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A c haracterisation of the minimal triangulations

of p erm utation graphs

Daniel Meister

Institutt for Informatikk, Univ ersitetet i Bergen, 5020 Bergen, Norw a y

Abstract A minimal triangulation of a graph is a chordal graph obtained from
adding an inclusion-minimal set of edges to the graph. For permutation graphs,
i.e., graphs that are both comparability and cocomparability graphs, it is known
that minimal triangulations are interval graphs. We (negat ively) answer the question
whether every interval graph is a minimal triangulation of a permutation graph. We
give a non-trivial characterisation of the class of interval graphs that are minimal
triangulations of permutation graphs and obtain as a surprising result that only \a
few" interval graphs are minimal triangulations of permuta tion graphs.

1 In tro duction The study of minimal triangulations of arbitrary graphs and restricted

graph classes has a long tradition. Giv en a graph, a triangulation is a c hordal graph that is

obtained b y adding edges to the graph. Minimal triangulations are sp ecial triangulations.

Using a c haracterisation of Rose, T arjan, Luek er, w e can sa y that a triangulation is called

minimal, if the deletion of eac h single added edge yields a non-c hordal graph [17]. Mini-

mal triangulations are closely connected to the treewidth problem, since the treewidth of a

graph is the smallest clique n um b er min us 1 among its minimal triangulations [16]. Man y

NP-hard problems b ecome tractable on graphs of b ounded treewidth, so that computing

the treewidth is of highly practical in terest, whic h motiv ates the study of minimal triangu-

lations. But also another researc h branc h motiv ates the study of minimal triangulations:

results sho w that graphs and their minimal triangulations share structural prop erties. An

easy result is that ev ery graph has a minimal triangulation with the same indep enden t-set

n um b er. Another, stronger, result is that ev ery minimal separator of a minimal triangu-

lation is a minimal separator also of the base graph [12]. In this con text also �ts the fact

that minimal triangulations can b e used to c haracterise graphs and graph classes.

An early result sho ws that minimal triangulations of cographs are trivially p erfect

graphs [3]. Since trivially p erfect graphs are in terv al graphs, this also sho ws that treewidth

and path width are equal for cographs. On the other hand, cographs are exactly the P 4 -

free graphs, and trivially p erfect graphs are exactly the P 4 -free c hordal graphs, from whic h

follo ws that ev ery minimal triangulation of a cograph is a cograph. This result w as extended

b y P arra and Sc he�er to the follo wing: for k � 5, a graph is P k -free if and only if ev ery

of its minimal triangulations is P k -free [15]. The cograph result w as generalised also in

another direction, in particular to p erm utation graphs:

Theorem 1 [2] Minimal triangulations of p erm utation graphs are in terv al graphs.

Later, it w as sho wn that this result ev en holds for co comparabilit y graphs [11] and A T-free

graphs [14]. By the follo wing c haracterisation, the class of A T-free graphs is the largest

class of graphs con taining only graphs whose minimal triangulations are in terv al graphs: a

graph is A T-free if and only if it has only minimal triangulations that are in terv al graphs

[14], [15]. So, for some graph classes, minimal triangulations re
ect structural prop erties

of the base graphs: minimal triangulations of P k -free graphs for k � 5 are P k -free, minimal
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Figure 1 Depicted is a p erm utation graph G , and adding edge be giv es an

in terv al graph that is a minimal triangulation of G . This in terv al graph is not

a p erm utation graph.

triangulations of co comparabilit y graphs and A T-free graphs are co comparabilit y graphs

and A T-free graphs, resp ectiv ely . In all these cases, the base graph class con tains the class

of minimal triangulations.

The case of p erm utation graphs is di�eren t. The class of in terv al graphs is not con-

tained in the class of p erm utation graphs, and vice v ersa. A minimal triangulation of a

p erm utation graph can b e a graph that is not a p erm utation graph. An example is giv en in

Figure 1: adding edge be giv es a minimal triangulation, that is not a p erm utation graph. On

the other hand, not ev ery in terv al graph can b e a minimal triangulation of a p erm utation

graph. Suc h an example is depicted in Figure 5. Th us, the class of minimal triangula-

tions of p erm utation graphs is a non-trivial sub class of the class of in terv al graphs, and the

question arises ho w this class can b e c haracterised. In this pap er, w e exactly address this

problem. W e giv e a c haracterisation of the class of minimal triangulations of p erm utation

graphs, whic h ev en results in a recognition algorithm. This algorithm assumes the input

graph to b e giv en b y an in terv al mo del and decides then in time linear in the n um b er of

v ertices, indep enden t of the n um b er of edges.

The c haracterisation of the minimal triangulations of p erm utation graphs is based on

minimal separators and p oten tial maximal cliques. A p oten tial maximal clique of a graph

is a set of v ertices that is a maximal clique in a minimal triangulation of the graph [4]. W e

de�ne a graph o v er the set of p oten tial maximal cliques of a graph in Section 3, whic h w e call

the c onne ctors gr aph , and sho w a connection to minimal triangulations. In Sections 4 and

5, w e in v estigate the structure of these graphs for c hordal and p erm utation graphs. It turns

out that ev ery graph with t w o isolated v ertices can b e the connectors graph of a c hordal,

ev en an in terv al graph and that connectors graphs of p erm utation graphs ha v e nice bipartite

substructures. In Section 6, w e giv e the �nal c haracterisation of the minimal triangulations

of p erm utation graphs using connectors graphs, establishing a connection b et w een minimal

triangulations of p erm utation graphs and bipartite graphs. This result has t w o in teresting

implications. The one is that only a few in terv al graphs are minimal triangulations of

p erm utation graphs. The other is the astounding observ ation that p erm utation graphs

are co comparabilit y and comparabilit y graphs, and minimal triangulations of p erm utation

graphs are co comparabilit y graphs with a comparabilit y (bipartite) structural prop ert y .

2 Graph preliminaries, c hordal graphs and minimal triangulations W e only

consider simple �nite undirected graphs. A gr aph is a pair G = ( V ; E ), where V denotes

the set of vertic es and E denotes the set of e dges . Edges of G are 2-elemen tary subsets of

V , and they are denoted as uv where u and v are v ertices of G . In this case, u and v are

called adjac ent ; otherwise, i.e., if uv is not an edge of G , u and v are non-adjac ent . Let

H = ( W ; F ) b e a graph. W e sa y that G is a sub gr aph of H , if V � W and E � F . If G is

not a prop er subgraph of another subgraph of H on the v ertex set of G , then G is called
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an induc e d subgraph of H , denoted as G v H . F or a set A of v ertices of G , G [ A ] denotes

the subgraph of G induced b y A , i.e., G [ A ] = ( A; X ) for ( A; X ) an induced subgraph of G .

