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Abstract

Codes for error detection on a g-ary symmetric channel are studied. It is
shown that for given M, d, and A, there exists a value u(d, k), where k =
In M — In A, such that if C is an (n, M, d) code with A4 > A and n > u(d, k),
then C' is not good for error detection. Explicit approximations for u(d, <) are
given.

1 Introduction
The g-ary symmetric channel with symbol probability p, where 0 < p < %1, is
defined as follows: symbols from GF'(q) are transmitted over the channel, and

. 1—p b=a
P(b received | a sent) =
( e ={ " 20

An (n, M), code is a subset of GF(q)" of size M. The vectors of the code are
called codewords. The minimum distance d of a code is the smallest (Hamming) dis-
tance between any two distinct codewords. Sometimes d is included in the notation
of the code: (n, M,d),. The distance distribution of a code C' is 4;,i=10,1,...,n
where

A= %#{(c, d)eCxClde,d) =i},

Note that Ag =1, A; =0for 0 <i<d, and Ay > 0.

Suppose that an (n, M, d), code C is used for error detection for transmission
over the g-ary symmetric channel with symbol error probability p. The probability
of undetected error for C' is denoted by P,.(C, p). For most codes we are not able to
determine the value of P,(C,p) exactly. Therefore, it is useful to have estimates.
C is called good (for error detection) if

Poo(C,p) < PaolC, (g — 1)/q) = Mq; (1)

for all p € (0,(¢ — 1)/q). Only some codes have this property. The purpose of this
paper is to show that, for given k and d, there exists a value u(d, k) such that if
n > u(d, k) and C'is an (n, M,d), code such that Ay > A, where In A =In M — &,
then C is not good for error detection. Further, we give approximations of u(d, k).



2 Existence of u(d, k)

The probability of undetected error for C' on a symmetric channel with symbol error
probability p is given by (see e.g. [1])

n

Pu(C,p) = ZAi(qf;l>i(1 — )i (2)

Define .
PE(Cp) = 223 A1 = Qo) — (1-p)", 3)

=0

where Q = ¢/(¢ — 1). If C is linear,
Pue(C*,p) = Pig(C,p). (4)

Recall that C is good if Pye(C,p) < (M —1)¢~" for all p € (0,(¢ —1)/q). We
call C bad (for error detection) if Pye(C,p) > (M —1)¢~™ for some p € (0,(¢—1)/q)
and C is ugly if Puo(C,p) > Mq~™ for some p € (0, (¢ — 1)/q). Clearly, being ugly
is a stronger condition than not bad. We note that most codes are either good or
ugly, but a code may be neither.

Lemma 1 Let C be an (n, M), code and suppose that PL(C,p) > 1/M for some
p € (0,(g = 1)/q). Define m by

T
1-Qp=—o .
W= o= n
Then Pyo(C,m) > Mqg™™.
Proof. We have )
l-p=—
TG
and so
0 < MPg(C,p)—1
= > A(1-Qp)—M1-p)"
i=1
= (1-m)™ {ZAi (qi 1) (1—m)m" — Mq_"}
i=1
= (1—m) "{Pu(C,m)— Mg "}.
Hence Pyo(C,m) > Mq™™. O

Since w € (0, (¢ — 1)/q), we immediately get the following corollary.

Corollary 1 If C is an (n, M), code and PL(C,p) > 1/M for some p € (0, (q —
1)/q), then C is ugly.

Corollary 2 If C is linear, then C is ugly if and only if C+ is ugly.

Proof. The if part follows directly from (4) and Corollary 1. Since C*++ = C we
get the if and only if. O

Remark 1. For ¢ = 2, Corollary 2 is Theorem 3.4.2, part 1 in [1]. The proof for
general ¢ given above is a generalization of the proof for ¢ = 2 given in [1].



Remark 2. It is not the case, for linear codes, that C' bad implies that C* is
bad.

We want to find sufficient conditions for a code to be ugly. For a linear code, a
general lower bound on Ay is ¢ — 1, and for a non-linear code a general lower bound
on Ay is 2/M. Now, let A be some positive number. We will consider (n, M, d),
codes for which A; > A. In the rest of the paper we also use the notation

k=In(M/A) =InM — In A.
By definition,
1

1 A n
Pue(cvp) Z M M(l - Qp) ( p) .
Hence, if
Au—Quisa-pr (5)
M p) = p),

then P (C,p) > . Taking logarithms in (5), we get the equivalent condition
—k+dIn(l — Qp) > nln(1l — p).
Combining this with Corollary 1, we get the following lemma.

