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Weight hierarchies of extremal non-chain ternary
codes of dimension 4*

Wende Chenfand Torleiv Klgve *

Abstract

The weight hierarchy of a linear [n, k; g] code C over GF(q) is the sequence
(d1,da,...,dr) where d, is the smallest support of an r—dimensional subcode
of C. An [n,k;q] code is extremal non-chain if for any r and s, where 1 <
r < s < k, there are no subspaces D and E such that D C E, dimD = r,
dimE = s, ws(D) = dr, and ws(E) = ds. The possible weight hierarchies of
such ternary codes of dimension 4 are determined.

I Introduction

The weight hierarchy of linear codes has been studied by a number of researchers.
For a code of dimension k, it is a sequence of parameters (di,ds,...,d;). In partic-
ular, d; is the minimum distance of the code. The parameters were first introduced
n [11]. In [17] it was shown that these parameters are important in the analysis of
an application of linear codes to the wiretap channel of type II. Later, the weight
hierarchy has been shown to be important in the analysis of the trellis complexity
of linear codes, see e.g. [9], [13], [16]; and analysis of linear codes for error detection
on the local binomial channel, see [15]. The possible weight hierarchies of binary
linear codes of dimension up to 4 were determined in [14]. The chain condition was
introduced in [18]. Codes satisfying this condition have been studied in e.g. [1],
[9], [10], [13], [16], [18]. For small lengths and dimensions, the codes with largest
values of of the minimum support weights satisfies the chain conditions and this is
possibly a general phenomenon. This is the main reason for studying codes satis-
fying the chain condition. Also, the analysis of the weight hierarchies of product
codes is simpler if both codes satisfy the chain condition, see [10], [18]. The pos-
sible weight hierarchies of binary linear codes of dimensions up to 5 satisfying the
chain condition were determined in [8]. In [2]-[6] we studied the possible weight
hierarchies of linear codes of dimension 4 or less over arbitrary finite fields. The
chain condition is a statement that subspaces of smallest support are related in a
particular way. To get a better understanding of how weight hierarchies behave in
general, it is interesting to study how the subspaces of smallest support are related.
One extreme are codes satisfying the chain condition. The other extreme are what
we call extremal non-chain codes. In [3], [4] we determined the possible weight hier-
archies of extremal non-chain codes of dimension 3. It turns out the the complexity
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of doing such a classification increases dramatically with the dimension. In [5] we
gave bounds on the weight hierarchies of extremal non-chain codes of dimension
4. In this paper we determine exactly the possible weight hierarchies of ternary
extremal non-chain codes of dimension 4.

IT Notations and problem formulation

Throughout this paper, unless otherwise stated, C' will be a linear [n,4;q] code,
that is a code of length n and dimension 4 over GF(q). Mainly, we consider ¢ = 3.
For convenience we give all definitions below for 4-dimensional codes, rather than
codes of general dimension, since we concentrate on 4-dimensional codes.

For any subcode D of C, we define the support of D to be the set of positions
where not all the codewords of D are zero, and we denote it by x (D). Further, we
define the support weight of D to be the size of x(D), and we denote it by ws(D).

For 1 < r < 4, the the r-th minimum support weight (or Generalized Hamming
weight) of C' is defined by

d,(C) = min{wg(D) | D is an [n,r] subcode of C}.

The sequence (di,ds,ds,ds) is the weight hierarchy of C.
We note that if we add a zero-position to an [n, 4; g] code C we get an [n+1,4; 4]
code

C" = {(c|0) | ceC}.

The codes C and C' have the same weight hierarchy. Therefore, without loss of
generality, we can restrict ourselves to codes without zero-positions, that is, we will
assume that n = d4. Our problems can then be reformulated in terms of projective
geometry and we do this next.

The difference sequence (DS) (ig,%1,i2,43) of a [d4,4; q] code is defined by

to=dy —ds, i1=ds—dy, ip=dy—dy, i3=ds.

The difference sequence can easily be computed from the weight hierarchy and vice
versa.

Let G be a generator matrix for C. For any x € GF(q)*, m(x), the value of x,
will denote the number of occurrences of x as a column in G. In [12] it was shown
that there is a one-one correspondence between the subspaces of C' of dimension r
and the subspaces of GF(q)* of dimension 4 — r such that if D corresponds to U,

then
dy —wg(D) = Z m(x).
xeU

We find it convenient to look at the vectors as projective points.
From now on we assume that ¢ = 3. Let V3 be the projective space PG(3,3).
A walue assignment is a function

m:Vs > N=1{0,1,2,.. }.

For p € V3 we call m(p) the value of p. A value assignment defines a generator
matrix and a code (up to equivalence). We define the value of a subset S of V5 as

follows:
m(S) = Z m(p).
peS

Let C; be the set of lines and C3 the set of planes in V3. The existence of a
code with weight hierarchy (d1, ds,ds,dys) is equivalent to the existence of a value



assignment m such that

max{m@) |pe V3} = 1o,
max{m(l) | le Cl} =10 + %1,
max{m(P) | P € Co} =iq + i1 + iz,
m(V3) =i + i1 +i2 + i3.

Let
Mo = {p|p€ Vs and m(p) = io },
M, ={l|leC and m(l) = io +11},
M,y = {P | P e Cs and m(P) =ig + i1 +i2}.

The research reported in this paper is part of a project to describe the possible
weight hierarchies, or equivalently, the possible value assignments of dimension 4.
It is convenient to split the analysis into cases. The chain condition:

”there exist p € My, | € My, and P € M,
such that pe l C P”

was introduced by Wei and Yang (1993). Codes of dimension 4 over GF(q) satisfying
this condition were considered in [2]. The other extreme, namely eztremal non-chain
codes, was considered in [5] and [7]. The corresponding DS are called extremal non-
chain difference sequence (ENDS). These are DS of value assignments which satisfy
the following three conditions:

(C1): ”There do not exist p € My and [ € M; such that p € [”.
(C2):  ”There do not exist p € My and P € M, such that p € P”.
(C3):  ”There do not exist I € M; and P € M such that [ C P”.

In [7] we determined exactly the possible weight hierarchies of binary extremal
non-chain codes of dimension 4. In this paper we determine exactly the possible
weight hierarchies of extremal non-chain ternary codes of dimension 4. The result
is given in Theorem 1 below. First we need a couple of definitions. Let

19_{ 0, if 3ip —i1 =3 (mod 4),
"] 3ip—i1 (mod4), 9 e€{0,1,2},otherwise,
9 = { 1, if ig is odd,

! 0, otherwise.

Theorem 1 For q =3, (ig,i1,42,13) is an ENDS if and only if

i) 3lio+4) <in < 3o — 4,
ii) o + 1 <,

iy < min(%(Q(io +i1) — 13) =9, 3ip + iy — § — 91,601 — 9,40 + iy — 6),
iii) max(ip + i1 + 1,260 + 1,d0 + 1(i2 + 4),i0 — 3iy + iz + 6) < i3,

i3 < min(12i; — iy — 13, 3iy — 4).

The proof of this theorem is broken down into two parts. In the next section we
prove the “only if” part and in the following section we prove the “if” part by a
number of explicit constructions.

We denote the line containing the points p1, p2 by p1p2, and the plane containing
the points p1,p2, ps by p1paps-



Proof of the bounds
Lemma 1 For q = 3, if (i0,41,92,i3) is an ENDS. then
i) 3o +4) <i1 < 3ig— 4,
i) ig+ 1 <iy
iz < min(} (960 +i1) — 13) — 9, i + 31 — § — 91,601 — 9,0 + 4i1 — 6),
i4i) max(ig + 41 + 1,260 + 1,40 + %(iz +4),ig — 3iy + iz +6) < i3
7:3 S m1n(1211 - ’1:2 - 13,37,2 - 4)

Proof: i) We proved i1 < 3ig — 4 for ¢ = 3 in [5].
iii) From [5] we have
m(Vz) =g + i1 + iz + i3 < dg + 13(é1 — 1).
Hence
i < 120y — iy — 13. (1)
Let I* € M>. Since (C3) is false,

io + i1 +iz +i3 =m(Va) = m(I*) + > m(P\1") < (io + i1) + 4(i2 — 1).
I*EP
Combined with (1) this proves the upper bounds of iii).

