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Abstract

In this paper it is shown that when the sparsity structure of the problem is utilized higher order methods
are competitive to second order methods (Newton), for solving unconstrained optimization problems when the
objective function is three times continuously differentiable. It is also shown how to arrange the computations
of the higher derivatives.

1 Introduction

The use of higher order methods using exact derivatives in unconstrained optimization have not been considered
practical from a computational point of view. We will show when the sparsity structure of the problem is utilized
higher order methods are competitive compared to second order methods (Newton).

The sparsity structure of the tensor is induced by the sparsity structure of the Hessian matrix. This is utilized
to make efficient algorithms for Hessian matrices with a skyline structure.

We show that classical third order methods, i.e Halley’s, Chebyshev’s and Super Halley’s method, can all
be regarded as two step Newton like methods. We present numerical results on third order local methods that
utilizes the sparsity and super-symmetry where the computational cost is so low that they are competitive with
Newton’s method.

Third order methods will in general use fewer iterations than a second order method to reach the same
accuracy. However, the number of arithmetic operations per iteration is higher for third order methods than
second order methods. Further, there is an increased memory requirement. For sparse systems we show that
this increase and the increase in arithmetic operations are very modest. If we compare the number of arithmetic
operations to compute the gradient of the third order Taylor approximation to the second order approximation
(as for Newton), we find that this ratio can be expressed as the ratio of the memory requirements. In the case
for banded Hessian matrices with (half) bandwidth 8, this ratio is bounded by % We focus on objective
functions where the Hessian matrix has a skyline (or envelope) structure, and we briefly discuss general sparse
Hessian matrices and tensors.

In section 2 we discuss methods that have a cubically convergence rate. We show that these methods may
be regarded as two step of Newton’s method. In section 3 we briefly introduce a global method based on trust-
regions. We show that the number of (outer) ietrations using a cubic model is lower than using a quadratic model.
In section 4 we summarize the computations using the higher order (third) derivative and show how to utilize
the super symmetry. In section 5 we introduce the concept of induced sparsity of the third derivative. In section
6 we briefly discuss data structures for induced sparse tensors. Finally, in section 7 we give some numerical
results on the cost going from quadratic to cubic operations, and introduce an efficiency ratio indicator.



2 Methods for Solving Nonlinear Equations

One of the central problems of scientific computation is the efficient numerical solution of the system of n
equations in n unknowns

F(z)=0 (1)

where F : R" — R" is sufficiently smooth and the Jacobian F’(z*) is nonsingular.
Consider the Halley class of iterations [13] for solving (1).

/

Tpy1 =k — {1 + %L(xk)[l —aL(zp)] " Y F (x) ' Fay), k=0,1,..., 2)

where

L(z) = (F (2)) ' F ()(F () ' F().

This class contains the classical Chebyshev’s method (o = 0), Halley’s method (o = %), and Super Halley’s
method (o = 1). More on the Chebyshev’s Method [1, 6, 14, 21, 22, 27, 28, 29], Halley’s Method [1, 4, 5, 6, 7,
8, 14, 15, 20, 21, 22, 24, 27, 28, 29, 30] and Super Halley’s method [7, 13, 14]. All members in the Halley class
are cubically convergent.

The formulation (2) is not suitable for implementation. By rewriting the equation we get the following
iterative method for k =0,1,...

Solve for s](cl):

Solve for s](f):

" 1 _n
(F'(a0) + aF " (an)s()s? = =5 F (an)s(s(). (4)
The new step is

Tkl = Tk + sg) + sf).

The first equation (3) is the Newton equation. The second equation (4) is an approximation to the Newton
equation

F(wi + )5 = —F (o + 5)
since

"

’ 1. 1
F(xr + s,(cl)) ~ F(zy)+ F (zk)s,(cl) + §F (xk)s;cl)s](cl) = §F (zk)s,(cl)s,(cl)
and

F/(ac;€ + slgl)) ~ F/(xk) +aF" (wk)s](cl).

With starting points zo close to the solution z* these methods have a superior convergence compared to
Newton’s method.



2.1 Unconstrained Optimization

The methods in the previous section also apply for algorithms for the unconstrained optimization problem

min f(z) (5)

TER™

where f : R™ — R is sufficiently smooth and the Hessian V2 f(2*) is symmetric positive definite.
The necessary condition at a solution (5) is that the gradient is zero

Vf(z)=0.
Thus in (1) we have that
F(z) =V f(z) or F; = of (x), i=1,...,n.
8$¢
Then we have for unconstrained optimization that F’ = V> f(x) is the Hessian matrix and F' = V3 f(x) is the

third derivatives of f at z.

2.2 Motivation

The following statements show that higher order methods is not considered practical.

(Ortega and Rheinboldt 1970) [20]: Methods which require second and higher order derivatives, are
rather cumbersome from a computational view point. Note that, while computation of F’ involves only n?
partial derivatives 0;F;, computation of F " requires n® second partial derivatives 0;0rF;, in general exorbiant
amount of work indeed.

(Rheinboldt 1974) [21] Clearly, comparisons of this type turn out to be even worse for methods with
derivatives of order larger than two. Except in the case n = 1, where all derivatives require only one func-
tion evaluation, the practical value of methods involving more than the first derivative of F' is therefore very
questionable.

(Rheinboldt 1998) [22]: Clearly, for increasing dimension n the required computational work soon out-
weighs the advantage of the higher-order convergence. From this view point there is hardly any justification to
favor the Chebyshev method for large n.

