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Abstract

The weight hierarchy of a linear [n, k; g] code C over GF(q) is the sequence
(di,d2,...,dy) where d, is the size of the smallest support of an r—dimensional
subcode of C. An [n,k;q] code satisfies the chain condition if there exists
subcodes D1 C Dy C --- C Dy, = C of C such that D, has dimension r and
support of size d, for all ». Further, C satisfies the almost chain condition if it
does not satisfy the chain condition, but there exists subcodes D, of dimension
r and support of size d, for all r such that D> C D3 C --- C Dy = C and
D; C Ds. A simple necessary condition for a sequence to be the weight
hierarchy of a code satisfying the almost chain condition is given. Further,
explisit constructions of such codes are given, showing that in almost all cases,
the necessary conditions are also sufficient.



1 Introduction

The weight hierarchy of linear codes has been much studied. For a code of dimension
k, it is a sequence of parameters (d1,ds,...,d;). In particular, d; is the minimum
distance of the code. The parameters were first introduced in [12]. In [19] it was
shown that these parameters are important in the analysis of an application of
linear codes to the wiretap channel of type II. Later, the weight hierarchy has been
shown to be important in the analysis of the trellis complexity of linear codes, see
e.g. [11], [14], [18]; and analysis of linear codes for error detection on the local
binomial channel, see [16]. The possible weight hierarchies of binary linear codes
of dimension up to 4 were determined in [15]. In [1]-[9] we studied the possible
weight hierarchies of linear codes, both for dimension 4 or less in detail and for
arbitrary dimensions for codes satisfying the chain condition. Further results on
codes satisfying the chain condition are given in [17].

2 Notations and problem formulation

Throughout this paper, unless otherwise stated, C will be an [n, k] code, that is, a
binary linear code of length n and dimension k.

For any subcode D of C, the support of D is the set of positions where not all
the codewords of D are zero, and it is denoted by x (D). Further, the support weight
of D is the size of x(D), and it is denoted by ws(D).

For 1 < r < k, the the r-th minimum support weight (or Generalized Hamming
weight) of C' is defined by

d,(C) = min{wg(D) | D is an [n,r] subcode of C}.

The sequence (dy,ds, - ..,dy) is the weight hierarchy of C. The chain condition
was introduced in [20].

Definition 1 A linear [n,k;q] code C satisfies the chain condition if there exist
subcodes D, of C for 1 <r <k such that dim(D,) =r, ws(D,) = d,, and

D, CDy C---C Dy.

The weight hierarchies of codes satisfying the chain condition have been studied
n [5], [10], [17], and [20]. In this paper we will study the weight hierarchies of a
class of codes which almost satisfies the chain condition.

Definition 2 A linear [n, k; g] code C satisfies the almost chain condition if C' does
not satisfy the chain condition, but there exist subcodes D, of C for 1 <r < k such
that dim(D,) = r, ws(D,) = d,,

Dy C D3 C--- C Dy,
and D, C Ds.

We note that if we add a zero-position to an [n, k] code C' we get an [n + 1,k]
code

C' ={(c|0) |ceC}.

The codes C and C' have the same weight hierarchy. Therefore, without loss of
generality, we can restrict ourselves to codes without zero-positions, that is, we will
assume that n = dg. Our problems can then be reformulated in terms of projective
geometry and we do this next.



The difference sequence (DS) (ig,%1,-+,%x—1) of C is defined by
Ip =dp—p —dgp—p—1 for 0<r<k-1

where dy = 0.

The difference sequence can easily be computed from the weight hierarchy and
vice versa. It was shown in [12] that 4, > 1 for all r.

Let G be a generator matrix for C. For any x € GF(q)¥, m(x), the value of x,
will denote the number of occurrences of x as a column in G. In [13] it was shown
that there is a one-one correspondence between the subspaces of C' of dimension r
and the subspaces of GF(q)* of dimension (k —r) such that if D corresponds to U,

then

ws(D) + Y m(x) = d. (1)

xeU
We may view the vectors as points in the projective space PG(k, ¢), where k = k—1.
To U of dimension k — r there is a corresponding projective subspace of PG(k, q)
of projective dimension k — r. From now on, we will only consider projective spaces
(subspaces of PG(k,q)) and by dimension we will always mean the projective di-
mension.
A wvalue assignment is a function

m: PG(k,q) > N=1{0,1,2,...}.

For p € PG(k,q), we call m(p) the value of p. A value assignment defines a
generator matrix and a code (up to equivalence). We define the value of a subset S
of PG(k,q) as follows:

m(S) =Y m(p).

peS

By (1), if m corresponds to the code C, then for 0 < r < k we have

max{m(S) | S subspace of PG(k,q) of dim. r} = Zlﬂ
=0

For 0 <r <k, let

r

P, subspace of PG(k,q) of dim. r, m(P,) = z]}

j=0

M, = {PT

In particular M, = {PG(k,q)}. Note that in general, M, depends on the sequence
(40,41, - *,1x). The definition of chain condition and almost chain condition can be
reformulated as follows.

Definition 3 If there exist subspaces P. of PG(k,q) for 0 < r < k — 1 such that
P.e M, and Py C P, C--- C Py_1, then (ig,i1," - ,ix), is called a chain difference
sequence (CDS).

Definition 4 If (ig,%1, - ,1x) is not a CDS, but there exist subspaces P, of PG(k, q)
for 0 <r <k —1 such that P, € M,,

PhbCPC---CP,_3CP,» (2)
and
Pn73 C thfla (3)
then (ig,41, -+ ,1x) 15 called an almost chain difference sequence (ACDS).



3 Presentation of the main result

Definition 5 We call a sequence (ig,i1,---ix) almost chain-permissible if it satis-

fies

i < gi1—(g+1), for 1<r=r-1x, )
ir < qip_1, for 1<r<gk-—2, (5)
in2 < i (6)

Clearly, there are only finitely many almost chain-permissible sequences whose
first element is ¢ or less. Let M (i) be the number of such sequences, and let N (7)
be the number of such sequences which are ACDS.

