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Minimal comparability completions*

Pinar Heggernes' Federico Mancinif Charis Papadopoulos'

Abstract

We study the problem of adding edges to a given arbitrary graph so that
the resulting graph is a comparability graph, called a comparability comple-
tion of the input graph. Computing a comparability completion with the
minimum possible number of added edges is an NP-hard problem. Our pur-
pose here is to add an inclusion minimal set of edges to obtain a minimal
comparability completion, which means that no proper subset of the added
edges is sufficient to create a comparability completion. We show that this
problem is solvable in polynomial time. Minimal completions of arbitrary
graphs into chordal graphs have been studied extensively, and new results
have been added continuously. There has been an increasing interest in min-
imal completion problems, and minimal completions of arbitrary graphs into
interval graphs and into split graphs have been studied recently. We extend
these previous results to comparability graphs, and we give a polynomial time
algorithm for computing a minimal comparability completion of an arbitrary
input graph. We use a vertex incremental approach in this algorithm, and we
also give a more general result that describes graph classes II for which IT com-
pletion of arbitrary graphs can be achieved through such a vertex incremental
approach.

1 Introduction

A graph is a comparability graph if there is a transitive orientation of its edges.
The class of comparability graphs is a wide graph class with applications, and
many authors have studied it in the past [4]. Any graph can be embedded into
a comparability graph by adding edges, and the resulting comparability graph is
called a comparability completion of the input graph. A minimum comparability
completion is a comparability completion with the minimum number of edges, and
computing such comparability completions is an NP-hard problem [5]. A compara-
bility completion H of a given graph G is minimal if no proper subgraph of H is a
comparability completion of G. In this paper we show that a minimal comparability
completion of a given graph can be computed in polynomial time.

Minimum and minimal completions into chordal, interval, and split graphs are
defined analogously. The motivations for such completion problems come from
several different fields, and they are summarized in [12]. Computing a minimum
completion of an arbitrary graph into a specific graph class is an NP-hard problem
for each of the classes of chordal [16], interval [3], split [12], and comparability [5]
graphs. For all these problems, the minimum can be found among the minimal so-
lutions. It was shown already in 1976 that minimal chordal completions (also called
triangulations) can be computed in polynomial time [14]. Recently, several new re-
sults have been published on completion problems, leading to faster algorithms for
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minimal triangulations [8, 10, 11], a polynomial time algorithm for minimal interval
completions [7], and a linear time algorithm for minimal split completions [6], some
of which have been presented at recent years’ SODA and ESA conferences. Minimal
comparability completions have not been studied earlier, and with this paper we
expand the knowledge about classes of graphs into which minimal completions of
arbitrary graphs can be computed in polynomial time.

Several characterizations of minimal triangulations exist [2, 13, 14]. An algo-
rithmically useful characterization is that a triangulation is minimal if and only if
no single fill edge can be removed without destroying chordality [14] (fill edges are
the edges added to the original graph to obtain a completion). This nice property
holds also for minimal split completions [6], but it does not hold for minimal interval
completions, and simple examples exist to show that it does not hold for minimal
comparability completions, either. Thus, to obtain a minimal comparability com-
pletion, one cannot simply start from an arbitrary comparability completion, and
remove single fill edges until no further removal is possible. To overcome this dif-
ficulty, we use the following vertex incremental approach: Given an input graph
G = (V, E), at each main step, we compute a minimal comparability completion of
an induced subgraph G[U] with U C V, and U grows with one single vertex at each
step. Furthermore, the minimal comparability completion of a step is computed
by adding the new vertex and necessary fill edges to the minimal comparability
completion of the previous step. Such an approach has been previously used for
minimal triangulations [1] and minimal interval completions [7]. Therefore, we give
here sufficient conditions for classes of graphs into which minimal completions of
arbitrary graphs can be computed with this vertex incremental approach. Notice,
however, that the algorithm for each step is completely different for, and dependent
on, each graph class, and polynomial time computability is not guaranteed by the
vertex incremental approach. In this paper, we are able to compute minimal com-
parability completions in polynomial time. Our results rely on a structure called
the incompatibility graph of a given graph, and the characterization that a graph is
comparability if and only if its incompatibility graph is bipartite [9].

This paper is organized as follows. In the next section we give some notation
and background on comparability graphs and a new result on vertex incremental
minimal completions. In Section 3 we present an algorithm for the vertex incre-
mental step: Given a comparability graph G (which is the minimal comparability
completion of the previous incremental step) and a new vertex z which is added to
G along with a given set of edges between z and G, compute a minimal compara-
bility completion of this augmented graph. We prove the correctness of the given
algorithm in Section 4, and discuss the time complexity issues in Section 5. We
conclude in Section 6.

2 Notation and background

We consider undirected finite graphs with no loops or multiple edges. For a graph G,
we denote its vertex and edge set by V(G) and E(G), respectively, with n = |V (G)|
and m = |E(G)|. For a vertex subset S C E(G), the subgraph of G induced by S
is denoted by G[S]. Moreover, we denote by G — S the graph G[V(G) — S] and by
G — v the graph G[V(G) — {v}].

The neighborhood Ng(x) of a vertex z of the graph G is the set of all the
vertices of G which are adjacent to x. The closed neighborhood of x is defined as
Nglz] = Ng(z) U {z}. If S C V(G), then the neighbors of S, denoted by Ng(S),
are given by |J,.g Na(z) — S. For a vertex z of G, the set Ng(Ng(x)) — {z} is
denoted by NZ(x). For a pair of vertices z,y of a graph G we call xy a non-edge of
G if zy ¢ E(G). A vertex = of G is universal if Nglz] = V(G).



Given a new vertex z ¢ V(G) and a set of vertices N, of G, we denote by G,
the graph obtained by adding = to G and making = adjacent to each vertex in N,
ie, V(Gy) =V(G)U{z} and E(G;) = E(G)U{zv | v € N, }; thus Ng,(x) = N,.
For a vertex x ¢ V(G), we denote by G + = the graph obtained by adding an edge
between = and every vertex of V(G), thus x is universal in G + x.

