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Abstract

The weight hierarchy of a binary linear [n,k] code C is the sequence
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I Introduction

The weight hierarchy of linear codes has been studied by a number of researchers.
For a code of dimension k, it is a sequence of parameters (di,d>,. .., dg). In partic-
ular, d; is the minimum distance of the code. The parameters were first introduced
n [11]. In [17] it was shown that these parameters are important in the analysis of
an application of linear codes to the wiretap channel of type II. Later, the weight
hierarchy has been shown to be important in the analysis of the trellis complexity
of linear codes, see e.g. [9], [13], [16]; and analysis of linear codes for error detection
on the local binomial channel, see [15]. The possible weight hierarchies of binary
linear codes of dimension up to 4 were determined in [14]. In [2]-[7] we studied the
possible weight hierarchies of linear codes of dimension 4 or less over arbitrary finite
fields. In [2] we studied the weight hierarchies of codes of dimension 4; we split them
into two classes: the weight hierarchies of codes satisfying the so-called chain con-
dition and other weight hierarchies. However, this is a quite crude classification of
the weight hierarchies. In particular, it does not tell us what are the possible weight
hierarchies of codes not satisfying the chain condition since it is well known that
there exist pairs of codes C; and Cy with the same weight hierarchy and such that
C satisfies the chain condition whereas Cy does not. More information is obtained
if the codes are classified according to how the subspaces of minimal support and
different degrees are related. However, such an analysis is also more complicated.

In [6] we introduced a classification of the codes of dimension 4 into 9 classes.
One of these classes is the class of codes satisfying the chain condition. Another is
the class of extremal non-chain codes which we studied in [5] and [7]. In [6] we only
gave upper bounds on the d; in the weight hierarchies (d1,d2,ds,ds) of the codes
in various classes (for g-ary linear codes). In this paper we will give a complete
characterization of the possible weight hierarchies (di,d2,ds,ds) for each class in
the binary case.

IT Notations and problem formulation

Throughout this paper, unless otherwise stated, C' will be an [n, 4] code, that is,
a binary linear code of length n and dimension 4. For convenience we give all
definitions below for 4-dimensional codes, rather than codes of general dimension,
since we concentrate on 4-dimensional codes.

For any subcode D of C, the support of D is the set of positions where not all
the codewords of D are zero, and it is denoted by x (D). Further, the support weight
of D is the size of x(D), and it is denoted by wg(D).

For 1 < r < 4, the the r-th minimum support weight (or Generalized Hamming
weight) of C' is defined by

d,(C) = min{wg(D) | D is an [n,r] subcode of C}.

The sequence (d1,ds, ds,dy) is the weight hierarchy of C.
We note that if we add a zero-position to an [n,4] code C' we get an [n + 1,4]
code
C' ={(c|0) |ceC}.

The codes C and C' have the same weight hierarchy. Therefore, without loss of
generality, we can restrict ourselves to codes without zero-positions, that is, we will
assume that n = dj.

Our problems can be reformulated in terms of projective geometry and we do
this next.



The difference sequence (DS) (ig,41,12,43) of a [d4,4] code is defined by
to=dy—d3, 91 =d3—dz, i2=ds—d1, i3=ds.

The difference sequence can easily be computed from the weight hierarchy and vice
versa. It was shown in [11] that

ir > 1 for all r. 1)

Let G be a generator matrix for C. For any x € GF(2)*, m(x), the value of x,
will denote the number of occurrences of x as a column in G. In [12] it was shown
that there is a one-one correspondence between the subspaces C' of dimension r and
the subspaces of GF(2)* of dimension (4 —r) such that if D corresponds to U, then

wg(D) + Z m(x) = dy.

xeU

We may view the vectors as points in the projective space V3 = PG(3,2). A value
assignment is a function

m:Vs > N=1{0,1,2,..}.

For p € V3 we call m(p) the value of p. A value assignment defines a generator
matrix and a code (up to equivalence). We define the value of a subset S of V3 as

follows:
m(S) = Z m(p).

PES

Let C; be the set of lines and Cy the set of planes in V3. The existence of a
code with weight hierarchy (di,d»,ds,ds) is equivalent to the existence of a value
assignment m such that

max{m(p) |p € V3} = o,
max{m(l) |l € C1} = i¢+i1,
max{m(P) | Pe Cz} = 19+ 11 + io,
m(V3) = 49+ 11 + iz + i3.
Let
Mo = {p|peV3and m(p)=io},
M, = {l|leCiand m(l) =ip+1i1},
M, = {P | P e (Cy and m(P) =19+ 11 —}—’LQ}

Following [6], we introduce some conditions which may or may not be true.

(Conl) There exist p € My, I € My, and P € M> such that pe [ C P.

(Con2) There exist p € My and I € My such that p € 1.

(Con3) There exist p € My and P € M, such that p € P.

(Cond) There exist [ € M; and P € M, such that [ C P.

We split the codes (and value assignments) into classes. The classes are deter-
mined by if the conditions above are true (T) or false (F) according to the following
table:



Class (Conl) (Con2) (Con3) (Con4)
A T T T T
B F T T T
C F T T F
D F T F T
E F T F F
F F F T T
G F F T F
H F F F T
I F F F F

The space V3 = PG(3,2)

The space PG(3,2) contains 15 points, 35 lines, and 15 planes. We assign the letters
A-O to the points, l1—I35 to the lines and P;—P;5 to the planes. The description of
the lines and the planes are given in the following table. It is also illustrated in Fig.
1, where some of the lines are included. Some of the planes appears as triangles in
the figure.

(3 l,’ (3 li ? l,’

1 {4,D,G} 2 {D,E, H} 3 {B,D,F}

4 {¢,D,J} 5 {D,1,K} 6 {D,L,N}

7 {D,M,0} 8 {A,B,E} 9 {A,C, I}
10 {A,F H} 11 {A,J, K} 12 {A,L,M}
13 {A4,N,0} 14 {B,C,L} 15 {B,G, H}
16 {B,I,M} 17 {B,J,N} 18 {B,K,0}
19 {C,B, M} 20 {C,F,N} 21 {C,G,K}
22 {C,H,0} 23 {E,F,G} 24 {B,I,L}
25 {E,J,0} 26 {E,K,N} 27 {F, 1,0}
28 {F,J L} 29 {F,K,M} 30 {G,1,J}
31 {G,L,0} 32 {G,M,N} 33 {H,I,N}
34 {H,J,M} 35 {H,K,L}

