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Abstract

The polar decomposition, a well known algorithm for decomposing real matrices in the
product of a positive semidefinite matrix and an orthogonal matrix, is intimately related to
involutive automorphisms of Lie groups and the subspace decomposition they induce. Lawson
(1994) proved the existence of the polar decomposition to arbitrary Lie groups endowed with
an involutive automorphism o. Such decomposition, depending on o, always exists nearby
the identity, and its existence in such a general setting implies that one may decompose other
mathematical objects other than matrices, like, for instance, flows of differential equations.

In this paper, we provide an alternative proof to the existence and uniqueness result of the
polar decomposition of Lawson. In particular, our result is constructive: we derive differential
equations obeyed by the two factors and solve them analytically, thereby providing a recurrence
relation for the coefficients of the series expansion.

Further results on properties of the two factors are also introduced. We prove that the sub-
group factor obeys similar optimality properties to the orhogonal polar factor in the classical
matrix setting.

1 Introduction

It is well known in linear algebra that any N x N matrix A can be decomposed in the product
A=HU, (1.1)

where U and H are two N x N matrices, the first unitary and the second hermitian positive
semidefinite (Horn & Johnson 1991). Furthermore, if A is invertible, then H is positive definite.
The decomposition (1.1) is called polar decomposition and was introduced in 1902 by Autonne
(1902) as a matrix analog of the polar form of a complex number

z = re? r>0, 0<f<m.
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The popularity of the polar decomposition is mainly due to the best approximation properties of
its factors. Fan & Hoffman (1955) proved that

min{||A - Q[ : Q@ = I} = [[A - U],

where || || is any unitary invariant norm, a property saying that U is the best unitary (orthogonal
in the real case) approximant to A in any unitary invariant norm. Optimality results for the factor

H is discussed in Higham (1986)

It is well known that when A is real, the matrix U is orthogonal and H is symmetric. In the
remaining part of this section, we shall restrict to the case when A is real and invertible, A € G C
GL(R, N), hence H is positive definite. We recall that

AAY = HUUTHT = H?,

from which it follows that H is the (unique) positive definite square root of the matrix AAT and
consequently

U=H1'A=(AAT)"1/24.

However, in a recent investigation of symmetric spaces and their connection with numerical analysis
(Munthe-Kaas, Quispel, Nikolayevsky & Zanna 2000), the authors observed that a number of
techniques in Numerical Analysis can be related to involutive automorphisms (defining subgroups
of a given group) and symmetric spaces, the polar decomposition being one of such techniques, as
we shall see in this paper. In other words, the polar decomposition is equivalent to decomposing
a group element in the product of a term in a symmetric space and a term in a subgroup of the
given Lie group.

There exist a number of papers on the polar decomposition on Lie groups and its generalization to
semigroups (Ol’shanskii decomposition), many of them rather recent. To our knowledge, the proof
of existence and uniqueness of the polar decomposition in Lie groups is due to (Lawson 1994).

In this paper, we present an alternative proof to the existence and uniqueness of the polar decom-
position in Lie groups. We derive differential equations obeyed by the two factors and solve one of
them analytically, thereby obtaining a recurrence relation of the coefficients of the series expansion
of the symmetric-space factor. We also present the recurrence relation that generates the sub-
group factor, referring to (Zanna 2000) for its derivation. The latter recurrence relation is rather
complicated and its derivation requires a number of series expansions involving various Lie-algebra
operatots. Furthermore, we show that the subgroup factor is expanded in odd powers of time only,
a result of interest in the setting of numerical integrators, and finally prove some optimality results
for semisimple Lie groups with right-invariant metrics inherited from the Killing—Cartan form.

The article is organized as follows. In Section 2 we introduce background theory on symmetric
spaces of Lie groups and Lie triple systems. The main results of this paper are presented in Section 3
and Section 4. We derive differential equations for the polar factors and derive a recurrence relation
for the coefficients of the series expansion of one of the factor. Additional properties of the factors
are also discussed. In Section 4 we prove optimality properties of the subgroup factor as an
approximant to the original Lie group element. This is an analogous to the matrix case. Finally,
Section 5 is devoted to conclusions.