2.1 Comparability graphs

A digraph is a directed graph, and an arc is a directed edge. We denote an arc
by (a,b) and its transpose by (b,a). A directed acyclic graph (dag) is transitive if,
whenever (a,b) and (b,¢) are arcs of the dag (a,c) is also an arc. If (a,c) is not
an arc, then arcs (a,b) and (b, ¢) are said to be incompatible with each other. An
undirected graph is a comparability graph if orientations can be assigned to its edges
so that the resulting digraph is a transitive dag.

We consider an undirected graph G to be a symmetric digraph, that is, if zy €
E(G) then (x,y) and (y, z) are arcs of G. Two arcs (a,b) and (b, ¢) of an undirected
graph G are called incompatible if ac is not an edge of G. We say that (a,b) is
incompatible with (b,¢) and vice versa, or that ((a,b),(b,¢)) is an incompatible
pair. The incompatibility graph Bg of an undirected graph G is defined as follows:
In B¢ there is one vertex for each arc of G, and vertices (a,b) and (b, a) of B¢ are
adjacent, for each edge ab of G. In addition, there is an edge between two vertices
(a,b) and (b,c¢) of Bg if and only if arcs (a,b) and (b,¢) are incompatible in G.
We will refer to the edges of Bg of this latter type as incompatibilities. Since we
consider an undirected graph to be a symmetric digraph, if (a,b)(b,c) is an edge
(incompatibility) of Bg then (c,b)(b, a) is also an edge (incompatibility) of Bg. An
example of a graph G and its incompatibility graph B¢ is given in Figure 1.

a b (a,b) (¢, b) (¢,d)  (a,d)

(b,a) (b, ¢) (d,c) (d,a)

G Bg
Figure 1: A graph G and its incompatibility graph Bg.

The incompatibility graph will be our main tool to compute minimal compara-
bility completions, and the following result from Kratsch et al. [9] is central to our
algorithm.

Theorem 1 ([9]). An undirected graph G is a comparability graph if and only if
its incompatibility graph Bq is bipartite.

For our purposes, we also need to define the set of incompatibilities of Bg implied
by a given non-edge zv of G. We call this set Cg(xv), and define it as follows for
each non-edge zv of G.

Ca(zv) = {(z,w)(w,v) | w € Ng(x)NNg((v)} U{(v,w)(w,z) | w € Ng(z)NNg(v)}
Observe that Cg(e1) N Ca(e2) = 0 for any pair of non-edges e; and e of G, and
Uegr(c) Cale) is exactly the set of all incompatibilities in Be.

2.2 A vertex incremental approach for minimal completions

A comparability graph can be obtained from any graph G by adding edges, and the
resulting graph is called a comparability completion of G. An edge that is added



to G to obtain a comparability completion H is called a fill edge. A comparability
completion H = (V,EUF) of G = (V, E), with ENF = (, is minimal if (V, EUF")
fails to be a comparability graph for every F' C F. We will now show that minimal
comparability completions can be obtained vertex incrementally. In fact, we give a
more general result here, describing graph classes into which minimal completions
of arbitrary graphs can be computed by a vertex incremental approach.

Let IT be a graph class. Speaking about II completions (defined analogously to
comparability completions) of arbitrary graphs is only meaningful if every graph
can be embedded in a graph of IT by adding edges. For example, if complete graphs
belong to II then any graph has a II completion.

Property 2. We will say that a graph class I1 has the universal vertex property if,
for every graph G € Il and a vertex x € V(G), G + x € II.

Lemma 3. Let H be a minimal II completion of an arbitrary graph G, and let G,
be a graph obtained from G by adding a new vertex x adjacent to some vertices of
G. If11 is hereditary and has the universal vertex property, then there is a minimal
IT completion H' of G such that H —x = H.

Proof. Let H, be the graph obtained by adding z to H together with the edges
between x and Ng, (x). Observe first that a IT completion of H, can be obtained by
adding edges only incident to z, since H +x € II. Thus, a minimal II completion of
H, can be obtained by adding a subset of the edges between x and V(H,)— N¢, ().
Let H' be a minimal IT completion of H, obtained by adding edges incident to x.
Obviously, H — x = H. Assume for the sake of contradiction that H’ is not a
minimal IT completion of G,. This means that a subset of the newly added edges
to H, to obtain H' and a subset of the edges added to G to obtain H can be
removed from H' without destroying the I property. But since II is hereditary, this
contradicts that H is a minimal IT completion of G. Thus H’ must be a minimal II
completion of G, . O

An important consequence of Lemma 3 is that for a hereditary graph class IT
with the universal vertex property, for which II completion is meaningful, a min-
imal II completion of any input graph G can be computed by introducing the
vertices of G in an arbitrary order z1,xs,...,%,. Given a minimal II comple-
tion H of G; = G[z1,...,x;], we compute a minimal II completion of G;y; =
G[z1,...,®i,x+1] by simply computing a minimal IT completion of the graph H, =
({z1,...,xip1}, E(H)U{zip1v | v € Ng,,,(zig1)}). In this completion, we add
only fill edges incident to x;41.

Observation 4. The class of comparability graphs is hereditary and satisfies the
universal vertex property.

Proof. The transitive orientation property is clearly hereditary (see for example
[4]). Let G be a comparability graph and = ¢ V(G). We will show that G+ z is a
comparability graph. We know that G has a transitive orientation D of its edges.
Let us give the following orientation to the edges of G+ z: For edges of GG, we orient
them as in D. For edges incident to x, we orient all of them towards x. Now the
pairs of arcs of this digraph that can cause a problem are all of type ((a,b), (b, x)).
But since z is universal, az is also an edge of G 4 z, and it is oriented towards
. Thus the described orientation is transitive on G + z, and therefore G + z is
comparability. O

Consequently, due to Lemma 3 we can compute a minimal comparability com-
pletion of an arbitrary graph G in the following vertex incremental manner: Start
with U = {u} for an arbitrary vertex u € V(G). At each vertex incremental step,



let H be a minimal comparability completion of G[U]. Add a new vertex x ¢ U to
H, and add the edges between x and Ng(x)NU. Compute a minimal comparability
completion of this new graph by introducing an appropriate set of fill edges incident
to 2. This completion is a minimal comparability completion of G[U U {z}| by the
above results.

