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Abstract

A system of algebraic equations over the finite fieldFq is called sparse if each
equation depends on a small number of variables. In this paper new algorithms for
solving such equations are presented. The mathematical expectation of their running
time is derived. It compares favorably with the worst case estimations coming from
the l-SAT problem analysis forq = 2 and the trivial estimation with the brute force
algorithm for a generalq.

1 Introduction

Let Fq be the finite field ofq elements andX = {x1, x2, . . . , xn} be a set of variables from
Fq. By Xi, 1 ≤ i ≤ N we denote subsets ofX of sizeli ≤ l. The system of equations

f1(X1) = 0,

. . .

fN (XN ) = 0
(1)

is considered, wherefi are polynomials overFq and they only depend on variablesXi.
Such equations are calledl-sparse. One looks atfi as mappings from the set of allli-tuples
overFq to Fq and vice versa any such mapping may be represented by a polynomial over
Fq.

Obviously, the equationfi(Xi) = 0 may be also defined by the setVi of Fq-vectors in
variablesXi, calledXi-vectors, on whichfi is zero, so thatVi is defineable by a plenty of
polynomials overFq. We look for the set of all solutions inFq to the system of equations
(1).

Whenq = 2 the equations (1) are Boolean and the decision problem related to such a
system ofl-sparse algebraic equations is polynomially-time equivalent to thel-satisfiability
problem (l-SAT). l-SAT is a problem to determine, given a conjunctive normal formF with
n variables and such that each clause ofF contains at mostl literals, whether or not there
is a satisfying assignment forF . Really, let

f(x1, . . . , xl) = 0 (2)

be any Boolean equation inl Boolean variables and

(a11, . . . , a1l),
. . . ,

(as1, . . . , asl),
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be all binary vectors such thatf(ai1, . . . , ail) = 1. The vector(b1, . . . , bl) is a solution to
(2) if and only if it is a satisfying assignment for the conjunctive normal form

Ff = (xa11
1 ∨ . . . ∨ xa1l

l ) ∧ . . . ∧ (xas1
1 ∨ . . . ∨ xasl

l ),

where we denote

xa =

{
x, if a = 0,

x̄, if a = 1,

that isxa = 0 if and only if x = a. Given the system of equations (1) one constructs a
conjunctive normal formF which is a conjunction ofFfi

. One now sees that(b1, . . . , bn)
is a solution to (1) if and only if this vector is a satisfying assignment forF . Obviously,
anyl-SAT problem may be represented by a system ofl-sparse Boolean equations.

l-SAT (for l ≥ 3) is one of the classical NP complete problems and there is a vast ref-
erence list on this problem. Recently there has been a large effort to design deterministic
and randomized exact algorithms for this problem. These efforts resulted in a number of
deep and powerful techniques for solving SAT efficiently. Nice examples of such tech-
niques are the Davis-Putnam algorithm, Shöning Local Search and Random Walks. SAT
onn variables can be trivially solved in timeO(2n) by trying all possible assignments, but
constructing anO(cn) algorithm forc < 2 is a long standing open problem. However, for
small values ofl there are much faster algorithms forl-SAT with c = cl < 2, see the survey
article [5]. Such bounds are worst case estimations to the problem of solving equations (1)
whenq = 2.

In this paper we suggest a new and simple algorithm to solve equations (1), called
Gluing Algorithm. Its analysis is based on the following assumptions: given a sequence
of natural numbersl1, . . . , lN ≤ l, the subsets of variablesX1, . . . , XN and polynomials
(or mappings)f1, . . . , fN are chosen uniformly and independently of each other. In this
setting the running time of the Gluing Algorithm is a random variable. We prove that its
mathematical expectation is essentiallyO((qeγ0 + ε)n) operations, whenq andl are fixed
andn tends to infinity. Here

γ0 = − ln q

l
− (q

1
l − 1) ln(

1− q−1

1− q−
1
l

),

and ε is any positive real number. See Theorem 1 for an exact statement. This bound
compares favorably with the trivial boundO(qn) for a generalq and the worst case bounds
coming from thel-SAT problem analysis whenq = 2 as one sees from the data tabulated
below:

the worst case Gluing1, Gluing2,
the average the average

c3 1.324 1.262 1.238
c4 1.474 1.355 1.326
c5 1.569 1.425 1.393
c6 1.637 1.479 1.446
. . . . . . . . . . . .

