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Measure and Conquer:
A Simple Q20-288M) Independent Set Algorithm

Fedor V. Fomiri Fabrizio Grandonri Dieter Kratsch
9th November 2005

Abstract

For more than 30 years Davis-Putnam-style exponential-time backtgaalgorithms
have been the most common tools used for finding exact solutions 6&xPproblems.
Despite of that, the way to analyze such recursive algorithms is still far frmducing
tight worst case running time bounds.

The “Measure and Conquer” approach is one of the recent attempteptbeyond
such limitations. The approach is based on the choice of the measuresafitheb-
lems recursively generated by the algorithm considered; this measusedgo lower
bound the progress made by the algorithm at each branching step. dAcgoe of
the measure can lead to a significantly better worst case time analysis.

In this paper we apply “Measure and Conquer” to the analysis of a \ieryle
backtracking algorithm solving the well-studied maximum independentreéigm.
The result of the analysis is striking: the running time of the algorith@(2%-288n),
which is competitive with the current best time bounds obtained with far e eli-
cated algorithms (and naive analysis).

Our example shows that a good choice of the measure, made in thersesydges
of exact algorithms design, can have a tremendous impact on the guimiz bounds
achievable.

Keywords: Algorithms and data structures, exponential-time exagbrithms, NP-hard
problems, independent set problem.

1 Introduction

Recently, there has been a growing interest in the desigmauaalgsis of exact exponential
time algorithms for NP-hard problems such as satisfiabjty12, 16], coloring [2, 3],
maximum independent set [1, 5], max-cut [19], minimum daatiimg set [8], treewidth [9]
and many others. (See the survey [20].) There are sever@reatons to that:

e There are certain applications that require exact solatadNP-hard problems, al-
though this might only be possible for moderate input sizes.

e Approximation algorithms are not always satisfactory. &ample, maximum inde-
pendent set is hard to approximate withfTe [11].
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e Areduction of the base of the exponential running time, sayfO(2") to O(209M),
increases the size of the instances solvable within a giwesuat of time by a con-
stantmultiplicative factor; running a given exponential algorithm on a fastenco
puter can enlarge the mentioned size only by a considdlitivefactor.

e The design and analysis of exact algorithms leads to a hattberstanding of NP-
hard problems and initiates interesting new combinataia algorithmic chal-
lenges.

Related Work. The design of exponential algorithms for the maximum indeleat set
problem has a long history starting from the first algorithoe do Tarjan [17] breaking
the trivial O(2") bound. The first published algorithm is due to Tarjan and aoyvski
(1977): it has running time @"3) and polynomial space complexity [18]. In 1986 Jian
published a polynomial-space algorithm of running tim@%$°4) [13] and Robson came
out with a polynomial space algorithm of running tim¢2%2°") and with an exponential
space algorithm using time(@276") [14]. In a recent technical report [15] Robson claims
better running times, both in polynomial and in exponerdfgce. The description of his
new algorithm, which is partially computer generated, saddenost 18 pages. A significant
amount of research was also devoted to solve the maximunpémdient set problem on
sparse graphs [1, 4, 5].

All mentioned exact algorithms for the maximum independsentproblem are search-
tree based. They use a branch and reduce paradigm with g (Ilehgf reduction and
branching rules. Often, this list is derived from a somewhdious and complicated case
analysis. The running time analysis leads to a linear recge for each branching rule that
can be solved using standard techniques. The classical @ass running time analysis of
such algorithms is based on the assumption that a “natuiza’of a problem (instance) is
associated to each node of the search tree. For graph higerihe natural measure is the
number of vertices or edges in the corresponding (remajimgraph and it is not surprising
that usually this measure is used for maximum independént se

The interest on exact algorithms for the independent sdtl@m seems to have van-
ished in the nineties. This is partially due to the fact ttnat ¢urrent best algorithms for
the problem are already very complicated: adding a few mmaadhing rules in order to
slightly reduce their running time might seem a waste of time

Fortunately the growing interest on exact algorithms foriNied problems has led to
important new insights. One of those is the idea to use namdstrd measures for the size of
a problem (instance). Using this approach, that they calshsure and Conquer”, Fomin
et al. obtained the currently fastest29°%") algorithm for the minimum dominating set
problem [8].