Let P* € M3, p € P*. Since (C3) is false, m(l) <49 +141 — 1 for all lines | C P*.
Hence

io +141 +1i2 = m(P*) = m(p) + Z (m(l) —m(p)) < m(p)+4(io +i1 —1—m(p)),

and so . 4
. . ?
m(p) <io+ir— 5 — 3. 2)
Let p* € My. We denote the plane containing [* and p* by P;. Let Iy = P, N P*,

p1 = I* N P*. Since

m(P*) = mp)+ Y (ml)—-mp))

1
p1EICP*

= (m(li) = m(p1)) = 2m(p1) + Z m(l)
< mli\{p1}) = 2m(p1) + 3(io +i1 — 1)
we have
m(h \ {pl}) Z 2m(p1) - 2i0 - 2i1 + l'2 + 3. (3)
Since m(I* \ {p1}) = o + i1 — m(p1), this implies
m(li \ {p1}) + m(I*\ {p1}) > m(p1) —io — i1 +is + 3. (4)

Since (C1) is false,

m(ll\{pl})+m(l*\{p1}) S Z m(l)—?)?,o S 3(@0 +?:1—1)—3i0 = 3i1—3, (5)

Combined with (4) this implies

m(pl) S 7:0 + 47,1 - iz —6 (6)



Since m(p*p1) < io+141 — 1,

m(p1) <i1—1 (7)
In particular, this proves that m(I*\{p1}) > io+1. Hence there exists a p € I*\ {p1}
such that
(io +1)

Q| =

m(p) =

and so 1
i0+i1—12m(W)2i0+§(i0+1)

which proves that iy > #(io +4) in i).
Since (C1) is false we have

m(p1) <io — 1, ®)

i3 > 9 +m(I* \ {p1}) = 2ip + ix — m(p1), 9)

Combining (2), (6), (7), (8), (9) we get the lower bounds of iii).
ii) From (6) we have

m(py) = io + 4iy —is — 6 —d (10)
where d > 0. Substituting (10) in (3) we get
m(l \ {p1}) > 6i1 —i2 — 9 — 2d.
Hence there exists a point ps € Iy \ {p1} such that

1
m(pz) > 5(61’1 — iy —9—2d). (11)
By (10) we get
m(I* \ {p;}) = io + i1 — m(p1) = @2 — 3iy + 6+ d.
Hence from (5) we have

mli \{m}) < 3i1—3— (i2—3i1 +6+d)

6i1 —i2 — 9 —d.
So by (10) we get
m(P*\li) = (io+i1+i2) —m(p1) —m(li \ {;m})
> 3iy — 90, + 15 + 2d, (12)

Therefore, from
mP*\h) = > (m{l)—m(p)),

1
l#1l1,p2 €ICP*

there exists a line [ such that [ #1;,p; € | C P* and
2
m(l) —m(p2) > s —3i1 + 5+ gd.
Hence, by (11) we have

2 1
m(l) > i2—3i1+5+§d+§(6i1—i2—9—2d)

2
§i2 — 41+ 2 (13)



Since (C3) is false, m(l) < ip + i1 — 1, Combined with (13) this implies

3 9
19 < §i0+3i1 — 5

By (12) there exists a point pg € P*\ Iy, such that

1 5 2d
> iy —iy 4 = 4 —.
m(pg)_322 11+3+ 9
Hence if iy = 3ig + 3i1 — § then
1/3 9 5 2d_ 1 1
>_(_. 3.__)_. 5.2 1. 1
m(pg)_3220+ 21 5 l1+3+9_220+6

and by (2) m(ps) <ig+ i1 — 3(3io + 3i1 — ) — § = 3io + §, but this is impossible

for ig odd since m(ps) is an integer. Hence
. 3. .9
19 < 5’&04—321 - 5 — 9.
Let po € P*, m(po) = max{m(p) | p € P*}. We have

1 1
L RPN I
m(po) > T3m(P") = 33 (io + i1 + ia),

Combined with (2) this implies

iz <

. . 1
(7»0 + 7/1) — Z

=] ©

If 9 =1, then
1:1 :37:0—401—].,

where « is an integer, hence by (16)

ia < 3 (dip — 4o — 1) ~ = = 9ig — 90— 2.
Suppose is = 9ip — 9a — 6. Then (15), (17) imply
L. , 7
m(po) > E(io-i—il + 1) :Zo_a_l_?,
and (2)(17) imply
m(Po)Sio+i1—Z§2—§:z‘0_a_%

but this is impossible since m(pg) is an integer. Hence is < 9ip — 9a — 7.

. . 9 . . 13 1 9, . 13
125910—9(1—7:Z(zo+zl)—I—19—§<Z(zo+zl)—z—19.

If 9 = 2, then

(14)

(15)

(16)

(17)

By (17)

(18)

(19)

Suppose iz = 9ig — 9a — 8 — 8, where § = 0 or 1. Then (15) and (19) imply



and (2) and (19) imply

m(po) <ip—a— 23;0
but this is impossible since m(pg) is an integer. Hence
i2§9i0—9a—10<Z(z’o+i1)—%—ﬂ. (20)
By (5) and m(p1) > 0 we have
i2 <ip+4i1 — 6 (21)

By (6) there exists a point p € I* \ {p1} such that

) . 1. )
(lo + 11 —mﬁh)) > 512 —i1+ 2.

SN

m(p) >
Hence io + i1 — 1 > m(pp*) > io + (%iz i 2), ie.
i2 S 6Zl - 97

Combined with (14), (16), (18), (20), (21) this proves

9(2 1) — 13 3ip— 9
is < min(( (i +i1) _ 9, “’2 ¥ 30y — 01,601 — 9, in + iy — 6)
From
iot+iit+ia—1 > m(P)>m(*) +m(p*)
= 2ig+ 11
we get
19 > 1o + 1.

ITIT Constructions

For the constructions, we consider four main cases, some with a number of subcases.
The main cases are determined by which of the following four numbers are maximal:

2o+ 1, g + i1 + 1, Go — 3i1 + 62 + 6, do + (i2 +4)/3.

More precisely, we consider the following four mutually exclusive cases:

o Case L.
io+ (i2+4)/3 > max (2ip + 1,ig + i1 + 1),
io + (i2+4)/3 > 9 —3i1 +i2 +6.
e Case II.
io — 3i1 + 42 + 6 > max (2io + 1,40 + i1 + 1,40 + (i2 + 4)/3).
e Case IIL

i0+i1 +1 Z max (2i0+1,’i0 —3i1 +i2+6,i0+ (12+4)/3)



e CaseIV.

2ip+1 > max (ip — 3iy + iz + 6,00 + (i +4)/3),
2ig+1 > 4g9+1i1 + 1.

A given (ig,141,42) satisfying Theorem 1 i) and ii) belongs to one of the cases
above. For this case we construct a value assignment m such that i3 = min(12z’1 -
1o — 13,302 — 4). In each case, value assignments for other i3 satisfying Theorem 1
iii) are obtained by reducing the values of the points, except one point of maximal
value, one line of maximal value and one plane of maximal value.

The space PG(3,3) contains 40 points, 130 lines and 40 planes. To each point
b = (bo,b1,b2,b3) € PG(3,3), where the first nonzero b; from right to left is 1, we
associate the integer

B = B5 = bo + 3b1 + 9ba + 27bs.

It is illustrated in Fig. 1, where some of the points and lines are included.

3
27
13
14
9 10 11 1
Figure 1: Representation of PG(3,3)
Case I

The conditions of Case I and Theorem 1 i) and ii) easily imply the following rela-
tions.

i1 < 3ig — 4, (22)
iz 2> 3io, (23)
iy > 3iy, (24)
iz < 9i1/2 -1, (25)
iy < (9(io +i1) — 13)/4 — 9. (26)
By (22) we have
io > 2, (27)

By (24) we have
1241 — i — 13 < 349 — 4.



Let

= —(i2+4) (mod 3)
0=1—(i2+4+4+6)/3 (mod 3)

Define €1 (p) by
ei(p) = -1
e1(p) =0
Define e(p) and m(p) by the following tables.

otherwise.

where 6 € {0,1,2},
where § € {0,1,2},
where 4, € {0,1}.

if p=4and § =1,

e(p) =£(6,6,p)

5| 11,1530,33,39,42 14 17 27,36 29,38 32,4149 35,4452

0 0 1 0 0 —1 0 —1

1 0 0 0 ~1 -1 ~1 ~1

2 -1 0 0 0 -2 -1 -1

9 5 9 12 45 46 48 51
0 0 0 0 0 0 0

0 1 ~1 0 -1 0 0 0
2 0 ~1 -2 -1 0 0
0 0 —1 0 0 0 0

1 1 -1 -1 -1 0 0 0
2 -1 ~1 -1 -1 0 -1
0 0 —1 0 -1 -1 0

2 1 -1 -1 -1 -1 -1 0
2 -1 -1 -1 -2 -1 -1

For the points p € {10, 13,16, 28,31, 34,37,40,43,47,50, 53} we define

e(p) = e(p1) +e(p2),

where py, ps are the point colinear with 1 and p. For example, £(53) = e(51) +£(52)
(we use the notation py, ps with the same meaning also in the proof below).

