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Abstract

We discuss several aspects of coding for the asymmetric channel, with
emphasis on iterative coding. We implement turbo- and LDPC decoders for
the Z-channel, and a novel coding scheme designed to approach the optimum
input distribution for the channel.

Index terms - Z-channel, iterative decoding, channel capacity.

1 Introduction

Often, a symmetric channel model is the appropriate description of an actual phys-
ical channel. However there are also situations where an asymmetric model is best
suited to describe a physical channel. For example, the photon channel could be
described by the Z-channel as a photon on the channel might disappear, while no
new photons are created by the channel. The same also applies to the effect of
gamma-radiation on some types of magnetic memory.

The asymmetric channel is a special case of the general binary channel, in which
the transition probability of one of the inputs, say 1, is negligible, i.e. p(0|1) # 0
Classical codes for the asymmetric channel has been developed before (Refer to [1]
for a summary of some important codes). Many codes have been designed for this
channel, but so far we have not seen any attempts to use the strengths of iterative
decoding techniques to invent good codes for the Z-channel, so that is our aim.

2 The Z-channel

2.1 Channel model

The asymmetric channel, also called the Z-channel, is a discrete, memoryless chan-
nel, in which the transition probability of one of the inputs, say 0, is negligible,
ie. p(1|0) = 0. Classical algebraic codes for the asymmetric channel have been
developed (See [1] for a summary of some important code constructions), and there
has also been recent attempts to find good codes for this channel using a feedback
channel [2]. We will use the generic model below to model any encoder-decoder
system, and also use the notation that X is the input to the channel and Y is
the output from the channel. For a code with blocks of length n we will write
X ={z1,29,...,2,} and similarly Y = {y1,vy2,...,Yn}-

*This research was supported by the RCN (Research Council of Norway) under grant
157668/432
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Figure 1: A generic encoder-decoder system.

In the following we will study the Z-channel, which can be seen as a special case of
the generalized asymmetric channel when the 0 — 1 transition probability g1 goes
to 0.
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Figure 2: Channel models

2.2 Capacity and input distribution

Since the transition probabilities of the asymmetric channel are non-equal, the ca-
pacity not only depends on the probability of bit errors on the channel, but also on
the input bit probability to the channel.

We denote the input probability to the channel by P(z; = 0) = 1—pand P(z; = 1) = p,
and let the crossover probability P(y; = O|x; = 1) be ¢. Thus, the probabilities in
the channel model are:
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Let the entropy of a binary variable X be

1

h(X) ==Y p(X =z)log,p(X = ).
x=0

If p(X =1) = p, then
h(X) = —plogy p — (1 — p)logy(1 - p).
If the distribution of the variable is given as above, we will also write
h(X) = h(p) = h(1 —p)

The mutual information I(X;Y) between two variables X and Y is defined as the
difference between the entropy of the first variable and the entropy of the variable
conditioned on the second variable, i.e. I(X;Y) = h(X)—-h(X|Y) = h(Y)—-h(Y|X).



By Shannon [3], the capacity of the channel is given by choosing the input distribu-
tion that maximizes the mutual information between the input and output of the
channel:

C= max I(X;Y)

Then, the capacity of the channel is given by

C= m}?XI(X;Y) = mzz)ix(h(Y) —h(Y | X)

p

1
max(h(Y) =Y h(Y | X = 2)P(X = z)
x=0

= max(h(Y) = h(Y | X = )P(X =1))

Since P Y =1)=p(l—g)and P(Y =1|X=1)=1—¢

M-

C=maxI(X;Y) = max(—
P

p

P(Y)log, P(Y) (1)
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I

0

1
~ Y PY|X=1)log, P(Y | X =1)P(X =1) (2)
Y=0
= max(h(p(1 —q)) — h(g)p) (3)
Given this expression for the capacity, we can take the derivative of (3) with respect
to p and set to zero to find the capacity-achieving value of p as a function of q. See
Appendix A for details. This yields

p= — (4)
(1- @™ +1)

We can then find the limits lim,_,o p and lim,_,; p. It is easy to see that lim, ,op =
1/2, and by Appendix A, lim,.;p = 1/e.
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Figure 3: Capacity and optimum p



Plotting (4) in Figure 3, we see that the capacity achieving input distribution for the
error free channel tends to 1/2 when the error probability goes to 0, and decreases
to e~! as the error probability goes to 1. The capacity of the channel can only be
achieved when the rate of Os from the encoder is slightly larger than the rate of 1s,
i. e. using a non-even input distribution to the channel.