The constantcl is given such that the algorithm runs in timeO(cn
l ). The Gluing1 Algorithm

is a modification of the Gluing Algorithm with the same running time and minor memory
requirements. The Gluing2 Algorithm is even faster, see Theorem 2, but the amount of
memory used is of the same order of magnitude as its running time.

This article was motivated by applications in cryptanalysis. Modern ciphers are prod-
uct, that is the mappings they implement are compositions of functions in small number of
variables. Then intermediate variables are introduced to simplify equations, describing the
cipher, and to get a system of sparse equations. Solving this system of equations breaks the
cipher. Previously known approaches to solve such equations are mostly efficient for an
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overdefined system of equations of low algebraic degree, see [1],[2] and [4]. Here we are
studying an approach which exploits the sparsity of equations and does depend neither on
their algebraic degree nor whether the system is overdefined or not. It seems that Håvard
Raddum was the first to explore this approach in [8], though his methods differ from ours.
The Gluing Algorithm and its modifications presented in this paper have not been able to
undermine modern ciphers so far, as the number of intermediate variables is usually too big,
but some combinations with other techniques proved to be promising in cryptanalysis, [9].
Getting asymptotic bounds on the complexity of these latter combinations is in progress.

The rest of the paper is organized as follows. In Section 2 we describe the Gluing and
Gluing1 Algorithms and in Section 3 asymptotic bounds on their running time are given. In
Section 4 we explain the Gluing2 Algorithm and prove a better bound for its running time.
Section 5 presents some auxiliary results on the distribution of random variables related to
random allocations used in the previous Sections.

The author thanks Fedor Fomin and Håvard Raddum for usefull discussions.

2 Algorithms

We’ll describe the Gluing procedure. Given pairs(Xi, Vi) for i = 1 and2 one defines
the sets of variablesZ = X1 ∪ X2 andY = X1 ∩ X2 and the set ofZ-vectorsU by the
following rule

U = {(a1, b, a2)/(a1, b) ∈ V1, (b, a2) ∈ V2},

whereai is an (Xi \ Y )-vector andb is anY -vector. We see that to glue(X1, V1) and
(X2, V2) one can sort setsV1 andV2 by Y -subvectors and only glues vectors with the same
Y -subvector. So the complexity of the gluing is on the whole

O(|U |+ |V1|log|V1|+ |V2|log|V2|) (3)

operations like rewriting and comparison withFq-vectors of size|Z|. In the next Section
we’ll use a simpler boundO(|V1||V2|), when estimating the Gluing algorithm, while the
bound (3) is actually used in Section 4.

We denote gluing by
(Z,U) = (X1, V1) ◦ (X2, V2).

and formulate an algorithm to solve the system of equations (1).
Gluing Algorithm
input : the system of equations (1) given by pairs(Xi, Vi), where1 ≤ i ≤ N .
output: the setU of all solutions to (1) in variablesX1 ∪ . . . ∪XN .
put (Z,U)← (X1, V1) andk ← 2,
while k ≤ N do
(Z,U)← (Z,U) ◦ (Xk, Vk) andk ← k + 1,
return(Z,U).
It is obvious thatU is finally the set of all solutions to (1).
The amount of the memory used by the Gluing Algorithm has the same order of mag-

nitude as its running time which is exponential inn, see the next Section for details.
This makes the Algorithm impractical. The following variant of the Algorithm requires
O(poly(n)) bits of memory.