Theorem 1 a) If (ig, i1, - ,ix) 18 ACDS, then it is almost chain-permissible.
b) For ¢ > 3 and k > 3 we have

k(k—1)/2—4(,2 _ 1)2 (k2—3k—2)/2(,2 _
N (=17 4, ¢ (" —1)g(g:K) .k
M(i) = K v 2 (k—1)! '

+ 0(i*7?),

where g(g, k) = ¢* ' +¢* 2 —2¢> —4g -1,

(k2—3k—2)/2(,2 _ 1)\2( k—3 k—4 _
NG > M) - (¢ —1)*(¢" " +¢ 1)

- (k_ 1)' ik71 +O(ik72)7

" NG) || ka+1)
( g+1) .4 9
~>1———2i 4+ 0@G7).
M) ‘ )
¢) Almost all almost chain-permissible sequences are ACDS in the sense that

lim NG)
F%a)Af@)

=1

4 Necessary conditions

Proof of Theorem 1a): Let (ig,41,---,is) be an ACDS. By definition, there exists
P, € M, for 0 <r < k— 1 such that (2) and (3) are satisfied. Let P_; = @ and
P, = PG(k,q). In the sum below, () runs through the ¢ spaces of dimension r — 1
such that P._o C @ C P,. Let

5. = 1, ifr=rk—1,k
"7 1 0, otherwise.

For 1 <r < Kk we get

)
> i
j=0

mP)< Y m@)

P._2CQCP;
< (g+1)(m(Pr—1) —6r) — qm(Pr—2)

r—1 r—2
@+ i;—-6)—a) i;
7=0 7=0
r—2

(@+Vir—1+ Y _ij— (q+1)d.

=0



Therefore we get
ir < qir—1 — (g +1)é,,

i.e. (4) and (5) are true.
Since the DS is not CDS, P;_o ¢ P;_1. Hence (2) and (3) implies that P;_2 N
P, 1 =P, 3,and so

Y ij = m(Pe) >m(PeaUPs )
j=0

k—1
= m(Py2) +m(Ps1) —m(Ps3) = Z i+ ik-2,
=0
i.e. (6) is true. |

5 Upper bound construction

To prove Theorem 1b), we give some sufficient conditions on ACDS. These we obtain
by explicit constructions. We use the notations

Siji=(q—-1)¢ " for0<I<j—1, and S;; = 1.
From [17, Theorem 2] we have the following Lemma.
Lemma 1 For any sequence (io, 41, - -,%x) which satisfies
1<ir < qir1 for 1<r <k,

if there exist nonnegative integers oy and Aj; (0 <j < k,0 <1< j) such that the
parameters i; have the expressions:
J
ij=> (uSj1+Xjp),0 < j < &, (7)
1=0

where \j; < Sj1,Aj; =0, and satisfy the monotonicity properties:

Ajgi1, Aji+1
Qi 2 a1+ [Sj =1, a1 > a1+ SJ— ) (8)
J+1,1 J,+1

then (ig,41,---,ix) 18 CDS.

We define some further notations. First we introduce coordinates for the points
in PG(k,q). Let

er1 = (0---001), ex = (0---010), ...,ext1 = (10---00)

be a basis of PG(k,q). Denote by (p1,p2,---,pr) the subpace of PG(k,q) spanned
by {p; | 1 <4 < r}. If the points are linearly independent, the space has dimension
r — 1. For example, (p,p’} is the line determined by the points p # p'. Let

<€1,6,§+1) = {p(.]) | 0<5< q}a
(enseny1) = {P()|0<j <q}-

For 2 <r <k — 1 and integers j1,j2,---,j5r—1 € {0,1,...,4 — 1}, let

(1, J2, - dr=1),€r) = {1, J25 - s Jr—1,3r) | 0 < Jr < ¢} 9)



and for 1 <r <k —2,let

ﬁ(j)jlaj% s Jj’f') = <eTaﬁ(j7jlaj27 s aijl» n <en;p(j17j2a s ;jr))-

Denote by P (t) the subspace of PG(k;, q) of dimension r—1 spanned by {e, (mod &) |

t <6 <t+r—1}. Denote by P;; the set of points in Pj_j41 (I + 1)\(Pj—; (I +2) U
P;_;(1+1)). Then it is easy to verify that

[Pjal = Sju
Let ¢® 2 | (ix—2 — 1). We define X and p by:
inea —1=Ag""% + pg" > (10)
where A > 0,0 < p < q.
For now we let ¢ > 3, we will consider ¢ = 2 in last section.
Construction 1 Let
ir = qip—1— (@ +1) forr =k —-1,k,

and
ine2 = A"+ pg” 4+ 1

For the points x in PG(k,q), the values of m(xz) are given by Table 1 where ¢ =
e(x) =0 or 1, are chosen such that

m(Pj1) = ajiSji+ A forj<k-—2, (11)
m(Paory) = am(Pe-s,2) for 1<k —4, (12)
m(Pn—l,n—3) = qan—2,n—35n—2,n—3 - 27 (13)
)\n72,n73 = 05 (14)
M(Py—1,k—3 N Pe(k)) = m(Pe_2x-3) (15)
m(x) for x in range of parameters
aj1+e€ Pj,l 0<l<j<k-2
Qjj Pj,j 0<i<K-—2
Qg2 1€ Pnfl,l 0<I<Kk—4
Qy-—2,k-3 — € Pnfl,nfS
Qyx—2,k—2 — 1 Pn—l,l l=Kk— 2,:‘6 -1
A+1 <62;63;'"enflaﬁ(j;jl)>\PH72(2) 1 SJI S/J/
1<j<g¢q
A-1 (en—laﬁ(jaﬂ+1>13"'51)> Jr—1=q—1,q—2
n <en7p(/~j'+1711"'717jl€—1)> 15]5(]
where the number of 1 is k — 3.
A rest of PG(k,q)\ P« (1)
Table 1. Values of m for Construction 1.
Using Construction 1, we will prove the following theorem.
Theorem 2 Let (ig,i1, - *,ix) be an almost chain-permissible sequence satisfying
ir = qip—1 —(q+1) forr=k—1,k,
in2 = A" 24 pg" %+ 1, where X > 1.