Let k � 0, and let x 0 ; : : : ; x k b e v ertices of G . A u; v -p ath P of length k in G for u and

v v ertices of G is a sequence ( x 0 ; : : : ; x k ) of v ertices of G where the v ertices are m utually

di�eren t and x i x i +1 is an edge of G for ev ery i 2 f 0 ; : : : ; k � 1 g and u = x 0 and v = x k . If

only consecutiv e path v ertices are adjacen t in G , P is an induc e d p ath in G . A cycle C of

length k is a sequence ( x 1 ; : : : ; x k ) of m utually di�eren t v ertices that is a path and where

x 1 x k is an edge of G . If no non-consecutiv e v ertices of C are adjacen t in G , C is called an

induc e d cycle .

Let G = ( V ; E ) b e a graph. G is called c onne cte d , if for ev ery pair u; v of v ertices of

G , there is a u; v -path in G . A c onne cte d c omp onent of G is a connected induced subgraph

of G suc h that it is not prop erly con tained in an y other connected induced subgraph of G .

F or a set S � V , G n S denotes the subgraph of G induced b y V n S . Let a and b b e v ertices

of G . A set S of v ertices of G is an a; b -sep ar ator of G , if a and b are con tained in di�eren t

connected comp onen ts of G n S . If no prop er subset of S is an a; b -separator of G , S is a

minimal a; b -separator of G . A minimal sep ar ator of G is a minimal a; b -separator of G for

some v ertices a and b .

The class of c hordal graphs has an in teresting connection to minimal separators. A

graph is called chor dal , if it do es not con tain an induced cycle of length greater than 3.

Chordal graphs are exactly the graphs whose minimal separators all are cliques [7]. Chordal

graphs can also b e c haracterised b y a prop ert y of its maximal cliques. Let G = ( V ; E ) b e

a graph. A tree T is a clique-tr e e for G , if it has the follo wing prop erties:

(vct) T has a v ertex for ev ery maximal clique of G

(ect) let C

0
and C

00
b e t w o maximal cliques of G , and let P b e the path in T b et w een

the v ertices corresp onding to C

0
and C

00
. Then, ev ery clique corresp onding to a

v ertex on P con tains the v ertices in C

0
\ C

00
.

Then, a graph is c hordal if and only if it has a clique-tree [6], [8], [18]. A c hordal graph

ma y ha v e more than one clique-tree. Clique-trees pro vide a nice c haracterisation of minimal

separators of c hordal graphs.

Theorem 2 [1] Let G = ( V ; E ) b e a c hordal graph, and let T b e a clique-tree for G .

Then, a set S of v ertices of G is a minimal separator of G if and only if there are maximal

cliques C

0
and C

00
of G that are neigh b ours with resp ect to T suc h that S = C

0
\ C

00
.

Minimal triangulations of graphs are c hordal graphs. Let G = ( V ; E ) b e a graph. A

graph H on the v ertex set of G is a triangulation of G , if H is c hordal and con tains G

as a subgraph. If no prop er subgraph of H is a triangulation of G then H is a minimal

triangulation of G . An easy p olynomial-time test for minimal triangulation is based on

the follo wing result: Let G and H b e t w o graphs on the same v ertex set. Then, H is a

minimal triangulation of G if and only if G is a subgraph of H , H is c hordal and H � e

is not c hordal for ev ery edge e of H not con tained in G [17]. Minimal separators ha v e an

in teresting c haracterisation.

Theorem 3 [12] Let G = ( V ; E ) b e a graph. A set S of v ertices of G is a minimal

separator of G if and only if S is a minimal separator of a minimal triangulation of G .

A sub class of c hordal graphs is the class of in terv al graphs. In terv al graphs are de�ned

as the in tersection graphs of families of closed in terv als of the real line in the follo wing sense:

giv en a family of closed in terv als of the real line, the obtained in terv al graph has a v ertex



4

for ev ery in terv al, and t w o v ertices are adjacen t if and only if the corresp onding in terv als

ha v e a non-empt y in tersection. Suc h a family of in terv als is also called an interval mo del

for an in terv al graph. Another c haracterisation uses clique-trees: a graph is an in terv al

graph if and only if it has a clique-tree that is a path, i.e., a clique-tree with at most t w o

lea v es [9]. The alignmen t of the maximal cliques of an in terv al graph corresp onding to a

clique-tree that is a path is called c onse cutive clique arr angement .

3 An in v arian t for minimal triangulations In some sense, it is w ell understo o d ho w

minimal triangulations are related to the corresp onding base graphs. Sev eral c haracterisa-

tion results are kno wn. But only a few is kno wn ab out structures of minimal triangulations

that are \inherited" from the base graph. In this section, w e iden tify a structural graph

prop ert y that is inherited b y its minimal triangulations. Let G = ( V ; E ) b e a graph. A

set C of v ertices of G is called a p otential maximal clique of G , if C is a maximal clique in a

minimal triangulation of G . By de�nition, the p oten tial maximal cliques of a c hordal graph

are the maximal cliques of the c hordal graph. P oten tial maximal cliques w ere in tro duced b y

Bouc hitt � e and T o dinca [4] and turned out useful in connection with minimal triangulations

problems suc h as treewidth and minim um �ll-in (examples can b e found in [4], [5], [13]).

P oten tial maximal cliques con tain minimal separators of the graph.

De�nition 1 L et G = ( V ; E ) b e a gr aph. A p otential maximal clique C of G is c al le d a

c onne ctor if and only if ther e is a plug p air for C , which is a p air [ a; b ] of vertic es in C

such that ther e ar e two minimal sep ar ators S

0
and S

00
of G c ontaine d in C such that a 2 S

0

and b 2 S

00
and ther e is no minimal sep ar ator of G c ontaine d in C that c ontains a and b .

F or a plug pair, w e write [ a; b ] instead of ( a; b ) to emphasise that there is no inheren t

order of the v ertices. F or a giv en graph, not ev ery pair of v ertices constitutes a plug pair,

as the follo wing lemma sho ws.

Lemma 4 Let G = ( V ; E ) b e a graph. Let [ a; b ] b e a plug pair for a p oten tial maximal

clique C of G . Then, a and b are adjacen t in G .

Pro of: Let H b e a minimal triangulation of G con taining C as maximal clique. Let T b e

a clique-tree for H . Supp ose there is a second maximal clique C

0
of H con taining a and b .