In the description below we will use some new notation. For anX1-vectora and anX2-
vectorb we denote bya ◦ b anX1 ∪X2-vector which is the result of the gluing procedure
applied toa andb. This is only possible whena andb have the sameX1 ∩X2-subvector.
We also suppose the each setVi to be sorted according to some order≤, which may depend
on i. Let a be anX-vector andY be a subset ofX thenaY denotes theY -subvector of
a(this is the projection ofa onY ). Finally,X(k) = X1 ∪ . . .∪Xk andX(0) = ∅, a∅ = ∅,
a ◦ ∅ = a.

Gluing1 Algorithm
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input : the system of equations (1) given by pairs(Xi, Vi), where1 ≤ i ≤ N .
output: the setU of all solutions to (1) in variablesX(N).

1. (initialization) Seta← the first( the biggest according to≤) vector inV1 andk ← 1.

2. (extenda and increasek) Setb ← the first vector inVk that can glued witha. Set
a← a◦ b andk ← k +1. If k = N then return(a) and go to step 3 else go to step 2.

3. (modifya) Setc ← aXk
anda ← aX(k−1). Setb ← the first vector< c in Vk that

can be glued witha. Then seta← a ◦ b and go to step 2.

4. (reducek) Setk ← k − 1. If k = 0 then stop else go to step 3.

We stress here that if at steps 2 and 3 the claimed vectorb doesn’t exist the Algorithm goes
straight to steps 3 and 4 respectively. The Algorithm obviously solves the problem and it
passes through everya ∈ Uk at mostql times for everyk. The figureql may be reduced
via a proper ordering of the elements of the setsVk and this doesn’t change the asymptotic
running time. The asymptotic running time is as that of the Gluing Algorithm.

3 Complexity Analysis

Lemma 1 Let Y ⊆ X denote two sets of variables,V be a fixed set ofX-vectors andU
be the set ofY -vectors, solutions to a randomly chosen equationf(Y ) = 0 in variablesY .
Let

(X, V ′) = (X, V ) ◦ (Y,U),

where the size|V ′| of V ′ is a random variable. Then for its expectation we have

E|V ′| = |V |/q.

Proof Let Vu denote the subset of vectors fromV theY -subvector of which isu. Then

|V | =
∑

u

|Vu|

and
|V ′| =

∑
u

|Vu|Iu,

whereIu = 0 if u doesn’t occur inU andIu = 1 otherwise. One sees that

Pr(Iu = 1) = 1/q,

becausef is a random equation inY and is uniquely defined by a mapping of all possible
Y -vectors overFq to Fq. Therefore,

E|V ′| =
∑

u

|Vu|EIu = 1/q
∑

u

|Vu| = |V |/q.

This finishes the proof.

Theorem 1 Let ε be any positive real number andl ≥ 3 and q ≥ 2 be fixed natural
numbers whenn tends to infinity. Then the mathematical expectation of the complexity of
the Gluing Algorithm is

O((qeγ0 + ε)n + poly(n)N)

operations, whereγ0 = − ln q
l − (q

1
l − 1) ln( 1−q−1

1−q−
1
l
) and poly(n) is a polynomial inn.
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Proof By Uk we denote the set of solutions to the subsystem


f1(X1) = 0,

. . .

fk(Xk) = 0

in X(k)-vectors, whereX(k) = X1 ∪ . . . ∪Xk. Then

(X(k + 1), Uk+1) = (X(k), Uk) ◦ (Xk+1, Vk+1),

where1 ≤ k ≤ N −1. Let ξk be the size of the setUk. One sees that the complexity of the
Gluing Algorithm is bounded byO(ξ + poly(n)N), whereξ = poly(n)(ξ1 + . . . + ξN ).
This is an upper bound on the cost ofN − 1 gluings. It is obviousξ1, . . . , ξN are random
variables. One finds

Eξ = poly(n)
N∑

k=1

Eξk = poly(n)maxkEξk

becauseEξk = O(qn/qk) by Lemma 1. We now estimateEξk.
BecauseX1, . . . , Xk are independent random subsets ofX of sizel1, . . . , lk, the size

of the setX(k) = X1 ∪ . . .∪Xk is the random variableν(k) = ν(l1, . . . , lk;n) studied in
Section 5. Lemma 1 implies

Eξk = Eqν(k)−k.