The challenge is how to do the computations of each vertex incremental step.
This is exactly the problem that we solve in the rest of this paper. Thus for the
rest of the paper, we consider as input a comparability graph G and a new vertex
x ¢ V(QG) together with a list of vertices N, in G. Our aim is to compute a minimal
comparability completion of G, = (V(G) U {z}, E(G)U{av | v € N,}). We
do this by finding an appropriate set of fill edges F, incident to = such that we
obtain a comparability graph by adding F, to G,, and no proper subset F, yields
a comparability graph when added to G.

3 An algorithm for minimal comparability com-
pletion of G,

In this section, we give an algorithm that computes a minimal comparability com-
pletion H of G, for a given comparability graph G and a new vertex = ¢ V(G)
together with a neighborhood N, in G. Our main tool will be the incompatibility
graph Bg of G, which we know is bipartite by Theorem 1. We will proceed to
update Bg with the aim of obtaining the incompatibility graph Bg, of G,. We will
keep this partial incompatibility graph a bipartite graph at each step. If G, is not
a comparability graph, we will have to add fill edges to G, to be able to achieve
this goal.

Let E, = {zv | v € N,}. Our first step in obtaining Bg, from B¢ is to add
vertices corresponding to edges of F, and the edges and incompatibilities between
these. We will make a separate graph B, to represent the incompatibilities among
the edges of E,. Let B, be the graph that has two adjacent vertices (x,v) and
(v,2) for each zv € E,, and that has all incompatibilities that are implied by
non-edges of G between pairs of its vertices. To be more precise, if £ = {(z,v) |
xw € B} U{(v,z) | zv € E;}, and Bg, [n,u{z}] is the incompatibility graph of
G [Nz U{z}], then B, is the subgraph of Bg,[n,u{s}) induced by £. An example
is given in Figure 2. Observe that the graph G,[N, U {z}] is a comparability
graph, since G[N,] is comparability by the hereditary property, and « is a universal
vertex in G [N, U{z}|. Following the above arguments, B, is a bipartite graph by
Theorem 1.

(a,z) (c,z) (b,x) (a,b)  (¢,b)  (¢,d) (a,d) (a,z) (c,z) (b,x)

o/ D] B |

d . (z,a) (x,¢) (x,b) (b,a) (b,c) (d,c) (dya) (z,a) (x,¢) (x,b)

G B, Bg,

Figure 2: An example that shows G, B,, and Bg,, for the graph G given in Figure
1.

Lemma 5. By adding the set of edges Ce, (xv) for each v € Ném (x) into the graph
Ba U By, we obtain the incompatibility graph Ba, of G-

INote that all minimal comparability completions of G cannot be created in this way, since
by allowing only addition of fill edges incident to the incremental vertex x, we rule out several
possible minimal completions.



Proof. Adding a new vertex x to G and some edges incident to z, can only create
incompatibilities between pairs of arcs that both have an endpoint in « and between
pairs of arcs where one has an endpoint in x and the other has an endpoint in
Né‘y (z). The incompatibilities of the first type are already present as edges in B,.
The incompatibilities of the second type are exactly the ones given by Cg, (zv).
Notice that the graph Bg U B, does not contain any edges between vertices of Bg
and B,. By definition, all vertices of Bg, (arcs of edges in G,) are contained in
Bg U B,, and Bg U B, has no further vertices. Hence the result follows. O

Assume that we want to compute the incompatibility graph Bg, of G,. We
start with the partial incompatibility graph Bg U B,, which is bipartite by the
above arguments. By Lemma 5, to get B¢, it is sufficient to scan all non-edges of
G, between x and Ném (x) one by one, and add the incompatibilities that are implied
by each non-edge into the partial incompatibility graph. If G, is a comparability
graph, then by Theorem 1, the partial incompatibility graph will stay bipartite at
each step, since we never delete edges from it. By the same argument, if G, is not a
comparability graph, then at some step, when we add the incompatibilities implied
by a non-edge, we will get an odd cycle in the partial incompatibility graph. For
computing a minimal comparability completion H of G, we augment this approach
as follows. If adding the incompatibilities implied by non-edge zv results in a non-
bipartite partial incompatibility graph, then we do not add these incompatibilities,
and instead, we decide that xv should become a fill edge of H. We note also that
at the beginning we start with the partial bipartite graph B, in order to force the
fill edges to be incident to x: all the incompatibilities implied by the non-edge zv
can be removed by the addition of the edge zv.

At start, we let L = {zv | v € Ng (2)}, B = Bg U By, and H = G,. For each
non-edge zv € L, we check whether or not non-edge zv should become a fill edge
of the intermediate graph H, using the information given by Cy(zv) and B. If
BUCg(xv) is a bipartite graph, then we update B = BU Cy(zv) and decide that
xv will never become a fill edge. In the opposite case, we add fill edge zv to H, and
update B as follows:

1. Add the two adjacent vertices (z,v) and (v, ) in B;

2. For each new incompatible pair ((z, z), (z,v)) or ((v,z), (z,2)) in H, add the

corresponding edge (incompatibility) to B connecting the vertices of the pair.
(We will show that this can never introduce odd cycles in the incompatibility
graph.)

3. For each new incompatible pair ((z,v), (v,u)) or ((u,v), (v,x)) in H, add the

corresponding edge (incompatibility) to B connecting the vertices of the pair
only if xu is a non-edge that has already been processed and decided to stay a
non-edge. If not, either zu € L or we add it to L.