If, for 0 < j <k —2, 4 can be expressed as

J

ij = Z(aj,lsj,l + i) (16)
=0
where
Sii >Ny Aw—21 =X =0, ag_2,k-2>1,
Aj+1,0 Aji41
izt | g, GuZount || Ty (17)
Sj+1,l Sjit1
and where
5 o { L ifl=0,
L= 0, otherwise,
then (ig, 41, ,1x) 18 ACDS.
To prove Theorem 2 we need several lemmas.
Lemma 2 The subspaces of (er, €1, -~ €x1,5(js j1,J2s -+ »jr1)) containing Py o (r+

1) are <6T+17e7‘+25' "765—1713(.7'5.7.17.7'27" '5j7‘)) fOT‘O < jT <gq.
Proof: From (9) we get
{(emp(jlajZa oy ge)) N er, PG5 g1y J2s e Jro1)) | 0<yr< q}
= <67‘7ﬁ(j5j17j27' o 7jT*1)> = {ﬁ(j’j17j2i'- 'JjT) | 0 S jT‘ S q}

Hence

U <eT+1567'+27 o '76n71aﬁ(jaj17j23 o ;jr))
0<jr<gq

= <eT‘7eT+17'"765—1715(.7.7.7.17.7.27”'7jT—1))'

Similarly we have:
Corollary 1 We have

(eTaeT-l-l: o 'el‘ﬁ—27ﬁ(j7j17 o 7jT—1)>

= U <er+1:er+2;'";en72aﬁ(jaj17"'7j7‘))'
0<j-<q

Lemma 3 We have

U <67'+1:e7'+27 o -Jeﬂ*IJﬁ(j’j17j2J o .77')>
0<j<q

= (er+1,€r42, €5, P(J1, 52,75 Jr))
for1<r<k-—2.
Proof: Since {p(j) | 0 < j < ¢} = (ex, ext1) and p(j1) € (€1, €x41), 80
{6(5,51) 10 <5 < q} ={(er, 5(4)) N (e, p(G1)) | 1 < J < ¢} = (ex, P(1))-
Suppose that

{ﬁ(jujlaj?:' "jT‘—l) | 0 S .7 S q} = <el€7p(j13j27' ot 3jT—1)>'



Then by p(j13j2a e ajT) € (eTap(jlaj27 e ajT—l)) we have

{ﬁ(jajlaj%" 'ajT') | 0 S] S q}
{<6T7ﬁ(j7j17j27" '7.7.7'71)> N (enap(j17j27" 'JjT)) | 0 S .7 S Q}

= (en7p(j15j2a"'aj7‘))'
Therefore, similar to the proof of Lemma 2, Lemma 3 is true.
Lemma 4 In Construction 1, if (16) is true, then for 0 < j < q we have
k—1
m(Ps(1)) = m((e1, €2, -, ex1,0(4))) = Y_ it — 1.
1=0
Proof: From (11), (12), (13), and Table 1 we have
k—1 J
m(Pu(1)) = m({er, e, en1,60) = 3 > m(Pyy)
§=0 1=0
K—2 ] K—4 K—1
= D (eaSii+2) + D am(Peag) + Y m(Peo1y)
§=0 =0 1=0 I=k—3
K—2 K—4
= ij+q Z(anfllsnfll + Ae—2.1)
§=0 1=0
+Q(an—2,n—3sn—2,n—3 + )\n—2,n—3) -2+ q(an—2,n—2 - ]-)
K—2 k—1
= ) ij+qino—gqg-2=) i;—1
=0 =0
From Table 1, (10), (15), and Lemma 2, for 1 < j < ¢ we have
m(<617 €2, ", en—l:ﬁ(j)))
"
= m(PH—l(l)) + Aq'iil -2+ Z |<627637 T 7en—laﬁ(j7j1)>\Pn—2(2)|
J1=1
K—2 K—2 k—1
= ) i+ AT =24 pg" 7 =D i+ qlinz—1) 2= ij—1.
j=0 Jj=0 Jj=0
Lemma 5 In Construction 1, if (16) is true, then
k—1
m(Pa(k)) = Y ij-
j=0
Proof: Since (ex—1,P(4)) N (ex, €nt1) = P(j), s0
<€1, €2, ", €2, eﬂ—hﬁ(j)) N PH("E) = (el7 €2, " 7en—27ﬁ(j)>'

By Corollary 1 we have

q

<61762: B 'aeﬂ727ﬁ(j)>\Pﬁ*2(1) = U (<€2,63, Ty €r—25 ;ﬁ(]a]l))\Pﬁ*3(2))

ji=1

(18)

O

(19)



Hence, by Table 1 we have
m(<617 €2, - 7eﬂ72;ﬁ(j)>\Pﬂ*2(1))

I
= )‘qﬁ_2+ Z |<€2,€3,'",en_z,p(j.j1)>\Pn_3(2)|

ji=1
= M+ pg" P =ien — L.

Therefore, from (15), (19), and Table 1 we get

m(Px(k))
= m(<617 €2, ", en—2;ﬁ(j)>\PN—2(1)) + m(<617 €2, "",€k-2, eﬂ))

K—2 k—1
= qlin2 =)+ Qi —1) =D ;.
j=0 Jj=0

[

O
Proof of Theorem 2. From (16) and A,_2; = 0 we have
k1 —1 = qQig—o—q—2
K—2
= q Z an—Z,lSn—Z,l —q—2
=0
K—4
= Z an—2,lSn—1,l + ((an—Z,n—S - 1)Sn—1,n—3 + q(q - 1) - 2)
=0
+(an72,n72 - 1)Sn71,n72 + (an72,n72 - 1)5571,571
k—1
= Z(an—l,lsn—l,l + /\n—l,l);
=0

where A\,_1; =0forl #Kk—3, Me_1,5-3 =q(q—1)—2; ax_17 = ax_2,  forl < K—4;
Q110 =0, 21— 1forl=xk—-3,k—2,k—1. Hence