Let C

00
b e the maximal clique of H on the path b et w een C and C

0
in T that is a neigh b our

of C with resp ect to T . Due to Theorem 2, S = def C \ C

00
is a minimal separator of H , and

f a; b g � S . So, there is a minimal separator of H con tained in C that con tains a and b . Due

to Theorem 3, S is a minimal separator also of G , whic h con tradicts the de�nition of a plug

pair. Hence, there is exactly one maximal clique of H con taining a and b . F urthermore,

the common neigh b ours of a and b in H are con tained in C , i.e., N H ( a ) \ N H ( b ) is a clique

in H . It follo ws that H � ab is also a c hordal graph, and if ab is not an edge of G , H � ab is

a triangulation of G , con tradicting that H is a minimal triangulation of G . Th us, ab is an

edge of G .

It follo ws that the n um b er of plug pairs of a graph is b ounded ab o v e b y the n um b er

of its edges, i.e., p olynomially b ounded in the n um b er of v ertices. The n um b er of p oten tial

maximal cliques of a graph can b e exp onen tial in the n um b er of v ertices (see [4]). So, the

question arises whether a graph can ha v e only a v ery few connectors or whether a pair of

v ertices can b e a plug pair for sev eral connectors. The question is answ ered b y an example.

Figure 2 depicts a c hordless cycle on six v ertices. Ev ery p oten tial maximal clique of a

c hordless cycle con tains three v ertices, and ev ery pair of non-adjacen t v ertices is a minimal

separator. Then, it is not hard to see that the v ertex pair [ a; b ] is a plug pair in the t w o
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Figure 2 The c hordless cycle on six v ertices has a pair [ a; b ] of v ertices that is

a plug pair for t w o p oten tial maximal cliques.

p oten tial maximal cliques f a; b; c g and f a; b; d g . F or minimal triangulations, ho w ev er, the

pro of of Lemma 4 sho ws that there is a corresp ondence b et w een the connectors and the

plug pairs.

Based on connectors and plug pairs, w e are in terested in the question ho w connectors

are related to eac h other. F or expressing suc h a relation, w e de�ne the so-called connectors

graph using plug pairs. Let G = ( V ; E ) b e a graph. The c onne ctors gr aph of G , denoted as

con( G ), is de�ned as follo ws:

(vc) con( G ) con tains a v ertex for ev ery p oten tial maximal clique of G

(ec) uv is an edge of con( G ) if and only if the p oten tial maximal cliques A u and A v

are connectors and there are v ertices a; b; c suc h that [ a; b ] and [ b; c ] are plug pairs

for A u and A v , resp ectiv ely .

The v ertices of a connectors graph are asso ciated with the corresp onding p oten tial maximal

cliques, whic h can b e considered as the names of the v ertices. W e are in terested in the

relationship b et w een the connectors graphs of a graph and its minimal triangulations.

Bouc hitt � e and T o dinca sho w ed a strong corresp ondence b et w een the minimal separa-

tors of a graph and of its minimal triangulations [4]. In fact, this result is an exten tion of

Theorem 3.

Theorem 5 [4] Let G = ( V ; E ) b e a graph and let H b e a minimal triangulation of G .

Let C b e a maximal clique of H . Then, a set S of v ertices is a minimal separator of H

con tained in C if and only if S is a minimal separator of G con tained in C .

Corollary 6 Let G = ( V ; E ) b e a graph, and let H b e a minimal triangulation of G .

Then, con ( H ) v con( G ) .

Pro of: Theorem 5 immediately implies the follo wing: Let C b e a maximal clique of H .

By de�nition, C is a p oten tial maximal clique of G . Let a and b b e v ertices of G . Then,

[ a; b ] is a plug pair for C in H if and only if [ a; b ] is a plug pair for C in G . Hence, a

maximal clique C of H is a connector if and only if the p oten tial maximal clique C of G

is a connector, and t w o connectors of H corresp ond to adjacen t v ertices in con( H ) if and

only if they corresp ond to adjacen t v ertices in con( G ).

4 Connectors graphs of c hordal graphs Mainly , w e are in terested in the construction

and structural prop erties of connectors graphs of c hordal graphs. First, w e sho w that the

connectors graph of a c hordal graph can b e constructed from a clique-tree. Here, it is

imp ortan t to v erify that the necessary prop erties are in v arian t with resp ect to clique-trees.

Lemma 7 Let G = ( V ; E ) b e a c hordal graph. Let C b e a maximal clique of G and let

[ a; b ] b e a pair of v ertices of G
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(1) If [ a; b ] is a plug pair for C then for ev ery clique-tree T for G , there are t w o maximal

cliques C

0
and C

00
of G suc h that C

0
and C

00
are neigh b ours of C with resp ect to T

and a 2 C \ C

0
and b 2 C \ C

00
and no maximal clique of G except for C con tains a

and b .

(2) Let T b e a clique-tree for G . If there are t w o maximal cliques C

0
and C

00
of G suc h

that C

0
and C

00
are neigh b ours of C with resp ect to T and a 2 C \ C

0
and b 2 C \ C

00

and no maximal clique of G except for C con tains a and b , then [ a; b ] is a plug pair for

C .

Pro of: W e pro v e the t w o statemen ts separately . W e b egin with the �rst statemen t. Let

[ a; b ] b e a plug pair for C . By de�nition, there are minimal separators S a and S b of G

con tained in C suc h that a 2 S a and b 2 S b and there is no minimal separator of G

con tained in C that con tains a and b . Let T b e a clique-tree for G . Let C

0
a and C

00
a b e

maximal cliques of G that are neigh b ours with resp ect to T suc h that C

0
a \ C

00
a = S a ; they

exist due to Theorem 2. Let C a b e the maximal clique of G on the path b et w een C and

C

00
a with resp ect to T that is a neigh b our of C with resp ect to T . Then, a 2 C a b y the

de�nition of clique-trees. Similarly , there is a maximal clique C b of G that is a neigh b our

of C with resp ect to T suc h that b 2 C b. In the pro of of Lemma 4, it is already sho wn that

no maximal clique except for C con tains a and b . Hence, w e conclude this implication.

F or the second statemen t, let C

0
and C

00
b e maximal cliques of G suc h that C

0
and

C

00
are neigh b ours of C with resp ect to T and a 2 C \ C

0
and b 2 C \ C

00
and there is

no maximal clique of G except for C con taining a and b . Due to Theorem 2, C \ C

0
and

C \ C

00
are minimal separators of G . If there is a minimal separator of G con taining a and

b , there m ust b e a second maximal clique of G con taining a and b , whic h do es not exist b y

assumption. Hence, there is no minimal separator of G con tained in C that con tains a and

b , so that [ a; b ] is a plug pair for C .