%<%(i2+4+a)—1+6) +e(p)

L1(X(is +14+8) —io + 1) +e1(p)
l_g(a@+4+w—1+5)—1—dm

.

m(p) = for
io p=1
io+1i1 — 5(ia +4+6) p=3

pe{9,11,12,14,15,17,
27,29, 30, 32, 33, 35,
36,38,39,41,42, 44,
45, 46,48,49,51,52}

p € {4,5}

otherwise

The corresponding DS is the ENDS

(041,42, 1201 — iy — 13).

Proof: First consider the points. By (24), (26), (27) we have

. 1 . 13
io —12>m(3) > Z(lo +i1) + 19

4446
—1.
3 >

an@ﬁ:%(a@+4+ﬂ)—1+5)+dmby@m,@n“mhmm

m(p) = %(i2+4+0)—%+<g
R

-9

+E(p))

7 4
>l _Z5_
3> 1,



and by (22), (26) we have

1,9, . 13 1 5
m(P) < §(Z(ZO+11)_Z+4+0)_§+(§+5@))
1 1 6 1 1
< 2 4 T TS T N - 5
= 4(7’0+320 )+12+9 3+ 10 36<’Lo (28)

For these point p, except point 14 and § = 0, we have (p) < 0, Hence by (26)
we have

4, 1 (6 .
mp)—m@) = gl+4+0) -3+ (5+e@) - Go+in)
4 ) 4 4 0 4
< -0+ - ——9< 0+ - ——
< 90+3+E(p) 919_90+3 919 (29)

If 9 = 0, then 3ig —4; = 0 or 3 (mod 4) If 3ig — i; = 3 (mod 4), we have
i = 3io — 4a — 3, By (23) we get i» < 9ip — 9a — 10, If iy = 9iy — 9a — 10,
we get io = 8 (mod 9), 6 =0, Hence

4 6 4

—0+-—-9<1

9 + 379 < (30)

If 49 = 9ip — 9a — 11, we get ia = 7 (mod 9), § = 1, 6§ = 0, (30) is true. If
12 < 919 — 9a — 12, then since i3 decreases by 2,

— < —f — — - - — .

Similarly, for 3ig —4; = 0 we have m(p) — m(3) < 1. If 9 > 0, then by (18) we also
have m(p) —m(3) < $6 +  — 2(1+ 1) < 1. Therefore we have

m(p) < m(3) (31)
For m(p) = i1 — 3(3(i2 +4+0) —1+6) —e(p1) —e(p2) — 1 by (22) we have

mw) > ir— 2 (5 (30 =74 4+0) ~ 148) ~=(pr) () ~ 1

- J3\3\2
1 2
= 37 5(9 +36) — e(p1) — e(p2) (32)
If 0 =6 =0, then —e(p1) —e(p2) > —1,
ia =8 (mod 9), (33)

Combined with (25), (33) implies
. 9.
12 S 521 —10.
Since 7o decreases by 3, similar to (32) we get
1 2
>-+--3-1=0.
m(p) > 3 + 9

For the remained cases, if § # 2, then —e(p;) — e(p2) > 0, hence by (32)

1 2 7
>- 2043 =—L>_1;
m(p)_3 9( +3) 9> ;
if 6 =2, then —e(p1) — e(p2) > 1, by (32)
1 2 4
>-_ = =——>-1.
m(p)_3 9(2+6)+1 9> 1

10



By (24) we have

1,1, 1. . 1
S(Gl+4+0)—148) =mp) = cia—ir+3(4+0)+0+2(p1) +(p2)
1

> S+ o) e, (39)
Hence from the following table:
0 0 1 2
1) 0 1 2 0 1 2 0 1 2
s4+0)+o+e(p)+el)>] 5 3z | 2 2 2] 1 1 1
and since%(%(i2+4+6)—1+6) is an integer, we get
m(p)<1(1(i2+4+0)_1+5)_1. (35)
—3\3
Similar to (28) we have
1/1 1 6 1 4 13
(= — < Z(4jn — -4l -~
3(3(12+4+e) 1+5)_4(4z0 +g-gtgz<io—gs  (36)
Hence
m(p) < io — 2 (37)
For points 4 and 5 by (23) we have
1/1 1
m(p) > 5 (50 +6) +8) +e(p) 2 5 —1> -1
and by (22), (26) we get
1/1,.
§<3(12+4+0)—1+5)—m(p)
1 1 1 1 1 1 1 1
Lo 1.1, 1 1.1 1 10
210 1812+9( +0) 3+3(5 6 60 2(51 El(p)
1 1 /9 13 1 1 1
1. 1.9 18y _ 14 1.1
1 13 1 1 1 1
= —4+—=-—(1 S5 — 26 > —.
SR IR U L -
Hence by (36) we get
(p)<1(1(' $446) ~146) ~1<ig—2 (38)
m S 3\3 12 S 10 .
Next consider the lines. For each line [ containing the point 1 we have
m(l) =149+ — 1. (39)

For any line ! we denote the four points on ! by p1[l], p2[l], ps[l], p4[l] where p4[l] is
the point on ! with maximal value. For the lines containing point 3 we have the

following table (where p1, pa denotes the line determined by p; and p2):
For the remaining four lines containing point 3, by (35) we have

1
m(l) < m(3) + 3liz +4+6) ~ 146 -3 <ig+ir 2.

11

(40)



Table I: The values of lines.

m(l) = for

10 + 01 1=11,17

ig+1 —1 1 €{27,33,36,42}
io+i1—1—0(0—1)/2 l:m
io+i1—1—sign0 l=9,—15
io+i1—2—0(0—1)/2 l:m

i0+1%1 —3 1 €{38,44,29,35}

For the remaining nine lines in the plane 3,9, 27, by (31) we have

4 3

m(l) = Zm(pj[l])Sm(3)+%(i2+4+9)—1+5+26(pj[l])
3
= do+ir— 148+ e(p;[).

3
If § =0, then Z e(p;[l]) £ 0. For 6 = 1, since each ! contains a point p on the line

=1
3

9,45 for which e(p) = —1, we have § + Zs(pj [1]) <0. If 6 = 2, it is not to hard to

=1
3

check that Za(pj []) < —2. Hence we get
j=1

m(l) <ip+1i1 — 1.

Similarly, consider the remaining nine lines in plane 3711?27. For § = 0 and the
lines containing point 14, by (26) we have

4,1 :
m(l) = §<3(zz+4+0 —1+5)+Zep,[z]
j=1
< dg+i —1+§0+§5+Zg( 1)
S o 1 9 3 < Dy
8 4
< i0+i1—1+§+26(pj[l]).

j=1

4

Since £(38) = £(44) = &(52) = —1, we have Ze(pj[l]) < 0. Hence m(l) < o + 41.
j=1

For the other cases by (31) we have

3
m(l) <ig+ir —1+6+ > e(p;[l))-
j=1

It is easy to see that
3
0, if =0,
Zs(pj[l]) < { 92 if §=2:
]:1 ) )

12



For 6 = 1 each [ contains a point p in {38,41,44} for which e(p) = —1, and so

3

Z e(p;[l]) <

Hence we get
m(l) <i9+i — 1.

For the remaining six lines in the plane 1,3, 27, by (26), (35), (38) we have

m(l) <

4,1, 2
5(5(12 +4+0)— 1+5) —2+j§:1:6(pj[l])
4. 4
. PO .
< o4y 3+90+36+J_§:1e(pg[l]),
where p1[l] € {27,30, 33}, p2[l] € {29, 32,35}. Since

Sewi<{ %

if §=0,
if §=0,

we get
o4
m(l) <ig+i1 — 9 < g +11.
For the remaining nine lines in plane 3,10, 27 by (26) and (35) we have
4,1
< (=@ - -
m(l) < 3(3@2+4+0) 1+6) 3+e(p)
4 4 4
< dg+ip—4+ §0+§5+6(p) <o+ ~ 5

where p € {27, 30, 33}.
Each other line must have four joint points with 3,9,27\ 3,27, 3,10,27\ 3,27,
3,11,27\ 3,27, and 3,1,27\ {3,27,30,33,1}. By (35) and (38) we have the following

upper bounds on m(p) —

(32 +4+6) —1+0):

m(p) — 3Gl +4+0)—1+6) <
» in 3.9.27 310,27 311,27 31,27
\3, 27 \3, 27 \3, 27 \{3,27u{1}}
6=0 0 -1 1 0
6=1 0 -1 0 -1
6=2 0 -1 0 -1

o —

Let ps € 3,9,27\ 3,27, 1 = {p1,p2,p3,p4}- By (31) we have m(ps) < m(3). Hence
we get

m(l) Zm(pj)ﬁm(3)+%(i2+4+0)—l+6

+Z(m(p]

’1,0+7,1—]..