2 H ) Pi

1 {A,C,D,G,I,J,K} 2 {C,D,E,H,J,M,0O}

3 {B,C,D,F,J,L,N} 4 {A,B,D,E,F,G,H}

5 {A,B,C,E,I,L,M} 6 {A,D,G,L,M,N,0}

7 {A,B,E,J,K,N,0} 8 {A,C,F,H,I,N,0}

9 {A,F,H,J,K,L, M} 10 {B,C,G,H,K,L,0}
11 {B,D,F,I,K,M,0} 12 {B,G,H,I,J,M,N}
13 {C,E,F,G,K,M,N} 14 {D,E,H,I,K,L,N}
15 {E,F,G,I,J,L,0}

IIT Discussion of the various cases

Class A, which is the set of codes satisfying the chain condition, was studied in
[2]. The possible weight hierarchies of codes in class I were determined in [7]. In
this paper we study the remaining classes. We characterize the possible weight
hierarchies of the codes in each class. For each case, we prove a set of necessary
conditions for (ig,41,%2,73) to be a DS of a code in that class and then we give
constructions which show that these conditions are also sufficient. For two of the
constructions in class E (which is one of the most complicated), we give, as an
illustration, the details of the verification that the given constructions have the
stated properties. The remaining cases are similar and the details are omitted.



Figure 1: Representation of PG(3,2)

We start by giving some general results. Theorem 1 in [6], specialized to ¢ = 2,

gives the following lemma.

Lemma 1 Let (ig,41,i2,i3) be a DS and suppose (Conl) is false. Then
i) i1 < 2io,
i) if (Con2) is false or (Con4) is true, then iy < 2ig — 3,
iit) if (Con3) is true, then iz < 2i; — 3,
'iU) i3 S 27:2,
v) if (Con2) is true or (Con4) is false, then iz < 2iy — 3.

In the rest of the paper, the integers b, ¢, 8, and ¥ are defined as follows.

2ip— i1 =3b—t

where ¢t € {-1,0,1},
g {1 ift=1,
=1 0 ifte{-1,0},

g1 ift=—1,
10 iftefo,1}.

(4)

For the various classes or constructions, we will define further parameters c,
u, etc. which will be defined differently from class to class and sometimes from

construction to construction.
We first give the following additional upper bounds.

Lemma 2 Let (ig,%1,i2,i3) be a DS and suppose (Con3) is false. Then
i) if (Con2) is true and (Con4) is false, then i1 < 2ig — 1,
i) iy < (4ig + 4iy — 40)/3,
i) s < 660 — i1 — T,
iU) ig S 67,1 - 7:0,
v) if (Cond) is false, then io < (4ig + 441 — 49 —T7)/3,
vi) if (Con2) is true and (Cond) is false, then ia <ig + 2i; — 2,
Uii) i3 S 6'i1 - iz,
viis) if (Con2) is false, then iz < 6i; — iz — 7,
iz) if (Con2) is false and (Con4d) is true, then iz < 2ip — 1.



Proof: i), vi). Since (Con2) is true there exist p* € My and I* € M; such that
p* € I*. Let P* € M. Since (Con4) is false, I* ¢ P*. Let I* N P* = {p}. Since

(Con3) is false we have m(p) <io — 1. Let I* = {p,p*,p'}. Then
io + i1 = m(l*) = m(p) + m(p*) + m(p") <ip — 1+ io + io,
and so i < 2ig — 1 which proves i). Since (Con3) is false, p* ¢ P*. Further,
io + i1 = m(l*) > m(p) + m(p*) = m(p) + io
and so m(p) < 1. Hence
m(P*\ {p}) =io + i1 + 92 —m(p) > io + ia.

Therefore, there exists a line [ C (P* \ {p}) such that
1 . 1. .
m(l) > gm(P\ {p) 2 500 +i2).
Since (Con4) is false, m(l) <ip +4; — 1. Hence
1. L
i(zo+22) <ig+i—1

and vi) follows.
ii), iii), v). Let P* € My and let p be a point in P* of maximal value. Then
1

m(p) > ?m(P*) = ;(io + i1 + 42).

(5)

Since (Con3) is false, m(p) < ig — 1. Combining this with (5) we get iii). Next,

since
io+i1+iz =m(P) =m®p)+ »_ (m(l)—m(p)),
p€elCP

there exists a line [, such that p € | C P*, satisfying

m@-m@zé@+h+@—m@y

Hence

9 ) ) ) ) ) .
";(P) m(l)_lo+231+l2 §i0+i1—10+g+z2

and so .
m(p) <ig 4+t — %
Combining (5) and (7) we get

1,. ) ) ) 7
—(2 ) 19) <% 11— —
7(0+1+2)_0+1 2

which proves
19 < (4:’1,0 + 47,1)/3

that is, ii) for @ = 0. If § = 1, that is, 91 = 2ip — 3a + 1, then (8) implies

44 4(249 — 1
z2§\‘20+(l(; 3a+1)

J =4ip —4a+1.
Suppose iy = 4ig — 4 + 1. Then (5) implies

. ) ) . 2
(io+i1+i2) =ig—a+ = >ip—

m(p) > 2

=



and (7) implies

A P 1 .
m(p)§20+11—52=zo—a+§<zo—a+1,

but this is impossible since m(p) is an integer. Hence

449 + 4iq — 4
iy < dig — da = Z(’_'—izl_
3
If, in addition, (Con4) is false, then m(l) <ig + 41 — 1 in (6) which implies
N
m(p) <o +ir — = 9)
Combined with (5) this implies
is < (i + 4iy — 7)/3. (10)

This proves v) for ¥ = 0. If ¢ = 1, then i1 = 2ip — 3 — 1 and (10) implies

iy < {41’0—%4(2@'0;304— 1)—7

J =4ip — 4o — 4.
Suppose iy = 4ig — 4a — 4, then (5) and (9) implies

5 1
io—a+— Sm(p)gio—a+—,
7 2
which is impossible. Hence
4ig + 4ip — 11
3 .

iv) Let p* € My. Since (Con3) is false, p* ¢ P*. In particular, p* # p. Let [ be
the line determined by p and p*. Then, by (5),

1:2§47:0—40t—5:

1 . .
io + i1 2 m(l) 2 io +m(p) > io + = (io + i1 +12)

and so iz S 6@1 — ’io.

vii), viii). We have

io + i1 + iy +iz =m(Vz) =m(p*) + Y_ (m(l) — m(p)) <o+ Tir.
lecy
p*E€l

proving vii). Further, if (Con2) is false, then
m(l) —m(p*) <ip —1

for all [ and so i3 < 647 — 45 — 7 which proves viii).

ix). Since (Con4) is true, there exist [* € M; and P* € M, such that [* C P*.
Let p* € My. Since (Con2) is false, p* ¢ I*. Since (Con3) is false, the plane
containing p* and [* has value at most ig + ¢1 + 72 — 1. Hence

io + i1 +ia +is = m(V) =m(l*) + > m(P\1*) < (i + i1) + iz + iz + (i2 — 1)
I*EP

and so i3 < 2ip — 1.