A blank gr aph is a graph without edges.

Theorem 8 Let G = ( V ; E ) b e a c hordal graph. If G is P 5 -free, then the connectors

graph of G is a blank graph.

Pro of: W e sho w the con trap osition of the statemen t. Let C 1 and C 2 b e maximal cliques of

G whose corresp onding v ertices in the connectors graph are adjacen t. By de�nition, there

are v ertices a; b; c of G suc h that [ a; b ] and [ b; c ] are plug pairs for C 1 and C 2 , resp ectiv ely .

Let T b e a clique-tree for G . Applying Lemma 7, there is a maximal clique C 0 of G that is

a neigh b our of C 1 with resp ect to T and not on the path b et w een C 1 and C 2 with resp ect

to T and con taining a . Since C 0 is a maximal clique, there is a v ertex u in C 0 that is not

con tained in C 1 . Hence, ( u; a; b; c ) is a c hordless path on four v ertices in G . Analogously ,

there is a v ertex v in G suc h that ( u; a; b; c; v ) is a c hordless path on �v e v ertices in G .

The con v erse of Theorem 8 is not true. Consider the c hordal graph on the sev en

v ertices a; b; c; d; e; f ; g and with the follo wing maximal cliques: ab , bcd , bde , d f , f g . The

path ( a; b; d; f ; g ) is c hordless, but the connectors graph is blank. Ho w ev er, when w e delete

v ertex c , the connectors graph has an edge b et w een bde and d f . Note that bcd con tains t w o

minimal separators, that can b e ordered b y inclusion. Tw o graph classes whose connectors

graphs are describ ed completely b y Theorem 8 are the classes of split graphs and of trivially

p erfect, or P 4 -free c hordal, graphs. Both graph classes con tain only P 5 -free graphs.

T o �nish this section, w e sho w that connectors graphs of in terv al graphs can ha v e an y

structure. W e pro v e this statemen t b y giving a concrete construction. A v ertex of a graph
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is called isolate d , if do es not ha v e an y neigh b our.

Theorem 9 Let G = ( V ; E ) b e a graph with t w o isolated v ertices. Then, there is an

in terv al graph whose connectors graph is (isomorphic to) G .

Pro of: F or simplicit y , w e assume that G has the v ertices 0 ; 1 ; : : : ; n + 1, where 0 and

n + 1 are isolated v ertices. Let G ha v e m edges. W e construct an in terv al graph H with

n + 2 maximal cliques and 2 n + 2 + m v ertices as follo ws. Let a 1 ; b 1 ; a 2 ; : : : ; b n and c

0

and c

00
b e v ertices. F or ev ery i 2 f 1 ; : : : ; n g , let C i = def f a 1 ; : : : ; a i ; b i ; : : : ; b n g , and let

C 0 = def f c

0
; a 1 ; : : : ; a n g and C n+1 = def f c

00
; b 1 ; : : : ; b n g . Let H b e the graph whose maximal

cliques are exactly the sets C 0 ; : : : ; C n+1 . Note that h C 0 ; C 1 ; : : : ; C n+1 i is a consecutiv e

clique arrangemen t for H , so that H is an in terv al graph. F urthermore, [ a i ; b i ] is a plug

pair for C i , i 2 f 1 ; : : : ; n g , so that C i is a connector. C 0 and C n+1 are not connectors. Note

that the connectors graph of H is blank. T o add edges to the connectors graph, w e add

further v ertices to H , but no edges b et w een already con tained v ertices. Hence, C 1 ; : : : ; C n

will remain connectors in H . Let xy b e an edge of G , x < y . Let u xy b e a new v ertex. Add

u xy to the cliques C x ; : : : ; C y . Then, h C 0 ; : : : ; C n+1 i is still a consecutiv e clique arrangemen t

for the new graph H , and [ a x ; u xy ] and [ u xy ; b y ] are plug pairs for C x and C y , resp ectiv ely .

Hence, the connectors graph of H con tains an edge b et w een the v ertices corresp onding to

C x and C y . After adding a v ertex for ev ery edge of G , the connectors graph of the �nally

constructed in terv al graph is G .

W e see that connectors graphs of w ell-kno wn c hordal graph classes ha v e no sp ecial

prop ert y . This is an imp ortan t prop ert y of connectors graphs, since they are made for

analysing minimal triangulations of non-c hordal graphs. So, an y structural prop ert y of

the connectors graphs of a considered graph class ma y yield a non-trivial result ab out the

structure of the minimal triangulations. T o complete Theorem 9, note that ev ery c hordal

graph that is not complete has t w o maximal cliques that are not connectors.

5 Connectors graphs of p erm utation graphs Let M b e a �nite set of size n , and

let � 1 and � 2 b e t w o orderings o v er M . The graph on M de�ned b y � 1 and � 2 has a v ertex

for ev ery elemen t of M , and t w o v ertices of M are adjacen t if and only if the corresp onding

elemen ts are ordered di�eren tly b y � 1 and � 2 . Considering � 1 and � 2 as binary relations,

the edge set of the de�ned graph corresp onds to the complemen t of the in tersection, � 1 \ � 2 .

Graphs de�ned in this w a y are called p ermutation gr aphs , and w e denote the graph de�ned

b y the pair ( � 1 ; � 2 ) as G ( � 1 ; � 2 ). With a p erm utation graph, w e asso ciate a so-called

p ermutation diagr am , whic h is de�ned as follo ws: on t w o horizon tal lines, mark p oin ts for

eac h v ertex and lab el the p oin ts with the names of the v ertices in order de�ned b y � 1 for

the upp er line and � 2 for the lo w er line. Connect the t w o p oin ts with the same lab el b y a

line segmen t. It is an easy prop ert y that t w o v ertices of the p erm utation graph are adjacen t

if and only if the corresp onding line segmen ts of the p erm utation diagram in tersect. F or

further information on p erm utation graphs and diagrams, w e refer to the b o ok b y Golum bic

[10]. T o giv e a sk etc h of this section, w e will c haracterise the connectors of a p erm utation

graph, iden tify a structural prop ert y of adjacen t connectors in the connectors graph and

com bine these results to the main theorem ab out connectors graphs of p erm utation graphs.

Our results are b est understo o d using p erm utation diagrams as represen tation mo dels for

p erm utation graphs.