A certain modification can be seen - and with recent numerical experiments that utilizes sparsity then these
statements are contradicted.

Consider the following test functions: Chained Rosenbrock [26] and Generalized Rosenbrock [23]. Generalized
Rosenbrock has a Hessain matrix of arrowhead structure, while for the Generalized Rosenbrock the Hessian
matrix structure is banded.

We compare Newton’s method, Chebyshev’s method, Super Halley’s method and Halley’s method. The test
cases show that the third order methods are competitive with Newton’s method, also for increasing n.

The termination criteria for all methods are if |V f(z)|| < 1073||V f(z0)]|.



xo=(1.7,...,1.7) and x*=(1.0,...,1.0)
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Figure 1: Chained Rosenbrock.
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Figure 2: Generalized Rosenbrock. Figure 3: Generalized Rosenbrock.

Figure (1), Figure (2) and Figure (3) shows that the total CPU time to solve the unconstrained optimization
problem (5) increases linearly in the number of unknowns and the CPU time is almost identical.

If there should be any gain in using third order methods they must have fewer iterations then the second
order methods, since the computational cost is higher for each iteration for the third order method. How many
fewer iterations the third order methods must have is very problem dependent, since the CPU time is also very
dominated by the cost of function, gradient, Hessian and tensor evaluations.

3 Higher Order Global Methods

A third order Taylor approximation of f(z + p) evaluated at z is

1 1
mp)=f+g p+ §pTHp + ng(pT)p (6)

where f = f(z) and we can expect the model m(p) to be a good approximation for ||p||.
Algorithms for the unconstrained optimization problem

min f(z) (7)

TER™



generates a sequence of iterates x where at every iterate xj we generate a model function m(p) that approximates
the function. The new iterate is 1 = xx + p provided that we have a sufficiently good model.

To solve the unconstrained optimization problem we have implemented a trust-region method [19], both with
a cubic and a quadratic model. The trust-region method is a global method, thus it guarantees that it finds an
x* where ||V f(z")|| = 0, for any starting points.

The trust-region method will require the value, the gradient or the Hessian matrix

1
m(p), Vm(p) =g+ Hp+5@eT)p, V’m(p)=H+ (pT) (8)
of the cubic model (6).

The Trust-Region Subproblem (TRS) (9) must be solved for each iteration of the trust-region method.

. 1 1
min m(p) = g"p+ sp Hp+ —p" (pT)p st |p]| <A 9)
pER™ 2 6

Algorithm 1 Trust-Region Method
Let0<A72§73<1§7Al,0<ﬁo and 0 < 1 <1
Given A > 0, Ag € (0,A), and n € [0, Bo)
for k=0,1,2,...do
Compute Vf(zr), V2f(xr) and V3 f(zy).
Determine an (approximate) solution pj to the TRS (9).
Compute pr = (f(zx) — f(zk + pr))/(mi(0) — mi(pr))-
if pi < fBo then
Yollprll < Argr < vsllprll
else
if pr, > 51 and [|px| = Ay then
[Pkl < Aggr < min{ylpxl, A}
end if
end if
if pr > n then
Tht1 = Tk + Dk
else
Tr+1 = Tk
end if
end for

Preferable values for the constant in Algorithm 1 are o = 1, 81 = 2, y1 =2, and v2 = y3 = 1.

3.1 Trust-Region Iterations for Quadratic and Cubic Model

In this section we compare the trust-region method with a cubic model to a trust-region method with a quadratic
model on the number of iterations from a starting point zo to a solution z*, where ||V f(z™)|| = 0.
We have taken several test functions and tested them for different n and starting points. Chained Rosenbrock

zo = {(-1.2,1.0,...,-1.2,1.0),(-1.0,-1.0,...,—1.0,—1.0)} and z* = (1.0...,1.0), Generalized Rosenbrock
zo = (-1.2,1.0,...,-1.2,1.0) and z* = (1.0...,1.0), BroydenTridiagonal o = (—1.0,—1.0,...,—1.0, —1.0) and
z* = (—0.57,...,—-0.42), and Beale [3] zo = {(4,4),(3,3),(2,2)} and z* = (3.5,0.5)

Table (1) shows that the trust-region method with a cubic method (C) uses fewer iterations then with a
quadratic model (Q), to get to a solution.
The termination criteria for both methods are if |V f(z1)|| < 1078||V f(z0)]|-



Table 1: Trust-Region Method.
| Trust-Region Iterations for Quadratic and Cubic Model |

Chained Rosenbrock | Chained Rosenbrock | Generalized Rosenbrock | BroydenTridiagonal Beale

n Q C n Q C n Q C n Q C n Q C
2 22 15 4 14 12 4 12 6 4 6 4 2 18 | 12
6 29 16 8 14 10 8 10 6 20 6 4 2 16 | 9
18 || 27 19 10 || 15 12 10 || 10 6 30 6 4 2 14 | 11

4 Computations of the Cubic Model
Let f be a three times continuously differentiable function f : R"™ — R. For a given x € R" let

9f(x) 0% f(x) 0°f(x) o
- = = ———— <k<ji<i<n.
¢ Ox; Hij 8Ii8Ij7 Tist O0xi0x;0xy, lsksjsisn (10)

Then H is a symmetric matrix and 7 a super-symmetric tensor, g € R", H € R™*", and 7 € R™*™*™ using
the notation in [2]. We say that a n X n x n tensor is super-symmetric when

Tiji = Ting = Tji = Tini = Thij = Trji, 1F#J,JFk,i#k
Tiite = Tini = Tris, i #£ k.