( (12+4+0)—1+5))

IA
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Finally, consider the planes. For each plane containing point 1 by (24) and (39)
we have
m(P) :i0+4(i1 —1) <ig+i1+ i —4.

For the remaining nine planes containing point 3 we have

m(P) =m(3) +

J

(m(I;[P)) = m(3)) = >_m(l;[P]) - 3m(3),

4 4
=1 Jj=1

4
where the point 3 € ;[P] and U l;[P] = P. Hence, by Table 1, we get
j=1

o —

m(3,9,27) = 4(ig +1i1) — 3m(3) —4 — (0 — 1)/2 — signf = ig + iy + i».

From (34) we have

1
m(3)+§(i2+4—|—0)—1+5—(4+0)—3(5

—e(27) — (29) — £(30) — £(32) — €(33) — £(35)
10 + 11 — 3.

m(3, 28)

IN

IN

Similarly we get

m(3,47) i0+i1—5—20 — 0 —e(45) — £(46) — £(48) — £(49) — £(51) — (52)

<
< dg i — 4

Hence, by Table 1, (40) we get:

m(P) — (4(io + 1) — 3m(3)) < P=
-9 3,10,27
—6—6(0 —1)/2 3,11,27
—8—6( —1)/2 — sign 6 3,9, 28
—11 — sign 3,9, 29
—9—6(8—1)/2 3,10, 28
—8—0(0—1)/2 3,10, 29
-8 3,11, 28
—6—6(0—1)/2 3,11,29

For the remaining planes, each plane contains 13 joint points with the 13 lines
containing point 3. By (35) and (38) we have

1
m(P)<13- -

S (32 +4460) ~1408) =5+ > (wi{P), (41)

3

j=1
where p;[P] € P for 1 < j < 8 and pg[P] € {38,41,44}. Since
. 11 12
m(3,9,27) m(3)+12-§(§(i2 +4+0)—1+5)+Ze(p;)

= zO+/Ll +i2;

j=1
where p} € 3?),\27 , 1 <75 <12, and we have the table:

14



0 0 1 2
5 0 1 2 0 1 2 0 1 2
12
> ey = 0 -4 —-8| -1 -5 -9| -2 -6 -10
j=1
7
SewPh)<| 1 -1 -2 1 -1 3] 1 -2 4
j=1

SO by (29)7 (31)7 (41)7 and 6(0,2,])3[P]) S _17 we get

7
m(P) < mpslP) +12- 5 (3002 +4+0) = 146) =5+ 3 cps[P)

j=1

7
< m(3)+e0,2mP) +12- 3 (50 +446) = 145) =5+ 3 <(py{P)

< g+ i1 + 09,

By (39) we have

j=1

Hence i3 = 1247 — i5 — 13.

Case 11

The conditions of Case II and Theorem 1 i) and ii) easily imply the following

relations.
19 > 19 + 341 — 5,

7:2>47:1—5,
. 9.
12>521—7,

2 <o + 441 — 6,

. 3. .9
13 < §Zo+3l1—§ — Y4,
9 13
9y 13
12 < 4(20 + 1) 1 v,
7:2 S 67/1 - 9,
i1 < 3ig — 4.
By (44) and (47) we have
11 <19+ 1.
By (42) and (48) we have
. 1. 4
17 > 510 + 3

(50)

(51)

By (50) we get ig > 2. If 4 = 2 then by (49) and (51) we have 2 > iy > 2, but this

is impossible. Hence

From (44), (45) we get

15
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Let

= —iy (mod 3),
01 =49 — 11 —t2+1

(mod 2),

0 € {0,1,2},

01 € {0, ].}

€1(d1,p) is defined as in Case I. Define £(p), m(p) by the following tables.

3(ia +6) —i1 +2+£(p)

2iy — 5(ia +6) — 3 —¢(p)

£(p) =£(9,p)
9 12 27 ig = ia <
11 14,30 29 6i1—9—90 691 — 12

33,35 15 32,39 36 46 49
) 42,44 17 41,51 48 38 45 49, 52 46 52
0 0 0 0 0 -1 -1 0 0 1
1 -1 0 0 -2 -1 0 0 1 0
2 -1 0 -1 -1 -1 -1 0 0 0
m(p) = for
ig p= 1
20+4’Ll—22—6 p=3

p € {11,14,17,27,30, 33,
36,39, 42, 45,48, 51}
p € {9,12,15,29, 32, 35,
38,41, 44, 46,49, 52}

%(il—i0+i2—1+(51)—2i1+3+51(p) p€{4,5}
2 p=50ifd=1
if 7:2 = 6Z1 —9—(5, then
p=4Tif6 =0,
1 p € {47,50,53} if § = 2;
if io < 6i7 — 12, then
p=47if § =1,
pe {47,50,53} if § € {0,2}
0 otherwise

The corresponding DS is ENDS (ig, 41,92, 1247 — i3 — 13).

Case III
The conditions of Case III and Theorem 1 i) and ii) easily imply the following
relations.
i1 >0 > 2, (54)
iz < 3ip — 1, (55)
io < 4ip — 5. (56)
Let
ig = min(12i1 - ’ig - 13,3i2 - 4) (57)

We start with two special subcase. Next we give one of the main constructions.

Subcase 1I1a

For this subcase, io = 3i; — 6 where 8 € {1,2}. We give the following construction
in this case. First, e;(p) =1if p =4 and §; = 1; &1 (p) = 0 in all other cases. Define

e(p) and m(p) by following tables.

16



(p) =e(4,p)
27, 31, 34 9, 28
36, 40, 43 32, 35, 37, 41
5| 45,49,52 | 13| 44,46,50,53 | 14| 10| 11 16 15
0 ) 1 1 0 1 -1 3—40 6—2
1 é 2 1 0 1 0 3-6 6—1
2 1) 2 1 1 2 0 3-6 0
For the other points e(p) = 0.
p m(p)
1 io
3 19— 1
4.5 %(21 — 19 +51) —El(p)
otherwise (i1 + 0) —e(p)
The corresponding DS is ENDS (ig, 41,42, 12i; — iz — 13).
Subcase ITIb
For (ig,41,72) = (3,3,5), a value assignment is given by the following table:
p m(p)
11 3
1,3 2
4,5,15,27,29.30,33,36,39,40,42,45.47 48 49 1
otherwise 0

Subcase IIlc

To give the precise characterization of this subcase, we need a number of definitions.
First we will give an informal description of the idea behind the construction. We
start with a construction for i = 3¢; — 3 which is not too hard to find. The
construction has one point of maximal value (namely 11), one line of maximal value
(1,3), and one plane of maximal value (3,/9,\27) Next, we reduce the value of iy
by one repeatedly. In each step the construction is modified. The value of 11 and
1,3 is not changed. The value of each plane is reduced by at least one (and 3@7
by exactly one) by reducing the values of each of the four points on a suitable line
by one; this is obtained by increasing e(u,p) as explained below. The process is
repeated until 42 = L; (defined below) at which point m(14) = m(17) = 0. The
process is further repeated, now by increasing (v, p) by one for the four points on
a suitable line in each step. This goes on until 45 = Ly — Lo (defined below) at
which point also m(10) = m(13) = m(16) = 0. For iz < L1 — L» we use a new
construction (Case ITId). We can show that if i3 = Ly — Lo, then iy < ig+i1 +5—2.
Hence for i < Ly — Ly the conditions for CASE IIId applies.
Let
51 = io — 7;1 (mod 2), 51 S {0, ].}

Define ¢, (p) by the following table.

e1(p) = €1(d1,p)
14 17
01 =0 0 0
01 =1,14 #4, 0 1
01 =141 =4, 1 0
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Further, for p € {14,17}, let

By = %(il —io +61) —e1(p),

by = ,Bp _ 4[m1n{5i4;ﬂ17}J’
_ ].6, if b14 = b17 =0 and min{ﬂ14,ﬂ17} Z 4,
1 0, otherwise.
Let . 5
Ly = 34 —3—24[wJ + a — big — biry.
8
Define K, c,u,d,v,d,t,n by
K = max(ig, Ll),
3ip —3— K =24c+wu, where 0<u <23,
K —iy=24d + v, where 0 <wv <23,
0=—i1 (mod 3) where ¢ € {0,1,2},
‘= 1, ¢=2 (mod 3),
1 0, otherwise,
[ 1, ¢#0 (mod 3),
= 0, otherwise.

(58)

We now define e(w,p) = €(d,w,p) and {(p) = {(o,p). We have ((0,p) = 0 for

all p. Further, £(4,0,p) is defined by the following table.