F or studying p oten tial maximal cliques of p erm utation graphs, minimal separation

lines are the b est means. Let G = G ( � 1 ; � 2 ) b e a p erm utation graph on n v ertices. A
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sep ar ation line s of G is a pair ( a; e ) where a; e 2 f

1
2 ; 1

1
2 ; : : : ; n

1
2 g . Separation lines for

p erm utation graphs w ere in tro duced b y Bo dlaender, Kloks, Kratsc h [2] (under the name

sc anlines ). Let s 1 = ( a 1 ; e 1 ) and s 2 = ( a 2 ; e 2 ) b e t w o separation lines of G . If a 1 � a 2

and e 1 � e 2 , w e also write s 1 � s 2 ; if s 1 � s 2 and s 1 6= s 2 , w e write s 1 < s 2 . Let

� 1 = h x 1 ; : : : ; x n i and � 2 = h x � (1) ; : : : ; x � (n) i for some p erm utation � o v er f 1 ; : : : ; n g .

Separation line ( a; e ) cr osses v ertex x i , if either i < a or �

� 1
( i ) < e . The set of v ertices

crossed b y s is denoted as in t ( s ). If i < a and x i is not crossed b y s , then x i is to the left of

s ; if i > a and x i is not crossed b y s , then x i is to the right of s . F or s 1 and s 2 and v ertex x ,

if s 1 < s 2 and x is to the left of s 2 and to the righ t of s 1 , w e sa y that x is b etwe en s 1 and

s 2 . If f x i : i 2 f a �

1
2 ; a

1
2 ; � ( e �

1
2 ) ; � ( e

1
2 ) gg \ in t( s ) = ; , s is called a minimal sep ar ation

line of G . Note that the �rst set ma y con tain b et w een one and four v ertices. If s 1 and s 2

are minimal separation lines of G and s 1 < s 2 and there is no minimal separation line t of

G suc h that s 1 < t < s 2 , then s 2 is called a suc c essor of s 1 .

Theorem 10 [13] Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let C b e a set of v ertices

of G . Then, C is a p oten tial maximal clique of G if and only if there is a pair of minimal

separation lines of G , s 1 and s 2 , suc h that s 2 is a successor of s 1 and C is equal to the

union of in t ( s 1 ) [ in t ( s 2 ) and the set of v ertices b et w een s 1 and s 2 . Separation lines s 1 and

s 2 are unique for C .

Minimal separators of p erm utation graphs ha v e a represen tation that is similar to the

one for p oten tial maximal cliques.

Theorem 11 [13] Let G = G ( � 1 ; � 2 ) b e a p erm utation graph on n v ertices. A set S of

v ertices of G is a minimal separator of G if and only if there is a minimal separation line s

of G where (

1
2 ;

1
2 ) < s < ( n

1
2 ; n

1
2 ) suc h that S = in t( s ) .

Using the t w o c haracterisations of p oten tial maximal cliques and of minimal separators,

w e can c haracterise the connectors and plug pairs of p erm utation graphs. F or the rest of

this section, ev ery p oten tial maximal clique of a p erm utation graph is asso ciated with a

pair of minimal separation lines that de�ne the p oten tial maximal clique in the sense of

Theorem 10. Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let s 1 and s 2 b e minimal

separation lines of G where s 2 is a successor of s 1 . Then, w e de�ne L ( s 1 ; s 2 ) = def in t ( s 1 ) n

in t ( s 2 ) and R ( s 1 ; s 2 ) = def in t( s 2 ) n in t( s 1 ).

Lemma 12 Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let C b e a p oten tial maximal

clique of G de�ned b y the pair ( s 1 ; s 2 ) of minimal separation lines of G where s 2 is a

successor of s 1 . Then, [ a; b ] is a plug pair for C if and only if a 2 L ( s 1 ; s 2 ) and b 2 R ( s 1 ; s 2 )

or b 2 L ( s 1 ; s 2 ) and a 2 R ( s 1 ; s 2 ) .

Pro of: Let G ha v e n v ertices. By de�nition of C , in t ( s 1 ) and in t ( s 2 ) are con tained in C .

First, let a 2 L ( s 1 ; s 2 ) and b 2 R ( s 1 ; s 2 ). In particular, a 2 in t( s 1 ) and b 2 in t( s 2 ), and

in t ( s 1 ) and in t( s 2 ) are non-empt y . So, (

1
2 ;

1
2 ) < s 1 < s 2 < ( n

1
2 ; n

1
2 ). Then, in t( s 1 ) and

in t ( s 2 ) are minimal separators of G due to Theorem 11. Observ e that C do es not con tain

another minimal separator: there is no minimal separation line s suc h that s 1 < s < s 2 b y

the c hoice of s 2 , and ev ery minimal separation line di�eren t from s 1 and s 2 that crosses a

v ertex crosses a v ertex that is not con tained in C . Hence, there is no minimal separator of

G con tained in C that con tains a and b , so that [ a; b ] is a plug pair for C according to the

de�nition.

F or the con v erse, let [ a; b ] b e a plug pair for C , and let S 1 and S 2 b e the minimal

separators of G con tained in C that con tain a and b , resp ectiv ely . Since S 1 and S 2 m ust

b e di�eren t minimal separators and since C con tains at most t w o minimal separators, w e
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a b

ba

Figure 3 The �gure sho ws the t w o p ossible situations for the v ertices of a plug

pair [ a; b ] in a connector of a p erm utation graph. The v ertical lines represen t

the t w o minimal separation lines de�ning the connector. The left hand �gure

illustrates the case when v ertices a and b meet at the top whereas a and b meet

at the b ottom in the righ t hand �gure.

can assume S 1 = in t ( s 1 ) and S 2 = in t ( s 2 ). Hence, a 2 L ( s 1 ; s 2 ) and b 2 R ( s 1 ; s 2 ).

Using Lemma 12, the connectors graph of a p erm utation graph can b e generated easily .

The same lemma and the de�nition of p erm utation diagrams justify the follo wing de�nition.

De�nition 2 L et G = G ( � 1 ; � 2 ) b e a p ermutation gr aph. L et C b e a p otential maximal

clique of G de�ne d by the p air ( s 1 ; s 2 ) of minimal sep ar ation lines of G wher e s 2 is a

suc c essor of s 1 . L et C b e a c onne ctor, and let [ a; b ] b e a plug p air for C wher e we assume

a 2 L ( s 1 ; s 2 ) and b 2 R ( s 1 ; s 2 ) . We say that a and b me et at the top if and only if

b � � 1 a . Otherwise, we say that a and b me et at the b ottom .

F rom Lemma 4, w e kno w that the v ertices of a plug pair are adjacen t. T aking in to

accoun t this fact, the de�nition of \meeting at the top/b ottom" has a clear geometric

represen tation. It is illustrated in Figure 3. W e sho w no w that \meeting at the top/b ottom"

is a prop ert y of the connector, not only of a single plug pair.

