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Linear-time certifying algorithms for recognizing

split graphs and related graph classes∗

Pinar Heggernes† Dieter Kratsch‡

Abstract

We give linear-time certifying algorithms to recognize split graphs, thresh-
old graphs, bipartite chain graphs and cobipartite chain graphs. All our algo-
rithms provide a certificate: in case of membership this is a model for the input
graph, in case of non-membership this is a forbidden induced subgraph of the
class. The certificates of membership can be authenticated in time O(n + m)
and the certificates of non-membership can be authenticated in time O(n).

1 Introduction

A certifying algorithm for a decision problem is an algorithm that provides a certifi-
cate with each answer. A certificate is an evidence that can be used to authenticate
the correctness of the answer. An authentication algorithm is an algorithm that
checks the validity of the certificate. Certifying algorithms are highly desirable in
practice to reduce the risk of erroneous answers caused by bugs in the implementa-
tion [12, 13]. For general discussions on result checking see also [17] and [13, section
2.14].

A familiar example is a linear-time certifying algorithm to recognize bipartite
graphs, computing a 2-coloring for bipartite input graphs and an odd cycle for non-
bipartite input graphs. Another example is the linear-time planarity test which is
part of the LEDA system [13, section 8.7]. It computes a planar embedding for
planar input graphs and a subdivision of K5 or K3,3 for non-planar input graphs.
Other graph classes having linear-time certifying recognition algorithms are chordal
graphs [16], cographs [4], interval and permutation graphs [12], proper interval
graphs [8, 15], proper interval bigraphs [8], proper circular-arc graphs, and unit
circular-arc graphs [10].

Although linear-time recognition algorithms for split graphs and threshold graphs
have been known [7], none of them provides a certificate for non-membership.

We give linear-time certifying algorithms to recognize split graphs, threshold
graphs, bipartite chain graphs and cobipartite chain graphs. All non-membership
certificates are based on a characterization of the graph class by forbidden induced
subgraphs [1, 7]. The linear-time certifying algorithm for split graphs either pro-
vides a partition of the vertex set into a clique and an independent set as certificate
of membership, or it provides as a certificate of non-membership a subset of vertices
inducing a 2K2, C4, or C5 in the input graph. The linear-time certifying algorithm
for threshold graphs either provides a partition of the vertex set into a clique and an
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independent set and a so-called nested neighborhood ordering as certificate of mem-
bership, or it provides as a certificate of non-membership a vertex subset inducing a
2K2, C4, or P4 in the input graph. The linear-time certifying algorithm for bipartite
chain graphs either provides a bipartition and a nested neighborhood ordering as
certificate of membership, or it provides as a certificate of non-membership a vertex
subset inducing a C3, 2K2, or C5 in the input graph. The linear-time certifying
algorithm for cobipartite chain graphs either provides a partition of the vertex set
into two cliques and a nested neighborhood ordering as certificate of membership,
or it provides as a certificate of non-membership a vertex subset inducing K3, C4

or C5 in the input graph.
For all algorithms, the certificate of membership can be authenticated in time

O(n + m). Furthermore, since each certificate of non-membership is an induced
subgraph of constant (small) size of the input graph, they can be authenticated in
time O(n).

Up to our knowledge there is no published linear-time certifying recognition
algorithm for any of the considered graph classes.

2 Preliminaries

All graphs in this paper are simple and undirected, and all input graphs to our
algorithms are connected. If the input graph is not connected, then each algorithm
can be run separately on each connected component for graph classes containing
disconnected graphs. For a graph G = (V, E), we let n = |V | and m = |E|. An edge
between vertices u and v is denoted by uv. If u and v are not adjacent we call uv a
non-edge. The set of neighbors of a vertex v ∈ V is the set of all vertices adjacent to
v, and it is denoted by N(v). The degree of a vertex v is denoted by d(v) = |N(v)|.
A clique is a set of vertices that are all pairwise adjacent, and an independent set is
a set of vertices that are all pairwise non-adjacent. A vertex v is called simplicial
if N(v) is a clique. A vertex v satisfying N(v) ∪ {v} = V is called universal, and a
vertex with no neighbors is called isolated. The subgraph of G induced by a vertex
set A ⊆ V is denoted by G[A]. All subgraphs in this text are induced subgraphs.
The complement G of a graph G is a graph that has the vertices of G as its vertex
set and the non-edges of G as its edge set.