The second case takes care of new incompatibilities among the edges incident
to x, and the last case takes care of all other new incompatibilities. In the last
case, when we encounter new incompatibilities that are implied by a non-edge e
which we have not yet processed in the edge incremental approach, we do not
add these incompatibilities to B at this stage, and we wait until we come to the
step which processes e. The reason for this is the following. If we add these
incompatibilities now, and later decide that e should become a fill edge, then we have
to delete these incompatibilities from B. This causes problems regarding minimality,
because deleting “old” incompatibilities can make some previously added fill edges
become redundant. When we do not add the incompatibilities before they are
needed, we never have to delete anything from B, and B can only grow at each
step. This way, the intermediate graph B will at all steps be a supergraph of
Bg U B, and a subgraph of By. In order to distinguish between the old and the
new incompatibilities implied by a non-edge we mark the non-edges of H according



to whether they have been processed or not. The details of the algorithm called
Minimal_Comparability-Completion (MCC) are given below.

Algorithm: Minimal_Comparability_Completion (MCC)
Input: A comparability graph G = (V, E), Bg, « ¢ V, and a set of
vertices N, CV
Output: A minimal comparability completion H of G, and B = By
1 B=BgUB,;; L={xv]|ve Nér(x)}, H =G
2 Unmark all non-edges of H incident to x;
3 while L # () do

4 Choose a non-edge zv € L;

5 if BUCpy(zv) is a bipartite graph then

6 ‘ B = BUCg(zv);

7 else

8 Add fill edge xv to H;

9 Add vertices (x,v) and (v, z) and an edge between them to B;
10 forall z € Ny(z) and z ¢ Ny[v] do

11 L Add edges (v, z)(z, 2) and (z,z)(z,v) to B;

12 forall u € Ny(v) and u ¢ Ng[z] do

13 if zu is marked then // consider only the already processed
14 ‘ Add edges (z,v)(v,u) and (u,v)(v, ) to B;

15 else if 2u ¢ L then

16 L Add zu to L;

17 L =L — {av}; Mark zv;

4 The proof of correctness of Algorithm MCC

Let us define a step of the algorithm to be one iteration of the while-loop given
between lines 3-17. For the proof of correctness, we will sometimes need to distin-
guish between the graph H at the start of a step and the updated graph H at the
end of a step, to consider the changes made at one step. Throughout the rest of
the paper, let H; be the graph H at the start of step I, and let H;41 be the graph
obtained at the end of this step, and define By and Byy; analogously. When there
is no need to distinguish, we will simply use H and B.

Observation 6. Let I be the step of the algorithm that processes non-edge xv € L.
Then By contains no edge belonging to Cp, (xv).

Proof. Assume for the sake of contradiction that By contains an edge (z,w)(w,v)
belonging to Cp, (xv). This can happen only if there is a vertex w € Ny, (x) N
N, (v) such that zw is a fill edge of H;. But by line 13 of the algorithm the
incompatibility (z,w)(w,v) cannot have been added at any previous step, since
a2v € L at all previous steps. Thus no edge of Cp, (xv) is contained in By. O

Lemma 7. At the end of each step of the algorithm, B is a subgraph of the incom-
patibility graph By of H.



Proof. We prove this by induction on the number of steps. At start, B = Bg U B,
is definitely a subgraph B; = Bg,. Consider any step I of the algorithm. By the
induction hypothesis, we can assume that B; is a subgraph of Bpy,, and we must
show that By is a subgraph of By, .

Let zv be the non-edge of L that we process at step I. If By U Cy,(zv) is
bipartite then no fill edge is added at this step and we have H;,1 = Hj and
thus By,,, = Bp,. Note also that Cp, (xv) is a subset of the edges of By, , by
definition. Hence, in this case the graph Bry; = By U Cq, (zv) is a subgraph of
By,

In case the graph B; U Cy, (zv) is not bipartite, Bry; is obtained from By by
adding two adjacent vertices (z,v) and (v, x) and the corresponding incompatibili-
ties induced by the addition of the edge xv into H;. These new edges correspond to
incompatible pairs of Hyy; of the form ((z,v), (v,u)) or ((u,v), (v,z)), and of the
form ((z,z), (z,v)) or ((v,z),(x,2)). By definition, the graph By, , contains this
kind of edges of By;1. We see that all edges added to By to obtain By are also
edges of By, ,. Hence the only way By, can fail to be a subgraph of By, is if
Br has edges that do not belong to By, ,. Assume that there is an incompatibility
p in By which should not be present in By, ,. This can happen only if the addition
of fill edge xv removes this incompatibility p at step I. This means that p is an
incompatibility implied by the non-edge zv and thus p belongs to Cy, (zv). But by
Observation 6, By contains no edge of C, (zv), thus this situation cannot happen,
and By is a subgraph of By, ,. O

We have thus proved that B is at all times a partial incompatibility graph of the
intermediate graph H. At the end of the algorithm, since all non-edges that can
cause incompatibilities are scanned, and all such incompatibilities are added, we
will argue that B is indeed the correct incompatibility graph of H. What remains
to prove is that B is a bipartite graph at all steps. This is obvious if zv is not added
as a fill edge at the step that processes zv, but it has to be shown in the case zv is
added as a fill edge. First we introduce the notion of conflicts.

Definition 8. At each step of the algorithm, a non-edge xv of the intermediate
graph H is called a conflict if B U Cy(xv) is not a bipartite graph.

Lemma 9. Let I be the step of the algorithm that processes non-edge xv € L. If
zv is a conflict then Hy is not a comparability graph.

Proof. Follows from Lemma 7 and Theorem 1 since an odd cycle in B cannot
disappear by the addition of edges or vertices. O

Now we start the series of results necessary to prove that at each step B is a
bipartite graph. We will prove this by induction on the number of steps. For each
step I, we will assume that By is bipartite, and show that this implies that By is
bipartite. Since B; = B, U B¢ is bipartite, the result will follow.

