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Large Binary Codes for Error Detection

Fang-Wei Fu*, Torleiv Klgve!

Abstract

In this paper, the undetected error probability for large binary codes is
studied. It is shown that if the size of the code is sufficiently large (for given
length), then the code is good for error detection (in the technical sense).

Index Terms - Undetected error probability, error detection, binary codes,
good codes.

1 Introduction

In automatic-repeat-request (ARQ) error-control systems, the undetected error
probability of an error-detecting code is one of the most important performance
characteristics. There are a number of papers dedicated to examine the error detec-
tion capability for some well known classes of linear codes, and a number of lower
and upper bounds for the undetected error probability are known. For a general
introduction to the theory of error detecting codes, we refer the readers to [3] and
its references.

Let V,, = {0,1}" be the n-dimensional vector space over the binary field {0,1}.
The (Hamming) distance dg(a, b) between two vectors a and b is the number of
components where they differ, and the (Hamming) weight wg (x) of a vector x is
the number of nonzero components in x.

A binary (n, M) code is a subset of V,, with cardinality M. A linear binary [n, k]
code is a subspace of V,, of dimension k.

For any codeword a of a code C, the distance distribution from a is defined by

Ai@) = |{b e C | du(ab) =i}

fori=0,1,...,n.
The (average) distance distribution of an (n, M) code C' is defined as

A = A,(C) = % > Ai(a),

acC

for i =0,1,...,n. We note that A;(a) < (7) and so

A < (") (1)
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If the code C is used for error detection on a binary symmetric channel with
symbol error probability p, the undetected error probability is given by (see e.g. [3,
p.38])

1 - a
P.(C,p) = i Z de(a,b)(l —p)" dr(a,b)
i

Z Aip*(1—p)" . (2)

It is established terminology (see e.g. [3]) to say that an (n, M) code is good
(for error detection) if

Pou(C.p) < Puc(C1/2) = L1

o (3)

for all p € [0,1/2]. Tt is appropriate in our context to emphasize that this is a
relative, not absolute, description of the code’s performance for error detection.
This is well illustrated by the (n,2") code C' consisting of all binary vectors of
length n. For this code

Pue(C,p) =1—(1—p)™;

hence (3) is satisfied and so the code is good (in the technical sense). On the other
hand, this code can not detect any errors! In general, one measure for how suitable
a code is for error detection is

Pmaw(c) = 0;22)1(/2 Pue (Ca p)

Clearly, Ppaz(C) > P,.(C,1/2) and the code is good if and only if P, (C) =
P,.(C,1/2). Hence a good code is better (by this measure) than a not good code
of the same size.

For a binary code C of length n, let C' = V,, \ C, be the complementary code.
In [2] we proved the following result.

Lemma 1 If C is a binary (n, M) code, then

— MP..(C,p) + (2" —2M)(1 — (1 —p)")
P..(C,p) = YO Y; . (4)

Clearly, using Lemma 1, any upper bound on P,.(C,p) gives an upper bound on
P,.(C,p). In this paper we discuss such upper bounds. In particular, we show that
if the size of C' is sufficiently large (for given n), then C is good for error detection.
More precisely, define 2(n) to be the largest integer such that all code of length n
and size > 2™ — Q(n) are good. We give upper and lower bounds on ©(n), both of
the order 2"/2.

2 Linear codes

Define K (n) to be the largest integer such that C is good for all linear [n, k] codes
C with k < K(n). In [1] we determined K (n):

Theorem 1 Forn > 6 we have

K(n) = |(n+1)/2).



From the definition of Q(n) it follows that Q(n) < 2X(+1 Hence Theorem 1
implies the following upper bound.

Corollary 1 Forn > 6 we have

Q(n) L(nt+1)/2]+1-nj2 _ | 2 if n is even
g2 < 2 T 2v2  ifnois odd.
3 General codes

For 1 < r < n, define
" /n
M, = .

Theorem 2 If C is an (n, M) code, where n > 2r + 2 and

b + /4n(n — 2r — 2)27 4 b2
M, <M < = Ta
==h 2(n — 2r — 2)

where

bT:MT(n—2r—2)—(n—r)<n)—n, (5)
r
then C is good for error detection.

We break the proof of Theorem 2 down into a series of simple lemmas.
Lemma 2 If0<d<d <n andpe€ (0,1/2), then

pl1-p)" > p? (1 - p)n T
Proof: For any d, 1 <d < n, and any p € (0,1/2) we have
p L —p)" = p (L =) =pt(1 - p)n (1 - 2p) > 0.