Let α be an ordering (v1, v2, ..., vn) of V . If α is such that d(v1) ≤ d(v2) ≤
... ≤ d(vn), then it is called a non-decreasing degree ordering. If α has the property
that vi is simplicial in G[{vi, vi + 1, ..., vn}], for 1 ≤ i < n then it is called a
perfect elimination ordering (peo). An ordering β = (x1, x2, ..., xk) of a subset
X ⊆ V of vertices is called a nested neighborhood ordering if it has the property
that (N(x1) \ X) ⊆ (N(x2) \ X) ⊆ ... ⊆ (N(xk) \ X).

Observation 2.1 Given a graph G = (V, E) and a vertex subset X ⊆ V which is
a clique or an independent set, X has a nested neighborhood ordering if and only
if any non-decreasing degree ordering of the vertices in X is a nested neighborhood
ordering.

Proof. Let X have a nested neighborhood ordering. If there are two vertices in X
with the same degree, then we can conclude that they have the same neighborhood
outside of X . This is because they have the same number of neighbors in X since
X is an independent set or a clique, and no pair of neighborhoods outside of X are
incomparable or disjoint. Thus any non-decreasing degree ordering of X is a nested
neighborhood ordering. For the opposite direction, assume that X does not have
a nested neighborhood ordering, then no ordering (either non-decreasing degree or
not) can be a nested neighborhood ordering.
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The class of chordal graphs is the class of graphs containing no induced cycle of
length longer than 3. A graph is chordal if and only if its vertex set can be ordered
by a peo [6]. A cycle on k vertices is denoted by Ck, and a path on k vertices is
denoted by Pk. The following graph is called 2K2: ({a, b, c, d}, {ab, cd}).

The following result is trivial. We include it for the sake of completeness.

Lemma 2.2 Let a vertex subset A ⊂ V of constant size be a certificate of non-
membership of a certifying recognition algorithm for graph class G on input graph
G = (V, E), where additionally for each vertex of A a pointer to a vertex of a graph
H (indicating an isomorphism from G[A] to H) is part of the certificate. Then there
is an O(n) time algorithm to authenticate whether G[A] is isomorphic to the graph
H.

Proof. The set A can be provided by the certifying algorithm in a characteristic
vector of size n or as a list of size |A| containing pointers to the vertex list of G.
Every vertex in A has at most n − 1 neighbors and non-neighbors, so G[A] can
be computed in time O(|A| · n), which is O(n) since |A| is not dependent on the
size of G. The pointers can be used to authenticate in time O(|A|2) that G[A] is
isomorphic to H .

Note that whenever we use Lemma 2.2, the graph H is a forbidden induced
subgraph of graph class G.

3 Split graphs

A graph is a split graph if its vertex set can be partitioned into a clique K and
an independent set I , in which case we call (I, K) a split partition. Consequently,
the split graph property is preserved under the graph complement operation. In
fact, the class of split graphs consists of exactly those graphs that are both chordal
and co-chordal [5]. A characterization of split graphs through forbidden induced
subgraphs is the following.

Theorem 3.1 [5] A graph is split if and only if it contains no vertex subset that
induces 2K2, C4, or C5.

For any split graph G, a non-decreasing degree ordering is a perfect elimination
ordering, since in each such ordering, all vertices having neighbors only within the
clique are ordered before all vertices having neighbors outside the clique.

Based on these properties of split graphs, we give in Figure 1 a certifying algo-
rithm for recognizing split graphs.1

Theorem 3.2 Algorithm Certifying-split is correct.