3 Iterative decoding for the Z-channel

Prior to the discovery of iterative decoding, the best known codes could not ap-
proach the channel capacity as stated in Shannon’s Channel Coding theorem. The
introduction of turbo codes, LDPC codes, Repeat-Accumulate codes and other it-
erative message-passing decoding methods made it possible to achieve decoding
performance that was very close to the Shannon limit. One of the best known re-
sults is an LDPC code-construction by Chung et al. [4] that gets within 0.0045 dB
of the Shannon limit on an AWGN channel. As far as non-symmetric channels go,
McEliece conjectured [5] that turbo-like codes should be effective also on this type
of channels. This conjecture is supported by an old theorem of Silverman and Rum-
sey [6] saying that the ratio of the even weight input capacity to the true capacity
is at least (e/2)In2 = 0.9421. We will first look at the performance of some linear
code-constructions and a bound on their performance on the Z-channel, and we will
then investigate a non-linear code and compare its performance to the linear codes.

3.1 Performance bounds of iterative decoding

The bit and frame error rate of a code over the asymmetric channel can be accurately
determined by computer simulation as long as the error probability is above the
waterfall region for the code in question. It is however, more difficult to determine
the performance of the code as the error probability drops beyond this region. The
system’s behavior cannot easily be simulated due to the extremely low number of
decoder errors over this kind of channel. It is, however, possible to give an upper
bound of the bit and frame error rates by using the Union Bound.

Theorem 3.1 (Union bound). Let {E, Es, Es, ..., E,} be events in a probabil-
ity space S with probability measure u(-). Then

The probability of the union of the events is less than or equal to the sum of the
probabilities of the individual events.

We want to find a method for calculation of an upper bound to decoder error
probability in the case of a linear code, with maximum likelihood decoding. There
exists extensive material on such calculations in the case where the actual channel is
supposed to be an additive white Gaussian noise channel (see [7]) or other symmetric
channels, but little work has been done on non-symmetric channels. We will first
look at the general principle, but with the special case of the asymmetric channel
(Z-channel) in mind, as we want to apply the principles to this channel.

Definition 3.1 (Pairwise error probability). The probability that some code-
word z is incorrectly decoded into a codeword x with Hamming distance dg(z,x) =
d from z, is denoted PUEZ). For a symmetric channel, this probability is the same
for all pairs of codeword with Hamming distance d, and is called the pairwise error
probability Py.



We can then apply the union bound principle by computing P, for all pairs of
codewords and sum over them. According to Theorem 3.1, we will then get an
upper bound on error probability under maximum likelihood decoding.

Further, we express the weight distribution of a code of length n by a weight enu-
merating function A(X) = Y_5_, AaX? where the coordinates A, are the number
of codewords of weight d in the code.

Then, the problem reduces to summing over the product of the code’s weight enu-
merator coordinates and the corresponding pairwise error probabilities, so that the
word error probability P, is given by

n
Py < AaPy (5)
d=1

Not considering the weight enumerator of a code, the problem is how to calculate
the pairwise error probability in a specific case.
In the AWGN case, a pairwise error probability can be calculated by means of the
Qz) = \/% I e=¥"/2dy error function so that Py = Q(\/2dREy/N,) (Ref. [8]).
This approach is not feasible in the case of other channels, but for a DMC, we can
approach the problem in a similar way by using the Bhattacharya noise parameter
~ for the calculation of P,.

