z*3 + 12277357107 z**

+ 7659596379 z%5 — 31162331539 2*6 — 19368038291 %7 — 973520577 248
+ 15643674819 2% + 28583038019 2°9 — 42257711731 21 — 27827524321 =52
+ 2896107571 2°3 4+ 1456179529 254 + 43239063104 2°° — 8375497816 2°6

— 21390489288 2°7 4 10906591728 2°8 — 7068571400 2°9 4 13482403656 250
+ 35071085304 261 4 5947568120 262 4 10560167112 253 + 9420070072 264
— 22516381360 2%° 4 14366178580 2%¢ 4 25518666076 257 4 6520647012 258
+ 13867274188 269 — 12021790788 270 — 34405335300 27! + 4345542108 =72
+ 10935106548 273 — 10054639252 274 + 515436 275 — 2365095604 276

+ 772606192 277 — 2343355256 278 — 13908243976 270 + 4173466240 280

+ 21182711864 281 — 2007626424 232 — 6665549416 252 4 13101065432 284
+ 1085146824 28° — 15722194024 286 — 4503731712 287 + 4059378199 288

— 5935049821 239 — 3516541275 299 + 7166582121 291 4 4314195567 292

— 1810587141 2% 4+ 1681967755 294 + 2212778301 295 — 2110972073 296

— 1379269021 2°7 4+ 594002109 298 — 317773568 299 — 555399436 2100

+ 331666780 2101 + 140667256 2102 — 49244228 ~193 + 47413060 2104

+ 28598620 2105 4 8726268 2196 + 19782660 2107 — 18740644 108

+ 2348584 2109 4 13323150 2110 — 14683614 21! — 6586114 z'12

+ 3206722 213 — 2436606 214 — 2354094 211° + 1473410 2116

+ 329702 2117 4 193626 2118 — 9846 2119 — 184974 120

+ 291096 2121 + 132148 2122 — 46932 2123 4 34912 2124

+ 40140 2125 — 20908 2126 — 7396 2127 — 2852 2128

+ 3092 2129 4 4540 2130 — 4384 2131 — 2091 2132

— 27 2133 4147 2134 4 139 2135 — 207 2136

_ 09187 _ 3,138 3,139 | 140
gl 142
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d=26

V(6,n): [1, 2, 6, 24, 120, 720, 5040, 30960, 172200, 899064, 4553166, 22934774,
116914351, 610093513, 3222826972, 17101449940, 90706002192, 479654768640,
2527274267136, 13280313508416, 69734129749632, 366283822765632,
1925290900630896, 10126754515065868, 53288497861681452,
280450465518547105, 1475842677769607257, 7765278223667692238,
40852351318766434666, 214904305350092369240).

fo(z) =
1—32z—422
— 1623 —222%

— 3225413026

— 518227 — 6050 28

— 11830 2% + 2210 210

+ 20734 21 + 205360 212

+ 2277995 212 4 3239955 214

+ 7033148 21° + 5982696 216

+ 5602620 217 — 48680616 28

— 471687784 219 — 446079708 220

— 1043676116 22! — 973832568 222

— 3005679876 223 — 978468680 224

+ 35807712552 225 + 32583013850 226

+ 54766612826 227 — 16677720844 228

+ 179210388432 222 4 689025286712 239

+ 10935614656 231 + 773545805308 232

— 2087737635968 233 + 3070070175608 234

+ 9502983281724 23° — 9824830866232 236

— 82765993516684 237 — 66107140980968 238

— 159550107452058 239 4 307494866927358 240

+ 15051768641012 2*! — 1671837218865832 242

— 621973668255820 243 — 5759344485910984 44
—1610647091042216 z*° + 4140984775227468 46