Proof. If the algorithm returns yes then definitely the graph is split, since every in-
duced subgraph of each iteration is split. If the graph is split, then a non-decreasing
degree sequence is a peo and it makes sure that the vertices of the clique are ordered
in the first k places, so the no cases will never occur, and the algorithm will give a
yes reply. Thus the algorithm outputs the correct yes or no reply.

We need to argue that in the case of a no reply, the output vertex subset indeed
induces a forbidden subgraph of G. The algorithm outputs a no and returns in
three cases. These are numbered (1), (2), and (3) in the algorithm, and we will
consider each case separately.

1In the algorithm, by return we mean that the algorithm terminates at that point, and the
following lines are not executed.
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Algorithm Certifying-Split
Input: A graph G = (V, E).
Output: A reply yes if G is split together with a partition of V into an
independent set I and a clique K, or a reply no if G is not split together
with a vertex subset inducing 2K2, C4, or C5.

Compute a non-decreasing degree ordering α = (v1, v2, ..., vn) of G;
if α is not a peo of G then

Find two neigbors vj and vk of vi such that vjvk /∈ E and i < j < k;
if vj and vk have a common neighbor z with viz /∈ E then

{vi, vj , z, vk} induces a C4;
else

Find two vertices x and y such that vjx, vky ∈ E and vjy, vkx /∈ E;
if xy ∈ E then {vi, vj , x, vk, y} induces a C5;
else {vj , x, vk, y} induces a 2K2;
end-if

end-if
Output no and the vertex set inducing C4, C5 or 2K2, found above;
return; (1)

end-if
Compute the largest size of a clique in G, and denote it k;
K = ∅; I = ∅; i = n;
while |K| ≤ k − 1 do

A = N(vi) ∩ K;
if |A| = |K| then

K = K ∪ {vi};
else

Find a neighbor x /∈ K and a non-neighbor y ∈ K of vi;
Find a neighbor z of y such that viz, vix /∈ E;
Output no and {vi, x, y, z} which induces a 2K2;
return; (2)

end-if
i = i − 1;

end-while
while i ≥ 1 do

A = N(vi) ∩ (K ∪ I);
if A ⊆ K then

I = I ∪ {vi};
else

Denote by x the single vertex in A ∩ I;
Find a common neighbor y ∈ K of x and vi;
Find a neighbor z of y with xz /∈ E;
Output no and {vi, x, y, z} which induces a 2K2;
return; (3)

end-if
i = i − 1;

end-while
Output yes and K and I;

Figure 1: Algorithm Certifying-Split
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(1) In this case, there exists a vertex vi with neighbors vj and vk such that
vjvk /∈ E, and i < j < k. Since the degrees of vj and vk are at least as high as
that of vi, both vj and vk must have at least one neighbor other than vi. For any
common neighbor z of vj and vk , either edge viz ∈ E, or G has a chordless 4-cycle
induced by {vi, vj , z, vk}. Assume that every common neighbor of vj and vk is also
a neighbor of vi. In this case each of vj and vk must have a neighbor other than vi

that is not adjacent to the other or to vi, because of the above degree argument.
Thus there are edges vjx and vky such that x 6= y 6= vi, and neither x nor y is
adjacent to vi. Now, either xy ∈ E and we have a C5 induced by {vi, vj , x, y, vk},
or xy /∈ E and we have a 2K2 induced by {vj , x, vk , y}.

For the rest of the proof we know that α is a peo, since the algorithm did not
terminate at (1). Therefore, we also know that G is chordal, and the largest size k
of a clique of G can be computed in time O(n + m) (see e.g. [7]).

(2) In this case, |K| ≤ k − 1. We know that there are k vertices of degree at
least k − 1 in the graph, and since vi is picked before some of these, d(vi) ≥ k − 1.
Thus, since vi has at least one non-neighbor y ∈ K, it has at least one neighbor
x /∈ K. Notice that no neighbor x of vi outside of K can be adjacent to y. This is
because every such neighbor has an earlier position in α, and its higher numbered
neighbors in K ∪ {vi} induce a clique, since α is a peo. Thus viy, xy /∈ E. Since y
has degree at least as high as that of vi, d(y) ≥ k − 1, and since there are at most
k − 2 vertices in K in addition to y, vertex y must have a neighbor z outside of K.
The positions of x and z in α are earlier than vi and y. Therefore xz cannot be
an edge in G, otherwise viy would be an edge in G by the property of a peo. Thus
{vi, x, y, z} induces a 2K2.

