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Improved Algorithms for
the Feedback Vertex Set Problefns

Jianer Ched  Fedor V. Fomid  Yang Liuf Songjian Ld
Yngve Villange#

Abstract

We present improved parameterized algorithms for the Feedback Vertex Set prob-
lem on both unweighted and weighted graphs. Both algorithms run in@it6ékn?).
For unweighted graphs, our algorithm either constructs a feedback vertex set of size
bounded byt in a given graplG, or reports that no such a feedback vertex set exists in
G. For weighted graphs, our algorithm either constructs a minimum-weight feedback
vertex set of size bounded yin a given graphG, or reports that no feedback vertex
set of size bounded by exists inG.

1 Introduction

Let G be a graph. Afeedback vertex séEVS) F' in G is a set of vertices ity whose
removal results in an acyclic graph (or equivalently, every cycléigontains at least

one vertex inF’). The problem of finding a minimum feedback vertex set in a graph is
one of the classical NP-complete problems [12] and has many applications. The history
of the problem can be traced back to the early '60s. For several decades, many different
algorithmic approaches were tried on this problem, including approximation algorithms,
linear programming, local search, polyhedral combinatorics, and probabilistic algorithms
(see the survey of Festa et all [8]). There are also exact algorithms finding a minimum FVS
in a graph om vertices in timeD(1.9053™) [15] and in timeO(1.7548™) [9].

An important application of the FVS problem deadlock recoveryn operation systems

[17], in which a deadlock is presented by a cycle isyatem resource-allocation graph

G. Therefore, in order to recover from deadlocks, we need to abort a set of processes
in the system, i.e., to remove a set of vertices in the gi@phko that all cycles irG are
broken. Equivalently, we need to find an FVS@Gh The problem also has a version on
weighted graphs, where the weight of a vertex can be interpreted as the cost of aborting
the corresponding process. In this case, we are looking for an F\ZSwhose weight is
minimized.

In a practical system resource-allocation graptit can be expected that the sikzef the
minimum FVS inG, i.e., the number of vertices in the FVS, is fairly small. This motivated
the study ofparameterized algorithmfer the FVS problem that find an FVS éfvertices
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in a graph ofu vertices (where the weight of the FVS is minimized, in the case of weighted
graphs), and run in timg (k)n®®" for a fixed functionf (thus, the algorithms become
practically efficient when the valueis small).

This line of research has received considerable attention, most are on the FVS problem on
unweighted graphs. The first group of parameterized algorithms of running titne (")

for the FVS problem on unweighted graphs were given by Bodlaehder [3] and by Downey
and Fellows[[6]. Since then a chain of dramatic improvements was obtained by different
researchers (see Figlie 1 for references.)

Bodlaender, Fellows [3]6 O(17kHnOM)

Downey and Fellows |7] O((2k + 1)*n?)

Raman et al.[13] O(max{12%, (41og k)*}n2370)
Kanj et al.[11] O((2logk + 2loglog k + 18)Fn?)
Raman et al.[14] O((12log k/loglog k + 6)Fn2-375)
Guo et al[10] O((37.7)%n?)

Dehne et al.[5] 0((10.6)*n3)

Figure 1: The history of parameterized algorithms for the unweighted FVS problem.

Our results. In this paper we use the technique of iterative compression that was already
applied for several similar problems including the FVS problem [5, 10, 16]. The novel part
of our approach is the new recursive procedure and its analysis which allow us to reduce
the running time of the algorithm significantly. We show that the problem of finding an
FVS of sizek of minimum weight in a weighted grap& of n vertices can be solved in

time O(5*kn?). This improves and generalizes a long chain of results in parameterized
algorithms.

We remark that randomized parameterized algorithms have also been studied in the liter-
ature for the FVS problem, for both unweighted and weighted graphs. The best known
randomized parameterized algorithms for the FVS problems are due to Beckerlét al. [2],
who developed a randomized algorithm of running tiéet*kn?) for the FVS problem

on unweighted graphs, and a randomized algorithm of running@6ékn?) for the FVS
problem on weighted graphs. Compared to these results, the running time of our (determin-
istic) algorithm comes close to that of the best randomized algorithm for the FVS problem
on unweighted graphs, while our (deterministic) algorithm has been better than the previous
best randomized algorithm for the FVS problem on weighted graphs.

To simplify the explanation we describe first the algorithm for unweighted graphs, which
is significantly easier. Then we explain how this algorithm can be adopted to the weighted
case (with the same running time).

2 On feedback vertex sets in unweighted graphs

In this section, we consider the FVS problem on unweighted graphs.

We start with some terminologies. farestis a graph that contains no cycles.tikeis a

forest that is connected (therefore, a forest can be equivalently defined as a collection of
disjoint trees). LefV be a subset of vertices in a grapgh We will denote byG[IV] the
subgraph of7 that is induced by the vertex sBt. A pair (V1, V2) of vertex subsets in a
graphG = (V, E) is aforest bipartitionof G if V;, UV, = V, V; NV, = 0, and both
induced subgraphS[V;] andG[V»] are forests.