Lemma 2 If C is an (n,M,d), code and
dln(l — Qp) — K
>h(p) = —————
n = h(p) mi—p)
then C is ugly.
Any choice of p, 0 < p < (¢—1)/¢ now gives a proof of the existence of a pu(d, k)
such that if n > p(d, k) and C is an (n, M, d) code with A; > A, then C is ugly

for error detection. To get the strongest result from the lemma, we want to find
the p that minimizes h(p). We can not find a closed formula for this, but consider

approximations.
We will use the notations
_ In(1-@p) _ 1
Then
h(p) =d f(p) + £ g(p). (6)

The function f(p) is increasing on (0, (¢ —1)/q), it approaches the value Q when
p — 0+, and it approaches infinity when p — (¢ — 1)/g—. Moreover,

—Q(1—p)In(1 —p) + (1 — Qp) In(1 — Qp)

') = (1—-p)(1 —Qp)In(1 — p)2 7
and f1(p)
9 B 1P
f(p) = —(1—p)2(1 - Qp)2(In(1 — p))*’
where
Ap) = Q1 -p)’(n1-p)

+2Q(1 —p)(1 — Qp)In(1 — p)

—2(1 - Qp)*In(1 - Qp)

—(1-Qp)*In(1 —p)In(1 — Qp)

> 0



for all p € (0, (¢—1)/q). Hence f is convex on (0, (¢ —1)/q). Similarly, the function
g(p) is decreasing on (0, (¢ —1)/q), it approaches infinity when p — 0+, and it takes
the value —1/1Ingq for p = (¢ — 1)/q. Moreover,

—1 —(1-@Qp)

90 = T~ ~ = p)(1 - Qp)in(i — )

" _ _(2+ln(1 _p))
90 = A M= )P

for all p € (0,(¢ — 1)/q), and so g(p) is also convex on (0, (¢ — 1)/q). This implies
that the combined function h(p) is also convex on (0, (¢ — 1)/q) since £ > 0, and it
takes its minimum somewhere in (0, (¢—1)/¢). We denote this minimum by u(d, ).

From Corollary 1 and Lemma 2 we get the following necessary condition for a
code to be good.

>0

Corollary 3 If C is good for error detection, then n < p(d, k).

We next consider d > k and k > d separately. In particular, we find approximations
for p(d, k) when d > k or k > d. We denote by p,, the value of p where h(p) has
its minimum; this minimum is by definition u(d, ).

3 On pu(d,x) when d > &

In this section, we let kK = ad, where « is a parameter, 0 < o < 1. Then

_ In(1-Qp) -«
and
Wp) _ —QU-pn(l-—p+1-Ep)n(l—-Qp)
d (1 -p)(1—Qp)In(1 —p)?

(1=p)In(1 —p)*
In particular A'(p) = 0 if (and only if)

oo —QU-p)n(1—p)+ (1 - Qp)In(l - Qp)
1-Qp

We want to solve this for p in terms of a. There is no closed form of this solution.
However, we can find good approximations. For a — 0+, we see that p — 0 and
h(p) — Q. We will first study this important case in more details. We note that
a — 0+ implies that d — co. The parameter x may also grow, but then at a slower
rate (since d/k — 0).

: (7)

Theorem 1 Let
«a

V=)

There exist numbers a; and b; fori=1,2,... such that, for any r >0,
r .
b= > aiy’ + 0@,
i=1

and

p(d, ad) = dQ {1 +2Q-1)) by’ + O(yr“)}

i=1



when y — 0 (that is « — 0). The first few a; and b; are given by the following table:

a = 2,

az = —(8Q+2)/3,

az = (26Q%+22Q —1)/9,

ay = —(368Q° +708Q* —12Q + 8)/135,
by = 1,

by = (2Q-1)/3,

by = (2Q*—-2Q—1)/18,

by = —2(Q—2)(2Q —1)(Q+1)/135.