We now go on to give some lower bounds.



Lemma 3 Let (ig,41,i2,i3) be a DS and suppose (Conl) is false. Then
i) if (Con4) is true, then iy > io/2;
i4) if (Con4) is true and (Con2) is false, then iy > (io + 3)/2;
iii) if (Con4) is true, then iz > ip;
i) if (Con4) is true and (Con3) is false, then iz > ig + 1;
v) if (Con3) is true and (Con2) and (Cond) are false, then iz > ig + 1;
vi) if (Con3) is false, then iz > iy;
vii) if (Con3) is true and (Con2) and (Cond) are false, then iz > ig + 1;
viis) if (Con2) is true, then iz > iy;
iz) if (Con2) is true and (Con3) is false, then iz > iy + 1;
z) if (Con4) is false and (Con2) or (Con3) is false, then iz > i1 + 1;
zi) if (Con2) is true and (Con3) is false, then iz > i2/2;
zii) if (Con2) is true and (Con3) and (Cond) are false, then iz > (i + 3)/2.

Proof: i)-iv) Since (Con4) is true, there exist [* € M; and P* € M, such that
I* C P*. Let p* € My. Since (Conl) is false, p* ¢ I*. Let p € I* have maximal
value. Then m(p) > (io +41)/3. Let [ be the line determined by p and p*. Then

o . g+
io + 141 > m(l) > m(p*) + m(p) > io + 03 L

and so 41 > ig/2 which proves i). If, in addition, (Con2) is false, then m(l) <
io + i1 — 1 and ii) follows. Let P be the plane determined by p* and I*. Then

io + (io +11) = m(p") + m(I") <m(P) <ig + i1 + iz

and so iy > g which proves iii). If, in addition, (Con3) is false, then m(P) <
i0 + 141 + i2 — 1 and so 45 > 49 + 1 which proves iv).
v) Since (Con3) is true there exist p* € My and P* € M, such that p* € P*. Let
I* € M;. Since (Con2) is false p* ¢ I*. Let P be the plane determined by p* and
I*. Since (Con4) is false, m(P) < ig + 41 +i2 — 1. Hence
and so iy > ig + 1.
vi) Let p* € My and P* € M. Since (Con3) is false, p* ¢ P*. Hence

o + i1 +i2 + i3 = m(V3) > m(p") + m(P*) =g + (ig + i1 + i2)

and vi) follows.

vii) Since (Con3) is true there exist p* € My and P* € M, such that p* € P*. Let
I* € M,. Then p* ¢ * and I* ¢ P*. Let p =1*NP* and let [ be the line determined
by p and p*. Then [ ¢ M;. Hence

io+i1 —1>m(l) >io+m(p)
and so m(p) <4; — 1. This implies that
1o+ +ig+i3 = m(V3) > m(P*) +m(l* \ {p}) > (io + 141 +i2) + (io +11 — (il — 1))

and so i3 > 49 + 1.
viii) Since (Con2) is true, there exist p* € My and I* € M; such that p* € I*. Let
P* € M. Since (Conl) is false, I* ¢ P*. Let I* N P* = {p}. Then

1o+t +ia+i3 = m(Vg) > m(l*UP*) = (io +i1+i2)+(io+i1)—m(p) > 10+ 241+ 12

since m(p) < ig. This proves viii). If, in addition, (Con3) is false, then m(p) < ip—1
and ix) follows.



x) Let I* € My and P* € M. Since (Cond4) is false, [* ¢ P*. Let I* N P* = {p}.
Since (Con2) or (Con3) is false, p ¢ My and so m(p) < ip — 1. As in case ix) we
get 43 > 41 + 1.
xi) Let p*, p, I*, and P* be as in the proof of viii). Since
io 411 + 92 = m(P*) = m(p) + Z (m(1) —m(p))
peléP*
there exists a line [ such that p € [ C P* and
1,. . .
m(l) —m(p) > g(lo + i1 + iz — m(p)).

Since m(l) < ip + 41, this implies

m(p) <ig+i1 — %
Since (I*\ {p} C V3 \ P*, we get

)

N

is =m(Vs \ P*) >m(I" \ {p}) >

2
This proves xi). If, in addition, (Con4) is false, then m(l) < ig + iy — 1 and xii)
follows.
|

As a final general lemma, we describe how a DS may be modified to give new
DS. First be introduce some terminology. Consider a value assignment m in class B
as an example. By definition, (Con2), (Con3), and (Con4) are true. Therefore,
there exist points p3, p;5 € My, lines I3,1; € M;, and planes P5, P} € M,, such that
ps €13, p3 € Py, and I C Pf. We call the set

T = {{p3},{p3},15,13, P5, Py}

a core of m (it may not be unique). The points pj and pj may or may not be
distinct, and similarly for the planes. However, note that we can not have [ = [}
since if I3 = I}, then p} € I5 C Pf and so (Conl) would be true which is not the
case for class B. The value of the core given above is defined by

m(l') = m({ps} U {ps} UI5 Ul U Py U Py).

For the various constructions below, we will give one core explicitly (usually it is
unique).

Lemma 4 Let (ig,i1,42,1%) be the DS corresponding to the value assignment m and
let T be a core of m. Then (ig,41,%2,13) is a DS in the same class if i3 > 1 and

m(T) — (io + i1 +i2) < iz < i3
Proof: Suppose iy > 1
m(T) < m(V3) =io + i1 + iz + .
Then there exists a p' € V3 \ T such that m(p') > 0. Define m' by

| mp)-1 ifp=yp,
m'(p) = { m(p) otherwise.
The corresponding DS is (ig, i1, 42,45 — 1) and it is clearly in the same class as the

original DS and has the same core. We can repeat this modification as long as
i3 > 1 and m(T) < m(V3). [ |



Class A: (Conl), (Con2), (Con3), (Con4) true.

This is the case of codes satisfying the chain condition, and it was treated in [14]
where the following result was shown (in a slightly different notation).

Theorem 1 (ig,i1,42,13) s a class A DS if and only if
i) 1< < 2o,
i) 1<y < 2iy,
i) 1<is < 2.

Class B: (Conl) false; (Con2), (Con3), (Con4) true.