(3) In this case, vi has exactly one neighbor x in I , since I is an independent
set, and the higher numbered neighbors of vi induce a clique by the peo property
of α. Observe that no non-neighbor of x in K can be a neighbor of vi, since x has
a higher position in α, which is a peo. So the set of neighbors of vi in K is a subset
of neighbors of x in K. In addition, x has at most k − 1 neighbors in K, because
otherwise we get a clique of size k + 1. Thus there is a vertex y in K such that
xy, viy /∈ E. Now we will argue that y has a neighbor z which is not adjacent to
x or vi. Assume first that y has a neighbor z outside of K. Vertex z cannot be
adjacent to x or vi since either z is already safely placed in I , or it has a smaller
position in α and this would violate the peo property of α. Assume for the other
case that y has no neighbor outside of K. This means that d(y) = k − 1. Since y
has higher position in α than x, we can conclude that d(x) ≤ k − 1. Since vi is a
neighbor of x, x has at most k − 2 neighbors in K, and thus there are at least two
vertices in K that are both non-adjacent to x, and consequently to vi. Therefore,
in this case, y has a neighbor z in K which is not adjacent to x or vi. In either
case, we get the desired 2K2 induced by {vi, x, y, z}.

Theorem 3.3 The running time of Algorithm Certifying-Split is O(n + m).

Proof. Golumbic [7] describes a linear-time procedure that checks whether a given
ordering is a peo, and if not, provides the vertices vi, vj , vk that are used in Algo-
rithm Certifying-Split. Furthermore, in [7] it is explained how the size of a largest
clique in a chordal graph can be computed in linear time.

In the rest of the algorithm, for each vi, the time required is linear in the number
of edges between vi and the already processed vertices, as long as vi is placed in
K or I . Thus the total time required by all steps that place a vertex in K or I is
O(n + m). Every time we start looking for a forbidden induced subgraph we are
already sure that the output is no. Thus we search for a forbidden subgraph at
most once during an execution of the algorithm. Finding such a forbidden subgraph
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requires O(n) time, since it only concerns checking the neighborhoods of at most 4
vertices.

Theorem 3.4 The certificates returned by Algorithm Certifying-Split can be au-
thenticated in O(n + m) time for input graphs that are split, and O(n) time for
input graphs that are not split.

Proof. When the algorithm concludes that the graph is split, it returns K and
I . It can be checked in O(n + m) time that K is indeed a clique and I is indeed
an independent set, and that there are no other vertices in the graph. When the
algorithm concludes that the graph is not split, a vertex subset of 4 or 5 vertices is
returned as a certificate. By Lemma 2.2, it can be checked in O(n) time that the
vertex subset indeed induces a forbidden subgraph.

4 Threshold graphs

A graph G = (V, E) is a threshold graph if there exists an assignment of non-negative
integers to the vertices of G and an integer threshold t such that for every vertex
subset X ⊆ V the following holds: X is an independent set if and only if the sum
of the labels of the vertices in X is at most t.

Some important characterizations of threshold graphs that will be used for our
certifying algorithm for recognizing them are gathered in the following theorem.

Theorem 4.1 [3, 7, 14] For a connected graph G = (V, E), the following are equiv-
alent:

• G is a threshold graph.

• G contains no vertex subset that induces 2K2, P4, or C4.

• G is split and the vertices of the independent set (in any split partition) have
a nested neighborhood ordering.

• When we repeatedly delete a universal vertex and resulting isolated vertices
until no universal vertices remain, the resulting graph is empty.

Based on these characterizations, we give a certifying algorithm for recognizing
threshold graphs in Figure 2. In particular, the last point of Theorem 4.1 [7, Exercise
10-4] constitutes the recognition part of our algorithm.

Theorem 4.2 Algorithm Certifying-Threshold is correct.