Let G be a graph and lef’ be a subset of vertices {d. The setF’ is afeedback vertex set



(shortly, FVS) ofG if G — F'is a forest (or equivalently, if every cycle (@ contains at
least one vertex it"). Thesizeof an FVSF is the number of vertices if'.

Our main problem is formally defined as follows.

FEEDBACK VERTEX SET given a graplZ and an integek, either find an FVS
of size bounded by in G, or report that no such an FVS exists.

Before we present our algorithm for tREEDBACK VERTEX SETproblem, we first consider
a special version of the problem, defined as follows:

F-BIPARTITION FVS: given a graphG, a forest bipartition(V1, V») of G, and
an integerk, either find an FVS of size bounded kyfor the graphG in the
subsef/;, or report that no such an FVS exists.

Note that the main difference between th&IPARTITION FVS problem and the original
FEEDBACK VERTEX SETproblem is that we require that the FVS in theIPARTITION
FVSis contained in the given subskgt.

A bypasoperation will be used heavily in our process. Lelbe a degre@-vertex with two
neighborsu andv in a graphG. We say that a grap@” is obtained from by bypassing
the degree vertexw if G’ is obtained fromG by first removing the vertew then adding
a new edge betweeanando.

Algorithm-1 Feedback(G, Vi, Va, k)

Input: G = (V, E) is a graph with a forest bipartitiofi’;, V2), k is an integer

Output: An FVSF of G suchthajF| < kandF C Vi; or report “No” (i.e.,
no such an FVS)

if (k < 0) or (k = 0 andG is not a forestthen return “No”;
if (k > 0) andG is a foresthen return®;
if a vertexw in V7 has at least two neighbors iy then
1. if two of the neighbors ofv in V2 belong to the same tree @[V2]
then F’ = FeedbackG — w, Vi — w, Vo, k — 1);
if I/ = “No” then return “No” elsereturn F’ + w;
3.2. elseF; = FeedbacKG — w, Vi — w, Va,k — 1);
F» = FeedbacKG, Vi — w, Vo + w, k);
if F; # “No” thenreturnF; + w
else if F» # “No” then return F»
elsereturn “No”;
4.  elsepick any vertexw that has degre€ 1 in G[V1];

WwN e

4.1. if w has degreeC 1 in the original graptG
thenreturnFeedbackG — w, Vi — w, V2, k)
4.2. elselet G, be the graph obtained fro by bypassingv;

returnFeedbacK G, Vi — w, Va, k)

Figure 2: Algorithm for unweighted FVS problem

The algorithm FeedbackKG, V1, V5, k), for the F-BIPARTITION FVS problem is given in
Figure[2. We first discuss the correctness of the algorithm. The correctness of step 1 and
step 2 of the algorithm is obvious. Now consider step 3.:L&ke a vertex irt/; that has at

least two neighbors ii;.

If the vertexw has two neighbors iV, that belong to the same trée in the induced
subgraphG[Vs], then the tred” plus the vertexv contains at least one cycle. Since we
are restricted to find an FVS in the vertex subggtthe only way to break the cycles in
T + wis to include the vertex in the objective FVS. Moreover, the objective FVS of size
bounded byk exists inG if and only if the remaining grapl¥’ — w has an FVS of size



bounded byt — 1 in the subseV; — w (note that(V; — w, V3) is a valid forest bipartition
of the graphG — w). Therefore, step 3.1 correctly handles this case.

If no two neighbors of the vertex belong to the same tree in the induced subgi@ft],
then the vertexw is either in the objective FVS or not in the objective FVSuwilis in the
objective FVS, then we should be able to find an F¥Sin the graphG — w such that
|F1| < k—1andF; C V; —w (again note thatl; — w, V3) is a valid forest bipartition of
the graphG — w). On the other hand, i@ is not in the objective FVS, then the objective
FVS for G must be contained in the sub3gt—w. Also note that in this case, the subgraph
G[V4 + w] induced by the subséf, + w is still a forest since no two neighbors afin

V> belong to the same tree @&[V3]. In consequencel; — w, Vo 4+ w) still makes a valid
forest bipartition for the grapty. Therefore, step 3.2 handles this case correctly.