New Results. In this paper we continue our previous work on the “Measuik @on-
qguer” method [8]. To study the power of the method it is ndttodest it at a problem into
which a lot of effort was put with the classical analysis — thaximum independent set
problem. To stress the power of the method, we developedyasi@ple algorithm: it can
be described in a few lines and analyzed in a few pages (thaegieeded a computer to
find a good measure for it). Our polynomial-space algoritia®s tunning time (%288,
Currently there is no better published polynomial-spagerithm.

The algorithm uses reduction rules basediominationandfolding which are known
in the literature. We also introduce the useful notiomfroring, which allows to greatly
simplify the description of the algorithm. Intuitively, wh we branch by discarding a nhode,
we can discard itairrors as well. This handy tool might be of independent interest.

The current methods of worst case running time analysisdarch-tree algorithms do
not seem to provide tight upper bounds. This motivates tnystf lower bounds for such
algorithms. We prove a lower bound @f2°166) for the running time of our algorithm.



2 Preliminaries

Let G = (V,E) be ann-nodes undirected graph. By?(v) we denote the set of nodes at
distance (number of hops)from v. In particular,N*(v) = N(v) is theneighborhoodf v.
We letd(v) = |[N(v)| be the degree of, andN[v] = N(v) U{v}. Given a subsét’ of nodes,
G|V'] is the graph induced by’, andG —V’ = GV \ V']. A maximum independent saft
G is a maximum cardinality subset of pair-wise non-adjaceutes. Our maximum inde-
pendent set algorithm branches by imposing that some nagleadbor do not belong to
the maximum independent set computed: we call the node®dirth kindtaken and the
other nodesliscarded Throughout this paper we use a modified big-Oh notationghpt
presses all polynomially bounded factors. For functibrsdg we write f (n) = O*(g(n))
if f(n)=0(g(n)poly(n)), wherepoly(n) is a polynomial.

A nodev is foldableif N(v) = {uz,Uz...uqn, } contains no anti-trianglesolding of a
given nodev of G is the process of transformir@ginto a new graphﬁ = G(v) by:

(1) adding a new noda; for each anti-edge;u; in N(v);

(2) adding edges between eaghand the nodes iN(uj) UN(u;);
(3 ) adding one edge between each pair of new nodes;

(4) removingN|v].

Note that when we fold a node of degree either zero or one, we simply remadv]
from the graph. Examples of folding are given in Figure 1. &é®) denote the size of a

Figure 1 Folding of a hodev.

oo 5"

maximum independent set of a gragh

Lemmal For any graph G,

e (Connected components) If G properly contains a connected component C,
a(G)=a(C)+a(G-C).
e (Dominance) If there are two nodes v and w such thgtWlC N[v] (w dominatesy),

a(G) =a(G—{v}).

¢ (Folding) For any foldable node v,

a(G) =1+a(G(v)).

Proof. The first two properties are trivial.

Consider folding. LeSS be a maximum independent set®f If ve S S\ {v} is an
independent set & = G(v). OtherwiseScontains at least one nodeMfv) (since it is of
maximum cardinality). IIN(v) N'S= {u}, S\ {u} is an independent set &. Otherwise,
it must beN(v) N S= {u;,u;}, for two non-adjacent nodes andu; (sinceN(v) does not
contain any anti-triangle by assumption). In this c8se{u;; } \ {ui,u; } is an independent
set ofG. It follows thata(G) < 1+a(G). A similar argument shows tha{G) > 1+a(G).

O



Figure 2 Example of mirrorsu is a mirror ofv.