Theorem 2 (ig,i1,%2,43) s a class B DS if and only if
i) iy < 2ip—3,
i) dg <2 < 24y — 3,
i) i1 < i3 < iy — 3.
Proof: We first show the ”only if” part, that is, that the bounds must be satisfied.

The upper bounds follow from Lemma 1 ii), iii) and v) and the lower bounds from
Lemma 3 iii) and viii).

Construction for class B.

Suppose i) and ii) are satisfied and i3 = 2i,—3. We show, by an explicit construction,
that (g, %1,42,2i5 — 3) is a class B DS. For the verification of the construction
it is useful to observe that iy < iy < 2i; — 3 implies that i; > }(ip + 3) and
1 (io + 3) < i1 < 2ig — 3 implies ig > 3.

We will use the following notation.

2i1 — iz — 3 = 3¢ + u where u € {0,1, 2},

L[ it =i,
“ 1 0 otherwise.

Further, §(i1, p), e(u,p), and m(p) are defined by the following tables.

6(p) = 6(i1,p)
i1 D F,.G,0 H,K,N J
even 0 -4 -2 0
odd -1 -3 -3 1
e(p) = e(u, p)
u F.G,M,0 H I,N K,L
0 0 0 0 0
1 0 1 11—« a
2 1 0 1 0
m(p) = for
io p:C
ig— b pE{A,E}
io-b-i-t p=B
3 (i1 +46(p)) p€e{D,J}
2 (i1 + 6(p)) —c — e(p) pe {F,G,H,K,N,0}
il—io—i—b—l—c—s(p)—t pZL
i1—ig+b—1—c—e(p) pe{l,M}

10



We skip the details of the proof, but we mention a few main points of the
construction. We have

Mo ={C}, My ={l4,ls}, Ps€ My, P\,P,P3¢& M,

m(Vs) =g + i1 + iz + (2i2 — 3).

These facts imply that m is in class B with DS (ig, 41, 42,i3 = 2i2 — 3).
A core of m is T' = {{C},l4,1l3, Ps} and m(I") = ig + 2i; + i2. Using Lemma 4
we can conclude that (ig,41,%2,43) is a class B DS for i; < i3 < 245 — 3. [ |

Class C: (Conl), (Con4) false; (Con2), (Con3) true.

Theorem 3 (ig,%1,i2,i3) is a class C DS if and only if

'l) 7:1 S 2i07

i) ip < 201 — 3,

i) i < iy < s — 3.
Proof: The upper bounds follow from Lemma 1 i), iii) and v), and the lower bound
from Lemma 3 viii).

Construction for class C.

Assume that i)-iii) are satisfied. We note that this implies that
: : . 1. . .
i0>2, 3<i; <2y, and 5(11 +3) <y < 2i; — 3.
Let

2iy —ia —3 =6¢c+u where u € {0,1,2,3,4,5},

and
L2 =204,
“ 1 0 otherwise.

Let 6, € and m be defined by the following tables.

6(p) = (i1, p)

i A,BE D F.GH I,J,L, M K,N,0
even -2 0 —a—2 0 a—4
odd -3 -1 -3 1 -3

e(p) = (u,p)
u A B,G . H E F I K L M N,0
0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 1
2 1 0 1 1 0 1 0 0 1
3 1 1 1 1 0 1 0 0 1
4 1 1 1 1 1 1 0 0 2
5 1 1 1 2 1 2 0 1 2
m(p) = for
iO p= C

L(in +4(p) pe{D,J}

3 (i1 +6(p)) —c — e(p) pe{A B E,I,L,M}
3 (i1 +6(p)) —2¢ — (p) pe{F,G,HK,N,O0}

11



This m corresponds to the class C DS (ig, 41,42, 2i2 — 3). For this construction we
have

Mo={C}, My ={l}, M =/{Ps).

A coreof mis I' = {{C},ls, Ps} and m(T") = ip + 2i1 + 92. Using Lemma 4 we can
conclude that (ig,41,42,43) is a class C DS for i; < i3 < 2ip — 3. [ |

Class D: (Conl), (Con3) false; (Con2), (Con4) true.

Theorem 4 (ig,%1,i2,i3) is a class D DS if and only if
i) i0/2 < iy < 2ig—3,
i) do+ 1 <y < (dig +4ip —46)/3,
i) max(ig, i1 + 1,i2/2) <43 < min(2is — 3,661 — i2).

Proof: The upper bounds follow from Lemma 1 ii) and v) and Lemma 2 ii) and
vii). The lower bounds follow from Lemma 3 i) iv), vi), ix), xi).
Construction 1 for class D.

For this construction we assume that i)-iii) are satisfied and, in addition, is < 2.
In particular, this implies that

max(ig,z'l + 1,2'2/2) = max(ig, 91 + 1),

min(2i2 - 3,6i1 - 22) = 2i2 - 3,

and so
i9 > 3, (20+1)/2§7,1§27,0—3, and g+ 1 <y < 24;.
Let
24y —is =3c+u where u € {0,1,2},
and

1 if¢t=1and iz € {ig + 1,0 + 2},
a= .
0 otherwise.

Define 6(p), e(p) and m4 (p) as follows.

6(p) = 6(i1, p)

" C.1 D.G.L, M F H
even 0 0 -2
odd 1 -1 -1

e(p) =e(u,p)
u F,G,M,0 H N 17
0 0 0 0 0

1 0 1 1 0
2 1 0 1 0
m1(p) = for
ig p=J
io — b pe{B,E)
ig—b+t p=A
Ly +6(p)) pe{C,D}
%(11+5(p))—a—c—6(p) p=G
¥(11+5(p))+a—c—e(p) p=H
3 (i1 +8(p)) —c — e(p) pe{FI,L,M}
i1—ig+b—1+a—t—c p=K
i1 —io+b—c—e(p) p=N
7:1—’L'0+b—Oé—C—E(p) p=0
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For this construction (and the other constructions for class D) we have
My = {J}, 14;18 S Ml, My = {P5}

A coreof misT' = {{J},l4, P5}.
The corresponding DS, therefore, is in class D and it is (ig,%1,42,2i2 — 3). We
have
m(F) = 2ig + 91 + %2 +m(D) = (ZO + 41 -|—7,2) + 49 + |_11/2J

From Lemma 4 we get a class D DS (ig, 41, 42,43) for ig + |i1/2]| < i3 < 2iy — 3.

Construction 2 for class D.