2 Background theory

Let G be a connected Lie group and ¢ : G — G an involutive automorphism, i.e. ¢ # id and
0? =id. Let G denote the set of fixed points of o,

G’ ={zeG:o(x) =z},
and G, the set of anti-fixed points of o,
Go={z€G:o(x)=2""}

The set GG7 is a subgroup of G and may be disconnected, so that G7 denotes its connected compo-
nent including the identity. The set G, does not have a group structure, but that of a symmetric
space when endowed with the non-associative multiplication z - y = zy~'z. We recall that a
symmetric space is manifold endowed with a differentiable multiplication - obeying the following
conditions:

and moreover
(iv) every z has a neighborhood U such that z -y = y implies y =  for all y in U.

The involutive automorphism ¢ can be lifted to the Lie-algebra g of G and will be denoted as do.
Let X € g and consider z = exp(¢X). Then

d

dU(X) - E t=0

o(exp(tX)), VYX €ag. (2.1)

Let A be an eigenvalue of do, doX = AX. Then do?X = X, hence A = +1. Consider the spaces
., ={Xeg:do(X)=X}

of fixed points of do, and
p,={X €g:do(X)=-X}

of anti-fixed points of do. The space £, is a subalgebra of g, while p_ is a Lie triple system, namely
a vector space that is closed under the double commutator ad?. One has

g:pa 6980’ (22)

(direct sum), thus every Lie-algebra element X can be uniquely written as two components, one
being fixed under o and the other being anti-fixed. The projection in each subspace is given by
the formula

X = %(X +do(X)) + %(X — do(¥)), (2.3)

where X + do(X) € €, and X — do(X) € p,. Note also that if K € £,, then exp(tK) € G°. By
a similar token, P € p, implies that exp(tP) € G,.



In order to keep a parallelism between the general Lie-group theory and the classical matrix theory,
let GL(N) be the group of N x N invertible real matrices. Consider the map

o(z) =27, z € GL(N). (2.4)

Tt is clear that o is an involutive automorphism of GL(N). Then, from above, the set of G, = {z €
GL(N) : o(z) = 271} is a symmetric space. The set G, is the set of invertible symmetric matrices.
The symmetric space (G, 1s disconnected and particular mention deserves its connected component
containing the identity matrix I, since it reduces to the set of symmetric positive definite matrices.
Similarly, G7 is the set of orthogonal matrices and is a subgroup of GL(N) and G¢ corresponds to
orthogonal matrices with unit determinat (the Lie group SO(N)).

We compute do making use of (2.1). Given X € gl(N),

A0(X) = &l _po(expx) = & (r41x+0(2)) 23)

- %|t:0(1+tXT+O(t2))_1:%L:O(I—tXT—i—O(t?))
= —XT, (2.6)

hence we deduce that

t, = {X € gl(N) : do(X) = X} = s0(N),

the classical algebra of skew-symmetric matrices, while
po ={X € gl(N) : do(X) = —X}

is the classical set of symmetric matrices. Such set is not a subalgebra of gl(N) (the commutator of
two symmetric matrices is not a symmetric matrix) but is closed under ad? (the double commutator
of symmetric matrices is a symmetric matrix) and is a Lie triple system.

The decomposition (2.3) is nothing else than the canonical decomposition of a matrix into its
skew-symmetric and symmetric part,

X = %(X + do(X)) + %(X — do(X)) = %(X - XM 4 %(X +xT).

However, as mentioned in the introduction, the above procedure is very general: for example one
can choose GG = Diff(M), the group of diffeomorphisms of a manifold M, and set o(p) = ReR™!,
with R involutive diffecomorphism of M onto M. If F denotes a vector field, so that ¢ = exp(tF),
then the sets G, and G7 are precisely the vector fields that possess R as a reversing symmetry (irony
of sort, this is a symmetric space!) and R as a symmetry. By proving the existence of the polar
decomposition in a general Lie-group context we deduce that given R, every diffeomorphism can be
written as the composition of two flows, one possessing R as a symmetry and the one as a reversing
symmetry. Such a decomposition has fundamental implication in numerical analysis of differential
equations and numerical integration of systems with symmetries and reversing symmetries, an
issue that has long been under the spotlight of researchers in the field of numerical analysis and
dynamical systems (see for instance (McLachlan, Quispel & Turner 1998) and references therein).