For the following results, we denote a cycle on k vertices by C and a path on k
vertices by P;. A path or a cycle is even or odd according to the parity of its number
of vertices. Let G be a graph and B¢ be its incompatibility graph. We denote a path
on k — 1 vertices in Bg in the following form: P = (z1,2z2)(z2,23) ... (Tp—1,Tk).
By definition, if a path P in Bg connects the vertices (x1,x2) and (zx—1, k) then
there exists also the transposed path of P denoted by P which connects the vertices
(v, 25_1) and (w2,21), ie., PT = (2,2 1) ... (23, 22)(72,71). Recall also that
there is always an edge (x,y)(y, z) in B¢ for each edge xy in G.

Assume that By is bipartite and zv is conflict at step I. The graph Briq which
is obtained after adding the edge xv contains an odd cycle only if there is a path
on even number of vertices in By between one of the following pair of vertices: (i)
(z,21), (x,22) or (ii) (v,u1), (v,u2) or (iii) (x,21), (u1,v), where z1, 22 and w1, ug



(2, 22) (,21).--7" (z,v) T~ (w1, v) (u2,v)

(22, ) (z1,2) >~~~ _ (v, z) (v, un) (v, u2)

Figure 3: Adding the fill edge zv in B.

are vertices of H; which fulfill the conditions of the first for-loop and the second
for—loop, respectively (see Figure 3). Note that for symmetry reasons if there is no
even path connecting (x, z1) and (z, z2) then there is no even path between (z1, )
and (zg,2). The same argument holds for the transposed paths of cases (ii) and
(iii). Our goal is to show that these cases cannot appear in By so that By remains
a bipartite graph. We prove each case by showing that if such a path exists then
there is an odd cycle in B; which is a contradiction to our assumption that By is a
bipartite graph.

Lemma 10. If there is an even (respectively, odd) path connecting vertices (a,b)
and (¢,d) of B then it has the following form:

Prys = (a,0)(b,q1)(q1,92)(q2,43) - - - (qr—1, qx) (qx, ¢)(c, d),

where k is an odd (respectively, even) number, aqi,bqe,qrd,cqr—1 ¢ E(G), and
4iGiv2 ¢ E(G) for1 <i<k-—2.

Proof. By the definition of the edges of the incompatibility graph Bg we have two
types of edges among two vertices of Bg: either (a,b)(b,c) or (b,a)(c,b) such that
ab ¢ E(G). The form of the path shown in the lemma uses only the first kind of
edges. But any edge (path on two vertices) of the kind (b,a)(c,b) can be turned
into a path on four vertices using only the first form of edges: (b,a)(a,b)(b,c)(c,d).
Thus an even or odd path between two vertices of Bg has the form of the equation
as shown and the constraints for the non-edges are justified by definition; otherwise
there is no path connecting the vertices. O

Suppose that By is bipartite. If zv is a conflict at step I, then there is an inclu-
sion maximal subset C;, (vv) of Cp, (zv) such that Br U {Cy, (zv)} is a bipartite
graph. For the rest of this section we define B} = Br U {Cy, (zv)}. Thus if By is
bipartite, so is B}, and any of the incompatibilities of C'y, (zv) \ C};, (xv) results in
an odd cycle if added to Bj. This is formalized in the following observation.

Observation 11. Assume that By is bipartite. If xv is a conflict at step I, then
there is a path on odd number of vertices in B} connecting (xz,w) and (w,v), for
some w € Ny, (z) N Ny, (v).

Observation 12. Assume that By is bipartite. If xv is a conflict at step I, then
there is a path in B} of the form:

PQD’U = ($7w)(wapl)(plap2) cee (pfflapf)(pfaw)(wa U),
where £ is an even number, x # py and v # p1.

Proof. By Lemma 10, P,, contains ¢ 4+ 3 vertices. Notice that by the definition
of the odd path, xp1,pr—1w,pev ¢ E(H;), and ¢ is an even number by the odd
number of vertices in Py,. Since zv is a conflict the incompatibility (z,w)(w,v) is
not present in B} and thus = # py and v # p. O



Now let us show that the incompatibilities added during the first forall-loop
starting at line 10 do not create any odd cycles.

Lemma 13. Assume that By is bipartite. If xv is a conflict at step I then there is
no path on even number of vertices connecting (x,z1) and (x,z2) in B, for every
pair of vertices z1,ze such that z1,z2 € Np,(x) and z1, 22 ¢ Ng, [v].

Proof. Assume for the sake of contradiction that there is such an even path con-
necting them. Then by Lemma 10 it has the following form:

P, = (z,21)(21,q01)(q1,92) - - - (qk—1, qx) (qr, ¥) (7, 22),

where k£ > 3 is an odd number. If & = 1 then there is no path on even number
of vertices connecting (z,z1) and (z, z2). Observe that the path P, contains k + 3
vertices. Notice that zq1,2192 ¢ E(Hy) and z2qk, 2qx—1 ¢ E(Hr) and qiqit2 ¢
E(Hy), for 1 < i < k — 2; otherwise there is no even path (see also Lemma 10).
Considering the path P, in B}, we have to distinguish between when z; and z, are
adjacent in H; and when they are not. We will prove that in each case there is an
odd cycle in B} which is a contradiction since B is a bipartite graph.

o Case 1: z129 ¢ E(Hy).
In this case it is easy to see that appending the pairs (z2,z) and (z, z1) in P,
we obtain an odd cycle in B:

Crta = P (22,7) (2, 21)..
—_—

2122$E(H1)

o Case 2: z1z0 € E(Hy).
In this case we have to consider also the fact that zv is a conflict. By Ob-
servation 11 there is a vertex w which induces an odd path Py, in B}. We
distinguish between the cases where w is (i) non-adjacent to both z1, 2o, (ii)
adjacent only to one of them and (iii) adjacent to both of them.

— Case 2.1: wzy ¢ E(Hy) and wze ¢ E(Hy).
In this case it is easy to see that the following odd cycle occurs in Bj:

Cite = (w, z) P, (22, z)(z, w)(w, x).
—_———

wzo@E(Hr)

— Case 2.2: wz; ¢ E(Hy) and wzy € E(Hy).