Pragro g gt

Figure 3 A recursive algorithm for maximum independent set.

intm s(G) {
0) if(G=0) return O;
1) if(3 componen€ C G) return m s(C)+ni s(G—C);
) if(3 nodesv andw: N[w| C N[V]) return mi s(G— {v});
3) if(3 a foldable node: d(v) < 4 andN(v) contains at most 3 anti-edgef)

take one such Qodeof minimum degree;
return 1+m s(G(v));

4) select a node of maximum degree;
return max{m s(G—{v} —M(v)), 1+mi s(G—N[v))};

We introduce the following useful notion afiirror. Given a nodes, amirror of vis a
nodeu € N2(v) such thalN(v) \ N(u) is a (possibly empty) clique. We denote lifv) the
set of mirrors ofv. Examples of mirrors are given in Figure 2. Intuitively, wheou discard
a nodev, you can discard its mirrors as well without modifying thexinaum independent
set size. This intuition is formalized in the following leram

Lemma 2 (Mirroring) For any graph G and for any node v of G,
a(G) =max{a(G—{v}—M(v)),14+a(G—N[v])}.

Proof. Nodev can either belong to a maximum independent set or not, froimhalie
obtain the trivial equation

a(G) =max{a(G—{v}),1+a(G—N[V)}.

Thus it is sufficient to show that, if is not contained in any maximum independent set,
the same holds for its mirrofsl(v). Following the proof of Lemma 1, if no maximum
independent set contains every maximum independent set contains at least two nodes
in N(v). Consider a mirrou € M(v). Since every independent set contains at most one
node inN(v) \ N(u) (which is a clique by assumption), it must contain at least wode in

N(v) NN(u) € N(u). It follows thatu is not contained in any maximum independent 8et.

3 TheAlgorithm

All the previous exact algorithms for the maximum indepamdet problem are analyzed
by using the number of nodes as a measure of the size of théeeprdin [1] the number
of edges is considered, but that approach works only forsgpgraphs). According to this
standard analysis, simple algorithms perform quite badusThis not surprising that the
currently fastest algorithms for maximum independentisetuding Robson’s* (20-2%n)
algorithm, are rather complicated, with up to several haddrof branching rules. In this
paper we use a different approach to the problem: insteadwaldping even more com-
plicated algorithms, we analyze a very simple algorithmhwitmore careful choice of the
measure for the size of a problem instance.

Our simple algorithm, which we catli s, works as follows (see also Figure 3).Gfis
(0) the empty graphmis(G) = 0. Otherwisefi s tries to reduce the size of the problem



without branching, by applying Lemma 1. Specifically, (1i€ontains a proper connected
component, the algorithm recursively solves the subproblems indime@ andG —C
separately, and sums the solutions obtained

mis(G) = mig(C) + migG—-C).
Else, (2) if there are two (adjacent) nodesndw, with N[w] C N[v], m s discardsv:

mig(G) = mig(G — {v}).

If none of the conditions above holds, and (3) there is a fdklaodev of degreed(v) < 3,
or a foldable node of degreKv) = 4 with at most three anti-edgesM{v), the algorithm
selects one such nodef minimum degree and folds it:

mis(G) = 1+ mis(G(v)).

The reason of the restrictions on the nodes we fold will barelefrom the analysis. Intu-
itively, we want to avoid that folding increases the “sizé'ttee problem.

As a last choice, (4) the algorithm greedily selects a nodémaximum degree, and
branches according to Lemma 2:

mig(G) = maxmis(G — {v} —M(v)), 14+ mis(G—N[v])}.

Notice that with simple modifications, the algorithm carogtsovide one maximum inde-
pendent set (besides its cardinality).