Proof. If the input graph is not split the algorithm returns a forbidden subgraph.
If it is split, then we have a partition of its vertices into K and I .

If there are any universal vertices in a graph then any vertex of highest degree
must be universal. Note that the non-decreasing degree order of the vertices does
not change by deleting universal or isolated vertices. Thus at every step of the
while-loop, vi is universal if and only if the remaining graph contains universal
vertices. Note also that, as soon as we reach the first deleted vertex, all remaining
vertices are already deleted, since they have smaller degree. Hence at the end of the
while-loop we can conclude that G is threshold if and only if the value of threshold
is true, by the last point of Theorem 4.1. The ordering β that is output is a
non-decreasing degree ordering of the vertices in I . Since we already know that
these vertices have a nested neighborhood ordering, then by Observation 2.1, β is
a nested neighborhood ordering.
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Algorithm Certifying-Threshold;
Input: A graph G = (V, E).
Output: A reply yes if G is threshold together with a nested neighborhood
ordering β of the vertices in the independent set, or a reply no if G is not
threshold together with a vertex set inducing 2K2, C4, or P4.

Run Algorithm Certifying-Split to recognize whether G is split;
if G is not split then

Output no, and the vertex set inducing 2K2, C4, or P4 (contained in C5)
that is returned by the above call to Algorithm Certifying-Split;

else
Let K and I be as returned by the above call to Algorithm Certifying-Split;
Let α = (v1, v2, ..., vn) be a non-decreasing degree ordering of G;
β = (v1, v2, ..., v|I|);
threshold =true; i = n;
while vi is undeleted do

if vi is universal then
delete vi;
for all neighbors x of vi do

N(x) = N(x) \ {vi};
if d(x) = 0 then

delete x;
end-if

end-for
else

threshold = false;
continue; (abort the while-loop)

end-if
i = i − 1;

end-while
if threshold then

Output yes, and β;
else

repeat
Delete all remaining vertices of K that have no neighbors in I;
Delete all remaining vertices of I that are adjacent to all vertices of K;

until no such vertices remain;
Choose a vertex v of I of highest degree;
Find a non-neighbor y of v in K;
Find a neighbor z of y in I;
Find a a vertex w ∈ K that is a neighbor v and a non-neighbor of z;
Output no and {v, w, y, z} which induces a P4;

end-if
end-if

Figure 2: Algorithm Certifying-Threshold
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If we have concluded that G is not threshold, we know that the remaining graph
must contain a P4. Note that any remaining vertex of K that has no neighbors
outside of K cannot belong to a P4. Similarly, any remaining vertex of I that is
adjacent to all remaining vertices of K cannot belong to a P4. Therefore we delete
all such vertices. The remaining graph cannot be complete, because otherwise the
repeat-loop would not have stopped. It cannot be empty, since this would mean
that there was an undeleted universal vertex after the while-loop. There cannot be
any isolated vertices either, since we never delete any neighbor of a vertex in I in
the repeat-loop. Thus, in the remaining graph after the repeat-loop, vertex v of
highest degree in I has at least one non-neighbor y in K, and y has at least one
neighbor z in I . Since the degree of v is at least the degree of z, v must have a
neighbor w in K which is not adjacent to z. Hence we have a set {v, w, y, z} which
induces a P4.

Theorem 4.3 The running time of Algorithm Certifying-Threshold is O(n + m).

Proof. Trivially, the while-loop requires O(n + m) time. As argued above, the
non-decreasing degree order never changes. Thus in the repeat-loop it is enough
to check the vertices of I starting from the highest degree and the vertices of K
starting with the lowest degree. The last steps require linear time.

Theorem 4.4 The certificates returned by Algorithm Certifying-Threshold can be
authenticated in O(n + m) time for input graphs that are threshold, and O(n) time
for input graphs that are not threshold.