An—ll
Qr—2,1 > Qr—1,1 + ’V—’
Q-1

and
Ar—1,041 -‘

Q1,1 2 Olg—1,14+1 + "
Op—1,14+1

Therefore, by (16) and (17) for the sequence (ig,%1,- - ix—2,9x—1 — 1), we get (7)
(with k changed to x — 1) and (8). So, from Lemma 1, (ig,%1, - 4x_ 2,451 — 1) is

CDS. Now the values m(z) on P.(1) in Table 1 are similar to the values m(z) in
[17, Structure 1]. Therefore in P, (1) we have

S iy = m(B(1)) 2 m(S) for 1< r < k1, (20)
=0

where S, is any subspace in P, (1) of dimension r — 1.
Note that

PK(H) = (emen+17617627 o 76N72) ) <€1,€2, 0T 'aen72> = PH72(1)7 (21)



i.e. (2) is true. By Lemma 4 we have

q

m(PG(k,q) = m(Pn(l))+Zm(<el,ez,---,en—l,ﬁ(j»\Pn—l(l))
k—1 K
= Y i l4qlier-1) =) i (22)
j=0 J=0

Hence from Lemmas 4 and 5, (20), (21), and (22) we only need prove that

-1
Zz’j > m(S;) for 1 <1<k,
=0

where S; is any subspace of dimension [ — 1 satisfying S; ¢ P, (1).
If S; ¢ (ea,e3, -, ex,p(j1)) for any j; and I < k, then by Lemma 3, (4), (5),
(20), and Table 1 we have

q
m(S;) = Z m(S; N ({e2, €3, ,ex, P(J1))\Pe—1(2)) + m(S; N Pe(1))
ji=1
q q
< S Y m(Sin((eases, s en—1,5(j; 1))\ Pa-2(2)))
Ji=Lj1#p+1 j=1
+A¢" 2+ m(S; N P(1))
= A+Dpgd? +Mg-1-pq ?+ /\q”2 + m(Sz N P.(1))
1—2
_ _ ik
< AT+ g 2+le— ,.;21 7 +Z’J <ZZJ
=0

For I = &k, if S; N (ex—1,€x) = {ex—1}, then S; D {z1,z2}, where m(z;) =
m(xz2) = A — 1. Hence

-2 -2 -1
m(S) AT+ pg =2+ ) i =qlina—1) =2+ Q= ij— 1.
j=0 j=0 Jj=0

If S;N(ex—1,€x) # {€x—1}, then

Hence

12 -1
m(S) < qlin—a— 1)+ Y ij—1=ij

j=0 j=0

and if S;_1 C S;, then
-1

m(Si_1) < ZZ]
=0
If S; C (ea,e3, -, ex,p(j7)) for some ji, then (S; N P(1)) C (ea,e3,--,ex)-

Denote S; ;| := S; N P.(1). By Table 1, (16) and (17), similar to the proof of [17,
Theorem 2], we get m(S;_;) < m(P,_1(2)). From (17) and Table 1 we get:

-1 -1 j
m(P-1(2) = YY) m(Pi) =D Y (@eSj-1,0-1 + Aje)
j=1t=1 j=1t=1

10



-2 j 1-2
< (@jtSie + X)) —a Y Sjo — ger
=0 t=0 =0
1-2
= 7’] - qlil — (g€,
Jj=0
where
|1 ifl=k,
=9 0 otherwise.
Hence
-2
m(S) < A+ +m(S_) <A+t + Zij —¢ ' —qe
j=0
; = -1
2 — ) .
< 725_1_1 + sz —qep < sz.
j=0 =0

6 Some sets of lines or planes in PG(k,q)

In order to get a general construction from the upper bound construction, we study
some sets of lines and planes in PG(k,q). We define some notations. Define two
kinds of points:
p1(J1,J2s -+ Jr) = (1j10j2 - -~ j-0---0),
p2(j1, g2, -+ jr) = (0Lj1j2 - -+ j;0---0)
where 0 < j, < ¢ for 1 < r < 7. Let L(j1,J2,---,Jt,j) denote the set of the
following ¢"~'~* lines with one point omitted:

’

<p1(j1a"'leifl);pQ(jajlaj?;"'ajli*Q))\{pQ(jajlaj?:'"lei*Q)}
where 0 < jr < gfort<r <k —1.
Denote
ST(p) = <617627' . JeT—l7p>7
Sr(papl) = <617627' o aer—Zapap,>'

For a collection X of sets of points, | J X denotes the union of the sets in X (and
similarly for multisets).

Lemma 6 For j >0 and 0 <t <k — 2, we have
LG, d2s -+ e )
= Sk—t(p1(1,J2,+,48), P2 J1, J2 -+ 5 Je—1))\Sk—t—1 (P2 (J, J1, J2 - - Je—1))-
Proof: Since e; = (0---01), we have
{p1(G1, -5 0k-1) |0 < g1 < g} U{er} = (er,p1(d1, -+, Jn—2))-
Hence by (e1,p2(J, 1,1 Jx—2)) = (€1,02(J, J1,- - -, Jr—3)) We get
UL(jla"';jn—zaj) Uler,p2(d,J1, 2, Jn—2))

= U (pl(jla"'Jjnfl)JPQ(j:jlaj%"'7jn72)>\{p2(j7jlaj27"'ajH*Z)}
0<jr-1<g
U (e1,p2(J, Ji,J2, -5 r—2))
(e1, p1(J1,- 5 dn—2),P2(J, 31, 425 - s Jr—2))
= (e1,p1(J1," " Jr—2)sP2(J, J1, J2, -, Jr—3))-

11



This proves Lemma, 6 for ¢ = k — 2. Suppose that Lemma, 6 is true for t = m, i.e.
we have
ULGu gz 1Gmed) = Skem@r(ns-- 5 dm)s P2 drs -5 1))
\Sk—m—1(P2(J, J1, "+ Jm—1))- (23)

Since

{pl(jla te 7.7m) | 0 S Jm < q} u {ek—m—l} = <ek—m—1ap1(j1a e 5j7H—1)>a

and the space containing Sk_m—1(p2(4,71, --,jm—1)) and one point on the line

<€k—m—17p1(j15 e 5jm—1)) is contained in Sk—m-i—l(pl(jla e 5jm—1)7p2(j7j15 e 5jm—1))7
by (23) we have