Now we consider step 4. At this point, every verteX/inhas at most one neighbor i13.
Moreover, since the induced subgraffi;] is a forest, there must be a vertexin V;
that has degree bounded byn G[V;] (note thatV; cannot be empty at this point since
otherwise the algorithm would have stopped at step 2). If the vestedso has degree
bounded byi in the original graphG, then removingv does not help breaking any cycles
in G. Therefore, the vertew can be discarded. This case is correctly handled by step 4.1.
Otherwise, the vertew has degree bounded hyin the induced subgrap&[V;] but has
degree larger thahin the original grapiz. Observing also the fact thathas at most one
neighbor inV%,, we can easily derive in this case that the degree of the original graph
G must be2, and thatw has two neighbors; andus such thatu; is in V; andus is in V5.
Therefore, ifw is in the objective FVE’, then the sef” = F — w + u; will also make

a valid solution to the given problem instance. Thus, by bypassing the degextexw

in G, we obtain a grapl&,,, with the forest bipartitioV; — w, V»), such thag,, has an
FVS of size bounded by in V; — w if and only if the original grapliz has an FVS of size
bounded byt in V4. In conclusion, step 4.2 correctly handles this case.

Now we are ready to present the following lemma.

Lemma 2.1 The algorithmFeedbacKG, V1, Va, k) solves thee-BIPARTITION FVS prob-

lem correctly. The running time of the algorithm is boundedXg**n?), wheren is the
number of vertices in the grapgh, andi is the number of connected components (i.e. trees)
in the induced subgrap&'[V3].

Proof. The correctness of the algorithm has been verified by the above discussion. Now
we consider the complexity of the algorithm.

The recursive execution of the algorithm can be described as a search.tréée first
count the number of leaves in the search tfeeNote that only step 3.2 of the algorithm
corresponds to branches in the search fred¢.et T'(k, 1) be the total number of leaves in
the search tre@ for the algorithmFeedbacKG, V1, Vs, k), wherel is the number of trees
in the forestG[V;]. Inductively, the number of leaves in the search ffeeorresponding to
the recursive calFeedbackKG —w, Vi —w, Vo, k—1) is bounded by'(k—1,1). Moreover,
we assume at step 3.2 thathas at least two neighbors 3 and that no two neighbors of
w in V5 belong to the same tree @([V5]. Therefore, the vertex “merges” at least two
trees inG[Vs] into a single tree 7[> +w]. Therefore, the number of treesajVs +w] is
bounded by — 1. In consequence, the number of leaves in the searcireerresponding
to the recursive caffeedbacKG, Vi —w, Vo +w, k) is bounded byI'(k, —1). This gives
the following recurrence relation:

T(k,1) < T(k —1,0) + T(k,l — 1)

It is easy to derive from this relation th@(k,!) = O(2%*!). Finally, observe that along
each root-leaf path in the search ttEgthe total number of executions of steps 1, 2, 3.1, and



4 of the algorithm is bounded iy (n) because each of these steps either stops immediately,
or reduces the input graph size by at les¥oreover, it is also easy to verify that each of
these steps takes tind&(n).

Therefore, the computation time along each root-leaf path in the search tegeounded
by O(n?). In conclusion, the running time of the algorithReedbacKG, Vi, Vs, k) is
bounded byO(2%*n?2). This completes the proof of the theores.

Following the idea ofterative compressioproposed by Reed et al. [16], we formulate the
following problem:

FVS REDUCTION given a graphG and an FVSF of sizek + 1 for G, either
construct an FVS of size bounded byor G, or report that no such an FVS
exists.

Lemma 2.2 TheFvs REDUCTIONproblem can be solved in tin@(5%n?).

Proof. We use the algorithrreedbackto solve thervs REDUCTIONproblem. LetF be
the FVS of size: + 1 in the graphG = (V, E). Every FVSF’ of size bounded by for G
is a union of a subsédf; of at mostk — j vertices inV — F and a subsef’, of j vertices
in I, for some integey, 0 < j < k. Note that since we assume that no verte¥'in- F;
is in the FVSF”, the induced subgrapH[F — F»] must be a forest. Therefore, for eatch
0 < j < k, we enumerate all subsets p¥ertices inF'. For each such a subskt in I
such thatG[F — F3] is a forest, we seek a subgét of at mostk — j vertices inV — F
such thatf’; U F;, makes an FVS for the graph.

Fix a subsef;, in F', where|Fy| = j. Note that the grapl¥ has an FVS U F; of size
bounded byk, whereF, C V — F, if and only if the subsef; of V — F'is an FVS for
the graphG — F; and the size of; is bounded by: — j. Therefore, to solve the original
problem, we can instead consider how to construct an FY®r the graphG — F» such
that|Fy| <k —jandF;, CV — F.

SinceF is an FVS forG, we have that the induced subgra@fi” — F] = G — F'is a forest.
Moreover, by our assumption, the induced subgr@ph — F5] is also a forest. Note that
(V- F)U(F — F») = V — Fy, which is the vertex set for the graghf = G — F5.
Therefore,(V — F, F — Fy) is a forest bipartition of the grapfi’. Thus, an FVSF; for
the graph’ such thai ;| < k — j andF; C V — F can be constructed by the algorithm
FeedbacKG',V — F, F — Fy, k — j).