Definition 3.2 (Bhattacharyya noise parameter). Suppose we have a discrete,
memoryless channel with input alphabet {0,1} and output alphabet Y, then the
Bhattacharya parameter ~y is defined as

v=>_ Vplo)p(yll)

yey

Example 3.1. In the case of an asymmetric channel with crossover probability
q we have Y = {0,1} and we can find the v parameter as v = /p(0|0)p(0|1) +

Vp(0)p(1[1) = V/q.

This parameter can be used to calculate an upper bound on P, for the asymmetric
channel by using an analogy of a theorem due to McEliece [7].

Theorem 3.2. Let C be a binary linear code used on an asymmetric channel with
crossover probability ¢ with input alphabet {0,1} and output alphabet Y. Let
A(z) = I, Aiz® be the weight enumerator of the code. Then if a maximum
likelihood decoding rule is used, an upper bound on word error probability is given
by

Proof. Let Py be the pairwise error probability, given that z is transmitted, and let
Y; = {y : p(y|x;) > p(yl|z)} i.e. Yj is the collection of received words that decode
into x; rather than z.

Then

Py= > plylz). (7)
YEY;
Since +/p(y|x;)/p(y|z) > 1 for all y € Y}, we can multiply each term in (7) by this

factor and get
Py < Y \/p(yl2)p(ylx;)- (8)

yEY;



By extending this summation to all y € Y™ we get a somewhat weaker upper bound

Onfﬁ.
Pi< Y \/p(yl2)p(ylx)). 9)

yeyn

The expansion p(y[x) = p(y1la1)p(yals) ... p(yn ) vields

Z\/P(Y|Z)P(Y|Xj) = Z Hp(yi|zz‘)p(yi|$ji)

yeYn yevyn \i=1

and further

> pwilzop(iles) < TT D /pwilzop(iles).

yeyn \i=1 i=lyey
The inner sum is clearly 1 if z; = x;; and ~ if z; # xj;. Thus, (8) reduces to
Py < ytu(@x), (10)

Substituting for P; in (5) we get
Py <> AP (11)
d=1

where Aff) is the number of codewords at distance d from z. Because of the linearity
of the code we get Agf) = Ay, so finally we get

Py < A(y) -1 (12)
O

Since 0 < 7 < 1, y? decreases exponentially in d, and therefore the sum in (12)
will be dominated by the lower weight terms. Thus, for smaller values of ¢, it is
possible to compute an approximate upper bound without knowing the full weight
distribution of the code.

We can extend this further to calculate a similar bound on bit error probabil-
ity. First, for a code with information length k and total length n, we define
an input-output weight enumerating function to be a function of two variables
AW, X) = ZZ:O 0 Aw.dW ¥ X where A, 4 is the number of words with in-
formation weight w and total weight d.

Theorem 3.3. Let A, 4 be the coefficients of the input-output weight enumerator
of a code. Then an upper bound on the bit error rate of the code under maximum
likelihood decoding is given by

n k
B<Y Y A (13)

d=1w=0

Proof. If a codeword with information weight w is incorrectly decoded, this can at
most result in a total of w bit errors out of the k info bits. Hence the bit error
probability for the codeword is bounded above by . The probability of such a
decoding error is given by A, 4v%, and the bit error probability becomes %Aw)d’yd
so we get the total bit error probability by summing over these terms. O



3.2 Linear codes

As the upper bound on ML-decoding applies to linear codes, we shall study a couple
of examples of such codes and see how well they work on the asymmetric channel.
A short description of the classical turbo- and LDPC codes is given, the necessary
modifications to the decoders for the channel are presented, and finally simulation
results of an implementation of an instance of each code are compared to the bound
found in section 3.1.

3.2.1 Turbo codes

A standard concatenated encoder for the asymmetric channel consist of two compo-
nent encoders and a multiplexer, as the standard parallel concatenated convolutional
encoder.

Input ,—| Output 1 Punc_
Encoder 1 | Ty
ture 1

pwer L Bncoder 2 f— s PG L 22
leaver ture 2

Figure 4: A generic parallel concatenated encoder.

