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Finding the Longest Isometric Cycle in a Graph

Daniel Lokshtanov *

Abstract

When searching for the longest cycle in a graph, we sometimes want to
restrict our search space to the cycles that do not have crossing edges - induced
cycles. If we think of the crossing edges as shortcuts, looking for induced cycles
is then looking for shortcut-free cycles. However, an induced cycle may have
a shortcut in the following sense: For two vertices on the cycle, the distance
between them in the graph is strictly less than the distance between them in
the cycle. As an example, consider the wheel graph on 7 or more vertices.
The circumference of the wheel induces a cycle. In this cycle, the distance
between diametrically opposite vertices is at least 3. At the same time one
can get between any two vertices on this cycle in two steps via the central
node. Thus this cycle is induced, but clearly not shortcut-free. We will say
that a cycle that has no shortcuts in the above sense is an isometric cycle of
G. Finding the longest isometric cycle of a graph is then a natural variant of
the problem of finding a longest cycle. In this paper we present a polynomial
time algorithm for finding the longest isometric cycle in a graph.

1 Definitions and terminology

All input graphs are simple, connected, unweighted and undirected. A walk W is
a sequence of vertices where each consecutive pair of vertices is connected by an
edge. If the first and last vertex of W are the same we say that W is cyclic. If all
vertices in W are unique we say that the walk is a path. If W has at least 3 vertices
and all vertices of W are unique, but the first and last vertex are the same, W is a
cycle. The length of a walk is the number of edges in it. The number of edges in the
shortest path between two vertices v and v in a graph G is denoted dg(u,v) and is
called the distance between u and v. When the graph is not specified we implicitly
mean distance in G' and will write d(u, v) for short. If v and v actually are the same
vertex, we say that dg(u,v) = 0. If u and v lie in different components of G, the
distance between them is infinite. For a natural number p, G to the power of p is
the graph G? = (V(G), {(u,v) : dg(u,v) < p}). A subgraph H of a graph G is an
isometric subgraph, if for every u and v in V(H), dg(u,v) = dg(u,v). Notice that
an isometric subgraph is an induced subgraph.

2 A useful auxiliary graph

In this section we are going to concentrate upon an auxiliary graph that we can use
to test whether a given graph G has an isometric cycle of length exactly k. We will
assume that k > 3. Using G we build an new graph Gj. The set of vertices of Gy, is
the set of ordered pairs {(u,v) € V : d(u,v) = |k/2]} and there is an edge between
(u,v) and (w, z) in Gy if (u,w) € E(G) and (v,x) € E(G). In order to use Gy we
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must say something about the relationship between distances in G and distances in

Gp.
Lemma 2.1 dg, ((u,v), (¢, w)) > Max{d(u,q),d(v,w)}.

Proof. Let P = {(u,v), (a1,b1), (a2,b2)...(qg, w)} be a shortest path from (u,v) to
(¢,w) in Gg. Then both P; = u, a1, as...q and Py = v,by,bs...w are paths in G. P,
P, and P, all have the same length, completing the proof. =

Now, let (u,v) be a vertex in G}. Notice that such a vertex must exist if there
is an isometric cycle of length k in G. The following results will allow us to use Gy,
as a tool for finding isometric cycles of length k in G.

Lemma 2.2 If k is even and there is an isometric cycle of length k in G going
through u and v then the distance between (u,v) and (v,u) is k/2 in Gy.

Proof. Assume G has an isometric cycle of length k, C' = {c1, 2, ...Ck /2, Ci 2415 ---Ci }
with ¢; = u and ¢ /241 = v. Note that if C' contains u and v, but ¢; # u we can
relabel the vertices of C' so that ¢; becomes u. As dg(u,v) = k/2 and C is isometric
we know that cj /241 then must be v. We now know that (c1, cx/241), (C2, Crja42)s -
; (cry2,cr) and (cg/241,c1) are vertices in G, and there clearly is an edge between
each consecutive pair of these vertices. Thus dg, [(u,v), (v,u))] < k/2. By Lemma
2.1 we have that dg, [(u,v), (v,u)] > k/2 which insures equality and completes the
proof. =

Lemma 2.3 If k is even and the distance between (u,v) and (v,u) is k/2 in Gy,
then there is an isometric cycle of length k in G going through u and v.