Proof: First we note that a = 2Q(Q — 1)y? and so

In(1-Qp) —2Q(Q — 1)y*

h(p) = d (i —p) ;
and H( )
by P,y
) = - Q= )
where
H(p,y) = —-Q(1—-p)ln(l—-p)+(1—-Qp)n(l—Qp)

—2Q(Q - 1)y*(1 — Qp).
Hence h'(p) = 0if H(p,y) = 0. Taking the Taylor expansion of H(>_ a;y*,y) we get

. ay —4
H(Zayy) = 4

4
a
+€(Qaf +aj + 6az + 12Q)y° + - --

All coefficients for i < 7 should be zero. In particular, the coefficient of y? shows
that a? = 4. Since a;y? is the dominating term in the expression for p when y is
small and p > 0, we must have a; > 0 and so a; = 2. Next the coefficient of 73
shows that ag = —(16Q) +4)/6. In general, we get equations in the a; which can be
used to determine the a; recursively. The recursions seems to be quite complicated
in general and we have not found an explicit general expression for a;. Substituting
the expression for p into h(p) and taking Taylor expansion, we get the expression
for p(d, k). O

Remark. We do not know when the infinite series Y 2, a;y" and Y .o, by’
converge (we believe that they do, but it may depend on q).

Assuming that ko — 0 and taking the first three terms of approximation, we

get
20 — 1
w(d, k) = dQ + /2drQ(Q — 1) + 3 (8)
(the other terms goes to zero with y).

Because of the big O term in Theorem 1, we do not know if the approximation is
smaller or larger than the exact value. Ouly for approximations larger than p(d, k)
we can be sure that the corresponding code is ugly. We will call such approximations
upper approximations.

By definition, h(p) is an upper approximation for any p. One way to get a good
upper approximation is to choose for p a good approximation for p,,. For example,




taking the first term in the approximation for p,,, that is, p = /2a/(Q(Q — 1)),
we get

u(d,r) < h (V20/(QQ-1))). ©)

Example 1 Consider ¢ = 2, A = 1 (valid for all linear codes), d = 1000 and
M = 4. Then £ = 2In2 and o =~ 0.001386. Solving h'(p) = 0 numerically, we get
p &~ 0.0352540 and ©(1000,21n2) ~ 2075.8565430. Taking one, two, three, and four
terms respectively in the expression for u(1000,21n2) in Theorem 1, as well as the
bound (9), we get the following approzimations:

no. of terms value
1 2000
2 2074.4659482
3 = eq.(8) | 2075.8522426
4 2075.8565439
eq.(9) 2075.9808954

We have computed the integers [u(d, k)], [eq.(8)], and [eq.(9)] for a number of
different values of d. When d is large then these values differ by at most one, and
when d decreases the difference between the values increases slowly.

The approximation (8) is good for o &~ 0. When « > 0, the terms after the
third term do not go to zero. However, the approximation in Theorem 1 may still
be quite good. We have made some numeric computations that illustrate this. We
use the following notations:

o) =D vy 0) = Q4 200Q - 1)Y by (10

From the table in Theorem 1, we see that by > 0 for all @ (remember that Q =
q/(qg—1) € (1,2]). Further, b3 > 0 for ¢ = 2 and ¢ = 3, but b3 < 0 for ¢ > 4.
Finally, by = 0 for ¢ = 2 and by > 0 for ¢ > 2. Hence, for all a > 0

for g =2, wa(a) <ws(a)=wr4(a),
for g =3, w(a) <vs(a) <wv(a),
for ¢ > 4, v3(a) < min{wa(a),va(a)}.

A simple calculation shows that for ¢ > 4 we have v4(a) > va(a) if and only if

def 135%(2Q° —2Q —1)’Q(Q — 1)
1T TIRQ - 2220 - 1P(Q 1)
When ¢ increases, the value of w, increases from wy ~ 0.023 to wg ~ 0.378 and then
decreases and approaches zero when ¢ — oo.

o> w

Example 2 In this ezample we consider ¢ = 2. For all values of a we have com-
puted, vo(a) < n(a) < v3(a). Some examples are given in the following table.

o n(a) | va(a) —n(a) | vs(a) —n(a)
107 [ 2.00200100008 | —8.33-10" T | 1.28-1017
1073 | 2.06424818804 | —2.63-10"°% | 3.95-10"10
0.1 2.73505913571 | —2.60-10~2 | 3.16-10°°

1 5.07687209474 | —7.68-10"2 | 6.46-10~°
10 20.16721044856 | —1.84 7.93-10° T

We see that v3(a) gives a quite good upper approzimation to n(a) for all a < 1 and
even for larger values of «.