For this construction we assume that i)—iii) are satisfied and, in addition, i > 2i;+1.
In particular, this implies that

max(io,i1 + 1,i2/2) = max(io,ig/Z),

min(2i2 - 3,6i1 - 7/2) = 67,1 - iz.

and so

i0>24+80, i9/2<1i1<2ip—3—0,
and
Let

iz — 2iy — 1 = 4¢ + u where u € {0,1,2,3}.
Further, 6(i1,p), e(u,p) and ma(p) are defined by the following tables.

d(p) = 6(i1,p)

i C.G.L D, F1 24 M
even 0 0 -2 2
odd 1 -1 -1 1

e(p) = e(u,p)
” C.D F, G.1 M
0 0 0 0 0
1 0 0 1 0
2 0 1 1 0
3 1 1 1 0
ma(p) = for
ig pP= J
ig—2>b pE {A,E}
ig—b+t p=B

1 (i1 + 6(p))+c + &(p) pe{C,I,L, M}
§(Zl+6(p))_c_8(p) pE{D,F,G,H}
i1 —to+b pE{K,O}
i1 —tg+b—1t p=N

The corresponding DS is in class D and it is (4, %1, 42,641 — 42). From Lemma 4
we get a class D DS (io,il,iQ,ig) for ig + i1 — mg(C) <i3 < 611 —1a.

13



Construction 3 for class D.

For this construction we assume that i)-iii) are satisfied and, in addition,
A > ma.x(O,ig —i9—141 +0,i1 —ig + 1)

where X\ = ig + i1 — i3. Define ((p) and mg3(p) by the following tables.

C(p) = C(Oal2 - A7p)

(12 — A) (mod 3) 0 I L M
0 0 0 0
1 0 1 -2 1
1 1 -2 1 1
2 -1 2 -1

ms(p) = for

7:0 p= J

ig—0 pE {A,E}

ig—b+t p=B

A p=C

91— A p:D

0 pe {F7G7H7K7N7O}

%(12_)‘_C(p)) pE{I,L7M}

Then the DS corresponding to mg is in class D and it is (ig, 1, %2,43). If 42 < 24y,
then
maX(O,iz - ’1:0 - 7:1 + 0,1.1 - ’1:0 + ].) S |-7,1/2—|

and if 45 > 247 + 1, then
max(O,ig - 7:0 - il + g,il - 7:0 + ].) S mg(C)

Hence, Construction 3 covers the cases not covered by Constructions 1 and 2.

Class E: (Conl), (Con3), (Con4) false; (Con2) true.

Theorem 5 (ig,%1,i2,i3) is a class E DS if and only if
i) i < 2ig—1,
ZZ) 19 < min(io + 24y — 2,699 — %1 — 7,611 — g, (4’i0 + 441 — 49 — 7)/3),
i) max(io, iy + 1, (ia + 3)/2) < i3 < min(2iz — 3, 6iy — is).

Proof: The upper bounds follow from Lemma 1 v) and Lemma 2 iii), iv), v), vi),
vii). The lower bounds follow from Lemma 3 vi), ix), xii).

To show that i)-iii) are also sufficient, we give 4 constructions. Detailed proofs
that the constructions have the stated properties are given in an appendix.

Construction 1 for class E.

Let
_ 0 ifil §2i0—5and i2:2i1,
@ = —2 otherwise,
g = [ 2 =21,
N 0  otherwise,

_ 1 ifi1§2i0—5andi2:2i1,
= 0 otherwise.
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For this construction we assume that i)-iii) are satisfied and, in addition, iz < 24y

and ¢; > 49. Under these conditions,
max(io,il + 1,(i2 +3)/2) =i +14+m,
and
min(Ziz - 3, 6i1 - ig) = 2i2 - 3.
It is not to hard to check that this implies that

o > 2, g <i1<2ip—1,

and
(1 +447)/2 <i2 <201+ (a+38)/2.

Let
2i1 + (@ +38)/2—ia =6c+u where u € {0,1,2,3,4, 5}.

Define 6(p), e(p), and m1(p) by the following tables.

6(p) = (i1, p)

1 A B E F G, H I K L M N,O
even 0 0 2 -2 -2 0 «a a+2 0 -2
odd at+l -1 1 a-1 -3 B+1 -1 B+1 1 -1

e(p) = (u,p)
u A B,G,H E FK I L M N,O
0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 1
2 1 0 1 1 0 0 0 1
3 1 1 1 1 0 0 0 1
4 1 1 1 1 1 0 0 2
) 1 1 1 2 1 0 1 2
my(p) = for
ig p= J
%(114-(5(]?))—0—6(]7) pe{AaBJIJL}
io—2— 3a p=C
i1 —ig+ 2+ ta p=D
%(1:1+5(p)+a)—c—6(p) p=E
5(@1+5(p)+,3)—20—6(p) pG{F,G,H,K,N,O}
3 (i1 +8(p) +B)—c—e(p) p=M

The corresponding DS is in class E and it is (é9, 41,42, 2i2 — 3). A detailed proof
of this fact (and similarly for Construction 3 in class E) is given in an appendix.
The set I' = {{J},l4, P5} is a core for the constructions in class E. From Lemma 4

we get class E DS (ig, i1,42,43) for iy + 1+ 7 <3 < 2ip — 3.
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Construction 2 for class E.

Let
[0 ifi <2ig—5,
@ = —1 otherwise,
p = io+2i; (mod6), 0<p<5,
o = 1 if’i1=i0—1and'i2=2i1,
o 0 otherwise,
(1 ifp=1,
Be= 0 otherwise,
g - [1 ifpe{045}
a 0 otherwise.

For this construction we assume that i)-iii) are satisfied and, in addition, iz < 24
and i1 < ig — 1. Under these conditions,

max(io,il + ]., (12 + 3)/2) = ’io + ag,

and
min(2i2 - 3, 6’&1 - ’Lz) = 27:2 - 3.