UL(j17 o 7jm717j) ) Skfm(pQ(jajla o ijfl))

= U UL(jla"'JjMaj)USk—m(pQ(jajla"';jm—l))
0<jm <q

U Skm®1(irs- 5 dm) 22 (g, dme1))\Skem1 (02(G, 1, -+ jm—1))
0<jm <q

USk*m(pQ(jajla Tt ijfl))
Sk-m1(P1(1, -, Jm—1),p2(J, 41, Jm—1))-

Hence by <ek—M—17p2(j7j17 e 7jM—1)) = (ek—M—lap2(jaj17 T 7j71’L—2))7 we€ prove
the lemma for t =m — 1. O

Corollary 2 For j > 0 we have
U UL 4) = PO\Pu(D).
0<71<gq

Proof: Let t =1. By Lemma 6 we have

U LG 5) = Se(1(1), p2(5)\Sx—1(p2(4))-

Similar to the proof of Lemma 6 we get

U ULGr,5) U P(1)

0<j1<gq

= U Sem101), p2()\Sa-1(p2()) U Su(p2()) = Pi(1)-

0<j1<g

O
Denote by ¢S the multiset of set S, where each element in S appears ¢ times.
Let (j1,7) denote the set of lines

(pl(jla e 7.7-H*1)7p2(j7j17j27 o 7.7’}672))

where 0 < j,. < g for 1 < r < k—1. Then from Corollary 2 we get the following
corollary.
Corollary 3 Let
L::{l(jl,j)“]Sjl <q,0<j<q}.
Then
UL = (@ = D(@(0)\Pc(1)) U g((Ps(D)\Pe1(1)\Pa(x)).
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Define two kinds of points:
151(j1,J:2,"',J:T) — (1()3'1.]'2....J'Tlo...o)7
P2(j1,J2, -+, Jr) = (01012 -+ j-0-- - 0),

where 0 < j, < ¢ for 1 < r < 7. Let L(j1,j2,,jt,j) denote the following set of
lines with one point omitted:

(ﬁl(jl:"'7jl¢*1)7ﬁ2(j7j27"'7.7'1672))\152(.7-7.7'27"'7jn72)
where 0 < j. <gfort<r<k-—1.
Lemma 7 For j >0, we have
Ui(jlaj%"'ajtaj)
= Sk—t(ﬁl(jl;jQ;"';jt);ﬁQ(j;jQ;"'7jt))\Sk—t—1(ﬁ2(j;j27"'7jt))-

Proof: Similar to the proof of Lemma 6 we have

Ui(jlaj% e le‘i?*2’j) U <elaﬁ2(j;j27 Tt 7.jl'i372)>
= (elaﬁl(j13j27 e 5.7.5—2)7132(].7.7.27 e 3jn—2))-
Hence the lemma is true for ¢ = kK — 2. Suppose that Lemma 7 is true for ¢t = m.
Let ¢t = m — 1. Similar to the proof of Lemma 6 and by
(ek—M—QaﬁQ(j7j27 e 7.7M)> = (ek—m—27ﬁ2(j7j27 e 7j7l'L—1)>7

and
<€k,m,1,ﬁ1 (j17 T 7.7m)> = <€k*mfl7ﬁl (jl: T 7jm71))

we have

Uz/(jh e ij—laj) U Sk—m(ﬁ2(j7j27 e ajm—l))
= U Sk*m(ﬁl(jlf"7jm)7ﬁ2(j7j27"'ajm))\skfm*l(pé(jajZf"7jm))
0<jm <q
U Sk—m(ﬁ2(j;j2, U ;jm—l))

= U Skfm(ﬁl(jla"'5jm);ﬁ2(jaj27"'ajmfl))\skfmfl(ﬁZ(j;jla'";jmfl))
0<jim<gq

U Sk—m (P21, J25 "> Jm—1))
= Sk—m-i-l(ﬁl(jla'"ajm)aﬁQ(jaj%'"7j7TA—1))
= Sk—m—i—l(ﬁl(jla T 7jm—1)7ﬁ2(j7j27 T ajm—l))-

Corollary 4 Let I(j1,]) denote the set of lines

(B1(d1s -+ Ju—1),P2(d, 52, -+ Jn—2))
where 0 < j,. < q for 2<r <k —1, and let

L:={l(j1,) 11<j1<q,0<j <a}

Then we have

U ULGud) = PUONP(1) U Pe()

1<j1<q

and

UL = ¢(PO\P() U Pu(k))) Uala = 1) (Pe(1) N Pu(w)).

13



The proof is omitted.

Next, we consider sets of planes. By a similar method we can get the same kind
of results as we did for the sets of lines. We omit the details of the proofs. Define
three kinds of points:

p1 = (001j1j2 - - - jr—2),
p2 = (010jj1J2 -~ jr-3),
p3 = (1005%jj1j2 - - jr—a)-

Let
p(.77.7*) = {<.p17p27p3>\<p27p3> | 0 S jT‘ < q, 1 S r S K — 2}7
L*(J*) = {<p25p3) | 0 SJ’I‘ <q,1 ST S K‘_SaOSJ <q}
We have
UpG.i*) = Pe(D)\Pa(k),
ULZ*G*) = (Pe(0)\Peei (k) U q(Sk—2(100°0---0)).
Hence
U UL G = a(Pu()\Pe-2(1)),
0<j*<q
U UrGinuae J ULG) = E)\Poa(1)).
0<j<q,0<5*<q 0<j*<q

Therefore we get following lemma.

Lemma 8 If
P::{<p1;p27p3>|05j7‘ <gq, fOTlSTSH—2,05j<q,OSj* <q}7
then
UP = (Pe(1)\Pa2(1)).
7 A general Construction

Denote
T

r—1
mpi=(1=q) Y ij+ir =Y (ij — qij_1) + o,
=0

Jj=1
for 0 < r < k. From (5) and (7) of [17], or [5], we have the following lemma.