Example 3 Now, consider ¢ = 10. We have wyg ~ 0.37435. For all values of «
we have computed, vs(a) < n(a) < min{ve(a),v4(a)}. Some examples are given in
the following table.

o n(a) | va(a) —nla) | vs(a) —nla) | va(a) —n(a)
106 1.11160842243 | 8.41-10~ 1T | —1.37-10713 | 2.21-10°1°
10-3 1.12722947097 | 2.53-10°° —1.31-1077 | 6.63-107Y
0.1 1.30724978395 | 1.74-1073 —9.26-10"% | 450-10~1
0.37435 | 1.55839493272 | 9.26 - 10~3 —1.00-10"2 [ 9.26-1073

1 1.98651890138 | 2.89- 102 —5.53-1072 | 8.23-1072
10 6.50984287366 | 2.47 - 10~ T —2.42 11.345

Also for g = 10, we get good upper approximations even for a = 10.

4 On p(d, k) when k > d

In this section, we let d = Bk, where 3 is a parameter, 0 < § < 1. Then
Bn(1—Qp) — 1

h(p) = (1= p)
and
Wp) _ 3 (-Q(1 —p)In(1 —p) + (1 — Q@p)In(1 — Qp))
K (1-p)(1—Qp)In(1 —p)?

- 1
(1 —p)In(l —p)*

In particular A'(p) = 0 if (and only if)

L - Gp . (11)
—Q(1 —p)In(l —p) + (1 - Qp)In(1 - Qp)
We want to solve this for p in terms of 3, but again there is no closed form of this
solution. We first consider approximations for 8 — 0+4. This implies that kK — oo;

d may also increase, but then at a slower rate. For § — 0+, we see that p,, — 1/Q
(that is, 1 — Qpsm — 0) and h(pm,) — &/ Ing.

Theorem 2 Let

8=

A=Ing and A=In(B\/(q—1)).
There exist polynomials A(ac) and B;(x) fori=0,1,2,... such that, for any r > 0,

1=Qpn= =3 ZA )8+ OB (In desdrin),

and
u(Br. k) {ZB 8" +0( ﬁ’"“(lnﬁ)deg&“)}

for B3 — 0. The first few A;(x) and B;(x) are given by the following table:

Ai(z) = xz+A—1,

As(x) = (222 4+ (4N —2)z +2)\% —3))/2,

Az(x) = (623 +3(6X — 1)2® — 3(=6A% 4+ 5\ + 2)z + 613 — 112 + 3)/6,
Bo(z) = 1,

Bi(z) = —(z-1),

Bo(z) = —(2z+\—2)/2,

Bs(z) = —(32%+43)\z+\?—3)/6.



Proof: Let n =¢—1land 7 =1—Qp. Then 1 —p = (1 +nm)/q and Q(1 — p) =
(14 nm)/n. Hence
G(m,B)

W (p) =k (1 —p)(1 —Qp)In(1 — p)2’

where

G(m, pB) = 761+mr ln(1+mr) + Brlnm — .
n q

Therefore, h'(p) = 0 if and only if G(r, 3) = 0.

If 7 — 0+, then In((1 +n7)/q) — —Ing and 7wlnw — 0. Hence, for small 7,
G(m,p) g =

™ noB
Therefore, m ~ BA/n. We write m = BA(1+y)/n (where y will depend on 3). Then

0=

Inm=A+In(1+y).
Hence, if I'(y) = G(w, ) we get

M) = S{-04 A+ ) (1 + A1 +0)

+(1+ A1 +y)A
+BA1 +y) (A +1In(1 +y))

-1 +y)}

We now write y = Y., a;(A)B" + O(B"*1). Formally treating A as if it were
a constant, we can take the Taylor expansion of I'(y) in terms of S and we get
an expansion of the form Y, ¢;3°, where the ¢; are polynomials of A. Since
these polynomials ¢; must be identically zero, we get equations to determine the
polynomials A;(z). Substituting the series of p,, into h(p) and taking the Taylor
expansion, we get the series of u(fk, k). O

Remark 1. To formally justify that we treat A as if it were a constant, we should
prove that A is algebraically independent of the other quantities involved, that
is, there is no non-trivial polynomial equation in A with coefficients expressed as
rational functions of the remaining quantities. We have not done this, but it highly
likely that it is true.