To emphasize the importance of a good choice of the measerskeich the analysis
of misaccording to the standard measure k(G) = n. Let P[k] be the number of leaves
in the search tree generated by the algorithm to solve a gmoloif sizek. Of course,
P[O] = 1. If one of the conditions of steps (1), (2), and (3) is sa&&Pk] < Pk —1].
Otherwise consider the nodeat which we branch. Note that(v) > 3. If d(v) = 3,
when we discards, we either discard a mirror of or we fold a neighbowv of v in the
following step (sincad(w) = 2 after removingy). In both cases, we decrease the number
of nodes by at least two. When we takewe removeN|v], where|N[v]| = 4. This leads
to P[k] < Plk— 2]+ P[k—4]. Assume nowd(v) > 4. In the worst cases has no mirrors
(M(v) = 0). When we discard or take we remove at least one or five nodes, respectively.
ThusP[k] < P[k— 1] 4 P[k—5]. We conclude thaP[k] < aX, wherea = 1.3247... < 20406
is the largest root of polynomials® — x* — 1) and(x* — x? — 1). Since in each step the size
of the graphs generated decreases by at least one, the dahthsearch tree is at most
n. Moreover, solving each subproblem, not considering ttssibte recursive calls, takes
polynomial time. Thus the time complexity of the algoritherG* (P[n]) = O* (20-406n),

In next section we will show how to refine the running time gsa of m s to
O*(2°288) via a more careful choice of the measl(&) (without modifying the algo-
rithm?).

4 TheAnalysis

When we measure the size of a maximum independent set instaticéhe number of
nodes, we do not take into account the fact that decreasengebree of a node has a
positive impact on the progress of the algorithm (even if wendt immediately remove
from the graph). In fact, decreasing the degree of a node @fays long term, since the
nodes of degree at most two can be filtered out without bragchi

This suggests the idea to give a different “weight” to nodeslifierent degree. In
particular, letn; (n>;) denote the number of nodes of degie@t leasti) in the graph
considered. We will use the following measiire: k(G) of the size ofG:

k(G) = iwai n <n,



where the weights; € [0, 1] will be fixed in the following. In order to simplify the runnin
time analysis, we make the following assumptions:

e First of all, wo =w; =w, = 0. The reason for this assumption is that nodes of
degree at most two can always be removed without branchiriggdsteps (1), (2),
and (3) of the algorithm. Thus their presence contributésgégunning time only via
a polynomial factor.

e Secondw; =1 fori > 7. This way, we have to compute only a finite (small) number
of weights.

e When the degree of a node decreases froon — 1, its weight decreases dyw; =
W —Wi_1. We assume th#tws > Aw, > Aws > Awg > Aw; > 0. In other words, the
weights decrease from; to w, at increasing speed. The reason for this assumption
will be clearer from the analysis.

Theorem 3 Algorithm m s solves the maximum independent set problem in time
O* (20.298n) .

Proof. The correctness of the algorithm immediately follows froenmimas 1 and 2.

Let P[k] be the total number of leaves in the search tree generateti/®aproblem of
sizek. Also in this case we can assuf@®] = 1. In fact, wherk = 0, the algorithm solves
the problem without branching (in polynomial time). Frone tHiscussion of previous
section, it is sufficient to show thak] < 20298k < 202980 \\e break the running time
analysis in different parts, one for each step of the algorit

(1) Connected components. Suppose there is a connected compofeof sizek;. The
size of G — C is trivially ko = k—k;. Thus

Plk] < Pl[ki] + P[kz]. 1)

(2) Dominance. When we apply dominance, we generate a unique subproblerns, Thu
from the point of view of the bound oR[K], it is sufficient to guarantee that the size of the
problem does not increase. This is trivially true in the cafsgominance, since, when we
remove a nodeg, the size of the problem decreases by

Wd(v) + Z AWd(u) >0.
ueN(v)

(3) Falding. By basically the same arguments as in the dominance caedndlse case
of folding it is sufficient to guarantee that the size of thelgem does not increase. This
property is trivially true when we fold a nodeof degree zero or one (since we simple
removeN[v] from the graph). Unfortunately, this is not always the cakend(v) > 2. In
fact in this case, besides removing nodes, we also introdemenodes, possibly of larger
degree (and weight). Hence we need to enforce some furthstraints on the weights.