Lemma 9 Ifi; < qij_ for 1 <j <k, then we have

Mg 2> ML 2> > Ty (24)
and
-
iy = ijsw- for 0 <r < k. (25)
7=0

Lemma 10 Define

opji=m=mj—q+1for1<j<k—-2,j<r<K—2,

oro =75 :=mo+1 for 0 <r < k-2,

Arji=0for0<r<j<k—2

Then oy j, A j satisfy (16) and (17) (but ig is changed to ig + 1 in (16)).

14



Proof: By (25) of Lemma 9, S, ; = ¢Sy j+1 for 7 > j + 1, and we have

T
Zﬁjsr,j:(ﬂ0+ T‘0+Z —(J—l-l
= ZW Srj = Z i Srj + Arj),

j=0

ir

for0<r <k—2,and
i0+1=778.

From (24) we get

arg=mg=mo+1>(m—g+1l)+g=ni+g=a.1+gq,
arj=m; =m;—q+12>2mj1 —q+1l=mj; =apj, for 1<j<k-3.
Qr j = Qr41,j5 :W;.

O
For 0 < r < k, denote
_ ir T
My [TJ’ Dr =1tr —Mrq .
q
For0<r<k-—1,let
5. — 0 if Pr+1 < Drq,
! 1 if pry1 > prg
Define
=1+ z T+1 + qpr — pr+1)' (26)
We note that f(g) depends on the sequence (ig,%1,---,%x). However,
0<6:(¢" = 1)+ gpr — pria < g"H -2
and so q
1< f(q) < F(g) := (1_—1(11”_2—1)—2&%—5, (27)
where F'(¢) only depends on ¢ and s, not the sequence.
Theorem 3 For any almost chain permissible DS (ig,41,- - ,1x), if it satisfies
i1 < qio— g, (28)
ir = Qr_1—(q+1) forr=k—1,k,
vz = M+ (p—e)q" 41,
where X\ and p are defined by
i3 = A"+ pg" Tt 4w, 0< p<q, 0 <y < g, (29)
|1, 4fv=0,
€= { 0, otherwise, (30)
and
Tr—2 Z q, (3]‘)
then (ig, 41, ,ix) 18 ACDS. Condition (31) can be changed to
me—2 > q+ f(g) — L. (32)
Note: mx—_2, mg—2 are defined by (ig — 1,41, -,1x)-
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Proof: By (28) we know that (i9—1,41,- -, %) is chain permissible. Since m,—_2 > ¢,
by the definition of Lemma 10 we get o, Ar,; satisfying (16) and (17). From (32)
we have

qin73 2 'iK/fZ Z qnil'

Hence by (29)
A= lines/q¢" Pl 2 g2 1 (33)

From Theorem 2, (ig,41,-,4x) is ACDS.
If (io — 1,41, -+ ,ix—2) satisfy

My =Mpy1 +0p, for 0 <r <k -—3, (34)
then by [5] we have
K—3
Mu—2 =Te2+ Y _(0r(q" " = 1) + gpr — pry1)- (35)
r=0

Similar to [1, Lemma 6] and [17, Lemma 3] (or [5, Lemma 2]), for any chain per-
missible (iy — 1,4},---,i,_5) we can get (ig — 1,41, --,ix_2) satisfying (34) by
i =t +arqg for0<r<rk-3, (36)

. .
l;g72 = 1k—2,

where

K—3

Q= Z(m; — (mjypq +6;)) for 0 <r <k —3;

i=r

m} and 6} are defined by (i — 1,4],---,ik_5).
Hence for (i,4},---,i,_5) we define

arj=m; +ap for 0 <7 <K -3,
where 7} are defined by Lemma 10, 7; are defined by (ig — 1,41,---,i.). Since
(ig — 1,47, --,4!._5) is chain permissible, we have

ap>ar > -2 a3 >0

Therefore a, ;, 0 < j < r < k—2, satisfy (17) by Lemma 10. From (36) and Lemma
10 we also get

i = Zar,jsr,j + A jfor0<r<k—2.
=0
Hence by (35), condition (32) can be changed to condition (31), and by Theorem
2, (ig, 44, -, 0k _9,ik—1,%,) of Theorem 3 is ACDS.

Theorem 4 For any almost chain permissible DS (ig,i1,---,ix), if it satisfies (28)
and

ir = qip—1 — (¢+1) forr =K,k -1, (37)
Uk—2 — qu Sig—2 SUg2:= )\qn—Z + (/1’ - e)qn—S +1- q67 (38)

where w = |(7%_ 5 —1)/¢*], and 6 =1 for k =4, § = 0 otherwise,
Mg = Usa/q" ] —q+2-f(g) 2 1, (39)

then (ig,%1,---,ix) s ACDS, where A, u, €, f(q) are defined by (29), (30), (31),
and (26).
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Proof: If i4_9 = Ug_2 and (34) is true, then by (37), (39), and Theorem 3,
(t0,%1," - ,1x) is ACDS. From the proof of Lemma 4, and by Lemma 10, (14) and
(17) we have

M (p—e)q -2 - 4%
k—4

= q Z(an—2,lsn—2,l + )\n—Q,I) + Q(aH—Q,n—3Sn—2,n—3 + )\n—2,n—3)
=0

-2 + q(an72,n72 - 1)

K—2
= q Z an—2,l5n—2,l -q—2
=0

K—2

> glag—21+9)Sk—20+¢q Z Op—21Sk—20—q— 2
=1

> ap_aw—2q" '+ (@1 —q-2

Hence for k > 3 we get
A 2 Qp—2,5—2-

Therefore in Construction 1 of Lemma 10 we have
T g —1=ax 2, 2—1=min{m(z) | z € PG(x,q)}. (40)

If (34) is true and w > 0, by Lemma 8 from Construction 1 we can give a modified
new constructions as following: Define m' by

! — m(w) —lifz e <p1>p27p3>7
m'(z) = { m(x), otherwise,

where (p1,p2,p3) is a plane in the set P of Lemma 8, m(x) is defined by Table 1
and Lemma 10. Since (p1,p2,p3) N Pyx_2(1) = ¢, we have

r—1
Zij = ml(Pr(l)) > ml(Sr)a 1<r<k-2
=0

where S, is any subspace in PG(k, q) of dimension r — 1. Since (p1,p2,p3) N Sk—1
contains at least one point, and {p1, p2, p3) N P._1(1) contains exactly one point, we
get