Since|F| = k + 1 and|Fy| = j, we have thatF' — F,| = k + 1 — j. Therefore, the forest
G[F - F>] contains at most+1—j trees. By Lemmp 2|1, the running time of the algorithm
FeedbacKG',V — F, F — Fy, k — j) is bounded by (2(k =)+ (k+1=1)p2) — O(4+=7n?).
Now for all integersj, 0 < j < k, we enumerate all subsefs of j vertices inf” and apply
the algorithmFeedbacKG',V — F, F' — Fy, k — j) for thoseF; such thatlG[F — Fy| is a
forest. As we discussed above, the graphas an FVS of size bounded kyf and only if

for someF;, C F, the algorithmFeedbacKG',V — F, F — Fy, k — j) produces an FVS
F; for the graphG’. The running time of this process is bounded by

k

zk: <k ;r 1) co(Fin?) =3 (k: ﬁji 1>O(4kj+1n2) _ O(5n).

J=0 J=0

This completes the proof of the lemmaa.

Finally, by combining Lemmp 2|2 with iterative compression, we obtain the main result of
this section.



Theorem 2.3 TheFEEDBACK VERTEX SETproblem is solvable in tim@(5*kn?).

Proof. To solve therFEEDBACK VERTEX SETproblem, for a given grapty = (V, E), we
start by applying Bafna et al.'s 2-approximation algorithm for theiMuM FEEDBACK
VERTEX SETproblem [1]. This algorithm runs i®(n?) time, and either returns an FVS
I of size bounded bgk, or verifies that no FVS of size bounded bgxists. If no FVS
is returned, the algorithm is terminated with the result that no FVS of size bounded by
exists. In the case of the opposite result, we use any sliiset I’ of k vertices, and let
Vo = VU (V — F’). Of course, the induced subgragiily] has an FVS of sizé, since
G[Vo—V']is aforest. Let” —Vy = {v1,va,...,vp |-k}, and letV; = VoU{vy, ..., v;}
fori =0,1,...,|F’| — k. Inductively, suppose that we have constructed an Fy®r the
graphG|[V;], where|F;| = k. Then the sef], | = F; + v;,1 is obviously an FVS for the
graphG[Vi.] and|F} | = k + 1.

Now the pair(G[V;11], Fj, ) is an instance for thevs REDUCTIONproblem. Therefore,
in time O(5*n?), we can either construct an F\S, ; of sizek for the graphG[V; 4], or
report no such an FVS exists. Note that if the gr&fiv; ;] does not have an FVS of size
k, then the original grapli cannot have an FVS of size In this case, we simply stop
and claim the non-existence of an FVS of sizéor the original graphz. On the other
hand, with an FVS; ., of sizek for the graphz[V;1], our induction proceeds to the next
graphG|[V; 1], until we reach the grapi = G[V|¢/|]. Clearly, this process runs in time
O(5%kn?) since|F'| — k < k, and solves thEEEDBACK VERTEX SETproblem.ms

3 On feedback vertex sets in weighted graphs

In this section, we discuss they's problem on weighted graphs. A weighted gragh=
(V, E) is an undirected graph, where each veriex V' is assigned a non-negative weight.
The weight of a vertex sed C V is the sum of the vertex weights of all verticesAn We
denote by A| the size of, i.e., the number of vertices in, the det The (parameterized)
feedback vertex set problem on weighted graphs is formally defined as follows:

WEIGHTED-FVS. given a weighted grapty and an integek, either find an
FVS F of minimum weight forG such thaf F'| < k, or report that no FVS of
size bounded by exists inG.

Our algorithm for the weighted case has several similarities with the unweighted case, but
also has a significant difference. The difference is that the bypass operation for unweighted
graphs can no longer be used in the weighted case. Indeed, a degree-2 vertex in a weighted
graph may be necessarily included in the objective FVS if its weight is very small.

On the other hand, if two degree-2 vertieesndw are adjacent, then we can always bypass
the one with a larger weight. This is because every cycle in the graph either contains both
v andw or contains neither of them, so we can always assume that the one with a larger
weight is not included in the objective FVS. We call this operation that bypasses the vertex
of a larger weight in two adjacent degree-2 vertices in a weighted graphresiricted
bypassoperation.

However, since the restricted bypass operation cannot guarantee to eliminate all degree-2
vertices in a weighted graph, step 4.2 in the algoritfeadbackis not always possible. To
overcome this difficulty, we introduce a new partition structure of the vertices in a weighted
graph.

A triple (Vy, V4, V2) is aindependent-forest partitiotbriefly, anlF-partition) of a graph
G = (V,E)if (Vp, V1, Va) is a partitioning oft” such that (1)7[V1] andG[V»] are forests;



(2) G[Vo] is an independent set; and (3) every veriex 1} is of degree 2 in&, and all
neighbors ofu are inV5.