£(9,0,p)

points 0 €{0,1} 6=2,11=4 6=2,11 #4
1 6—1 0 0
4 0 1 1
9,13 1 2 2
10 t+1 t+1 t+1
12, 28, 29, 32, 35, 37, 38

41, 44, 46, 47, 50, 53 1 1 1
15 1) 1 1
16 n+46 n+1 n+1
27, 31 34, 40, 43, 45, 49, 52 1) 2 2
36 1) 1 2
42 0 1 0
other points 0 0 0

For a given w > 0, £(d,w, p) —&(d,w—1, p) does not depend on §. For convenience,
we will omit § from the notation and write just e(w,p). Further, for any given w,
e(w,p) = e(w—1,p) for all points except four, which four will depend on w and they
are given in the tables below. In the same way, for o > 0 we have ((o,p) = ((c—1,p)
except in four points. We consider the following condition which may or may not

be true:
i1 # 4.
c=0,d=0, v=4.
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e(p) = e(w,p)

a(w,p) - €(w - 17p) =1iff

w conditions for the following p

1 (59), (60) 14, 29, 40, 51

1 (59), not (60) 14, 35, 37, 48

1 not (59), 17, 32, 37, 51

2 (59) 17, 47, 34, 39
3 (59), (60) 14, 35, 37, 48
3 (59), not (60) 14, 29, 40, 51
4 (59) 17, 38, 52, 30

5 (59) 14, 32, 43, 45
6 (59) 17, 50, 28, 42
7 (59) 14, 44, 46, 30
8 (59) 17, 53, 31, 36
(mod 3) e(w,p) —&(w—1,p) =1 and
c=0]| ¢c=1 c=2 C(o,p) —Clc—1,p) =1

w o o o for the following p

9 9,18 2 11| 1,10]| 13, 29, 52, 39
10 1,10 3,12 2,11| 16, 44, 28, 48
11| 2,11 | 4,13| 3,12| 10, 53, 43, 33%
12| 3,12| 5,14| 4,13| 13, 32 46, 42
13| 4,13| 6,15| 5,14 | 16, 38, 31, 51
14| 5,14| 7,16 6,15| 10, 47, 37, 27
15| 6,15| 817 | 7,16| 13, 35, 49, 36
16| 7,16 | 9,18 | 8,17 | 16, 41, 34, 45
17| 817 1,10| 9,18 | 10, 50, 40, 30
18 19 19 19| 15, 40, 46, 34
19 20 20 2 | 15, 31, 37, 52
20 21 21 21 9, 50, 41, 32
21 22 22 22| 9, 53, 44, 35
22 23 23 23 | 12, 41, 53, 29
23 12, 49, 34, 37
*if 44 =4 and o = 2, then this row is changed to 10, 29, 46, 36.

For p € {10,13,16}, let

1 1
By = 31 +8) | 5] ~ e(w,p)
and _ {ﬂ Bia. 8 }
min 10, Y13, M16
sz - /Bp - 6[ 6 J ’
_ [ 6, if b,=0and B, >6 for p=10,13, 16,
€= { 0, otherwise,
Let )
I, = 24[m1n{510;6ﬂ13;/316}J — e+ by + bis + by (61)

Subcase I1lc is determined by

3i1—3>14 > Ly — Ly

and (ig,%1,12) # (3,4,4). In this subcase m(p) is defined by the following table.
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p m(p)

11 to

3 10— 1

1,4,5 %(21 +6) — e(u, p)

14, 17 5(i1 — o + 61) —4c—e1(p) — e(u,p)
10, 13, 16 Bp —6d — ((v,p)

9, 12, 15, 27, 30, 33

36, 39, 42, 45, 48, 51 (i1 4+ 68) — 2¢ — e(u,p) — 2d — {(v,p)
otherwise 3(i1 +6) —3c—e(u,p) —3d —{(v,p)

The corresponding DS is ENDS (ig, 1,42, 312 — 4).

Proof (for Subcase Illc). For i = K and u = 0, the proof is similar to Case I,
but point 9 is similar to point 3 of Case I and

o — —

m(1,3,9) = m(L,3,45) = m(L, 3, 36) = m(L,3,27) = io + i1 + 42 — 1;

the details of the proof are omitted.
Consider i3 = K and u > 0. First we show that

0 < m(p) <ig, for p##11.
Since if 1 < u < 23 then

m(io, i1,42,p) < m(io,i1,492 + 1,p)

and m(ig,41,42,p) < ig, for p # 11 and u = 0, so m(p) < g, for p # 11. We only
need to prove m(p) > 0, for the smallest value of i2, namely

19 = Ly,

and for v = 23 and ¢ > 0.
For u = ¢ =0 by 41 < 3ip — 4 we have

Lo +0) — (o) — (%(il —io +01) — é1(17))

3

2 1 1 R
g — 551 + 3(5 +51(17) — EO))
2 1 . 1

= 3 + (56 — E(p)) + (51(17) - 5(51)
2 4

> 22 1

2 373 +0>

Hence
m(p) > m(17) £ min(m(17),m(14)), for pe Vi (62)

For u =0, c>1, by 4¢ > 3¢ > 2¢, 4c > | 2¢] 4+ 1,¢,1 < 1, we also get (62).
For u = 23, ¢ > 0 by definition of ¢(w,p), 1 < w < 23, we have

€(23,p) —e(0,p) =4, for pe {37,53,34} and pe€ {14,17}
€(23,p) —e(0,p) <3, for other p.

Hence by (62) we get m(p) > m(17) for all p, u = 23.
It is easy to see that

T;’L(].?) 2 0, for iz Z Ll.
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If ia = Ly, then m(17) = 0, By the definition of £(w,p), 1 < w < 8, we get
m(p) > m(17) =0, for all p, 1o = Ly. Therefore we have m(p) > 0 for all p, u, c.

For the lines, it is sufficient to consider u = 0.

For the planes, by definition of £(w,p) the four points which satisfy e(w,p) #
e(w — 1,p) are always in a line [. Since each plane has a joint point with [, the
corresponding DS is ENDS (ig, 41,42, 3i2 — 4).

For is < K, the proofs for the lines and the planes are similar to the proofs for
i2 = K and are omited. We only consider the points.

For iy < K, v =0,d > 0. Since if d = v = 0, then i, = K and so we already
proved that the corresponding DS is the ENDS (ig,i1,%2,3i2 — 4), so it is easy to
get all proof for d > 0 and we omit it.

Consider v > 0, i < K. Similar to the proof for u > 0, io = K, we only
need prove m(p) > 0 for the smallest value of is, namely i5 = Ly — Lo for v =
23, d > 0. We denote all points in {10,13,16} by ps, and denote all points in
Vs \ {3,11,14,17,10,13, 16} by p1.

For v =d =0, u = 0 we have

min{m(py)|p1 € V5 \ {3,11,14,17,10,13, 16} } — m(13)

o] +2(13) - maxe(p)

5] >o. (63)

For i2 = Ly, by the definition of e(w,p), 0 < w < 8, and (63) we have

> |

Vv

minm(p:) —m(13) > 1 + [%J, is = Ly (64)

where we use

£(8,30) — £(0, 30) = 2,
e(8,p) —e(0,p) <1, for other p ¢ {14,17}.

and €(0,30) + 1 < £(0,13).
For is < l;,v=0,d > 1 by (64) and 6d > 3d + 2 > 2d + 2, we have

minm(p1) >m(13)+1, v=0. (65)
P
For v =23, d > 0 by the definition of ((v,p) we have

if pe3,9,27,
if pe {10,13,16},
it pe{41,53},

3, otherwise.