This implies that

2.023, (io+3+0’—2(1)/4§i1§i0—1,

and
(lo+3+0’)/2 <9 <241 4+ a.
Let
2iy +a—iy =6¢c+u whereu € {0,1,2,3,4,5}.
Let
1 ifp=>5and u=2,
v 0 otherwise,
1
w = 6(i0+2i1—p).
Define (p), ((p), and ma(p) by the following tables.

e(p) = (u,p)
u A B,E,G F H I K L M N (0]
0 0 0 0 0 0 0 0 0 0 0
1 0 0 1-p o 0 1 o 1-p 0 0
2 0 1 1 0 0 1 0 0 0 1
3 1 1 1 1 0 1 0 0 1 1
4 1 1 1 2-8 0 2 1 0 1 1+8
) 1 1 2 1 1 2 0 1 2 2

¢(p) =<(p,p)
p A B FE F G H I K L M N 0
0 0 0 0 0 -1 -1 0 0 0 0 -1 0
1 0 1 0 -1 -1 a-o 0 a « o -1 -1
2 1 0 1 0 -1 -1 0 -1 0 0 -1 -1
3 0 1 1 -1 -1 -1 1 -1 0 0 -1 -1
4 0 1 1 -1-0 -1 -2 1 -1 o 1 -1 -1
5 vy 1 1 -1 24y 2 22y -1 4 1 -1y -1
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ma(p) = for

io p:J
7:1—0 p:C
o p=D
w+<(p)_c_6(p) pG{A,B,E,I,L,M}

il_w+C(p)_2c_5(p) pG{F,G,H,K,N,O}

The corresponding DS is in class E and it is (g, i1, i2, 242 — 3). From Lemma 4
we get class E DS (g, i1,42,43) for ig + o < i3 < 2ip — 3.

Construction 3 for class E.

Let
in — 241 — 1 =4c+u where u € {0,1,2,3},
_ 1 if 4y is even,
@ = { 0 if i is odd.
6(p) = (i1, p)
i1 AE,FK,L,0O B,G,H,I,M,N
even 2 0
odd 1 1
e(p) = e(u,p)
u AE K, O B,G,I,N C,D F L H M
0 0 0 0 0 0
1 0 1 1 0 0
2 1-a o 1 1-o 10"
3 1 1 2 0 1

For this construction we assume that i)-iii) are satisfied and, in addition, i >
2i1 + 1 and i5 > 2iy — 3. Under these conditions,

max(io, i1 + 1, (iz + 3)/2) = (iz + 3)/2,

and
min(2i2 - 3,6i1 - 12) = 6%1 - ig.

This implies that

10 > 3+ 29, (1:0—1)/2<7:1§27:0—5—2’l9,

and
max(2ig — 3,201 + 1) < iy < (4ig + 4iy — 49 — 7)/3.
Let
m3(p) = for
Z‘U p = J
ig —2c—¢(C) —2 p=C
i1 —ig+2c+e(D) +2 p=D
3 (i1 +3(p))+e +2(p) pe{A B E,I,L M
3 (i1 = 8(p))—c —e(p) pe {F,G, H,K,N,0}

The corresponding DS is in class E and it is (ig, %1, 12, 6i1 —42). A detailed proof
of this fact is given in the appendix. From Lemma 4 we get class E DS (ig, 41,142, i3)
for [(i2 + 3)/2] < i3 < 6i1 — iz. (Note that [(i2 + 3)/2] = i1 + 2¢ — (D) + 2).
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Construction 4 for class E.

For this construction we assume that i)—iii) are satisfied and, in addition, ia > 2i;+1
and iz < 249 — 4. We first show that under these conditions we have (4ig + 4i1 —
49 —"7)/3 > min(2ig — 4, 6i1 —io). First, if iop = 2i; +1, then 2ip —iy = 3(i1 +1) -1,
and so t = 1 and ¥ = 0. Hence

4ZO+4“_419_7=2i0—3>2i0—4.

3

If 7:0 S 2’i1, then

47 44, — 11 44 1-2

10 + 411 _(22_0_4): 11 + zo>0,
3 3

and if 1,0227,1—}—2, then

47 44, — 11 Tip — 147, — 11

Zotin-H ;1 — (6 — i) = 2P T 2 3“ > 0.

Similarly,
min(Zio - 4, 6i1 - i()) < min(io + 2’i1 - 2, 6i0 - il - 7, (47,0 + 4i1 — 49 — 7)/3),

max(ig, i1 + 1, (iz + 3)/2) = o,

and
min(2i2 - 3,6i1 - ’Lg) = 6Z1 - ig.

This implies that
io > 5, (o +1)/4 <y <ig—3,

and
211 +1 <14y < min(2ig — 4,641 — i()).

Let
a=ig+iz (mod6), 0<a<hb.

Define ¢((p) and m4(p) by the following tables.

¢(p) = ¢(e,p)
a LK B.G.I.N E,0 L M
0 0 0 0 0 0
1 1 0 0 0 0
2 1 0 1 0 0
3 1 0 1 1 0
4 1 1 0 1 0
5 1 1 1 0 1
ma(p) = for
é(20+l2_a)+<—(p) pE{A,B,E,I,L,M}
il p=C
0 p=D
il_%(i0+i2_a)_g(p) pE{F,G,H,K,N,O}
10 p=J

The corresponding DS is in class E and it is (ég, 41,42, 6¢1 — 42). From Lemma 4
we get class E DS (ig, i1,12,143) for ig < iz < 6i1 — ia.
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Class F: (Conl), (Con2) false; (Con3), (Con4) true.

Theorem 6 (ig,i1,12,i3) is a class F DS of if and only if
i) i1 < 2 —3,
i) g <2 < 241 — 3,
i) 1<z < 2.

Proof: The upper bounds follow from Lemma 1 ii), iii) and iv) and the lower bounds
from (1) and Lemma 3 iii).

Construction for class F.

For this construction we assume that i)—iii) are satisfied. Then
19 > 3, (io+3)/2§i1§2i0—3,

and
io < ia < 2i1 — 3.

Let
201 —ia — 3 =3¢+ u where u € {0,1,2},

L[ it =i,
“ |1 0 otherwise,

and let 6(i1,p), (u,p), and m(p) be defined by the following tables.

6(p) = 6(i1, p)

i D,K F,G,J,0 o,N
even 0 -2 -2
odd -1 -1 -3

e(p) = e(u, p)
u F,G,M,O H I,N K, L
0 0 0 0 0

1 0 1 1—a a
2 1 0 0 1
m(p) = for
10 p=C
io—b pe{AE}
ig—b+t p=B
%(h +(5(p)) pe{D,J}
§(ll+6(p))_c_€(p) pE{F,G7H,K,N,O}
i1—ig+b—1—c—e(p)—t p=1L
i1—io+b—1—c—e(p) pe{l,M}

For this construction
My = {C}, ls € My, Ps€e M,

ifCeleC, thenl & M,.

Hence the corresponding DS is in class F and it is (ig,%1,%2,2i2). A coreis I' =
{{C},1s, Ps}, and m(T') = ig + i1 +42. By Lemma 4 we get DS (ig, i1, 42,43) in class
F for 1 S ig S 22'2.
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Class G: (Conl), (Con2), (Con4) false; (Con3) true.

Theorem 7 (ig,%1,i2,i3) is a class G DS of if and only if
i) i1 < 20— 3,
i) g+ 1<y <2 —3,
i) max(ip + 1,i1 + 1) < iz < 2y — 3.