By Theorem 3, Section 5
Eqν(k)−k ≤ ηn

l EqνLk
−k,

whereLk = l1 + . . . + lk andηl tends to1 asn tends to infinity since

ηl = (
k∏

i=1

(n + 1) . . . (n + li − 1)
(n− 1) . . . (n− li + 1)

)1/n

andli are bounded byl. By Theorem 4 , Section 5 the valueηn
l EqνLk

−k is bounded by

O(ηn
l (qef(zα)−α+α ln α−α ln q

l )n)

for α = Lk/n and becausek ≥ αn/l. See Section 5 for the definition off(z) andzα.
Then

Eξ = O(poly(n)ηn
l (qeγ0)n),

whereγ0 = g(α0) is the maximum ofg(α) = f(zα)− α + α lnα− α ln q
l for α > 0.

By Lemma 2, proved below, we put

γ0 = − ln q

l
− (q

1
l − 1) ln(

1− q−1

1− q−
1
l

).

It is easy to see that
poly(n)ηn

l (qeγ0)n = O((qeγ0 + ε)n)

for any positive real numberε andn tending to infinity. This finishes the proof of the
Theorem.

Lemma 2 Let q ≥ 2 andl ≥ 3 be natural numbers. Then forα > 0 the functiong(α) has
just one maximum value

g(α0) = − ln q

l
− (q

1
l − 1) ln(

1− q−1

1− q−
1
l

)

andα0 < l/2.
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Proof We know thatz = zα satisfies

zez

ez + q−1 − 1
= α (4)

andα > 0 if and only if z > 0. We considerg(α) as a function inz, whenz > 0. In order
to find its extremum we take the first derivative. One sees

∂g

∂z
= −∂α

∂z
(
ln q

l
− ln(

α

z
))

One also sees that∂α
∂z only has positive values whenz > 0. So ∂g

∂z = 0 if and only if

α/z = q
1
l and soα0 = q

1
l zα0 . It follows from (13) that

ezα0 =
1− q−1

1− q−
1
l

and it is straightforward to see that

g(α0) = − ln q

l
− (q

1
l − 1) ln(

1− q−1

1− q−
1
l

).

Then

ezα0 = 1 + 1/q
1
l + . . . + 1/q

l−1
l ≤ l.

Sozα0 ≤ ln l andα0 ≤ ln l + 1, see Lemma 3 in Section 5. This impliesα0 < l/2 for
l ≥ 6. But the last statement of the Lemma is also true forl = 3, 4, 5 as one sees from
taking the maximum of

α0 = q
1
l ln(

1− q−1

1− q−
1
l

)

in q for q ≥ 2. This proves the Lemma.

4 Even faster Gluing

We’ll explain here a variant of the Gluing Algorithm working faster than that introduced in
Section 2. Let for the simplicityN ≥ n andl1 = . . . = lN = l. Then Lemma 2 implies
that there exists just one real numberα1 > 0 such that

g(α1) = g(2α1)

andα1 < α0 < 2α1 ≤ l. So one finds natural numbersk1 andk2 such that

(k1 − 1)l
n

< α1 ≤
k1l

n

and
(k1 + k2 − 1)l

n
< 2α1 ≤

(k1 + k2)l
n

.

Then the two subsystems of equations (1) are considered:
f1(X1) = 0,

. . .

fk1(Xk1) = 0
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and 
fk1+1(Xk1+1) = 0,

. . .

fk1+k2(Xk1+k2) = 0.

Let X ′ = X1 ∪ . . . ∪ Xk1 andV ′ be the set of all solutions to the first subsystem inX ′-
vectors. Similarly, letX ′′ = Xk1+1 ∪ . . . ∪ Xk1+k2 andV ′′ be the set of all solutions to
the second subsystem inX ′′-vectors.