By Observation 12 there is an odd path P, connecting (z,w) and (w, v)
in BY; recall that the path Py, contains ¢+ 3 vertices, where £ is an even
number and zp; ¢ E(Hy). Here we prove that if there is an even path
which connects (z,z1) and (z, z2) then there is a path P,,,, on r vertices
where r is an even number which connects (22, 21) and (z1,2). Hence
the result follows based on the path P,,.,, since the following odd cycle
appears in Bf:

C€+r+5 = (w7 ZQ)Pzzzlev(va w)(w7 22)'

In order to prove the existence of the path P,,,,, notice that by the
definition of the path P, we have the following non-edges: zq1, xqx—1,
21G2, z2qr and ¢;qiyo, for 1 <i <k —2. If z1q;x ¢ E(Hy) then we have
the following odd cycle:

Cry2 = (@, 21)(z1,q1) (@1, 2) - - - (@r—1, @) (@, @) (2, 21)-
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In case z1qx € E(Hj) we have the following three cases to consider: If
21q; € E(H), 1 <14 < k then we have the following even path (r = k+3):

Pzzzl = (227 Zl)(zla Qk)(Qka Zl)(zla Qk72) s (q37 21)(21, ql)(qla Zl)(zhx)'

If z1q; ¢ E(Hy), 21qi+1, 21Gi+2, - - - 21qx € E(Hy), and 4 is an even num-
ber, 1 < i < k, then we have the following even path (r = k + 3):

P.,.. = (22, 21) (21, %) (qk, 21) (21, qe—2) - - - (21, Gi+1)(@is1, @) Pig1,
k—it1

where P11 = (¢i,qi—1)(¢i-1,¢i-2) - - - (q1,21) (21, 7).
If z1q: ¢ E(Hr), 21¢i+1, #21¢i+2, - - - 21qx € E(H7) and ¢ is an odd number,
1 < i < k, then we have the following odd cycle in B:

Cry2 = (,21) (21, @h—1)(qr—1, 21) (21, @e—3) - - - (21, Gi+1)(@i+1, @) Pita,
h—i

where P;yo = (qi,qi—1)(¢i-1,qi—2) - - - (q1, 21) (21, ) (2, 21).

Case 2.3: wzy € E(Hy) and wzo € E(Hy).

In this case we prove that if there is an even path P, which connects
(z,21) and (z, z2) then there is either (i) a path P,., (resp. P,.,) on
vertices where 71 is an even number which connects (z,w) and (w, z1)
(resp. (w,22)) or (ii) a path P,, on ry vertices where ry is an even
number which connects (w,z1) and (w,z22). In both cases the result
follows since if (i) holds then the following odd cycle appears in B} (notice
that z1v, z0v ¢ E(H)):

C€+r1+5 - Pg;szl (Zl, U}) (wa 1)) (Uv ’LU),
and if (ii) holds then we have the following odd cycle:
Cryt3 = (0, W) Py 2 (22, w)(w,v) (v, w).

To justify the existence of the paths P,,, and P,,,, observe first that if
wqy ¢ E(Hy) and wq, ¢ E(H) then we have the following even path
(T‘l =k+ 5)

Py, = (z,w) (w, z)(x, qr)(qk, Go—1) - - - (g2, q1)(q1, 21) (21, w) (w, 21).
k+3

If wg; € E(Hy), 1 < i <k, then we have the following even path (r =
kE+1):

P$21 = (33, ’LU) (wa Qk—l)(Qk—law)(w7 Qk—3)(Qk—3; U)) s (Q4a U))(UJ, QQ)((]Q, ’LU)(’LU, Zl)'
k—1

Now in all other caseslet ¢;w ¢ E(Hy) and quw, gow, ..., qj—1w € E(Hy),
and let gyw ¢ E(Hy) and ¢i41w, givow,...,quw € E(Hp), 1 <j<i<k.
Depending on the values of ¢ and j, we have the following four cases to
consider:

e If 7 is an odd number and j is an even number then we have the
following odd cycle in Bj:

Cry2 = (2, w)Pj (¢j,¢541) - - - (@i-1, ¢) Pr—i(w, z)(z,w),

i—j

11



where P; = (waql)(Q17w)(waQ3)(Q3aw) e (Qj—Baw)(wan—l)(Qj—laQj)
and P,_; = (Qia Qi+1)(Qi+1;w)(w7 Qi+3) cee ((Jk—3, w)(w, %-1)(%-1; w)

e If ¢ is an odd number and j is an odd number then we have the following
even path (r; = k+1):

P$21 = (33, w)Pk—Z (Qia qi—l) s (qj-i-la Qj) Pj—l(wa Zl)v

i~

where P = (Qjan—l)(Qj—law)(wv%—S) s (W,Q4)(Q4,w)(IU,Q2)(Q2,w)
and P,_; = (w7Qk—1)(Qk—1vw)(waq1c—3) s (Qi+37w)(waq¢+1)(Qi+17Qi)'

e If 4 is an even number and j is an even number then we have the
following even path (r; =k + 3):

Pyry = (x,w)Pj (%'7 Qj+1) e (Qi—lv Qi) Pk—i+1(w7 22)7

i~

where P; = (waql)(Q17w)(waQ3)(Q3aw) e (Qj—Baw)(wan—l)(Qj—laQj)
and Pr_iv1 = (¢, ¢i+1)(@iv1, w)(w, qi13) - - - (qr—2, w)(w, qx ) (qr, w).

e If i is an even number and j is an odd number then we have the
following even path (rg = k + 3):

Py. = (w,z1)(z1,w)Pj_1 (qj, ¢j+1) - - - (@1, 4i) Pr—ir1(w, 22),

i—j

where Py = (w7qQ)(Q2,w)(w7Q4)(Q47w) cee (%‘—3,w)(%%—l)(%‘—h@j)
and Pr_iv1 = (¢, ¢i+1)(@ig1, w)(w, qi13) - - - (qr—2, w)(w, qx ) (qr, w).

