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Abstract
The maximum of g2 — d» for linear [n, k, d; g] codes C is studied. Here d> is
the smallest size of the support of a 2-dimensional subcode of C and g5 is the
smallest size of the support of a 2-dimensional subcode of C which contains
a codeword of weight d. For codes of dimension 4 or more, upper and lower
bounds on the maximum of g2 — d2 are given.

1 Introduction

Ozarow and Wyner [7] suggested one application of linear codes to cryptology,
namely to the wire-tap channel of type II. For this channel, an adversary is assumed
to be able to tap s bits (of his choice) of n bits transmitted. The goal for the sender
is to encode k bits of information into n transmitted bits in such a way that the
adversary gets as little information as possible.

One of their schemes was to use the dual of an [n, k; g] binary linear code C. The
code has ¢* cosets, each representing a k-tuple. If the sender wants to transmit k
symbols of information to the receiver, he selects a random vector in the correspond-
ing coset. The channel is assumed to be noiseless, so the receiver can determine
the corresponding coset of the received vector. It is assumed the adversary has full
knowledge of the code, but not of the random selection of a vector in a coset.

In his studies of this scheme, Wei [8] introduced a set of parameters of a linear
code which he called the generalized Hamming weights. The same parameters had
also been studied previously in another context [5] and has since proved important
in still other contexts.

For any code D, let x(D), the support of D, be the number of positions where not
all the codewords of D are zero. For an [n, k; ¢] code C and any r, where 1 <r < k,
Wei defined

d-(C) = min{|x(D)| | D is an [n,r; q] subcode of C}.

In particular, the minimum distance of C is d;(C).

For the Ozarow-Wyner scheme, it was shown by Wei [8] that the adversary can
obtain 7 symbols of information if and only if s > d,.(C).

Cohen et al. [4] considered the following variation of the problem. The adversary
is greedy. He first reads d = d; positions to obtain one symbol of information as



soon as possible. He then reads a minimal number of further positions to get one
additional symbol of information and so on. Let g, denote the minimal number of
symbols he has to read to get r symbols of information in this way. In particular, go
is the smallest support of a 2-dimensional subcode of C which contains a codeword
of weight d. The cost to the adversary (in extra positions read) to get two symbols
of information using this algorithm is go — da. We denote the maximum of g, — ds
over all [n, k, d; q] codes without zero-positions by pg(n, k,d). If no [n, k,d; q] code
exists, we define pq(n, k,d) = 0. We want to estimate yq4(n, k, d).

We have considered this problem for k¥ = 3 and general ¢ in [3], and ¢ = 2 and
general k > 4 in [2]. In this paper we consider general k > 4 and q.

2 Upper bounds

Let G be a generator matrix for an [n, k; g] code C. For any x € GF(q)*, m(x), the
multiplicity of x, will denote the number of occurrences of x as a column in G. In
[1], [6] it was shown that there is a one-one correspondence between the subspaces
D of dimension r and the subspaces of GF(q)* of dimension (k — r) such that if D
corresponds to U, then
X(D) + Y m(x) = dy. 1)
xeU
Assuming that G contains no all-zero columns, we may view the columns of G as
points in the projective space PG(k —1,q), and G determines a projective multiset,
that is a function
m: PG(k-1,q9) > N ={0,1,2,...}.

For p € PG(k — 1,q) we call m(p) the multiplicity of p. Conversely, a projective
multiset defines a generator matrix and a code (up to equivalence). We define the
multiplicity of a subset S C PG(k — 1,q) by m(S) = 3 ,csm(p).

Suppose that a projective multiset m corresponding to an [n,k,d;q] code is
given. Let S, denote the set of subspaces of PG(k — 1, q) of (projective) dimension
r. Further let Pj,_s3 denote the set of P € S;_3 for which there exist an H € Sj_»
such that P C H and m(H) =n —d.

Let

o = max{m(P) | P S Sk73}5
max{m(P) | P € Px_3},
A(m) = a-p.

By (1), we have
n—d=max{m(H) | H € Si_2}.

a=n—dy, B=n-—go.

In particular, go —d2 = a — 8 = A(m).
We will now give a couple of upper bounds on p,(n, k,d). Let

Ur(g,n,k,d) = d—[%],
Us(gyn,k,d) = [%%"—@J —[%W-

Theorem 1 For all n, k > 4, and d we have

/qu(ﬂ,k,d) S Ul(qanakad)a
Ho(nykyd) < max{0,U(g,n, by d)}.



Proof: If pe(n,k,d) = 0, there is nothing to prove. Therefore, let m be a
projective multiset over PG(k — 1,q) such that A(m) = pg(n,k,d) > 0. Let Q €
Sk—3 such m(Q) = a, and let H € S_2 and R € Py_3 such that m(H) = n —d,
R C H, and m(R) = §3.