We consider the following problem on weighted graphs that is similar te-ti®@ARTITION
Fvs problem on unweighted graphs.

WEIGHTED IF-PARTITION FVS. given a weighted graplr, an IF-partition
(Vo, V1, Vo) of G, and an integek, either find an FVS of minimum weight
for G that satisfies the conditions’| < k andF C V, U V4, or report that no
such an FVS exists.

To studywEIGHTED IF-PARTITION FVS, we introduce the following concept.

Definition 3.1 Let (G, k) be an instance oVEIGHTED IF-PARTITION FVS, where an IF-
partition (Vp, V1, V) of G is given. Thedeficiencyof (G, k) is defined by

7(k, Vo, V1, V2) = k — (Vo — #¢(V2) + 1)

where#c(V2) is the number of connected components in the subgfgph).

Intuitively, the deficiencyr(k, Vp, V1, V) of the instancéG, k) is the maximum number

of vertices in the objective FVS that are in the $&t(this will become clearer during

our discussion below). Our algorithm for theEIGHTED IF-PARTITION FVS problem is
based on the following observation: once we have correctly determined all vertices in the
objective FVS that are in the s&t, the problem will become solvable in polynomial time,

as shown in the following lemma.

Lemma 3.2 Let (G, k) be an instance oWEIGHTED IF-PARTITION FVS, with an IF-
partition (Vp, V1, V2) of G. If Vi = 0 or 7(k, Vo, V1, Va) < 0, then the solution to the
instance(G, k) can be constructed in tim@(n?).

Proof. Construct a new grapi = (V, &), where each vertex in V corresponds to a
connected component in the induced subgr@pti|, and each edgg, v] in € corresponds
to a vertexv in the setV}; such that the two edges incidentidn G are connected to the
connected components @#[V»] that correspond to the two verticesandv, respectively,

in H. Equivalently, the grapi{ can be obtained from the induced subgrdgy U V5]

by shrinking each connected componen@ifi,] into a single vertex and bypassing each
degree-2 vertex i,. Moreover, we give each edge i a weight that is equal to the
weight of the corresponding vertex y. Thus, the grapli is a graph with edge weights.

First consider the case 6f, = (. If k¥ < 0 then the solution tdG, k) is “No™: we
cannot remove a negative number of vertices. Assuriinig 0. Then we need to find
a minimum-weight subset of at moktvertices in the set; whose removal fronG =
G[Vp U V5] results in an acyclic graph. Note that removing vertice¥gnn the graph
G corresponds to removing edges in the graphTherefore, this problem is equivalent to
finding a minimum-weight subset of at mdseédges in the grapK whose removal froni{
results in an acyclic graph (note that each connected componéfitinis a tree). Let,,
..., Hs be the connected components of the grafytwhere for each, the componeri{;
hasn; vertices andn,; edges. In order to get an acyclic graph frémit is necessary and
sufficient to removen; — n; + 1 edges fron; for eachi (i.e., to make each connected
component inH a tree). In consequence, in order to get an acyclic graph frit is
necessary and sufficient to remoy& (m; —n; + 1) = |£| — |V| + s edges from the graph
H.



Correspondingly, in casg = (), a minimum-weight FVS i/, for the graphG contains
exact|&| — |V| + s vertices. Note that€| = |V5|, and|V| is equal to the numbetc(V5)

of connected components in the induced subgi@pt]. Thus, every FVS in the graph
contains at leagly| — #c(V2) + s vertices. Therefore, if (k, Vy, V1, Va) = k — (|[Vo| —
#c(Vo)+1) <0, or(k, Vy, V1, V2) = 0 buts > 1, then we havé < |Vy| — #c(Va) + s.
That is, the graplG has no FVS of size bounded ldyand the solution to the instance
(G,k)isa“No".

The remaining case is that= 1, andr(k, Vo, V1, V2) = k — (|Vo| — #c(V2) + 1) = 0.

In this case, to find a minimum-weight FVS bivertices inVj,, we construct a maximum-
weight spanning tree in the gragt (this can be done by a modified minimum spanning
tree algorithm of timeD(n?)[4]). The remaining€| — V| + 1 = |Vo| — #c(Va) + 1 =k
edges inH then correspond té vertices in the set, that make a minimum-weight FVS
for the graphG. Summarizing the above discussion, we conclude thit i @, then the
solution to the instancg, k) can be constructed in tin@(n?).