Since the entries of a super-symmetric tensor are invariant under any permutation of the indices we only need

to store the ¢(n + 2)(n + 1)n nonzero elements 7T;;x for 1 < k < j <i < n, as illustrated in Figure 4 for n = 9.

Figure 4: The stored elements for a dense super-symmetric tensor where n = 9.

We will present the following tensor computations of the cubic model (4)

p" (pT)p, (pT)p and (pT)

where p” (pT)p € R is the cubic value term, (p7)p € R" is the gradient term and (p7) € R™*" is the Hessian
term. The cubic value term is a scalar, the cubic gradient term is a vector, and the cubic Hessian term is a matrix.
These operations are needed for the local methods (The Halley class) and the global method (trust-region).



The cubic value term can is defined as

P 0T)p=>>_p:Y ;i > prTijk. (11)
i=1  j=1 k=1
By taking into account super-symmetry, 1 < k < j < i < n, we have the following
n i—1 j—1 i—1
P 0Tp=> i { [ZP;‘ <6 prTijr + 3pﬂ§jj> +3p: > prTiin +p?Tm} : (12)
i=1 j=1 k=1 k=1
The computation (12) leads to the following algorithm
Algorithm 2 Computing ¢ « ¢+ pT (p7)p.
Let 7 € R™*™*™ be a super-symmetric tensor.
Let p € R™.
Let ¢,s,t € R.
for i=1ton do
t=0
for j=1toi—1do
s=0
for k=1toj—1do
s+ = ppTiju,
end for
t+ = Dy (68 + 3pj’]dijj)
end for
s=0
for k=1toi—1do
s+ = prTiik
end for
c+ = pi(t + pi(3s + piTiii))
end for
Algorithm 2 requires §n3 +3n2 + 1—31n number of arithmetic operations.
The cubic gradient term can be defined as
gi = Zzpjpk’fijk, 1<i<n. (13)
j=1k=1
By taking into account super-symmetry we have the following
9= 9"+ 9% + 97 + 9 49 49, 1<i<n, (14)
where
i J
90 =" "pipk T, 1<i<n (15)
j=1k=1
92 =" > pmTe =Y > pipeTays 1<i<nm, (16)
J=1k=j+1 J=1 k=j+1



% @

g = Z Z pipkTije = Z Z PPk Trij, 1 <i<mn,

=1 k=i+1 J=1k=i+1
g£4) = Z Zpg‘pk'fz‘jk = Z Zpg‘pk']}im 1<i<mn,
j=i+1 k=1 j=it+1lk=1
n J n J
9? = Z Z piveTije = Z Z pipeTiki, 1<i<mn,
j=i+1k=i+1 j=it+1lk=i+l
g = S T =Y > piprTeji, 1<i<n

j=i+1k=j+1 j=i+1k=j+1

If we combine the computations of (15) to (20) we get the following algorithm.

Algorithm 3 Computing g < g + (p7)p-

Let 7 € R™*™*™ be a super-symmetric tensor.
Let p,g € R™.
Let s € R.
for i =1 ton do
s=0
for j=1to:—1do
for k=1toj—1do

s+ = pp T,
e+ = 2pip; Tijk
end for

gi+ = p;(2s +p;Ti;5)
gi+ = 2pi(s +p;Tijj)

end for
s=0
fork=1toi—1do
s+ = prTiik
g+ = pi T
end for
gi+ = (2pis + p?Tii;)
end for

Algorithm 3 requires %n?’ +6n% — %n number of arithmetic operations.

The cubic Hessian term can be defined as

Hy =Y pTijr, 1<i,j<n.
k=1
By taking into account the symmetries we have the following

J i n
H;; = Zpk'fijk + Z preTije + Z prTijr, Jj<1
k=1 k=j+1 k=i+1

Since a super-symmetric tensor is invariant under any permutation of the indices we have that

(17)

(18)

(19)

(20)

(21)

(22)



Hy=HP +HY +HY, 1<j<i<n (23)
where
J
HY =3 "ppTijn, 1<j<i<n, (24)
k=1

HY = > pTay, 1<i<i<n, (25)

k=j+1
Hi(f): Z prTrij, 1<j<i<n. (26)

k=i+1

If we combine (24), (25) and (26) we get the following algorithm that computes the lower part of H.

Algorithm 4 Computing H «— H + (p7).
Let 7 € R™*™*™ be a super-symmetric tensor.
Let H € R™*™ be a symmetric matrix.
Let p € R™.
fori=1tondo

for j=1toi—1do
for k=1toj—1do
Hij+ = piTijn
Hip+ = p;Tijn
Hjp+ = piTiji
end for
Hij+ = p;Tij
Hjj+ = piTij;
end for
for k=1toi—1do
Hii+ = prTik
Hix+ = piTii
end for
Hii+ = piTi
end for

Algorithm 4 requires n® 4+ n? number of arithmetic operations.

5 The Sparsity Structure of the Tensor

In this section will show how we can utilize the sparsity structure of the Hessian matrix to induce the sparsity
of the third derivatives (tensor), that is we introduce the concept of induced sparsity. Finally, we will focus
on objective functions where the Hessian matrix has a skyline (or envelope) structure. We use the structure of
partially separable functions to derive the structure of the Hessian matrices and thus the tensor.



5.1 Induced Sparsity
The sparsity of the Hessian matrix is defined to be [10]

%;ij(x):o,vxem 1<ij<n. (27)
Define
92
C; = {j <i|3z € R" so that 92007 f(z) #0} (28)

C; is the nonzero index structure of row i of the Hessian matrix. We assume that the diagonal element is included
in the index structure of the Hessian matrix, i.e. i € C.