The lemma follows by induction. QED

Lemma 3 If M > M,, then
- n 7 n—i r n—r—
RAQMSZXJPG#ﬁ (M = My (1= ),
i=1

Proof: The lemma follows directly from (1) and Lemma 2. QED
Lemma 4 If M > M, then
(2n - M)Pue(aap) < fM(p)

where

ﬁM)ZMZC%mﬂwi

+M(M _ Mr)pTJrl(l _ p)nfrfl
+(2" =2M)1 - (1 —p)").



Proof: The lemma follows directly from Lemmas 1 and 3. QED
We will show that under the conditions of Theorem 2, fy/(p) is non-decreasing
on [0,1/2].

Lemma 5 If f},(1/2) > 0, then f},(p) > 0 for all p € [0,1/2].
Proof: We have

fu(p)

= Mi (T;) p 1 -p)"
—MZ < ) (n—i)p'(1—p) it

+M(M M)+ 1)p"(1 —p)n—1
_M(M M )( —r— ) T+1(1 p)n—r—Q
+(2" — 2M)n ( —p)nt

= Mn(l-p) " (n—r)p"(1 —p)~ "1
+M (M — M,)(r 1) (1
—M(M — M,)(n—r—1)p" (1 —p)""2
+(2" = 2M)n(1 —p)“ '

= (2" = M)n(1-p)"!

+{ (M = M) +1) - (’;) (n =) by (1= p)" !

—M(M — M)(n —r = 1)p" (1 —p)" 772
= (1-p)" 'gu()

_)nrl

where x = p/(1 — p) and
g ()
= (2" M)n+M{(M — M,)(r+1) - (’;) (n— r)}xr
~M(M — M,)(n —r —1)z" ",

Hence we have to show that gps(xz) > 0 for € [0,1] if gar(1) > 0. We show that
for x € [0, 1] we in fact have

g () = min{gar(0), gar(1)}- (6)

If M = M,, then ga(x) = (2" — M)n for all = and (6) is immediate. Now consider
M > M,.



We have

gu() = rM{( =M+ 1) - () (n—r)far?
—(r+1)M(M — M.)(n—r—1)z"
= o+ 0r =) = (M=)
—(T+1)(M—MT)(n—r—1)m}.

Since (r+1)(M — M,;)(n—r—1) > 0, there are three possibilities, g},(z) > 0 for all
x € (0,1) (in which case gar(z) is increasing on [0, 1]), ¢4, (z) < 0 for all z € (0,1)
(in which case gar(z) is decreasing on [0, 1]), or g},(z*) = 0 for a unique z* € (0,1)
(in which case gar(z) is increasing for « € (0,2*) and then decreasing). In all cases,
(6) follows. Since gpr(0) = (2" — M)n > 0, gp(1) > 0, implies that gpr(z) > 0 for
all z € [0,1]. QED

Lemma 6 We have f},;(1/2) > 0 if and only if
M < . (7)

Proof: In the notation of the proof of the previous lemma, f;,(1/2) > 0 if and only
if gpr(1) > 0. Since

gu(l) = 2" —=M)n+ M(M — M,)(r+1)
—M(Z)(n—r)—M(M—MT)(n—r—l),

fr(1/2) > 0 if and only if
(n_2T_2)M2—{Mr(n—Q’f‘—2)—(n—r)<n) _n}M_2nn§07
r
that is

(n —2r —2)M? —b.M —2"n < 0.

Solving for M we get M < .. QED
We can now prove Theorem 2. By Lemmas 5 and 6, if M < pu,., then fy/(p) is
increasing on [0, 1/2]. Hence, using Lemma 4, we get

fr(p)
fM(1/2) = (2n - M)Pue(av 1/2)

(2" — M)P,(C,p)

IN A

for p € 10,1/2]. QED
Using Theorem 2, we can get lower bounds on Q(n). The simplest case is r = 0.
We have

—2 —n+/4n(n —2)2" + (n + 2)2

Q > =
(n) = po 2(n — 2)
n
> 277,/2 e 2
n—2

In particular, we have the corollary

Corollary 2 Forn > 3 we have
Q(n)
on/2 > 1’



This lower bound can be improved using the full strength of Theorem 2. First
we give a couple of lemmas. Since we must have M, < p, to get any information
from Theorem 2, we consider this condition first.