Gluing2 Algorithm
input : the system of equations (1) given by pairs(Xi, Vi), where1 ≤ i ≤ N .
output: the setU of all solutions to (1) in variablesX1 ∪ . . . ∪XN .
apply the Gluing Algorithm to find(X ′, V ′) and(X ′′, V ′′)
set(Z,U)← (X ′, V ′) ◦ (X ′′, V ′′) andk ← k1 + k2 + 1
while k ≤ N do
(Z,U)← (Z,U) ◦ (Xk, Vk) andk ← k + 1,
return(Z,U).

Theorem 2 Let ε be any positive real number andl ≥ 3 and q ≥ 2 be fixed natural
numbers, whenn tends to infinity. Then the mathematical expectation of the complexity of
the Gluing2 Algorithm is

O((qeg(α1) + ε)n + poly(n)N) (5)

operations.

The proof follows from the facts that the complexity of finding(X ′, V ′), (X ′′, V ′′) and
(X(k1 + k2), Uk1+k2) is bounded by (5), see formula (3), and the functiong(α) has only
one maximum atα0, whereα1 < α0 < 2α1.

The bound on the complexity of the above algorithm is always better than that on the
complexity of the Gluing Algorithm becauseg(α1) < g(α0). The drawback of the Gluing2
Algorithm is that the amount of memory used is of the same order of magnitude as the
running time.

5 Random allocations by complexes

In this section we use some results and ideas from the Random Allocations Theory, see
[7], in order to prove Theorem 4 which is basic for the complexity analysis of the Gluing
Algorithm. Let there ben boxes into whichk complexes of particles are independently
thrown,li ≤ n particles at thei-th throw. This means that at thei-th throw

(
n
li

)
boxes are

occupied with the equal probability1/
(

n
li

)
. We introduce two random variables now. Let

ν = ν(k) = ν(l1, . . . , lk;n)

be the number of filled boxes afterk such throws andνL be the number of filled boxes
whenL particles are thrown independently of each other. One sees that

νL = ν(1, . . . , 1;n),

whereL is the number of 1’s in the last formula. In this Section we’ll prove some auxiliary
statements on the distribution of the random variablesxν andxνL , wherex is first a variable
and then a real number≥ 1. By Exν andExνL we denote mathematical expectations of
these random variables.
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Theorem 3 1. Letx be any variable then

Exν =
n∑

m=0

(
m
l1

)
. . .

(
m
lk

)(
n
l1

)
. . .

(
n
lk

)(
n

m

)
(1− x)n−mxm.

2. Letx be a real number≥ 1 andL = l1 + . . . + lk then

ExνL ≤ Exν ≤
k∏

i=1

(n + 1) . . . (n + li − 1)
(n− 1) . . . (n− li + 1)

ExνL .

Proof In order to prove the first statement we divide the boxes into two groups ofn1

andn − n1 respectively. Lett be an integer number and0 ≤ t ≤ n. We now calculate
the probability of the eventν = t by considering the joint probability, fixing the number of
particlessi andli − si of thei-th complex in the groups obtained. One sees

Pr(ν = t) =
li∑

i,si=0

(
n1
s1

)
. . .

(
n1
sk

)(
n−n1
l1−s1

)
. . .

(
n−nk

lk−sk

)(
n
l1

)
. . .

(
n
lk

) ×

t∑
t1=0

Pr(ν(s1, . . . , sk;n1) = t1) Pr(ν(l1 − s1, . . . , lk − sk;n− n1) = t− t1), (6)

where we run over all1 ≤ i ≤ k and0 ≤ si ≤ li in the first sum. We multiply the both
sides of (6) byxt and sum overt from 0 to n.We denote

E(l1, . . . , lk;n;x) =
(

n

l1

)
. . .

(
n

lk

)
Exν(l1,...,lk;n).