The decoder for the system is a log-MAP turbo decoder, which is adapted to the
channel by using branch metrics that reflect the nature of the channel. The channel
uses bipolar modulation of the binary input vector so that 1 — —1.0 and 0 — 1.0.
This choice of modulation seems natural as it preserves the input’s structure viewed
as the group Zo.

If we assume that the BCJR algorithm is used in the decoders, the generic MAP
equation describing the trellis is

a;i(s") (s, 8) - Bita(s)
where « is the forward metric, gamma is the branch metric and § is the backward
metric.

The branch metric ~; can be written

i(s,s") = P(ur) P(yx | ug)

For the asymmetric channel, the conditional probabilities are given by



Branch label (ug) | Received value (yr) | Py | ug)
0 1.0
0 -1.0 q
1 1.0 0
1 1.0 1—¢

Table 1: Branch metrics

3.2.2 Results

We use a pair of rate 8/9 parallel concatenated convolutional codes punctured to rate
8/10 over an asymmetric channel. Assuming the input to the channel is distributed
as p(1) = p(0) = %, the Shannon bound, which gives the upper bound on the
crossover probability ¢ for error free decoding, is ¢ = 0.077. The information length
is 1280 bits. The simulation results compared to the upper bound on the ML error
floor from (12) are shown in Figure 5. For higher values of ¢, the decoding does not
approximate ML-decoding, but as the decoding converges to ML-decoding below
the waterfall region, we observe that the predicted upper bound indeed seems to
upper limit the performance of the decoder.

[[LDPC code —

Upper bound ~  ------- //

r{Shannon bound —— Y

0.01

Figure 5: Frame error rate

3.2.3 LDPC-codes

LDPC codes is another class of codes that uses belief propagation to attain near-
capacity decoding. The codes are sparse linear block codes that may be pseudoran-
dom or result of an explicit construction. The code may be represented as a Tanner
graph (see Fig. 6) where the parity checks of are represented by B and the variable
nodes are represented by (). The decoding can be viewed as message passing on the
same graph. Initially each variable nodes send messages to its parity check nodes
indicating the probability of it being a +1 versus a —1. The check nodes returns
the probabilities from all its neighbors, except from the node itself. The subsequent
iterations proceeds analogously, except for that the information passed form the
variable nodes is based on both the channel values and the information received in
the previous iteration.

0.1
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Figure 6: Tanner graph

3.2.4 Results

We use a regular, linear block code with codelength n = 495 and information length
k = 433 due to MacKay [9]. The lower part of the weight spectrum for this code was
found by Hu and Fossorier in [10]. For a linear code of rate ig—g, the Shannon bound
is ¢ = 0.041. Simulation results, compared to the union bound based upper limit
are shown in Figure 7. We observe as in Figure 5 that as the decoding performance

approaches ML- decoding, the predicted upper bound again seems to be correct.

10°
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Figure 7: Frame error rate

3.3 Nonlinear codes

As became apparent from the discussion in chapter 2.2, capacity can only be
achieved on the Z-channel with a uneven input distribution. We will therefore
investigate the use of a code consisting of both linear and nonlinear components,
to approach the optimum input distribution and thereby achieve good performance
on the Z-channel. As we have seen, codes with an even input distribution can also
perform quite well on this channel for certain values of ¢, and we would like to
determine the range where we have the most gain from using an uneven input to
the channel. The “capacity” for a linear code on the Z-channel can be determined
by taking C'1 = I(3;9) = h(3q) — 1h(q), and as we see in Fig. 8(a)



Taking the difference between this and the true capacity, we see which values of ¢
gives the biggest gain from using a code with the optimum input distribution.
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Figure 8: Difference between even and optimum input distribution

We see clearly that the most interesting range of values of ¢ are centered around
0.4, with the difference between the two quantities being very small near the ends.

3.3.1 Choice of component codes

Given the very good performance of LDPC-codes on the standard symmetric chan-
nel, and the fact that a linear code would be able achieve at least 94% of capacity,
which means error free decoding at Ag = 0.012 from the capacity of the Z-channel,
it seems reasonable to try to combine a regular LDPC-code with a nonlinear code
that skew the weight distribution in the desired direction.