Proof. Let dg, [(u,v), (v,u)] = k/2 and let P = {(u,v),(az,b2), (a3,b3) ... (ar/2-1,
bi/2—1), (v,u)} be a shortest path between (u,v) and (v,u). Now, obviously W =
{u, as, ag ... v, ba, bz ..., u} is a cyclic walk of length k. By definition of a walk,
W is also a subgraph in G. In order to obtain a contradiction let us assume that
there is a pair of vertices a and b in W with dg(a,b) < dw(a,b). Now, let x be
a vertex in W so that either (a,x) or (z,a) is in P. As a and z are on opposite
sides of the cyclic walk W, there is a walk of length k/2 from a to x going through
b. This means that dw (a,b) + dw (b, z) < k/2. But dg(a,b) < dw(a,b) implying
da(a,z) < dg(a,b) + da(b,x) < dw(a,b) + dw(b,z) < k/2 and contradicting that
dg(a,x) = k/2. We can now conclude that dg(a,b) = dw (a,b) for every a and b in
V(W), meaning that W is an isometric cycle of length k. =

Together the lemmas above yield an equivalence.

Corollary 2.4 If k is even, there is an isometric cycle of length k in G going
through w and v if and only if the distance between (u,v) and (v,u) is k/2 in Gy.

Corollary 2.5 Ifk is even, there is an isometric cycle of length k in G if and only
if there is a pair of vertices, u and v, with dg, [(u,v), (v,u)] = k/2.

Now we have an analogous result for odd k’s. For a vertex (u,v) in Gy, we define
the set M (u,v) to be the set {(u,z) : (u,z) € V(Gg) A (v,z) € E(G)}. Using this
set, we can show the following.

Lemma 2.6 If k is odd and there is an isometric cycle of length k in G, going
through v and v, the distance between (u,v) and a vertex (v, z) in Mj (v,u) is |k/2]



Proof. Assume G has an isometric cycle of length k, C' = {c1, c2, ...c|k/2], Clk/2)+1, --Ck }
with ¢; = u, ¢|x/2)41 = v and ¢, = z. As in the proof of Lemma 2.4, (c1,¢|1/2]+1),
(c2,¢lk/2)42), -+ » (Clky2)sch—1) and (c|k/2)4+1,ck) are vertices in Gy. Again we
can see that there is an edge between each consecutive pair of vertices, and that
(€|k/2)+1,cx) must be in Mj (v, u), because c|j/2)+1 actually is v and there is an edge
between ¢ and ¢; in G. The given path assures us that dg, [(u,v), (v, )] < |k/2]
while Lemma 2.1 gives dg, [(u,v), (v,2)] > |k/2] and ensures equality. =

Lemma 2.7 Ifk is odd and the distance in Gy, between (u,v) and a vertex (v,z) in
Mj.(v,u) is |k/2], then there is an isometric cycle of length k in G, going through
u and v.

Proof. Let dg,[(u,v),(v,2z)] = |k/2] and let P = {(u,v),(az,b2), (as,b3) ...
(a|k/2):blxs2)), (v,2)} be a shortest path between (u,v) and (v,z). We observe
that W = {u, as, a3 ... v, by, by ..., z, u} must be a cyclic walk of length k
and a subgraph in G. Assume for a contradiction that there is a pair of ver-
tices @ and b in W with dg(a,b) < dw(a,b). Let z be a vertex in W so that
either (a,z) or (z,a) is in P and dw(a,b) + dw(b,z) < |k/2]. We can always
find such a vertex by starting at a and walking |k/2] steps along W either clock-
wise or counterclockwise. The direction to walk in is the one that makes us visit
b on the way to z. But we assumed that dg(a,b) < dw(a,b). This means that
da(a,z) < dg(a,b) + dg(b, z) < dw(a,b) + dw (b, z) < |k/2] which obviously con-
tradicts to dg(a,z) = |k/2]. This can only mean that W is an isometric cycle.
|}

Corollary 2.8 Ifk is odd, there is an isometric cycle of length k in G going through
u and v if and only if the distance in Gy, between (u, v) and a vertex (v, x) in M (v, u)

is |k/2].