IAN B O N

Hence by (64) and (65) we get
m(p1) >m(13) >0, forall p; when v =23,
where it is easy to check that
m(13) >0, for iy > Ly — L.
If i = Ly — Lo, then m(py) = 0. By the definition of ((v,p), 1 < v < 18, and

(65) we get
m(p1) >m(13) =0, for d>1,io =1Ly — Lo.
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Ifd=0,4 =Ly —Ls, v > 3a’, ' =1 or 2, then by the definition of {(v,p),
1 <wv <18, we have

H;?;X(C(v,pz) - ¢(0,p2)) — H;?X(C(v,pl) —¢(0,p1)) > d'. (67)

Note that
maxe(py) —ming(ps) <1, for same §,c. (68)
p2 P2

Hence by (64) (67) we get
m(p1) > m(13) — 1 +a' — (m(p2) — m(13)),

ie. m(p1) >m(p2) =0, forv>6,d=0,iy = Ly — Lo.
Ifd=0,i =Ly — Ly, c>6 or c >3, v >3, then by (64), (67), (68) we get

mip) 2 m(13) = 1+ 3] +a' = (m(p2) — m(13),

i.e.
m(p1) > m(p2) = 0. (69)

Ifd=0,i0 =01 —Ly,c<3,4<v<6,orl <wv <3, c<6, then it is
complicated and we discuss as following. We have following table:

e(p) = e(6,c',p) for is = Ly
) 0 1 2

,UI

~—

S
e\
m

S
<

l\Dl\Dl\Dl—‘l\Dl\Dl—‘»—l[\D%‘

13
1
10
13

10
13

l\Dr—l»—lr—lr—lr—AHO»—l%\

[0
l\Dl\DI—*I—‘[\DI—lI—ﬁ)—l)—l%\

10

Table 1

where v/ = v = Ly (mod 3) and v' takes the values in the table if d = 0 and
7;2 == L1 - L2.
For i3 = L1 we have

. 1, if ¢=3,=1,0 or ¢=1,6=2,
e(13) —mine(py) = { 0 otherwise

p2
Hence similar to (69) we get

m(p1) > m(p2) =0, for d=0,i2 =L —Ls,c>3 or v>3,
and £(13) —mine(pz) =0 (v=0) (70)
p2

For the remaining cases, since d = 0, 42 = L1 — L2, we have

m(ps) = 3001 +0) — 2(p) — el = C(pa) = 0.

Hence
i = 3(L?cj +e(p2) + C(pz)) -4, (71)
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where £(p2) = €(6,¢',i2 = L1,p2), ((p2) = ((v = Lo, p2). On the other hand, for
i9 = L; we have

m(p) = %(zl —io+01) —4c—e1(p) —e(p) =0, pe{14,17},

where e(p) > 0. Hence

%(il g4 01) —er(p) —dc=e(p) > 0, pe (14,17} (72)
Therefore, for the remaining cases, if we take ¢, v then by (71), Table 1 we get
i1; from 49 < 41 < 3ip — 4 we get ig. It is easy to check that if ¢ > 2 then (72)
is not satisfied. Hence we only need to consider ¢ < 2. For i = L; we have
u = %(iy —ig) — 4c. In order to satisfy (72) we only need to consider smaller do.
From the values of u, v = Lo, ¢, e(u,p), ((v,p) we can get the upper bounds U of
(C(w,p1) = €(0,p1)) + ((e(u,p1) — £(0, p1)) for all p;.

The following table show all above values for all remaining cases.

U
C v = L2 E(pz) + C(pz) 1) il ig u 39 48 51 other Y41
2 2 2 0] 24 8 0 1 1 1 1
2 2 1| 14 6 0 1 1 1 1
1 3 2 0] 15 7 0 1 1 1 1
4 3 2 7 1 1 2 1 1
16 8 0 1
1 1 0 3 3 0 1 1 1 1
2 2 2 4 3 1 1 2 1 1
4 0 1
0 3 2 2 2
3 2 1 5 4 1 1 2 1 1
5 0 1 1
4 2 2
4 2 0 6 5 1 1 1 2 1
6 0 1

If py # 39,48,51, then U =1, by (63) we have

m(p1 |d=0,i2=L1— L) > m(p|d=v=u=0)-U
> m(13|d=v=u=0)-U
= m(13|d=0,is=IL; —Ly)+1-U
> 0 (73)

except for v =2, ¢=01ie. i1 =4, 49 = 3,4; and v = 1, ¢ = 0 (Subcase IIIb).
For i1 = 4, ig = 3,4 we have

m(13|d=v=u=0)=m(13|d=0,iy = L; — Ly).

If py = 39,48,51, then U = 2, but (13) > e(p1) + 1 for d = v = u = 0. Hence
m(p1) > m(13) + 1 for d = v = u = 0. Similar to (73) we get m(p;) >0, for d =0,
’L'2 = L1 - L2.

If iy = 4, ig = 4 — 7 where 7 = 0,1, then we have the following table for
i2=L1—L2:7—7‘:
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p m(p)

11 4—7

3 3—71

51 2—7

32,37 1-71
1, 5, 30, 33, 39, 48 2
4,12, 15, 35, 38, 41, 42, 47, 50, 53 1
otherwise 0

Subcase I11d

For the following constructions we assume the conditions of Case III, and, in addi-
tion that i5 < L1 — Ly. In particular, as mentioned above, this implies that

ia<ig+i1+d—2, (74)

where § = —i; (mod 3), § € {0,1,2}. Our constructions will be valid under this
condition (which may be weaker than is < Ly — Ls).

Let 02 = —(ip + 41 + 2) (mod 9), 0 < J, < 8.

Define ¢ and u by

lo+i1+0—2—iy=18¢+wu, where 0<u<17.
We first define e4(p) = €2(4, 0, p) and (0, p) = (4, §»,0, p) by the following tables.

g2(p) = €2(9,02,p)
O 30 39 48 33 42 51 27 36 45
0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0
3 1 1 1 0 0 0 0 0 0
4 1 1 1 1 0 0 0 0 0
5 1 1 1 1 1 0 0 0 0
6 1 1 1 1 1 1 0 0 0
7 1 1 1 1 1 1 1 0 0
8 1 1 1 1 1 1 1 1 0
£2(p) = €2(8, 62, p)
5 20,38 47,35,44,53 32.41,50 28,3746 34.43,52
0 1 1 1
1 1 1 0
2 1 0 0

g2(p) = 0 otherwise.

E(Oap) = 6(625 0,]9)
4735 | 4453 | 3241 5028 | 37,46 | 34,43 | 52,31 | 40,49
0 0 0 0 0
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e(p) = 0 otherwise.

Let

Define f7g7fl7gl by
m = 3f+g, where g € {0,1,2},
1
§(i1+5)_1 = 6f1+ g1, where g1 € {0,1,2,3,4,5}.

Here 1
m= §(i0 + i1 + 2+ 85) —max{es(p) +£(0,p) | p € I'}.

For p € {1,4,5,9,12,15} we define ¢;(p). We have £1(1) = — 1 and £,(4) =
€1(5) = 0 in all cases. For p € {9,12,15}, £1(p) = 0, except possibly when f = f; =
¢, for this case we return to the definition in Subsubcase I111d4 below.

We consider four subsubcases of subcase IIId, depending on which is larger of
¢, f and fi. The definition of £(u,p) for v > 0 will depend on the subsubcase.
However, the definition of m(p) will be the same for all four subsubcase, and we
give this first.

m(p) for

7:0 pP= 11

19— 1 p= 3

(i1 + 6) —e1(p) p € {1,4,5}

0 p € {10,13,14,16,17}

LG, +6) —1—e1(p) —e(u,p) — 6¢ p € {9,12,15}

%(i0+-i1+-2-+62)—-52(p) p € {27,30,33, 36, 39, 42
45,48, 51}

L(io +i1+2+02) —ea(p) —e(u,p) — 3¢ otherwise

Similar to Subcase IIlc, e(w, p) = e(w—1, p) except in 4 points. In the following,
we will repeatedly refer to some lines when describing the four points. Therefore
we find it convenient to list those lines in a table now. The lines are denoted I;,
1<i<18.

i line [; i line I;

1 15 49 28 43 2 15 40 46 34

3 15 31 37 52 4 15 50 29 44

5 15 41 47 35 6 15 32 38 53

7 12 49 34 37 8 12 40 52 28

9 12 31 43 46 10 12 50 35 38
11 12 41 53 29 12 12 32 44 47
13 9 49 40 31 14 9 52 43 34
15 9 46 37 28 16 9 50 41 32
17 9 53 44 35 18 9 47 38 29

Table 2
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Subsubcase I1Id1: ¢ < min{f, fi}

For 1 < w < wu, we let e(w,p) = e(w —1,p) + 1 for the four points on the line [, and
e(w,p) =e(w — 1, p) otherwise.

Subsubcase IIId2: f > fi =c¢

For 1 < w < u, we let e(w,p) = e(w — 1,p) + 1 for the four points on the line given
by the following table and e(w,p) = e(w — 1,p) otherwise.

w 1 2 3 4 5 6 7 8
line l1 l7 l13 12 ls l14 l3 19
w 9 10 11 12 13 14 15
line Iis Iy lio lie ls i lz

Subsubcase I11d3: ¢ = f < f1

For 1 < w < 6g, we let ¢(w,p) =e(w —1,p) + 1 for p € I, and e(w,p) = e(w — 1,p)
otherwise.

For 69+ 1 < w < u, we let e(w,p) = e(w — 1,p) + 1 for the four points on the
line given by the following table and e(w,p) = e(w — 1, p) otherwise.

w 6g+1 6g+2 6g+3 6g+4 6g+5
0=0 l13 lig li7 lie lis
=1 l14 l13 lig liz lie
0=2 li5 l14 l13 lig li7

Subsubcase IIId4: c= f = fi
Let
to=19p—9¢ and ¢ =i1 — 18c.