Proof: The upper bounds follow from Lemma 1 ii), iii) and v). The lower bounds
follow from Lemma 3 v), vii), x).
Construction 1 for case G.
Assume that i)—iii) are satisfied. Then
io >4, (io+4)/2 < i1 < 2ip -3,

and
ig+1 <9 <241 — 3.

Let
2i1 —ia — 3 = 3¢+ u where u € {0,1,2},

and let §(i1,p), e(u,p), {(p), and m(p) be defined by the following tables.

6(p) = (i1, p)
i1 B,H,N E,F,0 L M
even 0 -2 0 2
odd -1 -1 1 1
e(p) =&(u,p)
U F.G,M,0O H I,N K, L
0 0 0 0 0
1 0 1 1 0
2 1 0 1 0
¢(p) = ¢(t,p)
t G I K
-1 0 0 0
0 0 0 -1
1 -1 0 -1
my(p) = for
ig p=A
ig — b pG{C,J}
io—b‘l-t p:D
%(Zl +48(p)) p€ {B,E}
§(i1+6(p))_1_c_6(p) pE{F,H,L,M,N,O}
i1—ig+b—1—c—e(p)+{(p) pe{G,I,K}

For this construction, and the next, we have
MOZ{A}, Ml Z{l4}, P5 GMQ,
if Aele(Cy, thenl & My,
if Ae P € Cy, then P & Ms.

Hence the corresponding DS is in class G and it is (ig,%1,%2,2i2 — 3). A core is
I'= {{A},l4,P5}, and m(F) = (’io + il + iz) + io + il — ml(C)

By Lemma 4 we get DS (ig, i1,%2,43) in class G for ig + 41 — m1(C) =41 + b <
i3 < 249 — 3.
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Construction 2 for case G.

With the same notations as in Construction 1 above, let

1§n§b—1+min(0,i1—i0),

and
Alp) = A(e,n,p)

n D J min(c,n) B E
even 0 0 even 0 0
odd 1 -1 odd -1 1
ma(p) = for
0 pe{F,G,H,K,N,0}
mq (p) pe{A,L,M}

mi(p) +n p=C
mi (p) — max(0,n — ¢) p=1I
mi(p) — 5(n = A»)) p€{D,J}
m1(p) — 3 (min(c,7) — A(p)) p€{B,E}

Together with the Lemma 4 modification of Construction 1 above, this gives a
class G (i07i17i2,i3) for max(zo + 1,i1 + 1) S i3 S 212 -3

Class H: (Conl), (Con2), (Con3) false; (Con4) true.

Theorem 8 (ig,i1,i2,13) s a class H DS if and only if
i) 3(io+3) <iy < 26 -3,
i) o+ 1<is < 4(io+i1—8)/3,
’LH) i() S i3 S min(2i2 - 1,6i1 - i2 - 7)

Proof: The upper bounds follow from Lemma 1 ii) and Lemma 2 ii), viii), ix). The
lower bounds follow from Lemma 3 ii), iv), vi).

Construction 1 for class H.

Let

if io = 244,

otherwise.

ifig € {Zil — 1,2i1},
otherwise.

if 7:0 = 3 and iz = 2i1,
otherwise.

if 49 € {3,4} and iy = 241,
otherwise.

ift =1 and iy = ig + 2,
otherwise.

3
I

B
I

Q
Il
—N—A—_—

OO ROFOKR O

o=
8=

Assume that i)—iii) are satisfied and in addition i < 2i;. Then
i0>3, (io+3)/2+p<iy <2ip—3,

and
Zo+1+0'512§2'll

In this case
min(2ip — 1,601 —ia — 7) = 2i2 — 1 — 37 — 3a.
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Let
2i1 — iz — 3 = 3¢+ u where u € {0,1,2}.

Further, 6(i1,p), (u,p), and my(p) are defined by the following tables.

6(p) = 6(ir, p)

i C.G D, 1 F H L M
even 0 -2 —2a -2 200 — 2 0
odd -1 -1 -1 —1—-2a -1 2a—1

e(p) = &(u, p)
U F K G H L,O M N
0 0 0 0 0 0 0
1 1-4 B 0 0 1 p
2 1 1 0 1 1 0
my(p) = for
10 p=J
io—b pe {4, E}
io—b+t p=DB
g(il +5(p)) p€{C,D}
(i1 + 6(p))—c — e(p) pe{F H L M}
%(7:1 +d(p))—c—ep) - p=G
(i +6(p))—c+m p=1I
i1—do+b—1—c—e(p) p € {K,O}
i1—ig+b—1—c—e(p)—t p=N

This construction as well as the following construction has the following prop-
erties.
My ={J}, ls€ M, Ps5e My,

if JeleCy, thenl € My,
if Je Pe(Csy, then P& Ms.

Hence it is in class H. The corresponding DS is (ig, 1,92, 212 — 1 — 37 — 3a). A core
isT = {{J},ls,Ps}, and m(T') = (o + i1 + i2) + 0.

From Lemma 4 we get DS is (g, 1,42, %3) for ig < i3 < 2i3 — 1 — 37 — 3 in this
case.

Construction 2 for class H.

Assume that i)-iii) are satisfied and in addition 42 > 2i; + 1. Then
Qo >3, (io+3)/2< i1 < 26— 3,

and
211 +1 <45 < (410 + 441 — 40)/3

In this case
min(2z’2 - 1,6i1 - iz - 7) = 6%1 - ig - 7.

We use the notations
ia — 2i; — 1 =4c+ u where u € {0,1,2,3}.

Further, §(i1, p), e(u,p), and ma(p) are defined by the following tables.
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6(p) = (i1, p)

" C.L D,F G H T M
even 0 -2 -2 -4 0 2
odd 1 -3 -1 -3 -1 1

e(p) = £(u,p)
u C.D FL G.I H,M
0 0 0 0 0
1 0 0 1 0
2 0 1 1 0
3 1 1 1 0
ma(p) = for
7:0 p= J
ig—20b pE {A,E}
ig—b+t p=B
(i1 + 6(p))+c + &(p) pe{C,I,L, M}
(i1 + 6(p))—c — &(p) pe{D,F,G,H}
i —ig+b—1 pe{K,0}
i —ig+b—1—t p=N

The corresponding DS is in class H and it is (4o, %1,42,6i; — i2 — 7). By Lemma
4 we get DS (io,il,iQ,i3) for i() S i3 S 6i1 — i2 —1.

Class I: (Conl), (Con2), (Con3), (Con4) false.

From [7] we have the following result.