Lemma 13 Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let C b e a connector of G .

Then, there is a plug pair [ a; b ] for C suc h that a and b meet at the top if and only if for

ev ery plug pair [ c; d ] for C , c and d meet at the top.

Pro of: Let C b e de�ned b y the pair ( s 1 ; s 2 ) of minimal separation lines of G where s 2 is

a successor of s 1 . According to Lemma 12, ev ery pair [ c; d ] of v ertices where c 2 L ( s 1 ; s 2 )

and d 2 R ( s 1 ; s 2 ) is a plug pair for C . It follo ws from Lemma 4 that c and d are adjacen t

in G for ev ery c 2 L ( s 1 ; s 2 ) and d 2 R ( s 1 ; s 2 ). No w, let [ a; b ] b e a plug pair for C suc h that

a and b meet at the top. Without loss of generalit y , a 2 L ( s 1 ; s 2 ) and b 2 R ( s 1 ; s 2 ). Then,

a and d for ev ery d 2 R ( s 1 ; s 2 ) meet at the top; similarly , c and b for ev ery c 2 L ( s 1 ; s 2 )

meet at the top. If there is a pair [ c; d ], c 2 L ( s 1 ; s 2 ) and d 2 R ( s 1 ; s 2 ), suc h that c and d

meet at the b ottom, it follo ws that b � � 1 c � � 1 d � � 1 a , whic h means that c and d cannot

b e adjacen t. This, ho w ev er, is a con tradiction.

Lemma 13 motiv ates the follo wing de�nition for connectors.

De�nition 3 L et G = G ( � 1 ; � 2 ) b e a p ermutation gr aph. L et C b e a c onne ctor of G . We

say that C is oriente d to the top if and only if ther e is a plug p air [ a; b ] for C such that

a and b me et at the top. Otherwise, we say that C is oriente d to the b ottom .

Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. F or t w o connectors A and B of G , w e

write A k B , if b oth A and B are orien ted to the top or to the b ottom; otherwise, w e write

A ? B . Remem b er that the de�nition of a connector and Lemma 13 imply that a connector

of a p erm utation graph is orien ted either to the top or to the b ottom. The follo wing lemma

presen ts the crucial prop ert y from whic h w e will deriv e our main result in this section. Let
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1 2 3 4 5 6 7 8

A B
Figure 4 Depicted is a p erm utation diagram of a p erm utation graph on eigh t

v ertices. The dotted and the thic k line segmen ts represen t the minimal sepa-

ration lines.

A and B b e p oten tial maximal cliques of G de�ned b y pairs ( s 1 ; s 2 ) and ( t 1 ; t 2 ) of minimal

separation lines of G , resp ectiv ely . Let s 2 and t 2 b e successors of s 1 and t 1 , resp ectiv ely .

W e sa y that A and B are p ar al lel , if s 1 < s 2 � t 1 < t 2 or t 1 < t 2 � s 1 < s 2 .

Lemma 14 Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let A and B b e parallel con-

nectors of G . Let [ a; b ] b e a plug pair for A and let [ b; c ] b e a plug pair for B . Then,

A ? B .

Pro of: Let A and B b e de�ned b y the pairs ( s 1 ; s 2 ) and ( t 1 ; t 2 ) of minimal separation lines

of G , resp ectiv ely , where s 2 and t 2 are successors of s 1 and t 1 , resp ectiv ely . Without loss of

generalit y , w e assume s 2 � t 1 . Then, b 2 R ( s 1 ; s 2 ) \ L ( t 1 ; t 2 ). Let A b e orien ted to the top.

Then, a and b meet at the top (in A ) due to Lemma 13, i.e., b � � 1 a . Since c 2 R ( t 1 ; t 2 ),

b � � 1 c , and b and c meet at the b ottom, i.e., B is orien ted to the b ottom. Similarly , if A

is orien ted to the b ottom, B is orien ted to the top.

It w ould b e nice, if the prerequisite of parallel connectors in Lemma 14 w as not nec-

essary . But a simple example sho ws that the statemen t do es not hold for non-parallel

connectors in general. Consider the p erm utation graph G represen ted b y the p erm utation

diagram in Figure 4. The t w o pairs of strong lines (minimal separation lines) de�ne t w o

p oten tial maximal cliques A and B of G . Ob viously , A and B are not parallel. Both A and

B are connectors: A has plug pair [3 ; 6] and B has plug pair [3 ; 4]. And b oth connectors

are orien ted to the top.

No w, w e can pro v e our main result. It is an extension of the result of Lemma 14.

Theorem 15 Let G = G ( � 1 ; � 2 ) b e a p erm utation graph. Let S b e a set of v ertices of

the connectors graph con( G ) of G that corresp ond to pairwise parallel p oten tial maximal

cliques. Then, S induces a bipartite subgraph of con( G ) .

Pro of: Let A 1 ; : : : ; A k b e the p oten tial maximal cliques of G corresp onding to the v er-

tices in S . Let S = f x 1 ; : : : ; x k g , where x i corresp onds to A i , i 2 f 1 ; : : : ; k g . Due to

Theorem 10, there is a unique pair ( s

0
i ; s

00
i ) of minimal separation lines of G suc h that s

00
i is

a successor of s

0
i and ( s

0
i ; s

00
i ) represen ts A i in the sense of Theorem 10, i 2 f 1 ; : : : ; k g .

Since A 1 ; : : : ; A k are pairwise parallel, w e can assume without loss of generalit y that

s

0
1 < s

00
1 � s

0
2 < � � � < s

00
k . No w, assume that S do es not induce a bipartite subgraph

of con( G ). Then, there is a cycle C = ( x i 1 ; : : : ; x i l ) of o dd length in G . Due to Lemma 14,

A i 1 ? A i 2 ; A i 2 ? A i 3 ; : : : ; A i l � 1 ? A i l ; A i l ? A i 1 . Remem b er that it is imp ortan t to require

the p oten tial maximal cliques to b e m utually parallel. Since l � 1 is an ev en n um b er, w e

obtain A i 1 k A i l , from whic h follo ws the con tradiction A i 1 ? A i 1 . Hence, C cannot exist,

and S induces a bipartite subgraph of con( G ).

Note that Theorem 15 do es not mak e a statemen t ab out the structure of the whole
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a

w x
Figure 5 The depicted graph H is an in terv al graph and minimal triangulation

of the graphs H , H � aw , H � ax , H � aw ; ax . None of the four graphs is a

p erm utation graph, whic h can b e v eri�ed easily , since a c hordless path on six

v ertices has an almost unique represen tation in the p erm utation diagram.

connectors graph.