! (Pe_1 (1)) > m'(Seo);

since (p1,p2,p3) N Sk contains at least a line, and (p1,pa, p3) N Pi(k) is a line, we
get

m'(Py(k)) > m'(S).
Hence (ig,%1, - ,%k—3,Ux—2 — 1,4x_1,1,) satisfying (28), (34) and (37) is ACDS.
We can repeat this modification until i,_s = Us_2 — ¢ - ¢°2, when (p1, p2,p3)
are selected from the set P one by one in some order. We can also repeat the all
modifications above w times. In the end, by (40) and Lemma 8 we get:

min{m/(z) | z € PG(k,q)} =7'_, — 1 —wqg® > 0.
Hence any (ig, 41, - -, ix) satisfying (28), (34), (37) (38), and (39) is ACDS. Similar

to the proof above that (32) can be changed to (31), we can omit the condition
(34).
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Theorem 5 For any almost chain permissible DS (ig,i1, - - ,ix), if it satisfies (28),
(38), (39), and

Qw1 > Ue1 — (w1 +w2)alg —1)g" 2, (41)
where
Un—l = qin—Q —q-—- 17
r Un72 - in72
“ = [ q~ -|7
T, —1—w'¢?
o - |Eniee
q
. {[W,’z_z —l—w’qu [/\—l—w’q2 —wl(q—l)J}
wy = min , )
q(g—1) q

and Uy_a, m5_5, X are define by (38), (39), and (29), then (io,i1,---,ix) is ACDS.

Proof: If (28), (37), (38), and (39) are true, then by Theorem 4, (ig,41,"--,ix) is
ACDS. Denote the corresponding value function by m(z). Define m’ by

! — m(a:)—l ifz e <p1(j13"'5jn—1)’p2(jajla"'5jn—2)>a
m'(z) = .
m(x) otherwise,

where (p1(j1,--,Jrk—1),02(J, 41+, Jr—2)) is a line from the set L in Corollary 3.
Similar to the proof of Theorem 4, we get that (ig, 41, -+, 4x_2,ix—1—1,4x) is ACDS.
It {p1(j1, -, Jr-1),P2(J, 51 - -, jx—2)) are selected from L one by one in some order,
then we can repeat this modification until i, 1 — g(q¢ — 1)¢®"~2. We can also repeat
all modifications above w; times. By Theorem 4 for i,_1; = qix—2 — ¢ — 1 we have

min{m(z) | z € PG(k,q)} > 7}_ — 1 —w'q* >0,

Hence, by Corollary 3, we get

min{m'(z) | € PG(s, )} >0, (12)

min{m’'(z) | z € Pr(1)\Pc(1)} > A — 1 —w'¢®? —wi(qg — 1), (43)
min{m/(z) | £ € (Py(1)\Ps1(1))\Px(k)} > 755 — 1 —w'q® —wigq, (44)
min{m/(z) | £ € P(1) N Pe(k)} > 7y — 1 —w'q?, (45)

where m/ is the value function of the last modification. Similarly we can again give
a further modified new constructions as follows: Define m/' by

m”(w) _ { m:('r) - 17 lf.'L' € <ﬁ1(j17 o ajH—1)7ﬁ2(j7j27 o 7jﬁ—1)>7
m/(x), otherwise,

where (p1(j1,- -+, jn—1),P2(j, 42, -, jr—1)) is a line from the set L in Corollary 4.
Similarly the DS corresponding to m" is ACDS. By Corollary 4 we can repeat this
modification g(q — 1) times if (p1 (j1,- -, Jx—1), P24, J2," - -, jx—1)) are selected from
L in Corollary 4 one by one in some order. We can also repeat all the modifications
above wy times. Hence by Corollary 4 and (42)—(45) we get

min{m"(z) | x € PG(k,q)} > 0.

Therefore, similarly any almost chain permissible DS satisfying (28), (38), (39),
(41) and i, = ix—19¢ — g — 1 is ACDS. By the core method in [6] we can modify the
construction to make it valid for all 4, < qi,—1 —q—1. O
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8 Estimating M (i) and N (7)

By definition, M (7) is the number of sequences (ig, i1, - . -, ,) such that ig < ¢ and
in72 S im (46)
]-Singqin—l_q_]-: (47)
1 Sin—l Sqin—2_q_1; (48)
1<i4,<qi,1 for 1<r<cg-2. (49)
For 3 < t < k, let 0y be the number of sequences (ix_¢,ix_t41,---,%x) satisfying
(46)—(49) for some fixed i, ¢.
Lemma 11 We have
_ @@ -1 q(¢® —1)(¢* +3q¢+1) ,
03 = — o lg—3— Ue—3
6 4
qlg+ 1) (> +8¢+9) .
+ ( )(12 )Zn_g—(q+2).
Proof: Combining (46) and (47) we get
) 1 b po— 1
iy > e +q+ > le—2 +q+ _
q q
From (48) we get i,_2 > 1. Hence
qin—3 qin—2—q¢—1  qix—1—q—1
S S S
ig—2=2 i 1_|'1"€—2+q'+'1'| G =lk—2
=i q
qik—3 qix—2—g—1
= Z Z (qinfl —q-—- inf2)
ig—2=2 i~_1:|'im—2+Q+1-|
-1 Qik—2—g-1
= > 2 @ii-g-ix)
ik—2=2 de_1=2
in—3—1 ag+q—1 qix—2—q—1
+ Z Z (qinfl _q_in72)
a=1 ix_2=aq ix—1=a+2
¢ in—s—q—1
+ > (@ie1—g—qins)
fe—1=lx—3+2
_ E@P-1)? s a@-D(P+3¢+1) ,
= = k-3~ le—3
6 4
+1)(¢* +8¢+9) .
L2+ 1(e” +8¢+9) i s — (g +2).
12
For 4 <t < k we have
qir—t
gy = Z Ot—1 (50)
Ge—t+1=1

Let
9(a,t)=¢"'+¢"7%-2¢° —4¢—1.