Now consider the case(k, Vo, V1, V2) < 0. As shown above, even to break all cycles in
the induced subgrapB[V; U V,] requires removing at leafty| — #c¢(Vz) + 1 vertices in
the setV. Therefore, ifr(k,Vy, Vi, V2) < 0, thenk < (|Vo| — #¢(V2) + 1), and allk
vertices in the objective FVS must be in the Bgtn order to break all cycles in the induced
subgraphG[V, U V4], and no vertex in the objective FVS can be in thelgetTherefore, if
the induced subgrapH[V; U V4] contains a cycle, then the solution(i@, k) is a “No”. On
the other hand, suppose tl{@fl; U] is a forest, then the graghi has another IF-partition
(V5,V{,V3), whereVy = Vg, V/ = (), andVy = V4 U V5. Itis easy to verify that in this
case the instandgz, k) with the IF-partition(Vy, V/, V) has the same solution set as the
same instance with the IF-partiti¢iy, V1, V2). Now sinceV; = (, by the first part of this
lemma, the solution t6G, k) with the IF-partition(Vy, V{, V3) can be constructed in time
O(n?). This completes the proof of the lemma.

Now we are ready for our main algorithm, which is given in Figufe 3 and solves the
WEIGHTED IF-PARTITION FVS problem. As explained for the unweighted case, vertices

of degree less than 2 cannot contribute to the objective FVS, thus can be directly deleted.
Moreover, each restricted bypass operation takesifne and eliminates a degree-2 ver-

tex in a pair of adjacent degree-2 vertices. Therefore, we can perform a preprocessing of
time O(n?) and assume that the input graghof the algorithm contains no vertex of de-

gree less than 2, and no two adjacent degree-2 vertices. Moreover, for each tree in the forest
G[V4], we fix a root so that we can talk about the “lowest leaf” in a tre€'[ji |.

We first discuss the correctness of the algorithm. Step 1 of the algorithm is justified by
Lemma[3.2. Justifications for steps 2, 3.1, and 3.2 are exactly the same as those for the
unweighted case. Now consider step 4. When the algorithm reaches step 4, the following
conditions hold: (1) every vertex i@ has degree at least 2; (2) there are no two adjacent
degree-2 vertices itv; (3) Vi # (); and (4) every vertex iv; is incident to at most one

edge whose other end is 3. Conditions (1) and (2) hold because of our assumption on
the input graphG; condition (3) holds because of step 1; and condition (4) holds because
of step 3.

By condition (3) and because the induced subgrép¥i | is a forest, step 4 can always
pick the vertexw;. By conditions (1) and (4), the vertex, is adjacent to a unique vertex
vy in V4. Then by condition (1) againy; must have a parent in the treeT in G[V;].

In consequence, the vertex has degree exactly 2 in the graph Finally, sincew, is
the lowest leaf in the tre@, all childrenw, ..., w; of w in T are also leaves ifi’. By
conditions (1) and (4) again, each chilg of w has a unique neighbet in the sefl;, and
every childw; of w has degree exactly 2 in the gragh



Algorithm-1 W-Feedback(G, Vo, V1, Va2, k)

Input: G = (V, E) is a graph with an IF-partitio(Vp, V1, V2), k is an integer

Output: a minimum-weight FV$" of G such thatF'| < kandF C Vp U Vi;
or report “No” (i.e., no such an FVS).

1. if Vi =0 orr(k, Vo, V1, V2) < 0then solve the problem in tim&(n?);
2. if (k < 0) or (k = 0 andG is not a forest}hen return “No”;
3. if avertexw in V; is incident to 2 edges whose other ends ar&sirthen
3.1 if 2 edgesincident tay have their other ends in the same tre&ifis]
thenreturnw + W-Feedback G — w, Vo, Vi —w, Vo, k — 1);
3.2 elseF1 = w + W-Feedback G — w, Vo, Vi — w, Va, k — 1);
F» = W-Feedback G, Vo, Vi — w, Vo + w, k);
return the one of andF> that has a smaller weight;
4. elsepick a lowest leafv; in any treeT in G[V1];
4.1 letw be the parent ofv; in 7', and letwy, . . ., w: be the children
of w in T, where for eachi, w; has a neighbos; in V3;
4.2 if w has a neighbov in V4 then
421 if for somei, v andv; are in the same tree i@[Vx>]
4.2.2 then Fy = w + W-FeedbacK G — w, Vo, Vi — w, Vo, k — 1);
Fo = w; + W—Feedbacl(G —w;, Vo, Vi —w;, Vo, k — 1);
return the one of; and F» that has a smaller weight;
4.2.3 elseF1 = w + W-Feedback G — w, Vo, Vi —w, Vo, k — 1);
42.4 F» = W-Feedback G, Vo + w1 + ... + we, V1 — w, Va + w, k);
return the one of"; and F5 that has a smaller weight;
4.3 elseF1 = w + W-Feedback G — w, Vo, Vi — w, Va, k — 1);
F» = W-Feedback G, Vo + w1 + ... + we, Vi — w, Va + w, k);
return the one o andF» that has a smaller weight;

Figure 3: Algorithm for weighted FVS problem

If the vertexw has a (unique) neighberin V,, and the vertices andv; for somei belong

to the same tre@” in G[V4], as given in step 4.2.1, then this trEeplus the edgep;, w;],