Lemma 7 We have M, < u. if and only if

MT{(n — ) <") + n} < na2". 8)

r

Proof: M, < u, can be rewritten as

2(n — 2r — 2)M, < b, + \/4n(n — 2r — 2)2" + b2
which is equivalent to

4(n —2r —2)°M? — 4(n — 2r — 2)M,.b, + b?
= (2(n—2r —2)M, —b,)?
< dn(n —2r —2)2" + b2,

which further is equivalent to

n2" > M, ((n — 2r — 2)M, — b,) = MT{(n —7) (:f) + n}

QED
Lemma 8 We have M, < u,_1 if and only if (8) is satisfied.
Proof: M, < p,_1 can be rewritten as
2(n —2r)M, < b,._1 + \/4n(n —2r)2" 4+ b2_,
which is equivalent to
4(n —2r)2M? — 4(n — 2r) M, b,y + b2,
= (2(n—2r)M, —b,_1)*
< dn(n—2r)2" + 02,
which further is equivalent to
n2" > M,.((n—2r)M, —b,_1)
= MT{(n — )M, _y + (n — 2r) Cf)
n
_(n—2r)MT1+(n—r+1)( 1) —I—n}
r—
= MT{(n —r) <n) + n}
r
QED

Lemmas 7 and 8 show in particular that if p, > M,., then also p,.—1 > M, (even
if pr_1 < pyr). Let

r(n) = max{r‘Mr{(n ) (:f) n n} < nQ"}.

Lemma 9 IfC is an (n, M) code and M < fi,(n), then C is good for error detection.



Proof: by Theorem 2, C is good if M.y < M < ). It M < M,(,), then

M,_1 < M < M, for some r < r(n). By Lemma 8, y,,_1 > M, > M and so C is

good for error detection by Theorem 2. QED
This lemma immediately gives the following theorem.

Theorem 3 We have Q(n) > fiy(n)-

It is not too hard to show that po < 1 < -+ < piy(n); We omit the proof since
we do not need it for any of our results. However, it shows that Theorem 3 gives
the best lower bound we can obtain from Theorem 2.

We illustrate these results with the following table of values of |, | and M, for
n = 100.

L]

1149116780504808
1161277085078223
1173831796809154
1186802707617363
1200213332467409
1214089077286780
1228457289606556
1243345741876057
1258765269121305
1274551874821334

M,

101

5051

166751
4087976
79375496
1271427896
17278988696
203366882996
2105598691396
19415908147836

00 O T W N |3

©

10

11
12
13

161045712791436
1211466763898136
8322009263697336

1289092885139942
1290126367194585
1198782290724140

We see that r(100) = 12. We have p,—1 < p, for r < 12 (however, p1a > p13)-
Further, we see that pug > Mi1, us < M2 and pg > Mia. We get

Q(100) > py12 = 1290126367194585 ~ 1.145862 - 2°0.
Some further values of po and p,.(,) are given in the following table:

n | r(n) | /1“027’”/2 | /‘r(n)2in/2

200 23 | 1.005038 | 1.141152
500 56 | 1.002006 | 1.136641
1000 | 111 | 1.001001 | 1.134679
2000 | 221 | 1.000500 | 1.133560

The table indicates that ,ur(n)2*”/ 2 converges to a limit larger than 1. We will
prove that this is indeed the case.

4 Determination of r(n) and o (n)

In this section we will find an almost explicit expression for r(n) and explicit ap-
proximations for fi,.().

First we need some auxiliary results. The binary entropy function is defined on
(0,1) by

h(z) = —zlog,(2) — (1 — 2)logy (1 — 2).
Define A by
h(A)=1/2and 0 < A < 1/2.

Then A &~ 0.11003. Let
1—

y = 1og2( A) ~ 3.01589,



1
e — 7.
2= @ =y 3065

Since
—1

In(2)z(1 — 2)

W (2) = logs (=

we see that if 0 < u < 1/2 — A, then

Z) and h''(z) =

1 1
3 +mu — you? < (A +u) < 3 + 7u. 9)

The following well known bounds can be found in [4, p.466]:

n > 2h(7’)n

2h(T)n (
S — e S D P
2mnT(1 —7) TN

2mnT(1 —7)

Further, an easy induction shows that for 1 < r < n/5 we have
n—r+3 (n n—r+2(n
P —— M, < —/——— . 11
n—2r+3<r>< <n—2r+2<r> (11)

=N
T 2mA(1 —2))

Let
~ 1.65056,

1
a=— ~0.16579,
2m

log,(A)
27

(12’)/2
et

8= ~ 0.11986.

0= ~ 0.06714.

Theorem 4 For alln > 1 we have
r(n) > [An+ alogy(n) — 5. (12)
For any v > 0 there exists an n(vy) such that for n > n(y) we have

r(n) < |2 + alogy(n) —5+7MJ. (13)

Proof: Let 7 = An + alogy(n) — 5 — € where 0 < € < 1. For n > 108, r > An and
r > 2. Let N =r/n. From (9)—(11) we get

for-n (") o
< {orw-n (N5
<o)
SR

1—N )2 22h(A’)n
1—=2N)2mnN (1 —XN)
(1-X) 92h(N)n
27N (1 — 2)\)

(
"
o
"



(1=} 92h(\)n
2A(1 —2X)
A 22h()\')n

A 2n+2v1 alogy(n)—2v18—27v1€

A 9nt2mialogy(n)—2713

IN A

A 2n+10g2(n)—10g2 (A) — 2”TL

Hence 7(n) > | An + alogy(n) — 8] for n > 108. Direct computation shows that
the inequality is satisfied also for n < 107. This proves the lower bound.