Theorem 2. The sparsity structure of the tensor T is determined by the sparsity structure (27) of the Hessian
matriz.

Proof. Assume that j ¢ C;, j < i. It follows that
Tjr =0, 1<k<y
We say that the sparsity structure of the tensor is induced by the sparsity structure of the tensor.
This is further illustrated in the Figures (5), (6), (7) and (8).
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Figure 6: Stored elements of a symmetric tridiagonal
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Figure 7: Stored elements of the tensor induced by Figure 8: Stored elements of the tensor induced by
an arrowhead symmetric matrix where n = 9. an tridiagonal symmetric matrix where n = 9.

5.2 A Skyline Matrix

In a symmetric skyline storage mode, all matrix elements from the first nonzero in each row to the diagonal in
the row are explicitly stored.
We define j3; to be the (lower) bandwidth of row i,

Bi = max{i — j| for nonzero H;j;,j < i}.

Further, define f; to be the start index for row ¢ in the Hessian matrix as

fi=1— 0. (29)
The skyline storage requirement for a symmetric skyline storage (only the lower triangle need to be stored), is

Zi Bi +n.

5.3 Partially Separable functions

A function on the form

f=> ¢

is partially separable where each element function ¢; depends on only a few components of z [10]. It follows
that the gradients V¢; and V2¢; of each element function contains just a few nonzeros.

5.3.1 A Skyline Structure
Theorem 1. If the function f = Zj ¢; is partially separable on the form

m
fl) = Z;%(xj_ﬁ](z)axj_ﬁ](UH, T T )
iz

11



and B; = ﬁ](.l) + ﬁj(-u) >0,7=1,2,...,m. Then the Hessian matriz has a skyline structure, and f; (29) is
monotonically increasing.

Proof. The gradient of f is

of _ m el .
oz, (ZL') - j=1 dx; ¢J (xjfﬁj(.l)’xj—ﬁj(.l)+1’ cee 7xj+ﬁj(~u)7171‘j+ﬁj(-u))
_ el X L
- Zje]i oz, ¢J(Ij_ﬁ§l)’xj_ﬁ§l)+17 . "xj-‘—ﬁ;u)—l’l‘j-&-ﬁ;u))’ 1= 17 27 sy

where J; = {j 1 j— P <i<j+p9}, i=1,2,...,n
J; is the sum of all element functions containing x;.

Then an element 7 in the gradient is dependent of

xkl,mkﬁ_l, oy Ly Ligly e ooy Lhy—1y Lo

where

EENNPRPRNG)
kz—?éljrl}{J B;"}

and

_ : (w)
ko = lj“.fg};f{J +8;"}
We have that f; = k; and further show that f; is monotonically increasing.
Let j' be the element function
J € Jia

and

Fir1 = kl(i+1) =5 - ﬂj(f) > 0.
Suppose that fiy1 < fi we will show that this is not possible. Since f; < i we have

i =B <i

j/
then j' € J;, but
Ny l . l
fo=min{j - g} < j' = B = fip.
This violates the assumption that fi+1 < f; hence fiy1 > fi, thus f; is monotonically increasing.
Since the union of closed intervals with a common element is also a closed interval then the sequence [ki, k.|

is closed interval, Thus we have a skyline matrix where each row of H contains the elements of the union of all
¢; that contains x;. i.e. C; = {fs,..., 1} a

5.3.2 A Banded Matrix

In a band matrix 3 is constant. Which implies that f; is strictly monotonically increasing, that is f; < fit1,
i = (i,...,n— (. The exception is in the first rows when ¢ = 1,2,..., 0, then f; = fit1.

Corollary 1. If the function f = Z]. ¢; is partially separable on the form

n—p )

F@) =D bi(@ 0T g4 Ty 15 Tyy )
j=1+80

where 8= YW + 8 is constant. Then the Hessian is a band matriz with (half) bandwidth 3.

12



Proof. Then

G:i—-p0 <j<i4+p™} ifi=1+48Y,...  ,n-pwW
Ji=3{ {j:1<j<i+p™} ifi=12...,8"
{j:i-8Y <j<n} ifi=nn—1,...,n— "™ +1

such that an element i in the gradient is dependent of

Thyy Thy+1ye s LiyLitlyeeyLhy—1yLThy,
where
b = min{j — g0} =i — g — g
J€J;
and
b = max{j + 8"} =i+ B 4 5.
J€J;
Thus f; = ki and f; < fiy1. Except for i =1,2,...,0; then k; = 1 and f; = fiy1. O

6 Data Structures for Sparse Tensors

In this section we briefly discuss data structures for induced sparse super-symmetric tensors. The sparsity
structure of the tensor is decided by the sparsity structure of the row i and row j of the Hessian matrix, this
from (27). Thus we have the intersection of two index sets. Further we define the tube (3, j) to be

Ejk7 k:1727~"7.j

C; (N Cj is the nonzero index structure of (¢, j) of the tensor, where C; and C; is defined as in (28).
The number of stored nonzero in the tensor is thus

mz(T)=>_ > |Ci[)Cl.

i=1jeC;

6.1 A General Sparse Tensor

Creating a data structure for a general sparse super-symmetric tensor we must compute and store the whole
index structure ¢ priori any computation with the tensor. Then we have at least 2nnz(7) memory requirements.
Since the structure of the tensor is known by the Hessian matrix it should be exploited to save memory. This
can be done by performing the computation C; () C; before each numerical computation with tube (¢, 7). Thus
we only need to store the size of |C; () C;|. This is less memory, but the computational cost will increase. This
is illustrated in Algorithm 5 computing g < g + (p7 )p.