Using a combination of a rate 3/4 nonlinear code and a rate 4/9 LDPC-code, we
get a non-linear code that are comparable to rate 1/3 LDPC-codes.

For the nonlinear component, if we concentrate on the range of values mentioned
at the end of section 2.2, we can examine some values of ¢ to see what the typical
optimum input distribution for these values are, and the corresponding capacities.

q | rlg) c
0.1 | 0.456 | 0.763
0.2 | 0.436 | 0.618
0.3 | 0.421 | 0.504
0.4 | 0.409 | 0.407
05] 04 |0.322

(14)

As we want to keep the rate of the distribution shaping code as high as possible in
order to let the LDPC-component be as long as possible, we will look at nonlinear
code components of rate H_Ll

To pick the actual code from among the many possible ones, we must consider the
property of the component code that are most interesting to us, namely its weight
distribution. In general, the codes of rate 14%1 where the check bit is 0 except for
one case, for instance

10



00 --- 00

00 --- 10
1 - 11
will have the weight distribution
(0) 27 41
w(t) = ——=-
(t+1)2¢
We see that lim;_,. w(i) = % so we obviously do not want large values of i.

For some small values of i we get

w(i)
0.417
0.406 (15)
0.413
0.422

Y = W N =

We observe that the h+1 codes with 2 < ¢ < 5 has has the most desirable input
distribution for use with an asymmetric channel with error probability in the range
from 0.3 to 0.5.

For the simulations, we choose to study a code with overall rate 1/3 since this rate
corresponds to the capacity of a channel with ¢ between 0.4 and 0.5 as seen in
table 14. We obtain this rate by combining a rate 3/4 nonlinear code of the kind

described above, with a rate 4/9 LDPC code.

3.3.2 Encoder / decoder setup

The idea is to combine the good error correcting capabilities of the LDPC code
with a nonlinear code to achieve a better input distribution for the channel. The
ordering of the components is crucial to the code’s performance. If we first encode
the information bits with the LDPC code, and then with the nonlinear code, the
total distribution of the code will be that of the outer, nonlinear code, and hence
close to the optimum value. However, then we would not get any gain from decoding
the nonlinear code after the first iteration, since none of its check nodes would be
involved in other checks that could produce a coding gain by iterating on the received
information.

If, on the other hand, we use the LDPC code as the outer code, the code will be
better suited for iterative decoding as all bits now can get an information gain as
the decoder iterates on the received information, but the resulting code will have a
distribution that is closer to 0.5.

Thus, we will use a code setup shown in Figure 9. The information block is first
encoded using the nonlinear code component, then the resulting block is interleaved
and encoded by the LDPC encoder. The decoding process starts by decoding the
part of the code that was encoded by the NL-encoder; the output of this decoding
is then deinterleaved and merged with the channel values, and sent to the LDPC-
decoder. The decoder will iterate until a codeword is found or the maximum number
of iterations are reached. We must consider the rate of the outer encoder to find
the real input distribution. If the rate of the nonlinear encoder component is k1 /ko
and the rate of the LDPC encoder is n1/na, the total rate is kini/kang. If we

11
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Figure 9: Code setup
let the weight distributions of the two component codes be p; and po, the input
distribution is then given by

nip1 + (n2 - nl)p2'
2 2

Assuming we use a code with overall rate 1/3, the code obtained when using the
LDPC-code as outer code will have distribution 0.4 3 +0.5- 3 = 41 ~ 0.456. The
decoder will then be able to do error free decoding up to ¢ = 0.482, while a code of
rate 1/3 could do error free decoding up to ¢ = 0.486 if the input had the optimum
distribution of 0.401.

Consequently, we will get a code that can not achieve capacity, based on the re-
quirements presented in the previous chapter. However, since the code is capable
of error free decoding for a ¢ up to 0.482, at least in theory it can do better than a
linear code, for which the limit is 0.473.