For those who are interested in a further reading on symmetric spaces and Lie triple systems, we
refer to (Helgason 1978) and (Loos 1969).



3 Polar decomposition in Lie groups

Given a generic Lie group G, we wish to write z € G as z = zy, where z € G, and y € G, where
Go={z€G:o(z) =271} and G° = {z € G : o(z) = z}. We call the decomposition z = zy a
polar decomposition of z, in analogy to the terminology of linear algebra.

Theorem 3.1 Let z = exp(tZ) € G, where 7 = K + P, do(K) = K and do(P) = =P, is
the decomposition of 7 in €, @ p,. Then, for sufficiently small t, z admits a differentiable polar
decomposition z = zy where x = exp(X (1)) € Go, with X € p, and y = exp(Y (t)) € G?, where
Y € t,. Moreover, such a decomposition is locally unique.

Proof. Set
1 1
P= 5(Z — do (7)), K= §(Z—|— deo (7)),
so that 7 = K 4+ P and do(P) = —P and do(K) = K. Let
X(t) = tX; +t*°Xo+3X54+ -+,
Y({t) = tY1 +1Yo + 7Y+ -+,

where the X;’s are in p, and the Y;’s are in €,. Imposing
exp(t7) = exp(X (1)) exp(Y (¢))

and making use of the BCH formula, we derive the following formal conditions:

X, =P Y = K,
Xg:—%[P,K] Y, =0,
X3 = —g[K, [P, K]] Y; = —11—2[P, [P, K]]

et cetera. As we shall see later, all the X;’s and Y;’s are can be algorithmically calculated and are
uniquely determined in terms of P and K.

In what follows, we derive the Cauchy problem obeyed by X, find its solution as a series function
and prove that such a series converges for ¢ sufficiently close to zero. The convergence of Y (¢) will
follow from that of X and by the BCH formula.

Differentiating exp(¢7) = exp(X) exp(Y) and multiplying by exp(—t7) on the right, we derive
dexpxy X' = 7 — Adexp(X)dexpyY'.
We apply on both sides the operator Adexp (- x), resulting into
Adexp(_x)deprX’ = Adexp(-x)7Z — dexpy Y'.
Recall that Adex,(v) = exp(ady ), hence the equality

e ¥ —1

—u  lu=adx

X' = exp(ad_x)(K + P) — dexpy Y’.

Our goal is to decompose the above expression in €, @ . To this aim, observe that dexpy Y’ € &,
since Y, Y’ € £, and &, is a subalgebra of g. Next, we analyze the term exp(ad_x)(K + P). Recall
that

exp(ad_x)(K + P) = Z (_kll)k ad’ (K + P),

ot



hence the term adl}(K) is in €, for even k while it is in p, for odd values of k. Conversely, we

have adifm‘l'l(P) € t,, and adg(m(P) €p, form=0,1,2,.... In summary,

exp(ad_x)(K + P) = (—sinh u(K) 4 cosh u(P)) + (cosh u(K) —sinhu(P)), u = adx.

€p, et,
A similar procedure applies to the term &1 B X': since X, X' € p,,
u=adx
e —1 ¥ 1 e_“—1+e“—1 X'—}—l e -1 -1 X
—u  lu=adx 2 —u U u=adx 2 —u u u=adx
€p, et,
1
= asinhu u:adXX/ — E(coshu -1 u:adXXl'

Now, since X evolves in , it must depend only on terms that are in §_,. As a consequence,

X' = —sinhu

—sinh u
u u=adx

(K) + cosh u

u=adx

(P).

u:adx

Inverting the operator on the left-hand side, we deduce that X obeys the differential equation

po_ .., coshu .
X = [X, K]+ u—sinh o uzad, (P) (3.1)
X(0) = 0.
Note that
cosh u

[ee]
2
U— :1+E copu®® . Ju| <,
sinh u —

is the series expansion of the function u coth(u), with coefficients

22k Boy,

= —0 k=1,2,...
Caok (2]{7)" 3 4y 3

Bi being the k-th Bernoulli number (Abramowitz & Stegun 1965).