6.1.1 An ANSI C Implementation with A Priori Storage

In this section we present an ANSI C implementation of the operation g < g + (p7)p with ¢ priori storage of
the tensor induced by a general sparse Hessian matrix. Thus the tensor is stored as a general sparse tensor.
Consider the following matrix H (note that the numerical values are randomly generated for both the matrix
H, and its induced tensor and the vector p),

13



3
H= 1 4
2 5
1 1 1 6

Figure 9: Stored elements of a symmetric general matrix.

Then we have the following Symmetric Compressed Row Storage (CRS) in ANSI C of the H matrix:

double valueH[] = {1,1,2,3,1,4,2,5,1,1,1,6};

int indexH[] = {0,0,1,2,1,3,2,4,0,2,4,5};

int pointerH[] = {0,1,3,4,6,8,12};

Then we have the following Super-Symmetric Compressed Tube Storage (CTS) in ANSI C of the induced
tensor of the matrix H:

double valueT[] = {1,2,2,2,3,4,4,4,5,5,5,6,6,6,6,6,6,6,6};

int indexT[] = {0,0,0,1,2,1,1,3,2,2,4,0,2,2,4,0,2,4,5};
int pointerT[] = {0,1,2,4,5,6,8,9,11,12,13,15,19};

14



Finally, we have the implementation of the operation g < g + (p7)p using the above data structures:

int N = 6;
double p[] = {1,1,
double gl[] = {0,0,
int start = 0, sto
int ind = 0, tp = O;
int pi = 0, pj = 0, pk = 0, pipj = 0, kpipj = 0, kpi = 0, kpj = O, pipi = 0, pkTijk=0;
int startTubek=0, stopTubek=0;
double Tijk = 0, Tijj = 0, Tiii = 0, Tiik = 0;
double ga = 0;
for(i = 0;i<N;i++,ind++,tp++){

start = pointerH[il;

stop = pointerH[i+1]-1;

j = indexH[start];

pi = plil;
kpi = 2%pi;
pipi = pi*pi;

for(;j<ij;start++,ind++,tp++){
j = indexH[start];

pj = plil;

pipj = pi*pj;
kpipj = 2*pipj;
kpj = 2%pj;

startTubek = pointerT[tp];
stopTubek = pointerT[tp+1]-1;
for(;startTubek<stopTubek;startTubek++,ind++){
//Handle the case when no indices are equal: i!=j!=k!=i
k = indexT[ind];
Tijk = valueT[ind];
pk = plk];
pkTijk = pk*Tijk;
ga += pkTijk;
glk] += kpipj*Tijk;
}
//Handle the case when two indices are equal: k=j
Tijj = valueT[ind];
glil += (kpj*ga+pj*pj*Tijj);
gljl += (kpi*ga+kpipj*Tijj);
ga = 0.0;
j = indexH[start+1];
}
startTubek = pointerT[tp];
stopTubek = pointerT[tp+1]-1;
for(;startTubek<stopTubek;startTubek++,ind++){
//Handle the case when two indices are equal: j=i
k = indexT[ind];
Tiik = valueT[ind];
pk = plkl;
ga += pkx*Tiik;
glk] += pipi*Tiik;
}
//Handle the case when all three indices are equal
gli]l += (kpi*ga + pipi*valueT[ind]);
ga = 0.0;
}

We have used a linear arrays to store both the Hessian matrix and its induced tensor. If flexibility is an
issue jagged arrays can perform just as well as linear arrays considering efficiency [11, 17]. This would
apply for the languages C, C# and Java [12].

6.2 Banded and Skyline Tensors

It is more straightforward creating data structures for banded or skyline tensors since we only need the
index structure of the Hessian matrix without any loss in performance.
For a skyline we have that
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Ci={fi<j<i}

and

Ci(Cj = {max{fi, f;} <k < j}, j<i.

Then a band tensor has the start index k = f;, ..., j for tube (4, j).

All the elements from the start index k to j are nonzero elements for a banded tensor.

Further a skyline tensor has the start index k = max{f;, f;},...,j for tube (4, 7). All the elements
from the start index k to j are nonzero elements for a skyline tensor. This is illustrated in Algorithm 6
computing H « H + (p7T) for a skyline tensor.

Algorithm 5 Computing g < g + (p7)p.

Let 7 € R™*™*™ be a super-symmetric tensor.
Let p,g € R™.
Let s € R.
C; is the nonzero index pattern of row ¢ of the
matrix H.
C; is the nonzero index structure of row j of the
Hessian matrix.
fori=1ton do

s=0

forjeC; Nj<ido

for ke C;NC; Nk < jdo

s+ = ppTijn
e+ = 2pip; Tiji
end for

gi+ =p;(2s +p;Tij;)
9+ = 2pi(s + p,;Tij;)
end for
s=0
for ke C; Nk <ido
s+ = prTiik
gkt = p?Tiik
end for
gi+ = 2pis + p?Tiii)
end for

Algorithm 6 Computing H «— H + (p7).

Figure 10: Algorithm 5 requires 4nnz(7) +
8nnz(H) — 6n number of arithmetic operations.