LetN(v) = {u1,Up,...,uq}, with di = d(u;). We distinguish different cases, depending
on the value ofl € {2,3,4}.

(3.a) cased = 2. Nodeu; andu, cannot be adjacent (otherwigeominates them). Thus,
by folding v, we removeN|v] and we introduce a unique node; of degreed(u;2) <
(d1—1) 4 (dp — 1) = dy +dy — 2 (which implies that the weight of this new node is at most
Wg, +d,—2). Hence, for aldy,d> > 2,

W2 + Wy, +Wd, — W, +-d,—2 = Wg; +Wg, —Wd,+dy—2 > 0. (2)



(3.b) cased =3. By asimple case analysis (see FigureNly) must contain exactly one
edge, say{ui,up}. Thus by foldingv, we introduce two new nodass and ups, where

Figure 4 Possible graphsl[v] for d(v) = 3. In the first case there is one anti-triangle in
N(v). In the last two caseg dominatesu. The algorithm may folds only in the second

e 1

d(uiz) < (di —2) + (dg — 1) + 1= dj +ds — 2. Hence, for altl;,d,,d3 > 3,

W3 + Wdl + Wdz + Wd3 - Wd1+d3—2 - Wd2+d3—2 > 0. (3)

(3.c) case d=4. AssumeN(v) contains two non-incident edges, s&wi,up} and
{uz,us}. Since there cannot be four anti-edgedifv), there must be a third edge inci-
dent to both{us,u} and{us, us}, say{u»,us}. Note thatd; > 4 for all i, since otherwise
we could fold a node of degree three. In the worst case (thenecother edges), when we
fold v we introduce three nodess, Uy4, andu4 of degree at mogt; +dz — 3,d +dg — 3,
andd; +dgq — 2, respectively. Thus, for atl;,d»,d3,ds > 4,

4
Wy + ledi — Wiy +d3—3 — Wap+dg—3 — Wy +-ds—2 >0. (4)
i=

Now suppose the condition above does not hold (all the edp®$v) are incident to
each other). Again by a simple case enumeration (see Figuiteebe must be exactly three
edges which form a triangle, sgyi, s}, {uz,us}, and{us,us}. By the same argument

Figure5 Possible graphi|v] for d(v) = 4, where all the edges M(v) are incident to each
other. In the first four case¥(v) contains one anti-triangle. Only in the last cassn be
folded.

A, B

as above, the degree ©f, uy, andus must be at least four. When we foldwe introduce
three nodesl 4, Uxs, andugzs, whered(ug) < (di —3)+(dg—1)+2=di +ds— 2. Thus
for all di,d»,d3 > 4 andd, > 3:

4
Wa + ledi — Wd; +-dg—2 — Wdp+dg—2 — Wz +ds—2 >0. (5)
i=

Note that it is sufficient to consider the (finite) subset afistoaints wherel; < 8 for all i
(each constraint witkd; > 8 is dominated by the same constraint wdthreplaced by 8).



(4) Branching. When we branch, we can assume that, for every mad@® degw) > 3;
(i) if degw) < 4, eithenw is not foldable oiN(w) contains more than three anti-edges; (iii)
w is not dominated and does not dominate any other node.

Suppose we branch at a given nag&vith N(v) = {ug, up,...,uq} andd; = d(u;). We
denote bymy = mi(v) the number of nodes of degrem N(v):

m = [{ue N(v) : d(u) =i}|.

Let moreoverp, = pn(v) be the number of nodes M?(v) which have exactiy neighbors
in N(v):
P = [{w e N?(v) : [N(w) \N(v)| = h}.