Equation (3.1), in tandem with the series expansion X (t) = >";2, t* X}, implies that the terms
X}, obey the recurrence relation

(k_i'l)Xk-I—l:_[XkyI{]"‘r ECQZ Z [Xﬁla[XZ21"'"1[X5241P]]]1 k:1121~'~1

51 £, 82>0 3.
20k 04 Y lai=k (3.2)

X1 =P,
as can be easily verified by comparison of powers of .

We astain to report here the proof of convergence of X (t), since the existence of such a decompo-
sition is a well established result. However, for completeness, the convergence of X (¢) is proved in
the Appendix. a

For completeness’ sake, we derive the differential equation obeyed by Y (¢). Matching terms in €,
we obtain

1
——(coshu — 1) X" = cosh u(K) — sinh u(P) — dexpy Y’,
u



where u = adx, which, after some simple algebra, reduces to
dexpy Y’ = K + (cschu — cothu)(P), u = adx.

Using the series expansion of csch(u) and coth(u), and inverting the dexpy operator, we find

= B2k
Y/ =d K -2 w1 P
oy (10 -2 | ),

in tandem with the initial condition Y (0) = 0. Note that, in this formulation, solving for Y (¢)
requires the knowledge of the function X (¢). In (Zanna 2000) the recurrence relation for Y () is
derived following a different approach, solving an implicit differential equation for ¥ that does not
require the direct knowledge of X but only that of 7 and —de(7) = P — K. More specifically,

Y, = K, (3.3)
Yon = O, n—0,1,2,...,
2(271+1)Y2n+1 = _ZZZ 2]€+1 Z [qu'"a[YkzkaYQ(n—q)-}-l]""] (34)
q= 1k>1 k1,...,kax>0
k<q kit +ka=2q
“2n—m)+1 .
S S ELNE
m=1

()79 G+ 1) ap_joget
- X X oo

q=0 j=0
1
Z r)! Z Vius ooy Vi, Yyl - ]
k>1 J1,--Jk>0
k<g+1 Ji++ie=q+1
1 -
_ZW Z Ve, ..., [Ye,,, P = K],..]
01 L1, 820>0
<n L1+ Lo =2n

(see (Zanna 2000)).

Let z = xy the differentiable polar decomposition of z which exists at least for sufficiently small ¢.
Note that

o(z) = cexp(X(t)) = exp(da(X(t)) = exp(—X(t)) = o
and, by a similar token,
o(y) = y.

It follows that

-1 1 -1 2

zo(2)” =ayo(ey)” =y z =2,

hence

z = (z0(2)"1)Y/2
In particular, setting 7 = P 4+ K, one has

1
z = exp(X (1)), X(t) = §bch(t(P + K),t(P - K)), (3.5)
where bch (-, ) is the operator of the BCH formula, so that

exp(V) exp(W) = exp(bch(V, W)),



for all ViW € g of sufficiently small norm (see (Varadarajan 1984)). Furthermore,
y=2"tz=(za(z)" )"/, (3.6)
Equations (3.5) and (3.6) are derived in (Lawson 1994) as the polar factors in the polar decompo-

sition of z. Lawson’s method of proof is based on generalizing an application of the Bony-Brezis
Theorem (Hilgert, Hoffmann & Lawson 1989).

The first terms (up to %) in the expansion of X and Y are displayed in Table 1 below.

X = Pt-LiP K} - LK [P K]
+ (21—4[P, [P,[P, K]l - %K, [K,[P, B’]]])td‘
+ (%[K, [P,[P,[P, K|l - 5K, [K,[K,[P, K]l - 55[[P, K], [P, [P, K]]])tS
+ (= s PP, [P, [P, [P, KT + 7(K, (K, [P, [P, [P, K]
— 7K K K K [P RN+ #55(0P, KDL (K [P, [P, K]
+ [P, [P, K1) IK [P, KT + Ot

Y = Kt—L[P [P K+ (llﬁ[P, [P, [P, [P, K]]]]
P

+ 755K, (K [P [P, K] = a55([P, K, [K, [P, K]]])lt5 +0(t7)

Table 1: Taylor expansion at ¢ = 0 of X () and Y (¢) in terms of P and K.