There are g + 1 spaces P € S,_» which contain (). By definition, these spaces
have multiplicity at most n —d — 1. Hence

n+qo = Z m(P)<(¢g+1)(n—d—-1)

QCPES,_2
and so N g1
S[qn—(q: )(d+ )J:"_d‘[%] @)

Since a > 8 we have Q ¢ H. Let C = Q N H. We have
a=m(Q) =m(C) +m(Q\ C) <m(C) +d,
and so
m(C) > a—d. 3)

The ¢ + 1 spaces P in H which contain C' all have multiplicities at most 5. Hence,
by (3)

(@+1B8> > m(P)=n—d+qgn(C)>n—-d+g(a-d),
CCPCH

and so a4l 0
n— gla—
= [ g+1 -I

Combining (2) and (4) we get

N
a—n+(g+ )dJ

[ qg+1

[qn (q+q1)(d+1)J n+(¢g+1)d
[ q+1 J
d—

[d+ 1"

IN

U;.

Next, the (¢¥~! —1)/(q — 1) subspaces of H of dimension k — 3 have value at most
. Since each point in H belongs to (¢¥72 —1)/(g — 1) of these spaces, we get

qu_]_ _q72_1 qkfl_]_
ﬁ'(”—d)—ﬁ'm(H)Sﬁ'ﬂ
and so (2~ 1)( p
1) (n —
p2 [ | (5)

Combining (2) and (5) we get

A(m) < n—d—[d211_[whz;j%z—®w
k=1 _ ok—2Y(p _
- [(q qul _)i d)J - [djl—l-l =Us.



Corollary 1 If

k
q°" -1
n< kg (6)

then py(n, k,d) = 0.
Proof: If (6) is true, then in particular

F—1)d+ (¢! -1
n< U )k (;171 )’
" —q

that is

and so Us(q,n, k,d) < 0.

3 Constructions
To describe the constructions, we fix four subspaces
HeS,_» and X,Q,R € Sp_3
such that
XCH, RCH, X#R, Q¢ H, (@QNR)¢ X, and QNRE Sk_4.
Further, let Y = H \ X, and let a and b be points such that
ae(@NR)\X and be@\H.

We will construct multisets m such that

m(p) > Oforall pe PG(k-1,q), (7
m(H) = n-—d, (8)
m(P) < m(R) for all P € S 3 such that P C H, 9)
m(P) < m(Q) for all P € Sj_3, (10)
m(G) < n—dforal GeSp_2\{H}. (11)

This will imply that do = n—m(Q) and go» = n—m(R) and so A(m) = m(Q)—m(R).
Construction 1
Theorem 2 Fork>4,d>1, and

n>d+¢* 2w, (12)

we have
NQ(na ka d) Z d—- (q - 1)qk74w5 (13)

where



Proof: First we note that if d < (¢ —1)¢*~*w, then the lower bound is negative and
there is nothing to prove. Hence, assume that

d>(qg—1)¢" *w. (14)

We assign the following multiplicities:

m(a) = n—d—-(¢"?-1)w,
m(b) = d,

m(p) = wilorpey, p+#a,
m(p) = 0 otherwise.

We will show that (7-11) are satisfied.

By (12), m(a) > w > 1. For p # a, it follows directly from the definition of m
that m(p) > 0. This proves (7).

We note that (Q N R) ¢ X inplies that Q N X € S5 and so

Y|=¢"2,1QnY|=¢""|RNY|=¢">.

Hence
m(H) = m(a)+ (F?-1Nw=n-d,
m(Q) = mla)+m®) + (" —Dw=n—(-1)¢" o,
mR) = ma)+ (> —NDw=n—-d—(¢g—1)¢" 3w.

In particular, (8) is satisfied. Let P € Sg_3. If P C H and P # X, then |[PNY| =
¢*=2 and so
m(P) <m(a) + (¢"* = 1)w = m(R).

Since m(X) = 0, this proves (9). If P ¢ H, then |[PNY|=¢**if PNH ¢ X and
|[PNY|=0if PNH C X. Hence

m(P) < m(a) +m() + (¢** - w =m(Q).

This proves (10).
Finally, let G € Sx—2 \ {H}. Then |GNY|=¢* 3 if GNH # X and |GNY| =0
if G N H = X and Hence

m(G)

INA A

I
3

IA
3

and this proves (11).

Remark. We note that if d = r (mod (¢ — 1)¢*3) where —q < r < —1, then
the upper bound U; and the lower bound (13) coincide. In general, there is a gap
between these two bounds which is at most (g — 1)gF~* — 1.