Then (6) implies

E(l1, . . . , lk;n;x) =
li∑

i,si=0

E(s1, . . . , sk;n1;x) E(l1 − s1, . . . , lk − sk;n− n1;x). (7)

We multiply the both sides of the last formula byzl1
1 . . . zlk

k , wherez1, . . . , zk are any
variables, and sum over allli from 0 ton. Denoting

F (n;x; z1, . . . , zk) =
n∑

i,li=0

zl1
1 . . . zlk

k E(l1, . . . , lk;n;x), (8)

we get from (7) that

F (n;x; z1, . . . , zk) = F (n1;x; z1, . . . , zk)F (n− n1;x; z1, . . . , zk) =
F (1;x; z1, . . . , zk)n. (9)

One easily sees that

E(l1, . . . , lk; 1; x) =

{
1, if l1 = . . . lk = 0,

x, otherwise.

Then
F (1;x; z1, . . . , zk) = 1− x + x(1 + z1) . . . (1 + zk)

8



and

F (n;x; z1, . . . , zk) = (1− x + x(1 + z1) . . . (1 + zk))n =

=
n∑

m=0

(
n

m

)
((1 + z1) . . . (1 + zk))m(1− x)n−mxm.

From

((1 + z1) . . . (1 + zk))m =
m∑

i,li=0

(
m

l1

)
. . .

(
m

lk

)
zl1
1 . . . zlk

k ,

it follows that

F (n;x; z1, . . . , zk) =
n∑

i,li=0

zl1
1 . . . zlk

k (
n∑

m=0

(
m

l1

)
. . .

(
m

lk

)(
n

m

)
(1− x)n−mxm).

because
(
m
li

)
= 0 for m < li. This with (8) together imply

E(l1, . . . , lk;n;x) =
(

n

l1

)
. . .

(
n

lk

)
Exν =

n∑
m=0

(
m

l1

)
. . .

(
m

lk

)(
n

m

)
(1− x)n−mxm

and proves the first statement of the Theorem.
Let us prove the second statement. From the first statement we see that

Exν =
nL(

n
l1

)
. . .

(
n
lk

) n∑
m=0

(
m
l1

)
. . .

(
m
lk

)
nL

(
n

m

)
(1− x)n−mxm.

Then (
m
l1

)
. . .

(
m
lk

)
nL

=
k∏

i=1

m

n
(
m

n
− 1

n
) . . . (

m

n
− li − 1

n
) =

L∑
s=0

ds(
m

n
)L−s

is a polynomial inm
n with some rational coefficientsd0, d1, . . . , dL. So

Exν =

nL(
n
l1

)
. . .

(
n
lk

) L∑
s=0

ds

n∑
m=0

(
m

n
)L−s

(
n

m

)
(1− x)n−mxm =

nL(
n
l1

)
. . .

(
n
lk

) L∑
s=0

dsExνL−s

because the first statement of the Theorem implies

Exνs =
n∑

m=0

(
m

n
)s

(
n

m

)
(1− x)n−mxm.
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Therefore,

Exν ≤ nL(
n
l1

)
. . .

(
n
lk

) (
L∑

s=0

|ds|)ExνL , (10)

because ofExνs ≤ ExνL , when0 ≤ s ≤ L and due tox ≥ 1. Now

L∑
s=0

|ds| ≤
k∏

i=1

(1 +
1
n

) . . . (1 +
li − 1

n
).

Really,|ds| being the coefficient of the polynomial

k∏
i=1

x(x− 1
n

) . . . (x− li − 1
n

)

atxL−s, is bounded by the coefficient of the polynomial

k∏
i=1

x(x +
1
n

) . . . (x +
li − 1

n
)

at xL−s. So the sum
∑L

s=0 |ds| is bounded by the value of the last polynomial atx = 1.
Hence, (10)

ExνL ≤ Exν ≤
k∏

i=1

(1 + 1/n) . . . (1 + (li − 1)/n)
(1− 1/n) . . . (1− (li − 1)/n)

ExνL ,

becauseExνL ≤ Exν is obvious. This implies the Theorem.