Corollary 2.9 If k is odd, there is an isometric cycle of length k in G if and only
if there are vertices u, v and x so that x € Mj,(v,u) and dg, [(u,v), (v,z)] = [k/2].

In order to simplify notation, and to be able to treat k£ odd and k even as one
case, for a (u,v) € V(Gy) we define the set My (u,v) to be (u,v) if k is even and
M (u,v) if k is odd. Now we are able to summarize the above section in one result.

Lemma 2.10 G has an isometric cycle of length k if and only if there are vertices
u and v and x € V(G) so that (v,z) € My(v,u) and dg,[(u,v), (v,z)] = | k/2].

Proof. If k is even the result is equivalent to Corollary 2.5, in the odd case it is
the same as Corollary 2.9. =

3 Algorithm and complexity analysis

It should be clear how one can use Gy, to check whether G has an isometric cycle
of length k. We use a straightforward approach - For a given k, compute Gy,
and find out whether there is a pair of vertices (u,v) and (v,z) in V(G}) so that
(v,2) € Mi(v,u) and dg, [(u,v), (v,2)] = |k/2]. If such a pair exists we have a
cycle of length k, if not - we don’t. Now we do this for every k between 3 and
n, and this way we find the longest isometric cycle. We observe that Lemma 2.1
guarantees that dg, [(u,v), (v,2)] > [k/2], so we can search for vertices satisfying
the inequality dg, [(u,v), (v, z)] < |k/2] instead of the equation above.



Algorithm 3.1
Input: A graph G = (V, E).
Output: The length of the longest isometric cycle in G - ans
begin

ans =0

Compute the distance matrix of G.

if G is a tree then

return ans

end-if
for every k from 3 to n do
Vi =10

for every u and v in V do
if d(u,v) = |k/2] then
Vie := Vi U{(u,v)}
end-if
E,:=0
for every (u,v) and (w,z) in V4 do
if (u,w) € EA (v,z) € E then
Ey = Ep U {[(U7U)7 (w7 JJ)]}
end-if
Gk = (Vk7 Ek)
Compute Gik/% = (Vk, E,&k/%)
for every triple of vertices (u,v,z) in V do
if (u,v) € V(Gr) A (v,2) € My(v,u) A[(u,v), (v,2)] € EL? then
ans :=k;
end-if
return ans

end
Figure 1: The algorithm for computing the longest isometric cycle.

Theorem 3.2 Given a graph G, Algorithm 3.1 computes the length of the longest
isometric cycle of G

Proof. If G is a tree it has no cycles the algorithm correctly returns 0. If it
has a cycle, it must have an isometric cycle of length at least 3 and at most n.
Assume the longest isometric cycle of G has length k’. Then Theorem 2.10 states
that G must have a pair of vertices (u,v) and (v,x) so that (v,2) € M(v,u) and
de, [(u,v), (v,2)] = |k/2]. This means that [(u,v), (v, )] must be in E*? so the
variable ans will be set to k' in the iteration of the outer loop that has k£ = k’. For
all iterations after this, e.g. with k > k’, the same theorem states that there cannot
be any vertices (u,v) and (v, x) that satisfy the above conditions. This ensures that
the command ans := k will not be executed. Thus the algorithm terminates with
the value of ans equal to k' - the length of Gs longest isometric cycle. =

Now that we have proven the correctness of Algorithm 3.1 we can move on to
analyzing its time complexity and discussing some of the implementation details. As
the algorithm is fairly straightforward, the complexity analysis also is quite simple.
We can compute the distance matrix and find out whether G is acyclic using naive
algorithms in O(n?) time. Having pre-computed the distance matrix of G, we now
can make queries about the distance between two vertices in G in constant time.
Using this we see that V} is computed in O(n?) time for a given k.