Let 7 € R™*™*™ be a super-symmetric tensor.
Let H € R™*™ be a symmetric matrix.
Let p € R™.
fori=1tondo
for j = fitoi—1do
for k = max{f;, f;} toj—1do
Hij+ = prTijk
Hix+ = piTijk
Hj+ = piTijx
end for
Hij+ = p;Tij
Hjj+ = piTij
end for
for k= f,toi—1do
Hii+ = prTix
Hi+ = piTiik
end for
Hii+ = piTis
end for

Figure 11: Algorithm 6 requires 6nnz(7)—4nnz(H)
number of arithmetic operations.



7 The Efficiency Ratio Indicator

A measure of the complexity of working with the third derivative (tensor) compared to the second
derivative (matrix) we will use the ratio of the number of nonzero elements in the tensor and number
of nonzero elements in Hessian matrix.

Cubic and quadratic value term ratio is

flops(p” (pT)p)  2nnz(T) +5nnz(H) —n  nnz(T)

= = 2.
flops(pT Hp) 2nnz(H) + 3n nnz(H) +25+00)
cubic and quadratic gradient term ratio is
flops((pT)p)  4nnz(T)+8nnz(H)—6n  nnz(T) 1
= = +2+0(-)
flops(Hp) dnnz(H) —n nnz(H) n
where
lim O( ) — 0.

The nonzero elements that we store of the banded Hessian matrix is

’ g
nnz(H) = Z(n —i)=@+1)(n—- 5)

i=0
The number of nonzero elements in a tensor is further derived from the uniform banded Hessian
matrix with band width 8 and where n is the dimension of the Hessian matrix.

B

nnz(T) = (D> (B—i+1))x

i=0 i=0

1

S+ 1)i= (84 03+~ 20)

Mm
[\D
N)I»—A

For a uniform band matrix we have the ratio of number of nonzero elements of the tensor and the
Hessian matrix is

g, 1 2 B. _ B+2
5)25(54'2)(”_55)/(”_5)ST

(1) frnz(H) = 5(8+ 1)(8 + 2)(n — 26)/(5 + 1) -

Then the ratio of number of nonzero elements of the tensor and the band Hessian matrix is

p+2
2

where # and the number of nonzero elements of the tensor is of the same order as for the band Hessian
matrix. Taking into account symmetry this ratio is "T” for a dense matrix and tensor.

7.1 The Cost of the Halley Class versus the Newton Cost

For each iteration of Newton’s method and one iteration of the Halley class there is a difference in cost.
We will for each of these methods outline a computational cost and compare them to each other. The
computational cost is for a banded Hessian matrix, thus the bandwidth 3 is fixed.
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Since for a small 3 the square root is a significant amount of the computation, we use an LDLT
factorization. Further we solve the system LDLTz = b with Ly = b, Dz =y, and LTz = 2 [9].

The computational effort of one step of Newtons method is
1. evaluation of f(xy), Vf(zk), V2f(xk)
2. factorization LDLT = V2 f(x},) requires n/3? + 4n3 flops
3. solution of LDLTS](;) = —V f(x) requires 4n3 + n flops
4. updating the solution zyy1 = = + s,(:) requires n flops
The total computational effort for one Newton step without the cost of function, gradient and Hes-
sian evaluations is n(3% + 83 + 2) flops.

The computational effort of one step of Chebyshev’s method is

evaluation of f(xy), Vf(zr), V2f(x1), and V3 f(xy)

factorization LDLT = V2 f(x}) requires n3? 4 4nf3 flops

solution of LDLTSS) = —V f(zr) requires 4n5 + n flops

evaluation of (p7)p requires 2(3 + 1)(8+2)(n — 23) + 8(8+1)(n — %) — 6n flops
solution of LDLTSECQ) = —%(pT)p requires 4n8 + n flops

. updating the solution =1 = = + S](Cl) + 81(62) requires 2n flops

S

The total computational effort for one Chebyshev step without the cost of function, gradient, Hessian
and tensor evaluations is 3ng3? — %53 +26n3 — 832 — %ﬁ + 10n flops.

The computational effort of one step of Halley’s method is
1. evaluation of f(xy), Vf(zk), V2f(zk), and V3 f(z)
2. factorization LDLT = V2 f(x},) requires n3? + 4n3 flops
3. solution of LDLTS](;) = —V f(x) requires 4n3 + n flops
4. evaluation of (pT) requires 3(8+ 1)(8+2)(n — 23) —4(8+ 1)(n — g) flops
5. evaluation of (p7)p (matrix-vector product) requires 4n3 + 2n flops
6. evaluation of V2 f(xy) + %(pT) requires 2nf3 + 2n flops
7. factorization LDLT = V2 f () + %(p’]’) requires n3% + 4n3 flops
8. solution of LDLTs,(f) = —(pT)p requires 4n3 + n flops
9. updating the solution zyy; = =, + S](:) + S,(f) requires 2n flops

The total computational effort for one Halley step without the cost of function, gradient, Hessian
and tensor evaluations is 5n3? — 2% + 27n3 — 4/3% — 23 + 10n flops.

The computational effort of one step of Super Halley’s method is

1. evaluation of f(xy), Vf(xy), V2f(zk), and V3 f(z)
2. factorization LDLT = V2 f(x}) requires n/3? + 4n3 flops

18



solution of LDLTSS) = —V f(xr) requires 4nS + n flops

evaluation of (p7) requires 3(8+ 1)(8+2)(n — 28) —4(8+ 1)(n — g) flops
evaluation of (p7 )p (matrix-vector product) requires 4n3 + 2n flops
evaluation of V2f () + (pT) requires ng + n flops

factorization LDLT = V2 f(zx) + (p7) nB3? + 4n3 flops

solution of LDLTs,(f) = —(pT)p requires 4n3 + n flops

© 0 N W

updating the solution zx11 = xf + S](:) + S,(f) requires 2n flops

The total computational effort for one Super Halley step without the cost of function, gradient, Hes-
sian and tensor evaluations is 5n82% — 263 + 26n3 — 452 — 25 + 9n flops.