Remark 1 The formula forExν given in Theorem 3 is not convenient to compute with the
float point arithmetic, because in this alternating series some summands are much bigger
than the final result. One can instead use the following recurrent formula for computing
probabilitiesPr(µ = t):

Pr(µ(l1 + 1, l2 . . . , lk;n) = t) =

Pr(µ(l1, l2 . . . , lk;n) = t)
n− t− l1

n− l1
+ Pr(µ(l1, l2 . . . , lk;n) = t + 1)

t + 1
n− l1

,

whereµ = n − ν is the number of empty boxes. This is a simple generalization of the
formula (5) at page 3 in [7]. Then the expectation ofxν is computed using the definition:

Exν =
n∑

t=0

Pr(µ(l1, l2 . . . , lk;n) = t)xn−t.

Let
f(z) = ln(ez + q−1 − 1)− α ln(z)

be a real-valued function in the real-valued variablez for a positive numberα. By zα we
denote the only positive root of the equation

∂f

∂z
(z) = 0 (11)

in z. One easily proves that there is only one such a root, see Lemma 3.
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Theorem 4 Letδ be a fixed positive number such that0 < δ < 1. Then for any realq ≥ 1

EqνL =

{
< qnδ

, if L < nδ;
O((qef(zα)−α+α ln α)n), if L ≥ nδ,

whereα = L/n andn tends to infinity.

Proof The statement is trivial forL < nδ. Let us prove this forL ≥ nδ. We have

EqνL = qnE(1/q)µL ,

whereµL = n − νL is the number of empty boxes, whenL particles are independently
thrown inn boxes. Then formulas (25) and (29) of [7] imply

E(1/q)µL =
L!

2πinL

∮
(ez + q−1 − 1)n dz

zL+1
,

where the integral is over any closed contour encircling the pointz = 0. A more general
integral was estimated in [3] following Theorem 3 of [6], so we get

E(1/q)µL =
L!
nL

enf(zα)

zα

√
2πn∂2f

∂z2 (zα)
(1 + O(

1
zαn

)) (12)

asn tends to infinity. We see that

∂f

∂z
=

ez

ez + q−1 − 1
− α

z
.

So
ezα

ezα + q−1 − 1
=

α

zα
. (13)

We’ll prove a technical Lemma now.

Lemma 3 1. For any positive real numberα there exists only one solutionzα to the
equation (11) and

max(α/q, α− 1) ≤ zα ≤ α,

2. there is a constantc such that

1 ≤ α

z2
α

∂2f
∂z2 (zα)

≤ c

for any positive numberα.

Proof The functionzez/(ez + q−1−1) has a positive derivative for a positivez, so for any
α > 0 there is only onezα satisfying (13). Having represented (13) as

1
1− (1− q−1)/ezα

=
α

zα

one sees thatα/zα ≤ q, due toq ≥ 1. We also realize that

zα = α + w(−α(1− q−1)
eα

),

wherew = w(−α(1−q−1)
eα ) is the closest to0 solution of the equation

wew = −α(1− q−1)
eα

.
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It is easy to prove that−1 ≤ w ≤ 0, soα ≥ zα ≥ α− 1. This proves the first statement of
the Lemma.

To prove the second statement one finds

∂2f

∂z2
=

ez(q−1 − 1)
(ez + q−1 − 1)2

+
α

z2
.

Therefore,

β =
α

z2
α

∂2f
∂z2 (zα)

=

1
1− (1− q−1) zα

(ezα+q−1−1)

.

So1 ≤ β < c for some constantc and anyzα > 0, and so for anyα > 0. This proves the
Lemma on the whole.

Let us return to the proof of the Theorem. Using Stirling approximation for the factorial
function, one gets from (12) that

E(1/q)µL = ααnen(f(zα)−α)

√
α

z2
α

∂2f
∂z2 (zα)

(1 + O(1/L + 1/(nzα)).

We have
nzα ≥ αn/q = L/q ≥ nδ/q

because ofL ≥ nδ. So
1/L + 1/(nzα) = o(1)

asn tends to infinity. Using statement 2. of Lemma 3 we getE(1/q)µL = O(en(f(zα)−α+α ln α)).
This proves the Theorem.
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