— 14344519514963196 2*7 — 62180635106219336 z*8

+ 98959229332068164 24 — 46484281630916520 2°°

+ 271922376504236616 2°! 4 87808417513840141 252

— 782703582548143023 253 — 1127999926048213312 254

+ 5818435859211666528 2°° 4+ 5442047304334097054 256

+ 18126115354292948624 2°7 4+ 5011402875881396418 2°8

— 31517822735428085506 2°° — 13982227471192877270 250

+ 182292008740601426474 251 + 174645098944552748518 252

+ 667162831526531890446 2% 4 175196255202138453640 254

— 766112510968012268473 25° — 275321951128691183865 296

+ 3997276622635500089696 257 4 2201721769609049126592 08

+ 15842970441369735238048 259 4 4282550312676669042880 27°

— 12568926426883755375296 271 — 8794213143662124115616 272

+ 63298286470937014208928 =73 + 2399183900377203987904 274

+ 240290128466085069573088 275 + 84142892222418371653504 276

— 152404854433981448963776 277 — 159213078866767614165840 78

+ 704147563064528548161584 270 — 310047300788717121198688 280

+ 2322027026239661306832768 231 + 1179429828565166227376448 232
— 1368430211595699296875136 252 — 1556021991596633495871200 254
+ 4839934834389411443821440 235 — 4788460316861489323087936 56
+ 12745531427836878765871776 287 + 8753243522231737808555648 258
— 8104773450681261500169184 289 — 6286688840834698622897600 20

27



+ 14123581418548837636028368 29! — 34520276189592066659531504 272
+17395201059067744535962016 293 + 10211875367562225073855296 24

— 21274685169694993209213984 2%° + 36740457143839701209828032 26

— 66733100073853757050898880 297 — 111245787132978730318955232 2%

— 254272635927053058629147680 2% — 378118058230023995216117184 2100

— 14379481040750080403095648 2101 4 542981664240856829950163584 2102

— 659044825166394498746812352 2193 + 176843077879857812324647060 2104

— 1268256497095581625245748220 2105 — 2629593308648771432749507248 »106

— 230758041736623959787269312 2107 + 1617635738344919071878727016 2198

+ 1372530710280515669224642688 219 + 818174358256524555973429992 2110

+ 4385198111318250724229535880 2111 — 3020823331511235468061413192 2112

— 3713294406981239034941046008 2113 — 6086371413061388080435767800 2114
+21273485815817788256381765720 2115 — 12647420498501159412963335168 2116