Proof. A certificate of membership for input graph G consists of K, I and β. It
can be checked in linear time whether β is a nested neighborhood ordering of I as
follows. The first vertex of β can mark its neighbors, and initialize a variable that
keeps the number of marked vertices. Starting from the second vertex of β, each
vertex can first check if it is adjacent to all marked vertices by counting the number
of marked neighbors and comparing to the counter, and then mark its neighbors and
update the counter. From β, I and K are implicit, and we can check in linear time
that I is an independent set and K is a clique. Thus the membership certificate can
be authenticated in O(n + m) time. The argument for O(n) authentication time of
non-membership certificates is given in Lemma 3.4.

5 Chain graphs

A graph G = (V, E) is a difference graph if there exist real numbers av for each
v ∈ V and a real number t, such that |av| < t for v ∈ V and uv ∈ E if and only if
|au − av| ≥ t. A graph whose vertex set can be partitioned into two independent
sets is called a bipartite graph. This partition of the vertex set into two independent
sets is called bipartition, and it is unique if and only if the graph is connected. A
graph is bipartite if and only if contains no induced cycle of odd length [11]. It
follows from the definition of difference graphs that they are bipartite.

Yannakakis gave difference graphs another name. He called them chain graphs,
and defined a bipartite graph to be a chain graph if one of the sides of the bipartition
has nested neighborhood property. He also showed that one side has this property
if and only if both sides have the property [19].

We will refer to difference graphs as bipartite chain graphs, because we also
define a graph class called co-bipartite chain graphs. A co-bipartite graph is a
graph whose complement is bipartite. A bipartition into two independent sets in a
bipartite graph is a bipartition into two cliques in its complement. We will say that
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a graph is co-bipartite chain if it is co-bipartite and the neighborhood of one of the
sides of the bipartition has a nested neighborhood ordering. In this case both sides
have a nested neighborhood ordering.

Theorem 5.1 [14] A graph G = (V, E) is a bipartite chain graph if and only if there
is a bipartition of V into independent sets X and Y such that adding all possible
edges with both endpoints in X yields a threshold graph.

Theorem 5.2 [14] A graph is a bipartite chain graph if and only if it contains no
vertex subset that induces 2K2, C3, or C5.

Based on the above results, we can obtain a linear-time certifying algorithm for
bipartite chain graphs.

Theorem 5.3 There is a linear-time certifying algorithm for recognizing bipartite
chain graphs that outputs certificates which can be authenticated in O(n + m) time
for membership and in O(n) time for non-membership.

Proof. First we check whether the input graph is bipartite. It is well known that
simple modifications of breadth-first search can be used to find an odd cycle in a
graph or give a bipartition of it into two independent sets in linear time. Thus,
after this test, if the graph is not bipartite, we get a certificate in the form of an
odd cycle. Hence, we output a vertex set inducing C3, C5, or 2K2 (contained in a
larger odd cycle) as a certificate.

If the reply is yes, we get the bipartition. We proceed to compute a non-
decreasing degree ordering of each side of the bipartition. By Observation 2.1 the
ordering of each side is a nested neighborhood ordering if and only if the input
graph is a chain graph. We check this in linear time as described in the proof of
Theorem 4.4. If we conclude that the graph is a chain graph, we output yes and
the certificates for membership: the bipartition and the ordering of each side, which
can be authenticated in O(n + m) time.

If we conclude that the input graph is bipartite but not chain, then we know
that it contains a 2K2. To find a vertex set inducing 2K2, we repeatedly delete
from either side a vertex that is adjacent to all vertices of the other side and the
resulting isolated vertices, since no such vertex can be a part of a 2K2. After this,
we take a vertex v of highest degree. We know that v has a non-neighbor y on the
other side. Since y is not isolated, it has a neighbor z on the same side as v. Since
the degree of v is at least the degree of z, v has at least one neighbor x which z is
not adjacent to. We can return {v, x, y, x} which induces a 2K2.

By Lemma 2.2, the certificates for non-membership can be authenticated in O(n)
time. Furthermore, breadth-first search is linear, and all remaining steps require
O(n + m) time, by straight forward analysis.