The proof of the upper bound is similar, but a little more complicated.

Let r = A+ alogy(n) — B +~(logy(n))?/n for some v > 6. Let ' = r/n. From

(9)-(11) we get
{n +(n—r) (2) }MT

N (n_T)n—r+3<n>2

n—2r+3\r

L= X)(1 =X +3/n) (n)2
(1 —-2N+3/n) r

> (1 -+ 3/”) 2h()\’)ne—m
27N (1 — 2\ + 3/n)
/
> (1 - A+ 3/%) e 1277,)\’7(1—)\’)

27N (1 — 2N +3/n)

O n 2
gnt2v1alog, (n)—21 f+2y1y L2

logs (n 3 logs (n))?
_27V2n(a gi( )*%JFV( gi(2 ) )2

= 2"ng(n)
where, putting % =z and logy(n) =y,

_ A2 =N 43/n) ol e
9(n) = NI —2X +3/m)(1-\°

.92m Y2z —y2z(ay—Brt+yy’a)? )

The Taylor expansion of g(n) in z (looking at y as an independent parameter) is

0o 2

gln)=1+ Z(Z t(i,j)yj)xi.

i=1 ;=0

The coefficients ¢(i,j) are expressions in the constants introduced above. Since
these expressions are quite complicated, even for small ¢ and j, we just give the
numerical approximations for the first few terms:

g(n) = 1+2n(2)y(y — 0)y’z — 0.862yx — 0.557x
+(8.7409% — 1.174~ 4 0.039)y 2>
+(0.711 — 6.9907)y*2* + (2.085 — 7.5377)y*z>
—1.151yz? + 2.4182% + - - -.

The dominating terms are 1 + 2In(2)vy:1(y — 0)y?z > 1. Hence g(n) > 1 for n
sufficiently large. QED



How large is ”sufficiently large”? For v = 0.09 for example, numerical results
indicate that g(n) > 1 for all n > 939 (this has been verified for 939 < n < 5000
and (ot (9(n)—1) is increasing in this range). Further, note that the condition
g(n) > 1 is only a sufficient condition which may not be necessary. Numerical
computations show that (13) for v = 0.09 is in fact satisfied with equality for all
2 <n < 10000, except n = 5, n = 38, and n = 415; in those three cases, r(n) is one
above the bound in (13) (hence the bound (13) seems to be valid with v = 0.09 for
all n > 416).

Numerical computations also show that the bounds in (12) and (13) coincide
in most cases, as we would expect. The bounds differ by at most one. They
are different in 8 cases for n < 100, 9 cases for 100 < n < 1000, 15 cases for
1000 < n < 5000, and 6 cases for 5000 < n < 10000.

Once we have determined r(n), we get f,(,) from (5). In our final theorem, we
give the asymptotic behavior of fi,(,).

Theorem 5 When n — oo, then
[y 27— p = (1 —2)\) "2 ~ 1.1323175.
Proof: By (5) and (11), if r = r(n) ~ An, then

Mr(n—QT—Q)—(n—r)(:f)—n
{w(n—zr—z)—(n—r)}(”> “n

by

n—2r+3 r
2n+r+6/n

= ‘m(r)‘"
(2+X) on/2

(1=2X\) \/2mnA(1 = \)
Similarly, the upper bound on M, in (11) gives
2n + 4 <n> 2 on/2

S n—2r+2 (=20 \2ma(I =)

b, <
r

Hence b,./2"/2 — 0 and so

Van(n —2r —2)2»

~ 277,/2 )
2(n — 2r — 2) P

o ™~

QED

5 Summary

We defined Q(n) to be the largest integer such that all codes of length n and size
at least 2™ — Q(n) are good for error detection. We have shown that Q(n) is of the
order 2"/2 more precisely, that

Q(n) 2 if n is even
p & LI323IT5 < o < { 2V2 if n is odd.

It is not clear if w = lim,, .o, Q(n)27™/2 exists, but probably it does. It is an open

problem to show this and to determine the exact value of w. Our bounds give
p < w < 2. Possibly none of these bounds are sharp. The lower bound was derived
using an upper bound on P,.(C,p) which is not sharp in most cases. The upper
bound 2 follows from a construction using complements of linear codes and possibly
some non-linear codes will give lower values.
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