[w;, w], and[w, v] Must contain a cycle, and in this cycle all vertices ar&4rexceptw;
andw. Therefore, to break this cycle using vertices no¥inone of the vertices) andw;

must be included in the objective FVS. Thus, step 4.2.2 correctly handles this case. On the
other hand, suppose that the verteis in a tree inG[V3] that does not contain any of the
verticesvy, ..., v;. Then we simply branch on the vertex step 4.2.3 includes in the
objective FVS, and step 4.2.4 exclude$rom the objective FVS, by moving from V; to

V4. Note that in case of step 4.2.4, each of the degree-2 vettices ., w; how is incident

to two edges whose other ends ardin Thus, we can correctly move these vertices from
V7 to Vy. Moreover, itis easy to verify that the new partition in each of the cases still makes
a valid IF-partition of the graply.

Finally, suppose that the vertexhas no neighbor ift;. By condition (2) and because the
vertexw; has degree 2 iy, the vertexw must have at least two children in the tfEdi.e.,

t > 2). Again we branch om by either including or excluding in the objective FVS, as
given by step 4.3.

Since all possible cases are covered in the algorithm, we conclude that when the algorithm
W-Feedbackstops, it must output a correct solution to the given instdite).

Lemma 3.3 The algorithmwW-FeedbacK G, Vi, V1, V4, k) solves thevEIGHTED IF-
BIPARTITION FVS problem correctly, and runs in tim@ (27 (%-Y0:V1:V2)p2) 'wheren is the
number of vertices in the grapA.

Proof. The correctness of the algorithm is verified by the preceding discussion.

As for the unweighted case, we first count the number of leaves in the search tree corre-
sponding to the execution of the algorithm. L®&tk, V5, V1, V2) be the number of leaves



in the search tree for algorithiv-Feedback G, Vo, Vi, V2, k). We prove by induction that
T(k, Vo, V1,Va) < o7 (k,Vo,V1,Va)

Most cases are similar to the corresponding cases for the unweighted case, and can be easily
verified. For example, suppose that step 3.2 of the algorithm is executed. Then

T(k7‘/0a‘/13‘/2) ST(k—l,‘/O,%—U),‘/Q)—'—T(k',‘/o,Vl_UJ,‘/Q—‘rw)

By inductionT'(k — 1, Vy, Vi —w, Vo) < 2™, andT'(k, Vp, Vi — w, Vo +w) < 27, where
1 =71k —1,Vp, V1 —w, Vo) andry = 7(k, Vo, V1 — w, V2 + w). By the definition, we
have

T =(k—1) = ([Vol = #c(V2) +1) = 7(k, Vo, V1, V2) — 1
Moreover, in this case, the vertexis adjacent to at least two vertices¥, and no two
vertices inV; that are adjacent ta) are in the same tree i@[V]. Therefore, wheno
is added to the induced subgra@ffiiz], w merges at least two connected components in
G[V;]. That is, the number of connected components in the induced sub@if&pht w]
is at least one fewer than that in the induced subg@a]: #c(Vz + w) < #c(Va) — 1.
This gives

T2 = k= ([Vo| = #c(Va+w) +1) < k= ([Vo| = (#c(Va) = 1) +1) = 7(k, Vo, V1, V2) — 1
This verifies that in this case (i.e., in the case of step 3.2), we have

T(k, ‘/07 ‘/1’ ‘/2) S 27’1 4 27’2 S 2T(k,V0,V1,V2)71 4 2T(k,V0,V1,V2)71 — 27‘(/(:,V0,V1,V2).

The two least trivial cases that are different from the unweighted cases occur in steps 4.2.3-
4.2.4 and in step 4.3, for which we give more detailed analysis.

Suppose that steps 4.2.3-4.2.4 of the algorithm are executed. In this case, theneatex
childrenwy, ..., w; in the treeT in the induced subgrapf[V;], w has a unique neighbor
v in V5, and for eachi, w; has a unigue neighbe in V5, such that na; shares the same
connected component within the induced subgrapfi[V3]. Steps 4.2.3-4.2.4 give

T(k7V07‘/17‘/2) ST(k‘_l,VO,VYl_'IU,‘/Q)‘FT(IC,VQ“‘U}:["‘“rwt,V]_—w,‘/Q‘i‘w)

As we have verified above, we haWigk — 1, V;, Vi —w, Va) < 27(k:Vo,V1.V2)—1 Moreover,
Vo + w1 + -+ +we| > |Vo| + 1, and, sincev is the only neighbor ofv in V5, we have
#c(Va + w) = #c(V2). Therefore,

T(k,Vo+ w1 + -+ +w, Vi —w, Vo +w)
E—(Vo+wr+- +w| —#c(Va+w)+1)
k= ((IVol +1) = #c(Va) +1)

7(k, Vo, V1, Va) — 1.