Consequently, there is an alternative linear-time certifying algorithm for thresh-
old graphs, using a linear-time certifying algorithm for bipartite chain graphs: First
we check whether the input graph is split. If not, we return a certificate. If it is
split, then we delete all edges within the clique, and we run the above described
certifying algorithm for recognizing bipartite chain graphs.

Now we want to show that there is a linear-time certifying algorithm for recog-
nizing co-bipartite chain graphs.

Observation 5.4 A graph is bipartite chain if and only if its complement is co-
bipartite chain.

Proof. Let G = (V, E) be a bipartite chain graph, with bipartition V = X + Y .
There is an ordering (x1, x2, ..., xk) of the vertices in X , such that (N(x1) ∩ Y ) ⊆
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(N(x2) ∩ Y ) ⊆ ... ⊆ (N(xk) ∩ Y ). Consequently, (Y \ N(xk)) ⊆ (Y \ N(xk−1) ⊆
... ⊆ (Y \ N(x1)). Let N(xi) denote the set of vertices in G that are not adjacent
to xi, for 1 ≤ i ≤ k. Then the given chain of set inclusions is equivalent to
(N(xk) ∩ Y ) ⊆ (N(xk−1) ∩ Y ) ⊆ ... ⊆ (N(x1) ∩ Y ), and hence X has a nested
neighborhood ordering in the complement of G. Since both X and Y are cliques
in G, the result follows in one direction, and the other direction is completely
symmetric.

We can thus characterize co-bipartite chain graphs through their forbidden sub-
graphs. In the following, we denote an edgeless graph on 3 vertices by I3.

Theorem 5.5 A graph is a co-bipartite chain graph if and only if it contains no
vertex subset that induces I3, C4, or C5.

Proof. Follows from Theorem 5.2 and Observation 5.4, since the complement of
C3 is I3, the complement of 2K2 is C4, and the complement of C5 is C5.

Theorem 5.6 There is a linear-time certifying algorithm for recognizing co-bipartite
chain graphs that outputs certificates which can be authenticated in O(n + m) time
for membership and in O(n) time for non-membership.

Proof. First we study the complement G of G. It is well known that breadth-first
search on G, and related operations like computing connected components of G,
can be performed in O(n + m) time using the adjacencies in G, without actually
computing G explicitly [2, 9]. In case G is disconnected with at least two connected
components containing at least one edge each, then we can easily find a set of
vertices inducing 2K2 in G, which induces C4 in G, and hence G cannot be co-
bipartite chain. In this case we return a reply no and the set of vertices inducing
C4 as a certificate. In the opposite case, we simply check whether G is bipartite. If
G is not bipartite, then we find a set of vertices inducing C3, C5, or 2K2 (contained
in a larger odd cycle) in G. These sets of vertices induce I3, C5, or C4, respectively,
in G. Again, we reply no, and return the found set of vertices. Until this point, we
have only used breadth-first search on G, and thus spent O(n + m) time.

After the above steps, if G is bipartite, then the bipartition is unique (except
any isolated vertices), and gives a bipartition of G into two cliques, and we know
that G is co-bipartite. The remaining work is done on G. The isolated vertices of
G are universal in G, and can safely be placed on either side of the bipartition.

Now we remove each edge of G with both endpoints belonging to the same side
of the bipartition. Definitely, the resulting graph G′ is bipartite. Next, we check
that each side of the bipartition has a nested neighborhood ordering, as described
in the proof of Theorem 4.4. If we conclude that G′ is not bipartite chain, then we
get a set of vertices inducing a 2K2 in G′, and we return this set as a certificate
for a no reply, since this set induces a C4 in G. If we conclude that G′ is bipartite
chain, then we return a reply yes and the ordering of the vertices of each side.

The work described in the above paragraph requires O(n + m) time. The cer-
tificates can be authenticated in O(n + m) time for membership, and in O(n) time
for non-membership.

6 Concluding remarks

We have given the first linear-time certifying algorithms for recognizing split, thresh-
old, bipartite chain, and co-bipartite chain graphs, where the certificates for mem-
bership and non-membership can be authenticated in O(n + m) and O(n) time,
respectively.
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