It is important to notice that we have not taken into account the evaluation of the test function i.e
function value, gradient, Hessian and/or tensor since they are problem dependent. This unknown factor
might have a crucial impact on the total running time of the methods.

7.1.1 The Efficiency Ratio Indicator for the Halley Class

The ratio indicators below shows how much more the cost of using third order method’s compared to a
Newton’s method for one iteration.
The Chebyshev to Newton cost is

flops(Chebyshev) 3nB? — %63 +26n8 — 832 — %ﬂ +10n 362 4268 + 10
flops(Newton) n(B% + 85+ 2) T 324+83+2 n

the Halley to Newton cost is

flops(Halley) 5n3? — 233 4+ 2TnB — 4% — 23+ 10n B 58% + 278+ 10
flops(Newton) n(B? + 80+ 2) - p248B+2 n

the Super Halley to Newton cost is

flops(SuperHalley) — 5nf? —203% +26n8 — 48> —268+9n  56° + 260+ 9 O(é)
flops(Newton) n(B2 + 83+ 2) B2 48G+2 n’’
where
lim O(g) — 0.
n— o0 n

7.2 Numerical Results

In this section we present numerical results where the theoretical flops count for the operations is

compared to the ratio Zzgg, and we have the measured CPU times for the operations compared to
. nnz(T)
the ratio oz ()

Comparing the ratio Z"Z(T)

(D) for all of the test cases shows that the ratio indicator has a linear
behaviour for increasing n thus it indicates the cost from going from a quadratic to a cubic operation.
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Dense Hessian Matrices Cubic term
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Figure 12: Dense matrices: The ratio
nnz(T)/nnz(H) to the flops ratio.
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Figure 14: Dense matrices: The ratio

nnz(7T)/nnz(H) to the flops ratio.
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Dense Hessian Matrices Gradient term

® n=10 [ ]
® n=30

n=50

n=80
© n=100

o
[
5 10 15 20 25 a0 3 a0 45
nnz(T)/nnz(H)

15: Dense matrices: The

ratio

ratio



Banded Hessian Matrices Cubic term
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Figure 16: Banded matrices: The ratio
nnz(T)/nnz(H) to the flops ratio.
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Figure 18: Banded matrices: The ratio

nnz(7T)/nnz(H) to the flops ratio.
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Sparse Hessian Matrices Cubic term Sparse Hessian Matrices Cubic term
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Figure 20: Sparse matrices: The ratio Figure 21: Sparse matrices: The ratio
nnz(T)/nnz(H) to the flops ratio. nnz(7T)/nnz(H) to the CPU ratio.
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Figure 22: Sparse matrices: The ratio Figure 23: Sparse matrices: The ratio
nnz(7T)/nnz(H) to the flops ratio. nnz(T)/nnz(H) to the CPU ratio.

Conclusions and Future Work

In this paper we have seen examples of third order local methods that are competitive with second order
methods (Newton). Thus the use of exact third order derivatives is practical from a computational view.

The trust-region algorithm with a cubic model has fewer iterations then when implemented with a
quadratic model, for our test cases. Thus indicating that exact third derivatives is also useful for global
methods, which is promising for further work in this area.

The concept of induced sparsity makes it possible to create data structure and algorithms for tensor
operations in a straightforward manner. For banded and skyline type Hessian matrices we need not
to store the index structure of the tensor, just its values. For general sparse Hessian matrices we have
presented some examples of data structures for the tensor none which we considered to be satisfactorily
when it comes to efficiency and memory requirements.
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We have also seen that partially separable functions can reveal the structure of the Hessian matrix
thus since the tensor (third derivatives) is induced by the Hessian matrix, it also reveals its structure.

Numerical results shows that the ratio Zzgg is an indicator for all types of Hessian structure. The
growth of the ratio % for dense Hessian structure is large for increasing n. The ratio % for

sparse Matrix Market matrices is usually small. The Efficiency Ratio Indicator for the Halley Class for
banded Hessian matrices is independent of n.

A Computing the Cubic Model

The Cubic gradient term: (p7)p

Algorithm 7 Computing g(V).

Let 7 € R"*™*™ be super-symmetric.
Let ¢V € R™ be a vector.
Let p € R™ be a vector.
for i =1ton do
for j =1toido
for k=1to j do
9+ = pipTisn
end for
end for
end for

Figure 24: An implementation of (15).

Algorithm 8 Computing g(?.

Let 7 € R"*™*™ be super-symmetric.
Let ¢(® € R" be a vector.
Let p € R™ be a vector.
fori=1ton do
for j =1toido
for k=j+1to:do
9+ = pip T,
end for
end for
end for

Figure 25: An implementation of (16) for Zi;.

Algorithm 9 Computing ¢(?.

Let 7 € R"*™*™ he super-symmetric.
Let ¢(® € R" be a vector.
Let p € R™ be a vector.
for i =1 ton do
for j =1toi¢do
for k=1toj—1do
92+ = pipTijn
end for
end for
end for

Figure 26: An 1 < k < j <1 < n approach of (16)
for Z]k
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Algorithm 10 Computing ¢g(®.