+ 46589674923679867491996192668 217 4 26472026146345794548055831292 2118

+ 1022023915533683718909434192 219 — 4325585455760106787235643296 2120

— 60494699606159716880384859248 z121 + 43707718598159840926285223456 2122

— 95092580377091939716934465632 2122 + 86172607429632421849304704752 2124

+ 146629864605068789306132582736 2125 + 119598861613733577872570724832 2126

— 505937992854965467217608216880 2127 + 383714529096649449143927006816 2128

— 958547900616774311717312346144 2129 + 168446122183388679594749251352 2130

+ 414261652350553883742797350552 2131 — 75771004470800041257151765392 2132
+2326827741637085249566509649600 2133—2153597084275223359564337006816 2134
+4865481829841135810761330955904 2135—2928968809786942366462995953904 ~136
—2519991157982406000567786531200 2137—1991929578504827140462291063136 2138
+1136646947696101878394598287248 »139—2102757622061287990252996823904 2140
+393766825681349714120500115440 241 — 7560933519577930303665588538208 2142
—1207466372480431479639510546328 ~143+8326633705020471966511615370760 2144
—41336775688948875849154824218512 2145+-38009710770690376550909668973216 2146
—92849628272354332886263617582160 2147+101477290111697179887637107177376 2148
+17644073061624427171857995610016 2119—13580581282213328934480517102768 21°°
+156963884668027234640653470460656 2151 —18578717269230159922569936814304 2152
+445820530055794514431390921092016 21°3—216009846778753064329525170646048 154
—88211485321911480987187347554464 21°5—132300737797639345806661634003980 215
—237219308300505371358050271822396 2157—799297227974670153670923106998624 »158
—1064558163856272167335781844940288 2'°9—761900589014946557055632158460648 2160
+830531623770609063002488614035264 21614+1150738440680322484207920812836424 2162
—248782282297256688309362817746216 2103+4619353698514082057119919631434376 2164
+1264336893805384390217970700617320 215°+6466920126130499941286039925593208 2166
—4451412712508750923348620879648200 2167—4846211112374671904435330334060448 168
+2333093272196903585124214371792412 2169—14509281608877674846296032826648740 2170
—608556327980271719020550319173600 2171 —22539602929767122669205332678090432 2172
+13128244822772080730391597657245024 2173+15124208630994747127524737985862720 2174
—6603297075266237105718256721746240 21 75+30402405735130624943899217775374240 217
+3494513765595572488000236271648352 2177+-50386280861361669437006171217087040 2178
—20999656387455048053856965247694688 2179—41994457035515718314487431112650752 2180
+11898638778082469877575239479259584 181 -44232344204837221112693029348454064 2152
—23834119046281166358275747929976112 2183—77854611026876890084660186822632480 ~184
+6230000437094934918746637741104256 2'854+-105775570848134903095199917669103808 2186
—17411484527650435000726907380872320 2187+42135137909346981297959959969828576 2188
+76776302536508239207609487954536832 2189+81352455993018976383514790591742272 2199
+58152822426008869769665424237641312 z'91-224209892333925573205538433033197056 2192
+26578115687318492381939209417033824 2193—-18440585678858979308633015456332864 194
—153106541415318828510528281374306000 2%5—49517122056180513879257430814938128 ~196
—169074209351088047588103340366671904 2197+375938452441205562562313978237240512 2198
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—40162500708758350410755902556763360 2199—12715929936887300164130691850061760 2290
+205371710496160209403536508152352704 2201 +7496571018990309351353642062421472 2202
+268681223938021666287851967020774944 ~203—-481772312770850550525874165010978368 2204
+41344312548200155811605816042380512 22054-31012261547960286890951362187314432 2206
—1814105634225203218026654358 74008384 2207+767992348772259687536162437754318 2208
—278428732758756876556916355313326634 2209+454079657395597900034774000813958824 2210
—6499055210278637918585475010327904 2211 —35497447789981529788625239128365012 2212
+86177727344048733907821539676463680 22134-32914548710691503507523860005388508 2214
+178106013425667821515189911881508540 221°—285335273831365861710863373173114300 2216
—57886853359143773512377203393358516 221 7+38843080361944748806750563018411132 2218
+8743712060663981205887375831237988 2219—65634005491113457056907721635972000 2220
—41357276688269839075819695093189030 22214+75289044812423064849134322139236682 2222
+110027880090960146193299202473709864 2223—39384495772446257075956475694204304 2224
—41244469442241164792688843069776792 2225+58538313778879373261538254086395536 2226
—33212346261860107841010383266450288 2227+52591140637191042660466990256563672 2228
—115414635768756669737265063695559800 2229+27484454934788448706832442110199344 ~230
+23279093331405648434974812239262248 2231 —25337046551957550864522627904890992 2232
+23990918174629489816306113891523696 2233 —62076159365645345675761597886472356 2234
+78827533006066265376561988401225692 223°—10081347639281892018062843865858440 236
—3763076309841094112850528594054432 22374+3967728835504382721891659683131984 238
+10175705172386571835264999213731840 22394-17350428697427205316602110431716712 2240
—31352613369251099955201734176372864 2241 —162573183569755897529640091055024 2242
+422064546531108707300650948298344 2243—1662966167339899755883726018189712 2244
—17872702934045262003406853147425544 2%494+8222956730316667308857100993859728 2246
—124533607747912810702770139471196 22474+3536732089660146599831764973455668 2248
—1801386740459771844111378325920648 2249+751691150448594946902731692589328 2250
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—1618351449981618976381379178557088 2301—1489978721836904262999060970593024 2302
+1383910899535720905402471945644320 23934-1569756158434357294403513646353632 2304
+1045067113666712355236949126986560 23°°4-349371289668880476264986919557408 2306
—1166492374572650886663164146885632 2307—432844739811189869167008317871392 2308
+387517342718255997795950022322048 23994-174648957308004456211813735526144 2310
+121920503285494927104967047333088 231 14+158368418248995632043454982574772 2312
—213009046418301927919898063988240 23134+196823708648087971657713607014520 2314
+119192152730199109511752666759056 231°—207491527040680486122662536979736 2316
—172722517242956860845200131053240 2317—13115229217306837561608136468016 2318
+67444217240000055247355057024696 23194+-119309773398698401224580148320432 2320
—14403519598134839937967526782840 2321 —40709006168121444051596735390224 2322
—68617803119193694507456817251104 2323—38590445416628780177455522587816 2324
+69401782699412569722823106924808 232°414558259184748750877283563632816 2326
—40546159622572003011009356468760 2327+23262353675884554892080377520912 2328
—10423898506964415701269562265768 2329—24145624310005954641042916838392 2330
+35242034928488774847563281927424 2331 -4432787429154281268553697265272 2332
—15304077109024079397734282641024 23334+14891999109068865706142102018088 2334
—4609836016854062446106206999728 z335—11600340418051954902945512043808 2336
+12698570688737967053324354676872 2337 —1542233878204334559453102803188 2338
—2392607591192748692132957551072 23394+5061617853464290042597143201776 2340
—2574945805542116976538327385152 2341 —4311903078592444220491926235056 2342