O

Now we show that adding the incompatibilities at the second forall-loop starting
at line 12 does not create an odd cycle, if we skip the first for-all loop starting at
line 10.

Lemma 14. Assume that By is bipartite. If zv is a conflict at step I, then there is
no path on even number of vertices connecting (v,u1) and (v,uz) in B}, for every
pair of vertices uy, us such that ui,uz € N, (v), ui,uz ¢ Np,[z] and zuq,zus are
marked non-edges.

Proof. Notice that the incompatibilities (z,w)(w,u1) and (z,w)(w, us) are present
in Bj since zu; and zug are marked non-edges. Thus if we swap vertices z and
v, and if we set u; and ug to be z; and zy, respectively, then the proof is similar
(identical) to that of Lemma 13. O

Thus we have seen that each of the two forall-loops maintains the bipartite graph
if we skip the other for-all loop. Let us now show that together they do not create
a problem.

Lemma 15. Assume that By is bipartite. If xv is a conflict at step I, then there is
no path on even number of vertices connecting (x,z1) and (u1,v) in B}, for every
pair of vertices z1,u1 such that ur € Ny, (v), ur ¢ Ng,[z], xu1 is a marked non-edge
and z1 € Ny, (z), 21 ¢ Ng,[v].

Proof. Assume for the sake of contradiction that there is an even path P,,, connect-
ing them. By Lemma 10 this path has the following form:

Py = (z,21)(21,91) - - - (Ys, u1) (u1,v),

12



where s > 1 is an odd number. Hence the path P,, contains s+ 3 vertices. We will
prove that in this case there is an odd cycle in B} which is a contradiction since B
is a bipartite graph. First we prove that if z;u; € E(Hy) then we have the following
odd cycle in B} by the fact that z1 ¢ Ny, [v] and u; ¢ Ng, [z]:

Cs+6 = qu(v7ul)(u17 Zl)(zla Z‘)($7 Zl)-

Notice that if zyuq € E(Hy) and s = 1 then there no path on even number of
vertices connecting (z, z1) and (ui,v) in B}. Thus we continue by knowing that
ziu1 ¢ E(Hy) and s > 1. Notice also that by Observation 11 there is a vertex w
which induces a path Py, with ¢+ 3 vertices in B, where ¢ is an even number. We
distinguish four cases according to whether w is adjacent or not to z; or/and v;:

o Case A: wzy ¢ E(Hy) and wuy ¢ E(Hy).
It is easy to see that the following odd cycle appears in B7:

C€+s+6 = quP;,(iU, Zl)~

o Case B: wz; € E(Hr) and wuy ¢ E(Hy).
Here we have two cases to consider according to whether or not wy, € E(H).
In both cases we prove that an odd cycle appears in B}. First notice that if
wy1 ¢ E(H) then the following odd cycle occurs in B:

Csta = (w,21) (21,91) (Y1, 92) - - - (Ys—1,Ys) (Ys, u1) (u1, v) (v, w)(w, 21).
s+1

Also notice that if wy; € E(Hy) for 1 <14 < s then we have the following odd
cycle:

CS+Z+6 = (x,w) (w’ yl)(yla w)(w,yg) s (w7ys)(y5a ul)(ulvv)Pg;(wi)'

S

In case wyi,wys, ... wy;—1 € E(H;) and wy; ¢ F(H;) then we distinguish
two cases according to the value of i. If ¢ is an odd number then the following
odd cycle appears in B}:

Cotra = (w, 21)(21,10)131'—1 (yi7yi+1) . (y57u1)(ula U)(UJU)(UJ, 21),
s—i+1

where Py = (w,y2)(y2, w)(w,ya) - . . (Yi—3, w)(w, Yi1)(Yi-1,Y:)-
Otherwise (i is an even number) we have:

CS+Z+6 = (.13, ’LU)P1 (yla yH—l) s (ysv 1,1,1)(11/1, U)sz(x, ’LU),
s—i+1

where P; = (w, y1)(y1, w)(w,y3) - . - (Yi—3, w) (w0, yi—1)(Yi—1,Yi)-

o Case C:wzy € E(Hy) and wuy ¢ E(Hy).
This case is similar (symmetric) to the previous one. By swapping vertices
z1 and u; we conclude to the same result; notice that the incompatibility
(x,w)(w, u1) is present in B} since zu; is a marked non-edge og H.

o Case D: wzy € E(Hy) and wuy € E(Hy).
Here we obtain the following odd cycle in Bf:

Crro = (21, w)(w,v)PL (x, w)(w, ur ) (u1, w)(w, 21) (21, ).

13



Now we are ready to reach the desired result.
Lemma 16. At each step of the algorithm B is a bipartite graph.

Proof. At the beginning of the algorithm, we know that Bg U B, is bipartite, and
that all possible conflicts of G, are contained in L. Assume that Bj is a bipartite
graph. We show that Bjy; is also a bipartite graph. At step I, we have two
cases to consider. If Hyi1 = Hj, then this is because Bry1 = By U Cy, (zv) is a
bipartite graph. Let Hy;1 be obtained from H; by adding fill edge xv. Then By is
obtained from Bj by adding an isolated edge (z,v)(v, z), and some incompatibilities
incident to the endpoints of this edge, implied by non-edges outside of L. These
incompatibilities are added by the first for-loop at line 10 and the second for—loop
at line 12.