Note that (at least) the nodes correspondinggo; and py are mirrors ofv. Additionally,
the number of edges betwelitiv) andN?(v) is

We also definensi = ¥ j~imj andp>p = 3 j>h Pj-

Suppose we discard The size of the problem decreasesigybecause of the removal
of v, by at leaspg W + Pd—1Wmax3, d—1) because of the removal of the mirrorswand by
at leasty *;m Aw; because of the reduction of the sizeNv). Altogether the reduction
is

Dout = Dout(V)
d
> W+ PaWd + Pd—1Wmax(3,d—1} + Zm Aw;.
i=

Consider now the case we takeThe size of the problem decreaseswyybecause of the
removal ofv, and by % ;mw; because of the removal &f(v). The size of the problem
further decreases because of the reduction of the sixé(@. Consider a node < N?(v)
with h neighbors ifN(v). Note that the reduction of the size i

Wd(z) —Wd(z)—h = BAWq(z) +BAWgz) -1+ ... +AWgz)hy1-

If h=1, the minimum reduction of the size pfs achieved whem has the largest possible
degreead(z) = d:

Wd(z) —Wd(z)-1 = BWq(z) = AWg = Wg — Wg-1.
Now consider the cage> 2. Any case withd(z) —h > 3 is dominated by a case where the
h edges considered are incidenttdistinct nodes of degred:

Waz) —Wdz-h = AWyp +AWgz -1+ +AWgz) i1
hAWd = h(Wd —Wd,l).

\%

Thus we can assun{z) —h < 2, and the reduction of the size bfs Wy, — Wy(z)—h =
Wq(z)- It follows that in the worst casehas the minimum possible degree compatible with

h: d(z) = max{3,h}. Thus the reduction of the size Bf(v) is at least

d
PLAWG + > PhWmax(3h}-
H=2

Each node ifN(v) has at least one neighbor ¢ (v) (otherwise we could remove
by dominance). Moreover, the nodes of degree thrdé(ir) have exactly two neighbors
in N2(v) (otherwise we could fold them). Thys> m-4 + 2mg = d + mg, the worst case
occurring wherp = d + mg.



Altogether, the reduction of the size of the problem whenakev is

d d
AN = DIN(V) > Wy + mei + PLAWG + ) PhWmax(3h}-
= H=2

The following recurrence follows, for afhy andp, such thaty® ;m =d andy?  hp, =
d+mg:
Plk] < Plk—Aout] +Pk—A]. (6)

Observe that it is sufficient to consider only a finite numblfenegurrences. In fact, for
d > 8, independently from the values of tig, the worst case value of thg is p; = p and
pi = 0 fori # 1 (sinceAwy = 0 for d > 8). Recall that, fod > 8, wyg =1 . Thus all the
worst case recurrences fdr> 8 are dominated by a recurrence of the kind

Pk < Plk— 1—'im Awi] + P[k—l—'imwi —M>gl,

with 57 om +m-g = 8.

Consider an assignment of the weights wy, ws, andwg which satisfies the initial
assumptions and the constraints (2), (3), (4), and (5). ritstout thatP[k] < aX, where
a > 1is the largest real root of the set of equations

ak — cxk*AOUT + cxk*A|N

corresponding to the recurrences of kind (6). Thus the asitim of the running time
reduces to choosing the weightaminimizing a = a(w) (we refer to Eppstein’s work [7]
on quasi-convex programming for a general treatment of aymoblem). We numerically
obtained

(W3, Wy, Ws, Wg) = (0.55960.84050.9562 0.9964),

which leads tax < 2°298 and thus to the claimed running tir (20-298m),
m

The running time analysis can be further refine®t¢2%288"), still without modifying
the algorithm. We give the details in the appendix.

Theorem 4 Algorithm ni s solves the maximum independent set problem in time
O* (20.288n) .

5 A Lower Bound

We have showed that a more careful choice of the measure teadsuch tighter bound
on the running time ofri s. Nonetheless, the bound achieved might still be pessinisti

To estimate the possibilities for further improvementssinatural to ask for lower
bounds on such running times. (Notice that we are concerridlewer bounds on the
complexity of a particular algorithm and not with lower balsnon the complexity of an
algorithmic problem).