+ 3354804785558101282227562072080 2343 — 63929819882601971955543774784 344
—305560291762388890873884709232 23454+ 1171542529538729739654990635104 346
—496553404601482314235313346992 2347 — 1111853707889286925621883425472 348

+ 642905103357300590709530086016 234 + 101102277159609312603209540912 2350

— 174310889155475679147934630960 23°1 4 165896880374294286843386749856 2352

+ 70280806264 775255805313106384 23°3 — 214458614600021326794150311232 2354

+ 76928304066612024379027144752 2355 + 54961620708687385025581294736 2356

— 77561175641372505113493828768 2357 + 27747668052994332903302443760 2398

+ 57315214733438900939698829120 23°9 — 47408214938155507656742837168 2360
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— 724106397338173281240399488 2301 + 16322069073607639580872447808 362
— 18744779067479718941528135792 2363 4+ 11786209291153390681516254588 2364
+ 14855990768738517632323786224 2365 — 12888047115367947543839766376 2366
— 2985048462831425518073257744 2357 4 3014703798662258244830032968 368
— 2598659223244701870355917912 2369 4 3388230459927774658487267376 2370
+ 2159477015990999853671006328 237! — 2584105912442167312260922128 2372
— 676978064269298626812699992 2°73 + 367729915941670120479440656 2374

— 139906719397136219345346784 2°7° + 450613651681263257778146552 2376

+ 74587362356229015169797160 2377 — 260745355623099724386600528 2378

— 35699934697632415524435128 2379 + 25830616608272620930346096 =380

+ 25646504196752645402976504 2381 4 4126835833231748841461608 2382

— 38120912958500444210012448 2383 + 5202275392250133113479368 2384

+ 12397236179629298338233024 238° — 811271168931299657826424 386

+ 6147445358372433630627440 2337 — 7112077636061587883235360 338

— 6637970054283164558812824 2389 4 4919251826148888462127940 2390

+ 2290984924817251989340864 2391 — 494337206175796703745312 2392

+ 260864516386850351226624 2393 — 864965640505963456073184 2394

— 109457580199814104146912 2395 4 532071619828609482857856 239

+ 33813774032091725732896 2397 — 70596433240561360068288 2398

— 56639411252952819295712 2399 4+ 2927693290157122752768 2400

+ 72680792922606043441024 2401 — 7391428394308586591392 z402

— 25864856193908841460576 2403 — 2474824024479995966272 2404

— 6435674875408797248864 2405 + 9926494346662828583936 2406

+ 5991969468726814278624 207 — 7264071840615763508960 2408

— 2067517711153646844736 299 4+ 1005102040707397735136 2410

+ 65863955667987430656 2*11 4 678612833552585931296 2412

— 306057440106686303872 2*13 — 373430203302901342208 2414
+128449033981334977824 2*1° 4 80226483486528144361 2416