Now we observe that Ej, is computed in |Vi|? time. At this point, we arrive at
the spot where we have to compute G,Lck/ 2] The fastest known way to do that is
to use the folklore algorithm for computing graph powers; To compute G* we write
x in base 2 and let d; 1 be the i’th digit in this string counting from right to left.
Now we find G2* for 2F < z and compute the matrix product H}fg(x” A; where



A; is defined to be G?' if d; = 1 and the identity matrix otherwise. It is easy to
show that the time complexity of this approach is |V (G)|%log(x) when n® is the
time needed to multiply two n by n binary matrices. This means that computing
GY/2 from Gy, in this manner takes O(|Vi|*log(|k/2])) time.

Gl

Having computed , we only have the last loop left. The loop iterates

over all triples (u,v,x) of vertices in V. Having pre-computed Gy, G,Ek/ 2] and the
distance matrix of G, we can perform all the tests in the following if-sentence in
O(1) time. Note that we do not actually compute the set My (v,u), we only test
whether (v, z) satisfies the conditions to be in the set. To conclude the analysis we
just need to summarize the discussion above and make a couple observations.

Observation 3.3 >, _, |Vi| < 2n?

Proof. For given ki and ko with |k1/2| # |ko/2| we see that Vi, and Vj, are
pairwise disjoint subsets of V2. If |k1/2] = |k2/2] then Vi, = Vi, by the defi-
nition of G%. By summing over all even and all odd k’s we obtain Y ;_, |Vi| =

SRV Vo |+ TG [Vak] < V2] + V2] = 202, »

Theorem 3.4 If n® is the time needed to multiply two n by n binary matrices and
a > 2, Algorithm 3.1 terminates in O(n**log(n)) steps.

Proof. Let T be the total number of steps performed by the algorithm. By the dis-

cussion above, we see that T = O(n®)+>_,_,[0(n?)+O(|Vi|?)+O(|Vi|*log (| k/2]))+
O(n?)] By rearranging our terms and summing the terms not dependant on k

we obtain T = O(n*) + >} _; O(|Vi|*log(|k/2])). Now log(|k/2]) = O(log(n))

so we end up with 7 = O(n*) + O(log(n)) Y r_s O(|Vk|¥). As a > 2, n® is a

convex function and we can put the summation inside the O. This yields T" =

O(n*) + O(log(n))O([X_j—s |Vi|]*) while Observation 3.3 allows us to simplify the

expression to T = O(n*) + O(log(n)(2n?)®). As 2a > 4 we may simplify even

further, to T' = O(n**log(n)). =

Finally, we recall the fastest known algorithm for matrix multiplication.

Theorem 3.5 [1] Two n by n matrices can be multiplied in O(n?37°)

Corollary 3.6 Algorithm 3.1 runs in O(n*"2log(n)) = O(n*73) time.

4 Conclusion

A way to view isometric subgraphs is as a generalization of induced subgraphs.
While finding the longest induced cycle in a graph is hard [2], we have seen that
finding the longest isometric cycle is easy. Finding the longest isometric path is
trivial, as any isometric path must be a shortest path and vice versa. This might
lead us to believe that finding out whether a graph G contains a given graph H as
an isometric subgraph also might be solvable in polynomial time. However, letting
H be the complete graph on k vertices for a given k yields a direct reduction from
Clique and proves the problem NP-hard. Actually the problem is NP-complete
even if we demand that H is a star. To see this, consider the following reduction
from Independent Set. For a given graph G construct G’ by adding a universal
vertex u and connecting u to all vertices of G. It is now easy to see that G’ has an
isometric star on k edges if and only if G has an independent set of size k.
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