Proposition 3.2 Let zy be the differentiable polar decomposition of z = exp(t7), where 7 = P+ K
as in Theorem 3.1. The function Y (t), such that y = exp(Y (t)), is an odd function of t.

Proof. Let exp(tZ7) = exp(X(t)) exp(Y (¢)) be the polar decomposition of z according to Theo-

rem 3.1. Taking the inverse on both sides, we find exp(—t7) = exp(=Y (¢)) exp(—X(¢)), a term
that we write as

exp(~17) = exp(=Y (1)) exp(~ X (1)) exp (Y (1)) exp(~Y (1)
Clearly, exp(=Y (¢)) € G?. Set
&= exp(=Y(t)) exp(=X(t))(exp(Y (t)) =y 'z 'y.

Since 0(z) = o(y~1)o(z~Yo(y) = y~tzy = 271, we deduce that & € G, hence 271 = #y~1 is the
polar decomposition of z=!. On the other hand,

exp(—tZ) = exp(X(—t)) exp(Y (1)),

and because of the uniqueness of the polar decomposition, we conclude that exp(Y (—t)) = exp(=Y (¢)),
from which the assertion follows by taking the logarithm of both sides. a



Corollary 3.2.1 In the same assumptions of Proposition 3.2, it is true that z can be uniquely
decomposed as
z = yz,

with §j € G° and & € G,. Moreover, j =y and & = exp(—X(—t1)).

Proof. As above, one has exp(—t7) = exp(=Y (¢))exp(—X(¢)). Next, we make use of Propo-
sition 3.2, hence exp(—=Y(t)) = exp(Y(—t)). Replacing ¢t with —t, we find z = exp(t7) =
exp(Y (t)) exp(—X (—t)) = yZ, where Z = exp(—X(—t)), which concludes the proof. O

4 Optimality results

We have mentioned that the orthogonal factor in the polar decomposition of matrices has certain
optimality properties, namely it is the best orthogonal approximant to a given matrix in any
unitary invariant norm. In this section we shall see that also for the polar decomposition in a
semisimple Lie group similar optimality result hold. To do so, we need to introduce a distance on
the Lie group.

Let GG be a Lie group. We say that a distance function on G (obeying the standard metric axioms,
i.e. positivity, symmetry and triangle inequality) d(-,-) : G x G — R* is right (resp. left) invariant
if

d(zg,yg) = d(w,y), VgeG

(resp. d(gz, gy) = d(z,y)). Before proceeding further, let us review some basic facts about invariant
norms on Lie groups.

Any inner product (-, ) on g induces a left (resp. right) invariant Riemannian metric on G. By
right trivializing tangents to G in the usual manner, 7,G = {Xg|X € g}, we obtain the right
invariant riemaniann as

(Xg,Yg) =(X,Y).
The Riemannian length of a curve ¥(¢) € G between t = 0 and ¢ = 1 is given as

1
length(s) = [ (3(0),5(0)3 at
The shortest curve (minimising geodesic) between sufficiently close points 2 and y is given as
() = exp(t7)z,
where exp(Z) = yz~!. The right invariant metric on G is now defined as

d(z,y) = i length(y) = (7, Z)/2.
(z,y) Loy in  leng (v)=(2,7)

Let us now introduce a canonical innerproduct (-, -) on g. Recall that the Cartan-Killing form on

g
B(X,Y) = tr(adxady), VX,Y €g,

is symmetric and bilinear, moreover, provided that g is semisimple, it 1s also non degenerate.