Theorem 5 The worst case running time of s is Q(2"/6) = Q(20-166n),

Proof. Consider the following connected grafh, ¢ > 1, of n = 6¢ nodes:G, consists
of ¢ blocksBs,Bsy,...,B,. Each blockB;, i < ¢, is formed by six nodes;, by, ¢, d;, &, and
u. For each Ki </, nodey; is adjacent to nodes, by, ¢, d;, § which form a chord-less
cycle of length five. Also for each=1,...,¢— 1 there are edgefa;,a+1}, {bi,bi+1},
{ci,Cit1}, {di,di+1}, and{&,e;1}. (See Figure 6 for an example).



Figure 6 Lower-bound grapl@, for ¢ = 3. Algorithmm s may branch at node;.

Let us apply Algorithmmi s to graphG,. The graph is connected. Moreover, no node
is foldable and dominance cannot be applied. Thus the #itgorbranches at a node of
maximum degree: so it can branchuat If we takeu;, we remove nodes, by, ¢, di, and
e arriving at graphG,_;. If we discardus, the remaining vertices @; are of degree three
and are not foldable. So at the next step the algorithm carchratu, and so on. Thus the
algorithm can branch = n/6 times, which implies a running tim@(2"/6) = Q(20-166n),

O

The large gap between upper and lower bound leaves room fwoirament. |s is pos-
sible to further refine the analysis of algorithtns, possibly via a further refined measure
of the size of maximum independent set instances? Findiclg sieasure is an interesting
challenge.
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Appendix

Proof. (Theorem 4) We can refine the running time analysis given in the proof efdrem
3 in the following way.

By a simple combinatorial property, if the sum of the degrefeld|v] is even (odd), so
it must bep = p(v). Thus, if the lower bound + mz on p is odd (even), we can replace it
with d + mg + 1:

p=d+m+[( 3 d(v)+(d+ms)) (mod 2.

ueN|v|

The lower bound orp can be further refined fat = 4 (while ford =3, p=d+m; =6
deterministically). If there are no edgesht{v), p = 2mz + 3my. If there is exactly one
edge inN(v), say{us1,uy}, the degree ofi; andu, must be four (otherwise we would fold
one ofu; anduy). Thusp = 2mz + 3my — 2, with my > 2. It remains to consider the case
there are at least two edgesNifv). Following the analysis of case (3.c), if such edges are
not incident, there are no other edgeNfv) and all the nodes itN(v) have degree four
(my = 4). Thusp = 2mz + 3my — 4 = 8. Otherwise there are at least two incident edges in
N(v), say{us,uz} and{uz,us}, from which we obtairnp > 2mg + 3my — 4, with my > 3.
Altogether,p > 7 if my = 3, andp > 8 in all the other cases.
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Consider now the casg= 3. Without loss of generality, we can assume tNatv)
is not empty. In fact otherwisewould be contained in a small (constant-size) connected
component, and thus it would B8k] = O(1) trivially. This has two consequences. First,
we can assumesz < 2. Second, suppose all the nodedNifv) have at least one neighbor
in M(v). This surely happens iz > 0 or p, = 3, and it may happen fop, = 2. After
removing{v} UM(v), nodes inN(v) have degree at most one. Thus the nodds(w) are
taken, and all the remaining nodesN(v) are discarded (without branching). Hence the
degree of all the nodes IN3(v) decreases, with a total extra reduction of the size of the
problem by at leashws = ws.

Suppose novwp; = p = 6 (which implies that there are no mirrors). After removing
the neighbors of become nodes of degree two with two non-adjacent neighbatsgree
three. One of them will be folded, with a reduction of the sif¢he problem by at least
Wo + 2wz — Wy = 2w3 — Wy (Which must be non-negative by the constraints on folding).

By considering the new (refined) set of recurrences, and pp&img(ws, Wa, Ws, W) =
(0.51390.77830.92300.9842), one obtains the claimed* (20288 running time. O
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