In this subsubcase there are many combinations of small values of (io,¢1) and a
number of them have to be treated separately.
Let N(4,62) be defined by the following table.

N(5762)
02 : 0 1 2 3 4 5 6 7 8
0=0 1 0 5 5 4 3 3 2 1
=1 2 1 0 0 5 4 4 3 2
60=2 3 2 1 1 0 5 5 4 3
We have %(Ll +0)—1=g; <5,and so

L1§18—(5.

The treatment will depend on whether 1 (11 +0) —1 = g1 > max(3g—1, N(4,82) —1)
or not, that is, if
11 > 3max(3g, N(6,02)) — 6. (75)
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The situation when (75) is satisfied.
In this case, g =0or g =1. If g = 1, then for w < 6, e(w, p) is defined by

L . l,, for1 <w <3,
e(w,p) —e(w—1,p) =1 if and only if p € { love, for4<uw<6.
For both ¢ = 0 and ¢ = 1, when w > 69 + 1, g(w,p) — e(w — 1,p) is defined
in the same way as for Subsubcase IIId3, except in the following special cases:
(i0,11,12) = (5,10,7), (6,10,7), (6,10,8), (7,10,8), (7,10,9). For these cases we have
e(w,p) —e(w—1,p) = 1 for the following sets of points:

w 7 8 9
set l1s {12} Ul \ {9} {15} Ulis \ {9}

The situation when (75) is not satisfied.
For p € {9,12,15}, we have

€1(9) =2, &(12)=-1, £(15)=-1
in the following cases:
e 4y € {7,10,16,17,18},
e 13 =8 and ¢y >4,
e 11 =9 and i, > 2.

In all other cases £1(9) = £1(12) = £1(15) = 0.

Further e(w, p) —e(w—1,p) = 1 for p in the sets given by the following table. We
use the notation a...b to denote the sequence a,a + 1,a + 2,...,b and the further

notation [;{p) = {p} U; \ {9}.

A Lo w set W set W set

18] 6...14 1...13 ] 1, 14 ls 15 lz

7] 5...7 1...12 ] 1, 13 T4

7] 8...13 1...14 | 1, 15 ls

6] 5...7 1...12] 1, 13 lis

16| 8 1...12] 1, 13 T4 14 lis

6] 9...13 1...15 | 1,

5] —2,-1 1...3 lots 4 l3 5 lis

5] 7...17 1...3 l, 4...6 | loie 7...9 | luyo
10 hs 11 Ls(12) || 12 l14(15)

4] -2 1...3 lots 4 l3 5 l1a

14| 7...16 1...3 ly 4...6 | lute 7...9 | luyo
10 la 11 Lis(12) || 12 l15(15)

13] -3,-2 1...3 l, 4 I 5 li7

13] 8 1...3 l, 4.9 I 10 lig
11 Lr(12) || 12 l16{15)

13 6...16, || 1...3 lo 4.9 loie 10 l1s

#8 11 Lr(12) || 12 l15(15)
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L1 Lo w set W set w set
12| 0...2 1...3 | luys 4 li3 5 lis
12 9...20 1...3] 1, 4...6 | loye 7...9 | logo
1] -1 1...2 [ luti2 3 liz 4 118{12)
1] 0,1 1...2 | loqa 3 lis 4 T4

5 ly
1] 8...19 1...3] 1, 4...6 | loye 7 l3

8 lia 9 Ly
0] —-1...1 1...3] 1, 4 lig 5 117(12)
0] 7...19 1...3] 1, 4...6 | loye 7 lis

8 1ha(12) || 9 l13(15)
9] 0,1 1 lig 2 Ls(12) [ 3 iz
9] 2 1 Is 2 le 3 l13(12)
9] 34 1...3 | loys 4 L3(12) || 5 hi5(12)
9| 5 1...3 | lo4s 4 I; 5 I
9] 6...23 1...3] 1, 4.6 | loye
8] 1...3 1.2 lot1z 3 L(12) || 4 117(12)
8| 4 1...3 | luys 4 La(12) || 5 113(12)
8| 5...22 1...3] 1, 4...6 | loye
7] 0...3 1...3] 1, 4 Ls(12) [ 5 li7(12)
7 4 1...3 lw 4 lll 5 l12
7] 5...22 1...3] 1, 4...6 | loye
6 3 1 llg 2 ll3<15>
6| 4...9 1 lg 2 Lz(12) || 3 113(15)
6 10...26 || 1 I3 2 Iz 3 I3
5] 2,3 1 I3 2 114(12)
5] 4...9 1 lig 2 La(12) || 3 113(15)
5] 10...25 || 1 T4 2 lio 3 I3
47 2...8 1 lis 2 La(12) [T 3 113(15)
41 9...25 1 lis 2 lio 3 I3

For 2 <13 < 3 we have u = 0.
The corresponding DS is ENDS (ig,%1,1%2, 312 — 4)

Subsubcase II1Id5

For (ig,41,72) = (4,4,8), the value assignment is given by the following table:

P m(p)
11 1
3 3
4,5,45 2
1
0

1,9,12,15,27,28, 30,31, 33..40,42, 43, 46,48, 49, 51, 52
otherwise

Proof (Subcase IIId). We sketch the proof for ¢ = 0. For ¢ > 0 the proof is
similar.

For u = 0 the proof is similar to Construction 3.1, the details of the proof are
omitted.

Consider u > 0. First we show that

0<m(p) <io, for pe€Vs\{11}.
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Since

m(io, 1,72, p) < m(io,i1,%2 + 1,p)
and m(ig,41,142,p) < ig, for p € V53 \ {11} and u = 0, so m(p) < ig, for p € V3\ {11},
and we only have to consider the smallest value of is to prove m(p) > 0, namely

iz = max(io + 1, [%(io +i1+5)|).

In Subsubcase I1Id1, from the definition of £(p) and

min{m(p) [p € I} > 3f +9 >3,
m(9) =m(12) = m(15) = 6f1 + g1 > 6.

we get m(p) > 0.

In Subsubcase I11d2, if u = 3g; then m(9) = m(12) = m(15) = 0 and iz = ig+1.
In this case m = 3f + g > 3 and so m(p) > 0 for p € I. Hence i3 > ig + i1 + 1.
From i3 = 3iy — 4 we get ip > [3(io + i1 + 5)], 42 = max(io + 1, 3 (io + i1 + 5)).

In Subsubcase IT1d3, for u; = N(,d2) we have m(p) = 0 for p € I except that
m(p) = 1 in the following cases:

5 0 1 2 3 4 5 6 7 )
mp)=1| No 31 34,43 N, 28 41,32 N, 35 38,29

51 2 {p| m®) =1,p € Luy = N(5,0)}|-

We have 6; = d2 (mod 3). From 6f; + g1 > 6 and the definition of £(p) we have
m(9) = m(12) = m(15) > 0. Hence by i3 = io + i1 + 1 + 61 and i3 = 3i2 — 4 we get

1 1
i2=§(io+i1+5+51)= [g(i0+i1+5)-‘ >0+ 1.

In Subsubcase ITId4, if (75) is satisfied, then the situation is similar to Subsub-
case I11d3. If (75) is not satisfied, then we give one exampe as an illustration:

Let 43 = 12. We have § = 0. If 3 < i < 8, then g = 1 and (75) is satisfied. For
the other ig, (75) is not satisfied, and we have the following table

io 2 9 10 11 12

8o 2 4 3 2 1

io+1 3 10 11 12 13

[+(io + i1+ 5)] 7 9 9 10 10
n(ig,11) 5 9 9 9 9

where

) 1
n(io,i) 23([5] - 1) - max([g(io +i1+5)] —io — 1,0).
If 9 < ip <12, u = n(ig,%1), then m(9) = m(12) = m(15) = 0, m(p) > 0 for

pel. Ifig =2, u=>5,then m(p) =0 for p € I except m(34) = m(43) = 1, and
m(12) = 3, m(9) = 1, m(15) = 0. Hence

1
ia = [g(io +ip +5)] > ig + 1.
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For the lines, it is sufficient to consider w = 0.

For the planes, if the 4 points which satisfy e(w, p) # e(w — 1,p) are in a line [,
then since each plane has a joint point with /, so the corresponding DS is the ENDS
(40,171,192, 3i2 —4). If these 4 points are not in a line and are in the set {p2}Ul;\ {p1},
then we only need show that

m(P) < m(3,9,27)

for the 9 planes P containing p;, except the 4 planes containing 3,9. We give one
exampe as an illustration.