3.3.3 Trellis description of the 3/4 majority decision code

In order to do effective iterative decoding of the code described above, we need to
find a SISO decoder for the nonlinear rate 3/4 code. We will implement this decoder
as a trellis decoder

0/0 0/0 0/0 /0
11 > 11
0/0 0/0
1/1 /1
1/1 - 1/1

Figure 10: Trellis for nonlinear code

12



This leads to the trellis in Figure 10, where the states indicate the concurrent check
bit state, and the labels on the edges indicate the corresponding input and output
values to the trellis.

3.3.4 Factor graph for the nonlinear code

The information bits are encoded with the rate 3/4 nonlinear code. These checks
are denoted (. The LDPC component with rate 4/9 then encodes the resulting
word; these checks are denoted H, also adding its own check nodes (© to the word.
The factor graph of the resulting code then becomes an extension of the classical
Tanner graph for the LDPC code component.

PR
N

Figure 11: Factor graph for nonlinear code

In the graph sketched above information is sent alternatingly from the nonlinear
and the LDPC-check nodes to the variable nodes in the middle.

3.3.5 Results

We can see the results of this decoding compared to other codes of different length.
Most interesting is the comparison with a full rate 1/3 LDPC code. In the plots, the
notation €/, and C is used for the Shannon limit of a linear and an optimal code,
respectively. We observe in Figure 12(a) that the LDPC code has somewhat better
performance in the waterfall region while the nonlinear code has better performance
in the region above. Detail of the plot in the region above the waterfall is shown
in Figure 12(b), and while the differences may seem small one should keep in mind
that the Shannon limit of the two codes only differ by Ag = 0.009.

4 Conclusions

We have seen that the Z-channel requires an uneven input distribution for any
code that can achieve capacity. We have also shown that it is possible to compute
the exact value for the optimum input distribution for a given q. On the other
hand, we have noted that a linear code can achieve at least 94% of the capacity
of the channel for any value of q. We have constructed a nonlinear code that is
closer to the optimum input distribution for ¢ = 0.486. Compared to a linear code,
our construction does somewhat better initially but is eventually outperformed by
the linear code. The bottom line seems to be that it is difficult to gain a distinct

13
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advantage by using nonlinear codes as one would have to squeeze the waterfall region
of the code between the limits of C' and C}/, in order to demonstrate definite
superiority of the nonlinear code. In comparison, constructions by Chung in [4]
approaches C' on the AWGN channel just within the 94% limit at a BER of 1076.
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Appendix A

The calculation of the capacity for the Z-channel and an expression for the capacity
achieving input distribution p.
The channel capacity is given by

C= mgxI(X; Y) = mgX(h(p(l —q)) — h(q)p)
= mgX(—p(l —q)logy(p(1 — q))
—(1—p(1 —q))logy(1 —p(1 —q)) — h(q)p)

To find the capacity achieving input distribution, we take the derivative of the
expression for the capacity with respect to p, set it to zero, and solve for p.

d [—p(1 — q)logy(p(1 —q)) — (1 — p(1 — q))logy(1 — p(1 — q)) — h(q)p] =

dp
1-p(—q)
(1 — q)(logy W) — h(q)
(1= a)log, —E= D) ~hta) = 0
(1 - a)log, —E=D) = hio
1-p(l—q) _  hl(g)
PRT0—) T T-g
gons S _ g
1-p(l-q) _ i@
p(l—q)

Now we can find the capacity achieving p for all values of ¢ € (0,1). Further, we
can find the limits of p when ¢ approaches 0 and 1.

po = lim
- @ 4 )

lim ——~——
=0 (204 1)
1

2

16



. 1
= hrr% @
T (1-g)(2T +1)
- 1
o ql—% (1 . q)(2 —qlogoy qf(i:;z) loga (1—q) I 1)
- 1
N qlg% == log, g—logy(1—q)
(1—g)(27 +1)
1
= lim —
qg—1

T
(1- Q)((lfq) +1)
—lge-1 4+1—¢q
1
= lim ————
hglqiT +1—¢q
Lett+1=gq
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