6 Characterising minimal triangulations of p erm utation graphs In this section,

w e presen t our main result. W e will giv e the �rst non-trivial c haracterisation of the class of

those c hordal graphs that are minimal triangulations of p erm utation graphs. It is kno wn

that minimal triangulations of p erm utation graphs are in terv al graphs (Theorem 1). Ho w-

ev er, it is not kno wn whether ev ery in terv al graph can b e a minimal triangulation of a

p erm utation graph. And this question m ust b e answ ered negativ ely . Figure 5 depicts an

in terv al graph H (easy to see: a path on six v ertices and a v ertex adjacen t with four consec-

utiv e path v ertices). This in terv al graph is a minimal triangulation of H itself and the three

subgraphs H � aw , H � ax and H � aw ; ax , and none of these four graphs is a p erm utation

graph.

Our c haracterisation pro of consists of t w o parts: com bining all the results of the pre-

vious sections, w e can exclude a large n um b er of in terv al graphs from the class of minimal

triangulations of p erm utation graphs, and for sho wing that the remaining in terv al graphs

are minimal triangulations of p erm utation graphs, w e construct a witness (a p erm utation

graph). The pro of also relies on the follo wing theorem, that c haracterises the set of minimal

triangulations of a single p erm utation graph.

Theorem 16 [13] Let G = G ( � 1 ; � 2 ) b e a p erm utation graph, and let H b e a c hordal

graph on the v ertex set of G . Then, H is a minimal triangulation of G if and only if the

set of maximal cliques of G is a maximal set of pairwise parallel p oten tial maximal cliques

of G .

Theorem 16 do es not directly sa y that minimal triangulations of p erm utation graphs

are in terv al graphs. This, ho w ev er, is an immediate corollary from the c haracterisation

of the p oten tial maximal cliques of a p erm utation graph applying Theorem 10 and the

de�nition of parallel p oten tial maximal cliques.

Theorem 17 Let H = ( V ; E ) b e an in terv al graph. Then, H is a minimal triangulation

of a p erm utation graph if and only if con( H ) is bipartite.

Pro of: Let H b e a minimal triangulation of a p erm utation graph G . Let C b e the set of

maximal cliques of H . Due to Theorem 16, C is a set of pairwise parallel p oten tial maximal

cliques of G . Due to Theorem 15, the set of v ertices of con( G ) corresp onding to the sets in C

induces a bipartite subgraph of con( G ), whic h is equal to con( H ) according to Corollary 6.

Hence, con( H ) is bipartite.

F or sho wing the con v erse, w e construct a p erm utation graph G and sho w that it

has H as a minimal triangulation. So, let con( H ) b e bipartite. Then, there exists a 2-

colouring f for con( H ), using the colours yel low and blue . Let A = h A 1 ; : : : ; A k i b e a
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consecutiv e clique arrangemen t for H , and let f ( A i ) b e the colour of the v ertex in con( H )

A i corresp onds to. A maximal clique of H can ha v e the follo wing kinds of v ertices (w e

assume A 0 = def A k+1 = def ; ):

(K1) v ertices in A i n ( A i � 1 [ A i +1 ); these v ertices are called inner v ertices of A i

(K2) v ertices in ( A i � 1 \ A i ) n A i +1 ; these v ertices are called left end v ertices of A i

(K3) v ertices in ( A i \ A i +1 ) n A i � 1 ; these v ertices are called right end v ertices of A i .

It is clear that (K1) , (K2) and (K3) de�ne pairwise disjoin t sets of v ertices. F urthermore,

v ertices in A i � 1 \ A i +1 do not b elong to an y of these v ertex sets. Ho w ev er, ev ery v ertex of

H is either inner v ertex or left end v ertex of a maximal clique of H . Note that b y Lemma 7,

a maximal clique of H is a connector if and only if it has left end and righ t end v ertices.

The de�nition of G is done b y giving an appropriate p erm utation diagram. The t w o

de�ning v ertex orderings can immediately b e read from the p erm utation diagram. The

p erm utation diagram is de�ned in sev eral steps. The description of eac h step is accompanied

b y an illustrating �gure (see Figure 6). These illustrations depict the situation during

the generation of a p erm utation diagram after eac h step of the algorithm: w e generate a

p erm utation graph with the in terv al graph represen ted b y the in terv al mo del in Figure 6 (a)

as a minimal triangulation. The algorithm �rst de�nes a rough structure and then re�nes

it. W e b egin with the t w o horizon tal lines for the p erm utation diagram and de�ne k

rectangles b et w een the t w o lines. Ev ery rectangle corresp onds to a maximal clique of

H , ordered according to A . Colour ev ery rectangle with the colour of the corresp onding

maximal clique with resp ect to f . Assign orien tations to those rectangles that corresp ond

to connectors: yel low means `orien ted to the top', blue means `orien ted to the b ottom'

(Figure 6 (b) ). This step w as a preparing step. No w, add the line segmen ts, that represen t

the v ertices of the p erm utation graph, to the p erm utation diagram:

� an inner v ertex is con tained only in the b o x corresp onding to its maximal clique

� the line segmen t of a left end v ertex has its left end in the corresp onding b o x

� the line segmen t of a righ t end v ertex has its righ t end in the corresp onding b o x.

If p ossible, orien t the line segmen ts according to the orien tations of the b o xes. The result of

this step is illustrated in Figure 6 (c) . Note that this step hea vily relies on the fact that the

connectors graph of H is bipartite, so that the line segmen t of ev ery v ertex that is end v ertex

in t w o connectors can ha v e its t w o endp oin ts on the t w o horizon tal lines without violating

the orien tation rule (for example, v ertices d and c in Figure 6 (c) ). No w, ev ery line segmen t

whose corresp onding v ertex is end v ertex in at least one connector is prop erly orien ted. F or

the remaining line segmen ts (the line segmen ts of v ertices b; e; f in the example), w e c ho ose

an arbitrary orien tation. A p ossible result for our example is giv en in Figure 6 (d) . The

last step arranges the line segmen t endp oin ts in eac h rectangle suc h that they are ordered

from left to righ t ob eying the follo wing rule on eac h horizon tal line: left end v ertices, inner

v ertices, righ t end v ertices. Additionally , line segmen ts of inner v ertices pairwise in tersect.

The result is presen ted in Figure 6 (e) . This de�nes a p erm utation graph G . The �nal

p erm utation diagram for our example is depicted in Figure 6 (f) .