Example, ig = 4,4 =5, u=3,e(3,p) —e(2,p) = 1iff pe {15} Uly3\ {9}.
We have i =5, ¢ =0, =1, d2 = 7, and m(p) is given by the following table:

m(p) p
4 11
3 3
2 1,4, 5, 45, 36
1 30, 39, 48, 33, 42, 51, 27, 35
0 otherwise

The values of the planes containing the point 9 but not the line 3,9 are given
by the following table.

P 9,4,27 9,4,30 9,4,33 9,5,27 9,5,30 9,5,33
m(p) 8 5 5 7 6 5
P 91,27 | 9.1,30 9,1,33

m(p) 11 9 10

Hence m(P) < 13 = m(3ﬁ7) — 1 in all cases.

Case IV

The conditions of Case IV and Theorem 1 i) and ii) easily imply the following
relations.

i <o — 1 (76)
i» < min(3io — 1,40 + 3i1 — 5). (77)
Hence by i; > %(io +4),ip > 2 we have ig > 4,41 > 3.
Let
is = min(12i; —is — 13, 3iy — 4), (78)
and
d=—ip (mod 3), 6 €{0,1,2}.
Case I'Va

For this case we assume the additional conditions

19 < 31 — 3 and 9 < 2ig.

Let
3i1 —3—iz =3¢+ u, u € {0,1,2},
51 = —(7;1 —-1- C) (mod 2), (51 S {0, 1},
625—(i0+1) (mod 9), 0352 SS
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Define e(p) by the following tables.

E(Oap) = 6(52a Oap)
O 30 39 48 33 42 51 27 36 45
0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0
2 1 1 1 1 0 0 0 0 0
3 1 1 1 1 1 1 0 0 0
4 1 1 1 1 1 1 1 1 0
5 2 1 1 1 1 1 1 1 1
6 2 2 2 1 1 1 1 1 1
7 2 2 2 2 2 1 1 1 1
8 2 2 2 2 2 2 2 1 1
E(Oap) = 5(625 Oap)
5 | 3140 3549 3443 2052 2837 4632 41,50 4453
0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0
3 1 1 0 0 0 0 0 1
4 1 1 0 0 1 0 0 1
5 1 1 0 0 1 1 0 1
6 1 1 0 0 1 1 1 1
7 1 1 1 0 1 1 1 1
8 1 1 1 1 1 1 1 1
e(p) = e(%,w,p)

1,9 112 5,15
6=0 1 -1 -1
6=1 w=20 0 0 0
6=1 w>0 1 0 -1
6=2 1 0 0

We have e(w, p) = e(w — 1, p) except in the following cases:

ew,p) —e(w—-1,p=-1liffp=

w=1,6=0 9 53 44 35
w=16 =1 9 50 41 32
w=2 9 49 40 31

For ¢ > 0, e2(p) is given by the following table:
o1 O 31,40,49 34,43,52,35,44,53 28,37,46 otherwise
0 #3,4 0 0 1 0
0 3,4 1 0 0 0
1 1 1 1 0

If ¢ = 0, then the same values apply with the following modifications:

€a2(p) are changed by +1 or —1 for the following p

condition 31 28 37 38 40 41 43 44
0o € {1,5},(51 =0 +1 -1
5 € {4,8} +1 -1
o € {277}7 (ioail) # (6a4) +1 -1
(io,il) = (6,5) +1 -1 +1 -1
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Note that if d; € {2,7} and (ig, 1) = (6,5), then £2(43) and e3(44) are modified
twice.

P m(p)

11 io

3 i1—1

10, 13, 16, 14, 17 0

1,4, 5, %(io +9) — e(u,p)

27, 30, 33, 36, 39, 42 2(ip + 1+ 02) —e(u,p)

45, 48, 51

9,12, 15 i1—c—1—z(ig +0) + e(u, p)

otherwise 501 —1—c+01) —ea(p) — (io + 02 + 1)
+€(u,p)

The corresponding DS is ENDS (i, 1,12, 312 — 4).
Case IVb
For this case we assume the additional conditions
2t9 <19 < 3i1 — 3.

Let
3i; —3 — iy =3c+wu, whereu € {0,1,2}, ¢ > 0.

Define e(p) by following tables.

£(p) = £(4,0,p)
16,27,31 | 30 | 32,35 10
36,40 39 | 4144 | 1229| 9 | 34| 13
1) 45,49 48 53 38,47 50 43 52 15 1
01 5 0 0 =5 S| 1 1| —1| o-1
2 1 1 -1 -1 -2 1 2 -2 1
w e(w,p) —e(w—1,p) = 1iff p is in following line
1 Iy
2 lis

Define m(p) by following table.

p m(p)

11 io

3 ip—1

14, 17 0

9, 12, 15, 32, 41, 50 i1 —1—c—2(io +6) —e(u, p)
35, 44, 53, 29, 38, 47

otherwise 3(io +0) —e(u,p)

The corresponding DS is ENDS (i, 1,42, 311 — 4).
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Case I'Vc

For this case we assume the additional conditions
2
o > 311 —2, 1< 5(20 + 2) (1e io < ig 4+ 3i1 — 5),

and (io,il,ig) 75 (4,3,8)
Define ¢, u by
io+3i1—5—is=9+u, 0<u<S8.

For some p there corresponds a point p; given as follows.

P 9 12 15 37+ 1or 3m+ 2 where 9 < w <17

p1 11 14 17 3m

Forpe {3r+1,3nr+2|9 <7 <17} let

i(p)=—(1 -1~ (%(io +6) —c—ei(p1) —e(p1))) (mod 2), di(p) € {0,1}.

Define €1 (p) by the following table (and £1(p) = 0 for p not in the table).

€1 (p) =& (55 p)
5 27, 36, 45 33,42,51 11
0 0 0 -1
1 1 0 0
2 1 1 1

Next, define £(w, p) by following table (and e(w,p) = 0 for p not in the table).

s
S
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w
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-0 0000 oOo
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If 45 < 3iy — 2, then g2(p) is defined as follows.

e2(p) = 1ifdy(p) =1 and p ¢ {28,32, 35,37, 41,44, 46, 50, 53},
g2(p) = 0 otherwise.

If 45 = 3iy — 2, then some values are modified as follows.
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31 32 37 38 49 51
wu=2| 01(30)=06,(39) =1
u=2>5 (51(33) = (51(42) =1 -1 +1
u=28 (51 (27) = (51 (36) 0
w=1] 0:,(30)=1
u=4 51(33) =1
u=7| &27)=0 “1| +1
wu=2| 8:(30)=6(39) =0
u=2>5 61(33) = (51(42) =0
u=28 61 (27) = (51 (36) 1
u=1| 06:(30)=0
u=4| 6(33)=0 1| +1
u="17 (51(27) =1
Now m(p) is defined as follows.
p m(p)
1 10
3 ip—1
4,5, 10, 13, 16 0
11, 14, 17 1 (i0 + 6) —e1(p)
27, 30, 33
36, 39, 42 %(io +4) —c—e1(p) —e(u,p)
45, 48, 51
9,12, 15 i1 — (%(ZO + (5) — 61(p1)) -1
otherwise 501 —1—=(3(io +6) —c—e1(p1) — (u,p1)) + 1)
—&2(p)

The corresponding DS is ENDS (i, 41,%2,12i1 — iz — 13).

Case IVd

For (ig,41,12) = (4, 3,8), the value assignment is given by the following table:

p m(p)
1 4
3,14,17,30,39,51 2
9,11,27,28,33,35,36,37,42,44,45,46,48,50 1
otherwise 0

The corresponding DS is ENDS (4,3,8,15).

Case I'Ve

For this case we assume the additional conditions
2
i90 > 311 —2, 11> S(ZO + 2) ( i.e.io < 3ig — ].)
Let u = —iy (mod 9) for 0 < u < 8. For pi(p), e(p) and e2(p) we use the

definitions as in Subcase IVc. Further, ps(p) is colinear with 1, p and p; (p)-
Let

di(p) =—(ih —1- (%(iz +u)—e(pi(p))) (mod2), 6 €{0,1}
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Define €1 (p) and m(p) by following tables.

e1(p) = e1(p, 9)
5 15 12 9,14, 17 11
0 0 0 0 -1
1 1 0 0 0
2 1 1 0 1
P m(p)
1 i
3 11— 1
4,5 0
9,12, 15, 11, 14, 17 $(io +6) —e1(u, p)
10, 13, 16 ir —m(p1(p)) —m(p2(p)) — 1
27, 30, 33, 36, 39, 42 %(ig +u) — (u, p)
45, 48, 51
otherwise 3(i1 — 1 —m(p:(p) + 61(p)) — e2(p)

The corresponding DS is ENDS (i, 41,%2,12i1 — i2 — 13).
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