For the first for-loop if the set Ny, , () " Ng,,, [v] contains only one vertex, say
z1, then there is an even cycle in B4 formed by the vertices (z, v), (v, 21), (v, z), (21,v)
and no odd cycle is created in Byy1. It is easy to see that the same argument (for
one vertex u1) holds for the second for-loop. Now in general notice that any odd
cycle created in Byyy will still be an odd cycle in B7,; by Observation 11 since
Bry1 € By, . But since By is bipartite any odd cycle in B}, can be created only
if (i) (z, 21), (x, 22) or (ii) (v,u1), (v,u2) or (iil) (z, 21), (u1,v) are connected with a
path on even number of vertices in B} for any two vertices z1, z2 and uq, up which
fulfill the conditions of the first for—loop and the second for-loop, respectively (see
Figure 3). Thus by Lemmata 13-15 we justify that the corresponding cases cannot
exist and therefore B} remains bipartite by applying the two for-loops, i.e., B},
is a bipartite graph. Hence the result follows by Observation 11. O

By using the fact that the graph B computed by Algorithm MCC is a bipartite
graph we have the following result.

Theorem 17. The graph H returned by Algorithm MCC'is a minimal comparability
completion of G .

Proof. First we show that H is a comparability completion of G,. During the
algorithm, every time a new incompatible pair is created, the corresponding incom-
patibility is added to B unless it is implied by a non-edge of L. Incompatibilities
implied by members of L that remain non-edges are added one by one until L is
empty. At the end of the algorithm, the graph B contains all incompatibilities
implied by the non-edges in H, since L = (). Thus B is the correct incompatibility
graph of H, i.e., B = By. Since By is bipartite graph by Lemma 16, the resulting
graph H is a comparability graph by Theorem 1.

Now we want to prove that H is minimal, that is, if any subset of the fill edges
is removed the remaining graph is not comparability. Recall that at any step of
the algorithm we do not remove any edges from the graph B (see also Lemma 7).
Assume for the sake of contradiction that there is a subset F' of the fill edges such
that H' = H — F is a comparability graph. First note that By is obtained from
By by removing the vertices (z, u) and (u, z), and then adding the set Cg (2u), for
every zu € F. Let I be the earliest step in which Algorithm MCC adds a fill edge
zv € F. Thus no non-edge of G, belonging to F' has been processed before step I,
and Hj is a subgraph of H’. Furthermore, By does not contain any edge belonging
to U uer Cr (7u), and Br does not contain any pair of vertices (z,u) and (u,z),
for zu € F. Thus By is a subgraph of Bys. Now, observe that for each zu € F,
Cr, (zu) C Cpr(au), since N, (z) € Np(x). In particular, Cy, (zv) C Cgr(2v).
Since zv is a non-edge of H', all edges of Cy(zv) are present in Bp. Therefore
B; U Chq,(zv) is a subgraph of By/. In Algorithm MCC, at step i, we know that
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B; U Ch, (zv) contains an odd cycle, otherwise zv would not be a fill edge. Since
it is not possible to remove an odd cycle by adding edges or vertices, this means
that there is an odd cycle in Bp+. This gives the desired contradiction, because by
Theorem 1 H' cannot be a comparability graph as assumed. O

5 Time complexity of minimal comparability com-
pletions of arbitrary graphs

Let G be an arbitrary graph on n vertices and m edges.
Observation 18. The incompatibility graph of a given graph has O(mn) edges.

Proof. Let G be a graph on n vertices and m edges, and let Bg be its incompatibility
graph. By definition B¢ has precisely 2m vertices. Clearly B contains m edges of
the form (a, b)(b,a). For the other edges of B¢ (incompatibilities) it is easy to see
that each edge of G (two vertices of B¢ ) can define at most O(n) incompatibilities
in Bg since they are induced by the neighbors of its endpoints in G. Thus Bg has
O(nm) edges. O

Lemma 19. Given a comparability graph G and its incompatibility graph Bg, Al-
gorithm MCC computes a minimal comparability completion of G in O(n?*m) time.

Proof. Let G be a comparability graph on n vertices and m edges, and let B¢ be its
incompatibility graph. Since only non-edges incident to x are processed, |L| = O(n),
and since non-edges removed from L are never reinserted in L, the algorithm has
O(n) steps. By Observation 18 Bg has O(nm) edges. Since |N,| = O(n), B, has
O(n) vertices and thus O(n?) edges. At each of the O(n) steps, we can add at
most O(n) edges to B since |Cy(zv)] = O(n) for each zv € L. Thus at all steps
B has O(nm) edges. What dominates our time complexity is to check whether or
not BUCy (xv) is bipartite. This check can be done in time linear in the size of B,
namely O(nm). Therefore, each step of the algorithm requires O(nm) time, which
gives a total running time of O(n?m). O

We point out that given an incompatible pair ((a,b)(b,c)) of G there is an
O(n + m) time algorithm deciding whether its incompatibility graph has an odd
cycle [9]. However, it is not straightforward to use this result for checking whether
the graph B U Cy(2v) of Algorithm MCC is bipartite in O(n + m) time, since at
each step of the algorithm, B is merely a subgraph of By, and B # By until the
last step. The following result follows from Lemma 3, Lemma 19, and Algorithm
MCC.

Theorem 20. There is an algorithm for computing a minimal comparability com-
pletion of an arbitrary graph G in O(n®m) time.

6 Concluding Remarks

In this paper, we have shown that minimal comparability completions of arbitrary
graphs can be computed in polynomial time. Our focus has been on the polynomial
time complexity, and we believe that the running time of the given algorithm can
be improved. Comparability graphs can be recognized in time O(n?38) [15], and
even the straight forward O(n®m) time complexity of our algorithm for comput-
ing minimal comparability completions is thus comparable to the time complexity
of recognizing comparability graphs. As a comparison, both chordal and interval
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graphs can be recognized in linear time; the best known time for minimal chordal
completions is O(n?38) [8], and for minimal interval completions is O(n%) [7].

Although minimal comparability completions can be computed in polynomial
time, this does not imply that the following problem is solvable in polynomial
time: Given a comparability completion H of an arbitrary graph G, is H a minimal
comparability completion of G?7 We would like to know whether this problem can be
solved in polynomial time. It should be mentioned that the corresponding problem
is polynomial for chordal, interval, and split completions.

We conclude with another open problem: Are there any graph classes II which
can be recognized in polynomial time, such that computing minimal II completions
of arbitrary graphs is an NP-hard problem?
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