Remark 2. Note that A — —oo when 3 — 0+.
As to convergence, the situation is similar to Theorem 1.

Assuming that dG1In 3 — 0 and taking the first two terms of the approximation

we get
K d dlng
e~ =g ((75) ) .

(the other terms go to zero with ().

Again because of the big O term in Theorem 2, we do not know if the ap-
proximation is smaller or larger than the exact value, but we have shown that the
approximation is good when g — 0.

Taking a good approximation for p,, and inserting this into h(p) we get good
upper approximations. For example, taking the first term in the approximation for
1 — Qpm, that is, 1 — Qp = \3/(¢ — 1), then we get

q—l—ﬁlnq)

. (13)

w(Br, k) < h (



Example 4 Consider ¢ =2, d =2, A =1, and M = 2'°0, Then x = 10001n 2
and B =~ 0.002885. Solving h'(p) = 0 numerically, we get p ~ 0.4990185 and
1(2,10001n 2) ~ 1020.8737393. Taking one, two, three, and four terms respectively
in the expression for u(2,10001n2) in Theorem 2, as well as the bound (13), we get
the following approximations:

no. of terms value

1 1000

2 = eq.(12) | 1020.8169587

3 1020.8741384
4 1020.8737363
1021.219184

eq.(13)

We have made numeric calculations for a number of 3 > 0. The terms after the
second do not go to zero, but we may still get good approximations. We take two,
three and four terms of the approximation. Here the notations are the following;:

T

1 i
= o BN

=0

0(8) = 25 g g, (5) (19

Simple calculations (we leave out the details) shows that

Bi(A) > 0 if and only if 3 < M,
In(q)

where as usual e = exp(1),

e(g—1)

By(A) > 0 if and only if § < ,
2(A) = y ﬂ*\/cjln(q)

and Bs(A) > 0 if and only if ¢ < 31 and

1
— < X

q-—
exp(—Qq) < B < NG

qg—1
Van(g p(2)

where €, =

Example 5 Consider ¢ = 2. We have B1(A) > 0 for 8 < 3.9217, By(A) > 0 for
8 < 27730, and B3(A) > 0 for 0.3829 < 5 < 2.7175. For all the values of [ we
have computed, & (8) < o(B). For 8 < 0.686 we have &(B) > o(B). Forp < 0.0859
we have £3(6) > o(B). Some selected values are given in the following table as an
tlustration.

g a(p) §1(8) —a(B) | &(B) —a(B) | &(B) —a(B)
1076 | 1.4427169439 | —2.14-10~" | 1.37-1071 | —1.11-10~2!
10—2 | 1.4546436900 | —1.14-105 3.38-1078 | —1.15-10710
1071 | 2.0167210449 | —4.47-1072 3.25-1073 4.83-107°
0.5 | 3.5174115967 | —5.89-10~1! 2.88-1072 6.96 - 102
1 5.0768720947 —1.66 —-1.91-10! 5.01-10"1
We note that (d, ad) v/ )
pld, o ulr/a, k
n(a) g o = ao(l/a)

Therefore, we can compare the approzimations given for n(a) and o(B3). For ex-
ample, for « = 1, the best upper approzimation we got for n(1) has an error of
6.46 - 10~3 whereas the best upper approzimation of o(1) has an error of 5.01-1071.
Even for a = 2.5 we get a better upper approximation using the best upper ap-
prozimation to n(2.5). However, for a = 3, the upper approzimation of 3c(1/3) is
better.



Example 6 For g = 10 the situation is similar to ¢ = 2 and we give some select
values without further comments.