In particular, g(g,3) = —(¢®> + 3¢+ 1). From (50) and Lemma 11, using induction,
we get the following lemma.

19



Lemma 12 For 3 <t <k and q > 3, we have

Ht+1)/2—4(,2 _ 1)\2 H(t—1)/2—2(,2 _
q (¢ =1)" . q (¢ = D)g(g,t) 4 .
oy = i it + 5~ 1) it + 03t 2).

In particular, o,, = o,(ip) is given by Lemma 12. Since M (i) = Z::O:l ok (i),
we get the following lemma.

Lemma 13 We have

k(k—1)/2—4(,2 _ 1)2 (k2 —3k—2)/2(,2 _
M) = & (@ =17 &, ¢ (@ ~1)9(a, k) ks

; 2 (k1) +06").

Now we estimate N (i). In addition to the conditions (4)—(6) defining almost
chain-permissible sequences, we have introduced some extra conditions on 41, ¢x—2,
and i,_1 for the constructions, namely (28), (38), (39), and (41).

We note that if ¢; and ¢ are constants and r > 1, then

qn—ca

e~ (et @)

r+1 2

+0(n™ 1)
m=ci
qr—i-l +1 T 1 r O r—1
j— T _ I —_
= " q(02 2)n+ (n" 7).

In particular, the two main terms does not depend on ¢;. Similarly, the two main
terms of 37077 .. m” will not depend on c;.

We first have to determine or estimate the quantities in the bounds (28), (38),
(39), and (41).

From (29), (30), and (38) we have

-3 .
. ¢ —14¢ frv=0,
Gin-3 = Up—2 = { quv—1+4¢é if v >0. (51)
In particular,
Up_o > qin_3 —q" 2 + 1. (52)
By (27), (38) and (39) we have
. T
w = |(m_y—1)/¢"] > q—22 -1
_ We/q"? —q+2-fl@)
= 2
U— 1
> ;—52—q—2(F(q)+q2+q—1)-
Hence
Us 2 —wq® < Fi(q) :=q¢"*(F(g) + ¢* +q—1). (53)
By (41) and (39)
* a2
w1 Z T—2 wq -1
q
> T o= 1= (Us—a —in_2)/q" -1
o q
in72 F(q)
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Similarly

e A in—2 F(q) 2q
> - - . 55
e R el v el s (55)
By (38), (41), and (54) we have
[A— 1-w'®? —wi(g—1)
q
1 (p—€)qg"3—qd+1 g
< (- S e )
in_2  F(g)(g—1 Ng-1) 1 1—gd
< ZH2+ (q)(g )+(q+ )(g )__(u+e+ n_qz +1)
q q q g\ q q
=: ZN;2 + Fg(q) (56)
Hence if F(g) 5
. q q
> = (q—1)¢" —
in 2> Fa(g) = (g = 1" (Fale) + TSR -, (57)

then by (55) and (56) we get

o= Ao |yt g (241 0). (a9)

From (41), (54), and (58), if (57) is true, then we have

Up—1 — (w1 + w2)(g — 1)g" "

1. F(q) 1 K—1
< it (S P - P@ 43043 )= De" T —g -1
1.
=: Ezn_z + Fy(q). (59)
If
in—3 2 qn—3 (q + 2 + F(Q)), (60)
then

23] > 041+ Flo),

and so, by (38) and (29), we have

[[q]—ﬂ zA-2= [;iij -2>q+f(g9) -1,

i.e. (39) is true. We summarize this discussion as follows: if (ig, %1, . .., 4x) is a chain
permissible sequence such that

7:1 S (110 —-4q,
in73 2 qﬂig(q +2+ F(Q))J
max{Fi(q), F5(q)} < in—2 < gix—3—¢"° +1,
1, . .
aznf2 + F4(Q) S Tk—1 S qlk—2 — q — 17

then by (28); (60); (38), (39), (52), and (53); (41) and (59), respectively, (i, i1, - - -, %x)
is ACDS. Note that Fi(q)-Fi(q) all are constants independent of the sequence

(105815 -+ -5 0k)-
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Let N, (i) denote the number of such sequences with ig < 4. Then N (i) > N, ().
We will determine the two main terms of N, (7). Since F'(q), Fi(q), F5(q), and Fy(q)
are constants, they will not affect the two main terms.

In analogy to the estimate of M (i), for 3 < t < k, let p; be the number of
sequences (ix_¢, 45 t+1,---,4x) satisfying the conditions. The computations are
similar to the computations for M (i) and we only give the results.

Lemma 14 For 3<t<k—1 and ¢ > 3, we have

qt(t+1)/2—4(q2 _ 1)2 4

pr = a Tt
LT — ) (9(a ) =2 = 1@ = 1)
2 (t—1)! ot
+0(it72)
Further,
A C al Y
P = ! o
LAV~ 1)(9(g k) — 2¢* — (@2 4¢P 1) s
2 (k—1)! °
+0(i§?)
and
k(k=1)/2-4(,2 _ 1)2
. q q ,
NJi) = k!( )” ik
LTI —1)(g(a, k) —20¢* ~ D@ g -1 oy
2 (k—1)!
+0(i*2).
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Remark. If ¢ = 2, then we change Table 1 a little: Only if j,_1 = ¢ — 1, we
take m(z) = A — 2. Since Py_1,x-3\Px(k) contains a simgle point z*, we take
m(z*) = ag_2,x-3 — 1. We take m(Pi_1 4—2) = @x_2,,—2 — 2. We require that
(11-15) are true. If m(Py_1,5—2) = ax—2,x—2 — 1, then we may use Lemma 1. Now
m(Ps—1,x—2) decrease by 1 and Z;:o i; remains unchanged for 0 <1 < k—2. So we
can prove that Theorem 2 is true for A > 2 and a,_2,,-2 > 2. By (33), Theorems
3, 4, and 5 are true if the right sides of (31), (32), and (39) are increased by 1.
Therefore, Theorem 1 a) and c) is true also for ¢ = 2. A result similar to Theorem
1 b) can be found, but we omit the details here.
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