+ 62607855172065547420 2417 — 64501787363681159602 2418

— 59978044282799988716 2419 4 61423246473483866730 2420

+ 21054530566877345826 2421 — 11211276190003271612 2422

+ 3521044003172938638 2423 — 8194857780641646036 z*2*

+ 317823218190130290 24%° 4+ 4209683907587474828 2426

— 530533781319829704 2*27 — 511157559390335034 2428

— 545869565676150798 2427 + 452256494275210124 2430

+ 362053334096140298 2431 — 472711549194613068 232
—110526414340531994 z*33 + 96316032729547858 2434

— 30016273801734064 2*35 + 48415387537143554 436

— 2121778914181536 237 — 16986529588384838 2438

+ 4258375769295588 2439 — 1086171754958056 2440

+ 4495149168458162 z*4! — 3598511483708441 442

— 1402373323475496 243 4 2771178771678532 2444

+ 163264327263664 2**° — 360829106137204 z*46

— 19919203842564 2*47 — 64238514095728 2448

+ 43262817392412 2** — 36875855092024 2450

— 15962421645812 2*°1 4 20983978483856 2452

— 16446086996544 2453 4+ 13685124009588 2454

+ 1769933132236 24°° — 6472600542024 456

+ 875568934860 24°7 — 257282329552 2458

+ 948497834260 249 — 544631286308 2460

— 146587938520 2461 + 391875164548 2462

— 42196557680 2403 — 15806752628 2464

— 23381389952 2465 4 9579441616 2466

+ 4165098652 2467 — 10403175665 2468
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+ 1267376812 2469 + 775761214 2470
+ 253898940 2*71 — 70089094 2472
— 56792942 2473 + 152254060 2474
— 20515130 2475 — 16092724 2476
— 586798 2477 + 162436 2178

+ 275624 2479 — 1263434 2480

+ 173970 2481 4+ 173596 2482

— 3942 2483 _ 1828 484

+ 342 2485 4 5449 486

— 728 2487 _ 822 488

— 162489 4 10 2490

_ 42491 _ 82492

+ 2 2493 + 2494.

d="17

V(7,n): [1,2, 6,24, 120, 720, 5040, 40320, 287280, 1865520, 11345160,
66349464, 381523758, 2193664790, 12764590275, 75796724309, 455383613924,
2750869551868, 16635586999056, 100439873614656, 604666567043712
3629299734118656, 21736009354060800, 130082373922081536,
778592461165543296, 4662622196995104768, 27939363678933973680,
167502671965264890484, 1004517822465067933604, 6024645837183028067461].

d=38

V(8,n): [1,2, 6,24, 120, 720, 5040, 40320, 362880, 2943360, 21898800,
152622000, 1017952680, 6623303544, 42700751022, 276054834902, 1805409270031
12020754177001, 80930279045116, 548117873866228, 3720269813727312,
25230622338694272, 170893063638209664, 1154033453027033856,
7773411193506720000, 52264587965895740160, 351151367251083920640,
2359282339736877136896, 15857353030657628048256, 106637166825837550488000].

d=9

V(9,n): [1, 2, 6, 24, 120, 720, 5040, 40320, 362880, 3628800, 33022080,

277280640, 2184341040, 16427628720, 119892387720, 861175365144, 6157828055310,
44222780245622, 321113303226243, 2369364111428885, 17667206334000068,
132553643382927196, 997400200347756816, 7508509530032233152,
56460003482650313088, 423674310844459593216, 3171704573559141123840,
23692355860934470118400, 176700827837593631232000, 1316959907015491216634880].

d=10

V(10,n): [1, 2, 6, 24, 120, 720, 5040, 40320, 362880, 3628800, 39916800,
402796800, 3770686080, 33187593600, 278598101040, 2261952938160,
17986137205800, 141564484858104, 1112444773251726, 8787513806478134,
70146437009397871, 568128719132038153, 4647312969412825372,
38254281070116978580, 315956466319092418512, 2612682260760752048640,
21595706234798803330176, 178245404794110657897216,
1468252111498173531429120, 12068682678159535562019840].
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