Let 7 € R"*™*™ be super-symmetric.
Let ¢(3 € R" be a vector.
Let p € R™ be a vector.
fori=1ton do
for j =1toido
for k=i¢+1tondo
g§3)—|— = Dk ki
end for
end for
end for

Figure 27: An implementation of (17) for Z;;.

Algorithm 12 Computing ¢(*).

Let 7 € R"*™*™ be super-symmetric.
Let ¢ € R" be a vector.
Let p € R™ be a vector.
for i =1ton do
for j=i+1tondo
for k=1 to i do
9+ = pipe T
end for
end for
end for

Figure 29: An implementation of (18) for 7j;.
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Algorithm 11 Computing ¢®®.

Let 7 € R™*™*™ be super-symimetric.
Let g3 € R" be a vector.
Let p € R™ be a vector.
for i =1tondo
for j=1toi—1do
for k=1to j do
93(-3)+ = pipkTijk
end for
end for
end for

Figure 28: An 1 < k < j < i < n approach of (17)
for Z]k

Algorithm 13 Computing g(¥.

Let 7 € R™*"™*™ be super-symmetric.
Let ¢ € R" be a vector.
Let p € R™ be a vector.
for i =1 ton do

for j=1toi—1do

for k=1to j do

g\t = PPk Tiji

end for
end for

end for

Figure 30: An 1 < k < j <1 < n approach of (18)
for Tyj.



Algorithm 14 Computing ¢(®.

Let 7 € R®*™*™ be super-symmetric.
Let ¢©® € R” be a vector.
Let p € R™ be a vector.
fori=1ton do
for j =i+ 1tondo
for k=i+1to j do
97+ = pipn Tk
end for
end for
end for

Figure 31: An implementation of (19) for 7jg;.

Algorithm 16 Computing ¢(%).

Let 7 € R"*™*™ be super-symmetric.
Let ¢(%) € R™ be a vector.
Let p € R™ be a vector.
for i =1ton do
for j =i+ 1tondo
for k=j+1tondo
9§6)+ = pipkTkji
end for
end for
end for

Figure 33: An implementation of (20) for 7;;.

Algorithm 15 Computing ¢(®.

Let 7 € R™*™*™ be super-symimetric.
Let ¢®®) € R" be a vector.
Let p € R™ be a vector.
for i =1tondo
for j =1toi¢do
for k=1toj—1do
QI(QS)-F = pip; Tijk
end for
end for

end for

Figure 32: An 1 < k < j < i <n approach (19) for
Tijk-

Algorithm 17 Computing ¢(®.

Let 7 € R™*"™*™ be super-symmetric.
Let ¢(%) € R" be a vector.
Let p € R™ be a vector.
for i =1 ton do
for j=1toi—1do
for k=1toj—1do
91(66)4' = pip; Tijk
end for
end for
end for

Figure 34: An 1 < k < j < i < n approach of (20)
for Tyj.

Note that Algorithm 8 and 9 are equivalent, Algorithm 10 and 11 equivalent, Algorithm 12 and 13
equivalent, Algorithm 14 and 15 equivalent, and Algorithm 16 and 17 equivalent in the respect that
they produce the same final gradient, but the intermediate entries in the gradient are not the same.
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The Cubic Hessian term: (p7)

Algorithm 18 Computing H).

Let 7 € R"*™*"™ he super-symmetric.
Let H®) € R"*" be symmetric.
Let p € R™ be a vector.
for i=1ton do
for j =1toido
for k=1 to j do
Hi(j:-[)+ = peTiji
end for
end for
end for

Figure 35: An implementation of (24).

Algorithm 20 Computing H 2.

Let 7 € R®"*™*™ be super-symmetric.
Let H®?) € R™*" be a symmetric.
Let p € R™ be a vector.
fori=1ton do
for j =1toido
fork=j+1toido
Hl-(f)—i— = pr7Tik;
end for
end for
end for

Figure 37: An implementation of (25).
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Algorithm 19 Computing H™).

Let 7 € R"*"™*™ be super-symmetric.
Let H® € R™" be a symmetric.
Let p € R™ be a vector.
for i =1 ton do
for j =1toido
for k=1to j do
Hi(jl)+ = piTij
end for
end for
end for

Figure 36: An 1 < k < j <i < n approach of (24).

Algorithm 21 Computing H(?).

Let 7 € R™*™*™ be super-symimetric.
Let H®?) € R™" be a symmetric.
Let p € R™ be a vector.
fori=1tondo
for j =1toi¢do
for k=1toj—1do
H + = pi T
end for
end for
end for

Figure 38: An 1 < k < j <i < n approach of (25).



Algorithm 22 Computing H®.

Let 7 € R®"*™*™ be super-symmetric.

Let H®) € R"*" be a symmetric.
Let p € R™ be a vector.
for i =1ton do
for j=1toido
for k=i+1 ton do
Hf?—i— = prTij

Algorithm 23 Computing H®).

Let 7 € R™*™*™ be super-symimetric.
Let H®) € R™*" be a symmetric.
Let p € R™ be a vector.
fori=1tondo
for j=1toi—1do
for k=1to j do
H;Z)‘f' = piTijk

end for end for
end for end for
end for end for

Figure 39: An implementation of (26). Figure 40: An 1 < k < j < i < n approach of (26).
Note that Algorithm 18 and 19 are equivalent, Algorithm 20 and 21 are equivalent, and Algorithm 22

and 23 equivalent in the respect that they produce the same final matrix, but the intermediate entries

in the matrices are not the same.
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