It remains to sho w that H is indeed a minimal triangulation of G . Applying Theo-

rem 16, it su�ces to sho w that ev ery rectangle de�nes a p oten tial maximal clique of G .

First observ e that the common b order of t w o rectangles de�nes a minimal separation line

(thin lines in Figure 6 (f) ): ev ery rectangle corresp onds to a maximal clique of H , and ev ery

maximal clique con tains an inner v ertex or left and righ t end v ertices. Second, there is



The minimal triangulations of permutation graphs 13

no minimal separation line that is prop erly con tained in a rectangle: a minimal separation

line s lies b et w een t w o non-adjacen t v ertices, i.e., non-in tersecting line segmen ts in the

p erm utation diagram. Tw o non-adjacen t v ertices of G that are con tained in one rectangle

are either b oth left end or b oth righ t end v ertices or one v ertex is left or righ t end v ertex

and the other is unclassi�ed. In all these cases, s in tersects with the b order of a rectan-

gle. Hence, the b orders of the rectangles de�ne a maximal set of pairwise non-in tersecting

minimal separation lines and therefore, ev ery rectangle de�nes a p oten tial maximal clique

of G in the sense of Theorem 10. This sho ws that H is a minimal triangulation of G .

The c haracterisation of minimal triangulations of p erm utation graphs of Theorem 17

can b e used to design a fast recognition algorithm for this class of in terv al graphs. F ur-

thermore, w e can use the algorithm of the pro of of the c haracterisation to construct a

p erm utation graph witnessing that an input in terv al graph is indeed a minimal triangula-

tion of a p erm utation graph. Our algorithms require the input graph to b e giv en b y an

in terv al mo del. Then, the algorithms tak e time only prop ortional in the n um b er of v ertices.

W e call suc h a running time vertex-line ar .

Corollary 18 There is a v ertex-linear-time algorithm deciding the follo wing question:

giv en an in terv al graph H represen ted b y an in terv al mo del, is H a minimal triangulation

of a p erm utation graph. In the p ositiv e case, the algorithm outputs a p erm utation graph G

represen ted b y a p erm utation diagram and a set of pairwise non-in tersecting minimal sep-

aration lines pro ving that H is a minimal triangulation of G .

Pro of: Let I b e the giv en in terv al mo del for H . T o decide whether H is a minimal

triangulation of a p erm utation graph, it su�ces to generate the connectors graph of H

and decide whether it is bipartite (Theorem 17). Using the de�nitions of the pro of of

Theorem 17 and the result of Lemma 7, a maximal clique C of H is a connector if and only

if it has a left end and a righ t end v ertex with resp ect to an y consecutiv e clique arrangemen t

of H . Let A = h A 1 ; : : : ; A k i b e a consecutiv e clique arrangemen t for H . Remem b er that

A corresp onds to a clique-tree that is a path, and note that it can b e obtained directly

from I . It is clear that it is not alw a ys p ossible to determine all maximal cliques of an

in terv al graph in v ertex-linear time. Ho w ev er, for ev ery v ertex x of H , the smallest and

largest n um b ers i , denoted as L ( x ) and R ( x ), suc h that x 2 A i can b e determined in total

v ertex-linear time. Then, a maximal clique is a connector if and only if it con tains t w o

v ertices a and b suc h that L ( a ) < R ( a ) = L ( b ) < R ( b ). Note that [ a; b ] then is a plug pair

for the maximal clique. The connectors graph of H can b e generated as follo ws:

(1) determine the n um b er of maximal cliques of H and generate a v ertex for ev ery maximal

clique

(2) t w o v ertices u and v are adjacen t where u and v corresp ond to the maximal cliques A i

and A j , resp ectiv ely , i < j , if and only if A i and A j are connectors and there is a

v ertex w suc h that L ( w ) = i and R ( w ) = j .

Ha ving computed the n um b ers L ( x ) and R ( x ) for ev ery v ertex x , the connectors of H can

b e determined b y sw eeping through the v ertex list. This tak es v ertex-linear time. Then,

the edges of con( H ) are listed again b y a sw eep through the v ertex list. Th us, in v ertex-

linear time, con( H ) is generated. Note that the n um b er of v ertices and edges of con( H )

is b ounded b y the n um b er of v ertices of H . Then, in v ertex-linear time, it can b e decided

whether con( H ) is bipartite, and if so, a 2-colouring can b e computed. Chec king ev ery

step of the pro of of Theorem 17, it is clear that a p erm utation graph G represen ted b y a

p erm utation diagram can b e generated in v ertex-linear time. It also sho ws ho w to de�ne
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(a)
b

f
d

a

c
e

h
g

(b)

abf adfh cdfh cfgh efgh

(c)

abf adfh cdfh cfgh efgh

b e
f

c ga hd e

(d) fb c ga hd e

(e) b e fcgd h a

(f) b ad h e fg c

Figure 6 Illustrating the steps of an algorithm for generating a p erm utation

graph ha ving a giv en in terv al graph with bipartite connectors graph as minimal

triangulation. The algorithm is dev elop ed in the pro of of Theorem 17.
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the set of minimal separation lines. So, w e conclude the pro of.

7 Final remarks W e ga v e a c haracterisation of the minimal triangulations of p erm u-

tation graphs. This c haracterisation is based on connectors graphs, that w ere in tro duced

here, and sho ws a connection b et w een in terv al graphs that are minimal triangulations of

p erm utation graphs and bipartite graphs. This result also implies a statemen t ab out the

n um b er of in terv al graphs that are minimal triangulations of p erm utation graphs. Ev en

though there is not m uc h kno wn ab out connectors graphs of in terv al graphs, it seems

quite natural to assume that in terv al graphs are equally distributed among the connectors

graphs. And if w e accept that the class of bipartite graphs is only a small, nev ertheless

imp ortan t, graph class, w e can conclude that only \a few" in terv al graphs can b e minimal

triangulations of p erm utation graphs.

Finding a c haracterisation of the class of minimal triangulations of p erm utation graphs

w as a non-trivial and in teresting task, since the class of p erm utation graphs do es not con tain

the class of minimal triangulations of p erm utation graphs. Other graph classes with this

prop ert y are the class of P 6 -free graphs [15] and the class of gem-free graphs. The gem is a

minimal triangulation of the C 5 . The most natural suc h graph class, ho w ev er, is the class

of comparabilit y graphs. The question is whether our tec hniques can b e applied to these

or similar graph classes to obtain results ab out the classes of their minimal triangulations.

One step could b e to iden tify structural prop erties that are preserv ed during the �lling

pro cess.
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