Construction 2

We will now show how to find multisets m for which A(m) is close to U,. We first
describe the underlying idea. We note that if m; is a constant multiset, that is
mi(p) = @ for all p € PG(k — 1,q), then n = §(¢g* —1)/(g— 1), d = ¢* 16 and
A(my) = 0. Also,

Us (q, qq_ lle,k,qkfle) - 1.



Next, Us < Uy if and only if
k—1 k—2
q —q
iz =1 (n=d,

that is

k=1 _ k=2 _
4> e ¢ ) mle-1)
T 2¢kl—gi2 -1 2q—1

Let m2 denote the multiset obtained from Construction 1 for d = "(;’ 1) (disre-

garding for the moment that the multiplicities may be non-integers). Both my
and my are multisets close to Us. Choosing (convex) linear combinations of my
and m2 we get a multiset (possibly with non-integral multiplicities) close to U for

k—1
el) < g < %. To avoid the non-integral multiplicities, we round the
vajues to one of the nearest integers in a careful way.

We now describe the construction in detail. Let § be a positive real number

(this will correspond to d for mz). Let

_2q-1 )
0 qk—l(s and w_q"—3(q—1)
Let 0 <y <1, and let

m(p) = [v0] for p € X,
()—f(l— Vw+0] forpe?,
m(b) = [(1—7)d + 6],

m(p) = 6] forpe Q\ H, p#b,
m(p) = [v0] — 1 forpg HUQ.

We will show that (7-11) are satisfied under certain conditions. First, (7) is
satisfied if and only if v > 1, that is,

k
q® —1
> .
76 > 51 (15)
We define n and d by
=m(PG(k—1,q)), n—d=m(H).
In particular, (8) is then satisfied by definition. Next, we see that
m(Q) = [1-8+0]+(¢"° ~1)|76]
k—4 _ 1
+ A= + 901 + =],
k3 qk73 -1
m(R) = ¢ “[(1-7)w+90]+ ﬁhtﬂ-
Hence
m(Q) —m(R) = [(1- )5 + 79J +(¢* 7 = 1) 8]
= (@7 =" = y)w + 78] = ¢" 48]
> (1-7)3- (qk P - w - 24"
-1
= -t g (16)
Hence, if
2qk72
— >
(1-ms> 2, a7)



then m(Q) > m(R).

Let P € Si—3. If P C H and P # X, then m(P) = m(R). Clearly m(X) <
m(R). This proves (9). Consider P ¢ H. From the definition of m it is easy to see
that m(P) < m(Q), that is, (10) is satisfied.

Finally, let G € Sx_2 \ {H}. Let Z = (G\ H)N Q. Then |Z| < ¢¢ 3 (with
equality if  C G) and so

m(G\H) = (Z)+m((G\H)\Z)
< md) + ("7 =1) 0] — (" —12))
< mb) + ("7 = 1)[10] — (" — ¢"7?)
< (1=7)8+¢"290— ("2 = ¢*7?).

Further [(H\G)NY|=¢*" 2 —¢* 2 if X ¢ Gand ([H\G)NY|=¢"2if X CQG,
and so

m(H \ G) 2 (A = yw + 101 + ¢ P[0
(@2 =" = yw+ "0

- )0 + q"246.

vV v
Y

I
—~~
—_

Hence
m(H) —m(G) =m(H\G) —m(G\ H) > ¢"* - ¢"7* > 0.
Therefore, (11) is satisfied.
We summarize the result in the following theorem where we also include an

upper estimate of Us(g, n, k,d) obtained using our present values of n and d in the
definition of Us.

Theorem 3 Let k > 4 and let § and v be positive real numbers such that 0 < v < 1
and

k
q" -1
25T
Define n and d by
d = [(1=7)8+70]+ (""" = 1)[10] — (¢ —¢"?)
g2
no= d+¢"7?[(1—y)w+0] + THGL
where 5 ) 5
_ 49— _
0= qk—15 and w = pr T
Then ( 0
pg(n, kyd) > (1 - ’7)5% —2¢"3.
Further

Remark 1. The condition (17), which we used to guarantee that m(Q) > m(R),
is not required in the theorem. The reason is that if (17) is not satisfied, then the
lower bound on p,(n, k,d) in the theorem is negative and is trivially true.
Remark 2. For Construction 2 the difference |Ua(g, n, k,d) — A(m) — (1 —)d|
is bounded. The construction can not be easily modified to a construction where
|Us(g,n, k,d) — A(m)]| is bounded. Whether |Us(g,n, k,d) — pq(n, k, d)| is bounded
or not remains an open question.
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