Lemma 4.1 Let g be a semisimple Lie group and do and involutive automorphism on g as above
so that g = p, @t is a Cartan decomposition. Then the symmetric bilinear form

B4 (X,Y) = =B(X, do(Y)), VXY €g.
is positive definite on g. Moreover, the P, and £, are orthogonal with respect to the inner product

(X,Y)=Ba4(X,Y), VX,Yeq. (4.1)

Proof. The positivity of the symmetric bilinear form B4, is proven in Helgason (1978), Prop. 7.4
page 184. The orthogonality of the two subspaces is also immediate: let X € p_ and Y € €,. Then

(X,Y) = —Bu,(X,Y)=B(X, do(Y)
= B(X,Y)=B(—do(X),Y) = —B(do(X),Y) = Bas(X,Y)
= (X,Y),
from which it follows (X,Y) = 0. O

Lemma 4.2 With respect to the positive definite bilinear form (4.1), each adx, X € p, is sym-
metric and each ady, Y € &, is skew-symmetric.

Proof. See Helgason (1978), Lemma 1.2, p. 253. O

Let y € G. We say that y lies in the normal domain of the identity e if there exists Y € g such
that the curve ¥(¢) = exp(tY) is the minimizing geodesic connecting e and y (namely, v(0) = e,
(1) = y and % is the curve of minimal length connecting e and y). Note that if y is in such a
domain, then d(y,e) = ||V = ((Y,Y>)%. Moreover, if 2 € G and y(t) = exp(tV)z is the geodesic
connecting z and y, then d(z,y) = ||V]||.

Lemma 4.3 Let G be a semisimple Lie group. Let x € G, and y € G° be sufficiently close to
the identity (so that the polar decomposition of Theorem 3.1 exists). Moreover, assume that z and

xzy~! are in the normal domain of the identity, otherwise arbitrary. Then

d(z,e) < d(z,y)

in the right invariant norm induced by (4.1).

Proof. Since z is in the fundamental domain of the exponential mapping, there exists X in g such
that 2 = exp(X) and moreover d(z,e) = || X||. Set z = zy~! and Z = logz, so that z = exp(Z).
Then, from above it follows that d(z,y) = ||Z||. To prove the lemma is thus sufficient to prove
that || X|| < [IZ]]

Let Z = P + K be the Cartan decomposition of 7 in p, @ €, and set z(t) = exp(t7). By virtue
of Theorem 3.1 we can perform the polar decomposition of z(¢) and this decomposition is unique
when z is sufficiently close to the identity. Hence there exists z(t) € G, and w(t) € G such that
z(t) = z(t)w(t). Moreover, z(t) = exp(X(?)), where X(¢) € p, obeys the differential equation
(3.1). However, since z(1) = z = zy~!, with 2 € G, and y=! € G, it is true that z(1) = 2 and
w(l) = y~'. In particular, exp X (1) = exp X and || X|| = [|X(1)|].

Note that

d

d 9 o
SIXOIF = 54X, %) = 20", %),

10



Making use of (3.1) and recalling that, by virtue of Lemma 4.2, (adxW, 7Z) = (W,adx 7) for
Xep,, W Z e g, we deduce that

czk<ad§(kP, X)

[M]e

(X', X)

(P,X) —(adx K, X) +

k=1

cor (P, adgf)Q

NE

(P, X)— (K,adx X) +
k

1l
—

= (P.X) <|IPlllIX]]
holds for all . On the other hand,
d 2 _ /
KO = 2IX@IIX O,
hence

XN < 1Pl [1X )] =0,
from which we deduce
X < 1Pt
thus
IX1 = IXMI < 1Pl

Furthermore, ||Z|| = [|[P+ K|| = (P 4+ K, P + K)) = (P, P) + 2(P, K) + (K, K))z = (||P|]> +

[| K 2)% because of Lemma 4.1, since P and K belong to orthogonal subspaces. Hence
d(z,¢) = | XI| = IPII < (IPI* + IK]*)? = [1Z]] = d(=, ),
which completes our proof. a

We are ready to present the main result of this section.

In what follows, we assume, without further ado, that all Lie group elements are in the normal
neighbourhood of the identity.

Theorem 4.4 Let g be a semisimple Lie algebra and let d(-,-) be the G invariant metric induced
by the symmetric bilinear form

Bao(X,Y) = —B(X, do(Y)), VXY eg

In this norm, y = exp(Y (t)) of Theorem 3.1 is a differentiable best approzimant to exp(t7) in the
subgroup G° in the domain of convergence of the polar decomposition of Theorem 3.1.