5 a(B) §Gi(B) —a(B) | &(8) —a(B) | &(8) —a(B)
107 | 0.4343015082 | —6.53-10"2 | 4.26-10"17 | —3.54-10" 22
1073 | 0.4383243187 | —3.52.107¢ 1.08-107% | —3.94.10~1!
10~! | 0.6509842874 | —1.41-10"2 1.21-1073 —4.61-107°

0.5 | 1.2842347128 | —1.86-10~! 2.06-1072 1.35-102

1 1.9865189014 | —5.26-10~1! 4.18-1074 1.12-1071

5 The redundancy of linear codes

For a linear [n, k] code, p = n — k is its redundancy, and the relation n > u(d, k) is
of course equivalent to p > p(d, k) — k. When A is relatively large, then u(d, k) — k
is relatively small. In this section, we consider this situation in some details when
B — 0+, that is, k > d.

We assume that d is fixed, n = p = p(d, k) and A = yn? for some fixed positive
~v and ¢ < d. Then

k=klng—Iny—46lnp < k. (15)
Combining (15) and Theorem 2 (for r = 1) we get
5l 1 d

p=h= " E = S (L= A +0(5 I ), (16)

since k3% 1n 3 = dfBIn 3 and d is fixed. In equation (16), 1 appears both on the left
hand side and on the right hand side (both explicit and implicit in A). However, the
right hand side only contains In x4 so by bootstrapping we can show that p ~ k and
k — 0o. We get BInB = £(Ind — Ink) and so O(BInB) = O(2Ink) = O(Ink/k).
Wenotethatl—A>0for/<a>% and

1-A=Ink+0(1)

" dlnk Ink
1<=<1 —
<P < + IV +0 ( 12

and so

and

Tk
that is, Iny = Ink + O (%) Substituting this in (15) and (16) and simplifying,
we get the following theorem.

Ogln,u—lnk:§0<1nk>,

Theorem 3 Let C be a linear [n, k| code with minimum distance d. Assume that
Ag > yn®, where 6 < d and ~y is some fized positive number. If the redundancy
p =n—k of the code satisfies

p>

1 Ink
g lnk—l—lnq(d—l—dln(q—l)—ln7—dlnd)+0(k), (17)

then the code is ugly for error detection.

Remark. When ¢ = d, then the bound on the redundancy is a fixed number (it does
not grow with k). Note also that Ay < (3) < n?/d!. Hence

—Iny>Ind ~dlnd —d+ %ln(%’d)

10



(by Stirling’s formula) when § = d. Therefore, the right hand side of (17) is lower

bounded by

ﬁ {dln(q —1)+ ;m(zwd)} .

Example 7 Let C be a [v,(] code with minimum distance dc > 2. Let H is a
parity-check matrixz for C. Let Cy be the [tv, (t—1)v+(] code with parity-check matric
H; = H|H|---|H (repeated t > 1 times). The minimum distance of Cy is clearly
2, and it is easy to find a lower bound on Asg: first choose j such that 1 < j <wv
(this can be done in v ways); next choose a pair (u,v) where 0 < u < v < t (this
can be done in t(t —1)/2 ways); finally choose a € GF(q)\ {0} (this can be done in
q—1 ways). In all, there are (¢ — 1)vt(t — 1)/2 possible choices of j,u,v,a. Let x;,
1=0,1...tv — 1 be the columns of Hy. For each choice of j,u,v,a we have

aXuy+j + (—a)Xpp4; =0

(since Xyy+; = Xop4;). Hence

Ay > A= (g— Dt —1)/2 = W”Q-

The redundancy of Cy is v — (. We note that
—lny=In2+4+Inv—1In(¢g—1) —In(1l — 1/1).
By Theorem 3, if t — oo and

Int

V(Zhllq{2+ln(q1)ln2+lnyln(11/t)+0(t)},

then Cy is ugly. Since In(1 — 1/t) = 1/t = o((Int)/t) we can conclude that if
V—C>%{2+ln(q—l)—ln2+lny}, (18)
nq

then Cy is ugly for t sufficiently large.

As an example, let C be the binary extended | error correcting BCH code of
length v = 2™ (where l > 2). For this code, v — > 2m and the right hand side of
(18) simplifies tom — 14 2/1n2 ~ m + 1.9. Hence, (18) is satisfied for all m > 3
and so Cy is ugly for t sufficiently large.

Acknowledgment

The research was supported by The Norwegian Research Council.

References

[1] T. Klgve and V. I. Korzhik, Error Detecting Codes, General Theory and Their
Application in Feedback Communication Systems, Kluwer Acad. Publ., Boston,
1995.

11