IN

This gives

Tk, Vo+ws +-+w, V1 —w, Vo 4+ w) o7 (k:Votwitetwe, Vi—w,Vatw)

<

< 27(k,V0,V1,V2)—1.

Thus, if steps 4.2.3-4.2.4 are executed, we also fgkeV;, Vi, V) < 27(kVo,V1,V2),
Finally, consider step 4.3, which gives the following recurrence

Tk, Vo, V1,Vo) <T(k—1,Vo,V1 —w, Vo) +T(k, Vo + w1 + - - +w, Vi —w, Vo +w)
Again we havel'(k — 1,Vy, Vi — w, V) < 27(kVo:V4.V2)=1 Moreover, in this case, the

vertexw has no neighbor i;. Sincew, is of degree 2 inz, and the grapldz contains no
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two adjacent degree-2 vertices, the verteRas degree at lea3ti.e.,w must have at least
two children (i.et > 2). Therefore|Vy + wy + - -+ + w¢| > |Vo| + 2. Moreover, sincev
has no neighbor ifYz, we have#c(Vs + w) = #c¢(V2) + 1. Therefore,

T(k,Vo+ w1 + -+ +w, Vi —w, Vo +w)
= k—(Vo4+wi+ - +w| —#c(Va+w)+1)
k— (Vo +2) — (#c(V2) +1) +1)
= T(k7‘/07‘/17‘/2) - 1

IN

Thus, again we have

T(k, Vo +wi + - +w, Vi —w, Va +w) 97 (B Votwit-twe,Vi—w,Vatw)

<
Vo, Vi, Va)—1
< o7 (k,Vo,V1,V2) ,

which givesT'(k, Vo, Vi, Va) < 27(k:V0.V1.V2) for the case of step 4.3.

This completes the proof that the number of leaves in the search tree for the algdfithm
FeedbacKG, Vy, Vi, Va, k) is bounded by (#:Vo-V1.V2) Moreover, it is similar to that for

the unweighted case to verify that along each root-leaf path in the search tree, the running
time of the algorithm is bounded 9 (n?). Therefore, the running time of the algorithm
W-Feedback G, Vo, Vi, Vs, k) is bounded byD (27 (#:V0:V1:V2)p2) | wm

With Lemma 3.8, we can now proceed the same way as for the unweighted case to solve
the originalwEIGHTED-FVS problem. Consider the following weighted version of thes
REDUCTION problem.

WEIGHTED FVS REDUCTION given a weighted graptiy and an FVSF' of
sizek + 1 for G, either construct an FV8’ of minimum weight that satisfies
|F'| < k, or report that no such an FVS exists.

Note that in the definition ofVEIGHTED FvS REDUCTION we do nhot require that the given
FVS F’ of sizek + 1 have the minimum weight.

Lemma 3.4 TheWEIGHTED FVS REDUCTIONproblem is solvable in timé@(5%n?).

Proof. The proof proceeds very similarly to that for Lemmal2.2. For the given Fu8
sizek+1inthe graphG = (V, E), every FVSF” of size bounded b¥ for G (including the
one with the minimum weight) is a union of a subsgtof at mostk — j vertices inV — F'
and a subseft;, of j vertices inF’, for some integey, 0 < j < k, where(V — F, F — Fy) is
a forest bipartition of the grapi, = G — F». Therefore, we can enumerate all subdets
of j vertices inF, for eachj, 0 < j < k, such tha{V — F, F — F5) is a forest bipartition
of the graphGy = G — F5, and construct the minimum-weight F\V& of G, satisfying
|Fo| < k— j. Note that the forest bipartitiofi” — F, F' — F») of Gy is in fact a special IF-
partition (Vy, V1, V) of Go, whereVy = (), V3 =V — F, andV, = F — Fy. Therefore, by
Lemmd 3.8, a minimum-weight FV8, of G, satisfying|Fy| < k — j can be constructed
in time
O(Qr(k—j,Vo,Vl,V2)n2) — O(Q(k_j)_(o_#c(F_F2)+1)n2) — O(4k_j77,2)

Now the proof proceeds exactly the same as that of Lemnja 2.2, and concludes that the
WEIGHTED FVS REDUCTIONproblem can be solved in tin@(5%n?). w

Now using Theorerp 2|3 and Lemina|3.4, we obtain the main result of this paper.
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Theorem 3.5 TheWEIGHTED-FVS problem is solvable in timé(5*kn?).

Proof. Let (G, k) be a given instance of th@EIGHTED-FVS problem. As we explained
in the proof of Theore3, we can first construct, in tigg*kn?), an FVSFE of size
k + 1 for the graphG (the weight ofF" is not necessarily the minimum). Then we simply

apply Lemma 3 [wm
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