Proof. Let § any differetiable element in G? other than y, such that §(0) = e. Now, for the G
right-invariant norm it is true that

d(z,y) = d(zy,y)=d(z,e),
d(z,9) = d(zy,9) =d(z, gy ").
Since gy~ ! = w € G, the assert follows directly from Lemma 4.3 a

11



5 Conclusions

In this paper we have presented a constructive proof of the polar decomposition in Lie groups as
analogous of the polar decomposition of matrices. Such factorization always exists and its factors
are differentiable, provided that the group element we wish to factorize is sufficiently close to the
group identity. At the moment it is not clear whether the such decomposition exists globally:
Lie groups as manifolds can possess very complex topological features, which might for instance
undermine the uniqueness of the factorization for group elements further away from the identity.
Lawson (1994) shows that in its most general form, this decomposition does not exist globally,
but for a “large” semigroup of the group G, claiming also that the semigroup setting is the most
appropriate to study the polar decomposition.

Although the result of the existence and uniqueness of the polar decomposition is not new and
originally due to Lawson, the existence of such decomposition in such a general setting is very
relevant, among others, in the context of integration of dynamical systems possessing geometric
attributes as symmetries and reversing symmetries. Numerical integrators for differential equations
usually introduce perturbation of the underlying vector field, so that the numerical flow (numerical
approximation thought as the flow of a modified vector field) seldom preserves the same symme-
tries/reversing symmetries and ad hoc numerical schemes need be introduced instead or projection
technique be employed. Thus, one could perform a ‘polar factorization’ of the numerical integrator
and discard the factor that is not relevant for the given problem. For instance, the well known gen-
eralized Scovel projection for numerical methods to preserve reversing symmetries (McLachlan et
al. 1998) corresponds to an approximation of the p_-factor of the polar decomposition introduced
in this paper, under the choice of an opportune automorphism o (Munthe-Kaas et al. 2000).

It would also be of great interest to investigate whether linear algebra techniques for computing
the polar factorization of matrices can be extended to some respect to the general Lie-group case.
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6 Appendix

With the same notation of Theorem 3.1, we prove that the series E:ozl X, with the Xgs as in
(3.2), is absolutely converging.

Let p the smallest constant such that

IV, Yall| < plAflliYall,  ¥Y1, Y2 € g
and denote o = max(|| K|, ||P]|). From (3.2) we deduce that
(k+ D[ Xeal| < o [l Xull + D lezel™ D 1Xe - (1 Xeall - [ Xeae ] | - (6.1)
£>1 £, 02050
2U<k G+l =k
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Consider next the differential equation
d
d—‘: = h(w), w(0)=0, (6.2)
where -
h(u) =1+u+ Z ok |u,
k=1

which has an analytic solution for some constant 0 < § < 7. Set w(u) = Y ;o wxu® for |u| < 4.
It is easily verified that the wys are positive and obey the recurrence relation

(k—i—l)wk_H = wg + Z |CQ£| Z W, Wy, -+ Wy, k=1,2,..., (63)

£>1 L1,...,82,>0

2Lk Oyt lar=k
with starting value w; = 1. We claim that || Xg|| < pF~tafwy, for k = 1,2,.... Clearly, the
statement is true for k = 1, since || X1|| = ||P|| < a and wy = 1. Next, assume that the statement

is true for m = 1,2, ..., k. From the induction hypothesis, together with (6.1) and (6.3), we deduce

(k+ D[ Xeqtll < pfofMwp+a D Jean® D g o wywe, - wy,

>1 L1, L2050
2Lk Lyt Hla=k

= ak+1,uk (k =+ 1)wk+1.

It follows that the series Y ;- | || Xz|| is converging in the disc of radius § /(ay), being bounded by an
absolute converging series. Hence, there exists a sufficiently small ¢ such that X (¢) = > ,7, t* Xy,
is absolutely converging. This completes the proof of the Theorem 3.1.
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