Theorem 9 (ig,i1,42,43) s a class I DS if and only if
i) iy < 26— 3,
i) s < 2 — 4,
Z’LZ) max(ig + 11+ 1,240 + 3) <3< 25 — 3.

The proof that these bounds are necessary goes along the same lines as the proofs
of Lemmas 2 and 3 and we omit them here. For completeness we include construc-
tions which shows that the bounds are sufficient. The first construction is taken
from [7]. The second construction is simpler than the corresponding constructions
in [7] (where five constructions were given to cover the same case).

Construction 1 for class I.

Assume i)-iii) are satisfied and in addition i; <49 4+ 2. Then

io > 5, (io+7)/2<41 <io+2,

and
io + 3 < iy < 2i; — 4.

Further,
max (ig + i1 + 1,29 + 3) = 2ig + 3.

Let §(p) and m;(p) be defined by the following tables.

(p) = 8(do, %2, p)
10 B, E C F,H J i3 — tp A,N,O G,L,M
odd 1 0 -1 0 odd 0 0
even 0 -1 0 1 even 1 -1
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my(p) = for

7:0 p= I

(2 —i0 —1+6(p))/2 pe{4,G}

(io +2 +3(p)) /2 p € {B,E,F, H}
(io + 3 + 6(p))/2 pe{C,J}
i1—3 p=D

0 p=K

(ia —ig — 3+ 8(p))/2 p€{L,M,N,0}

For this construction, and the construction below,

Mo={I}, My ={ls}, M ={Ps}.

Hence it is in class I. The corresponding DS is (ig, 1, 42,2i2 — 3). A coreis ' =
{{I},14, P1}, and m1(T) = (ig + i1 +42) + 2ip + 3. From Lemma 4 we get class I DS
(i(),?:l,i2,7:3) for 2ig + 3 < i3 < 2ip — 3.

Construction 2 for class I.

Assume i)-iii) are satisfied and in addition i; > 49 + 3. Then

190 >6, i9+3<i <2—3,

and
(7:0 + 11 +4)/2 <y <24y —4.
Further,
max (ig + i1 + 1,260 + 3) = io + i1 + 1.
Let
e(p) = e(u,p)
U A B E FH G K L M N o
0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 1 1
2 1 0 0 0 1 0 1 1 1 1
3 1 0 0 1 0 2 1 1 1 1
4 1 0 0 1 1 2 1 2 2 1
) 1 0 1 1 1 3 2 2 2 1
and let k¥ be minimal such that
K> 19
and o; A
i —ig—2—4 {%J — &((2i1 — k — 4)(mod 6), K) > 0.
Let

2i; —k—4=6c+u where wue€{0,1,2,3,4,5}.
Kk —ia = 2¢5 + us where wug € {0,1}.

o= 2 ifu=4,
0 otherwise,

[ 2 ifu=35,
= { 0 otherwise.

Define d(p), ¢(p), and ma(p) by the following tables.
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6(p) = 6(i1,p)

i A B,H c E,F,J G
even -4 0 2 0 -2
odd 3 1 1 1 -3

1 L M N (0]
even -6+ -6+« —4-4 —4—q
odd -5 -5 -5 -5

¢(p) = ¢(u, u2,p)
U2 U A G L M N (0]

0 0 0 0 0 0 0
1 0,2 1 0 0 0 1 1
1 1 1 0 1 1 0 0
1 3,45 0 1 1 0 0 1
mz(p) = for
io p=1
ig—1 p=D
i —ip — 2 — 4c — £(K) p=K
3 (i1 +d(p)) pe{C,J}

3 (ir + 6(p)) —c — e(p) pe{B,E,F, H}
3 (i1 +6(p) —c —e(p) — es — () pe{4,G)

3 (i1 +8(p)) —2¢ — &(p) — s — ¢(p) pe{L,M,N,O}

The corresponding DS is (ig, 91,42, 2i2 —3). Further, mo(T") = (4g +41+42) + (10 +
i1 +1). From Lemma 4 we get class I DS (ig, 41, 42,43) for 49 +41 + 1 < i3 < 24 — 3.

IV  Summary

We have given a classification in nine classes of the binary linear codes of dimension
4 based on how the subcodes with minimum support are related. For each class we
have given an explicit characterization the possible weight hierarchies for the codes
in each class.
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Appendix. Proof for three of the constructions

In this appendix, as an illustration of the proofs that constructions have the stated
properties, we give detailed proofs in three cases, namely, for Construction 3 in class
D and Constructions 1 and 3 in Class E.

Class D, Construction 3.

This construction has a simple structure which simplifies the proof. A direct com-
putation shows that m3z(Ps) = ig + i1 + 42 There are only two points outside P
which have positive values, namely J and (sometimes) D.
Let
p=is—X (mod3), pe{0,1,2}.

Note that max{{(I),{(L),((M)} = p. Further, note that {(I) + ((L) + {((M) =0

in all cases. In some cases below we have used this relation to simplify expressions.
First we show that

0 <ms(p) <o (11)

for all p € V3, that is, that mg is well defined and Mo = {J}. From the lower bound
on i3 we get
A< min(il,io — 1,40+ 141 — 22/2)

In particular, this shows that (11) is satisfied for p = C and p = D. For p € {A, E}
we get

In particular, we immediately get m3(p) > 0. Also we get
m3(p) < (io + (260 — 3) — t)/3 < io.

Similarly, we show that (11) is satisfied for p = B. Finally, let p € {I,L,M}. We
have

(i2 = A =C(p))/3 2 (o +1) = (o — 1) = ((p))/3 = 2 —<(0))/3 2 0,

and

(i2=A=C(P)/3 < (i2—(ia —io—i1+0) —((p)/3
(io+i1 — 8 —¢(p))/3

< (io+ (260 —3) =0 —((p)/3
io— (3+0+<(p)/3 < iop.

A

Now, consider the lines. If p is a point outside Ps and [ is a line containing p,
then [ meets Ps in some point p’. If I’ is the line determined by J and p', then
m3(l") < mg(l). Hence, it remains to check that the lines containing J and the lines
contained in Ps have values at most ig + 1. First, consider the lines containing J.
The values of these are given in the following table.

i m3(li) =

4 10 + 11

11,25 2ig — b

17 2ig— b+t

28 io + (i2 — A —¢(L))/3

30 io + (i2 — A —¢(1))/3

34 io + (i — A —¢{(M))/3
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Forl e {l11,117,l25} we have

m3(l)

IA

2ig— b+ 0
— 2ig— (2o —i1+4)/3+0
= i0+i1—(2i1—i0 +t—30)/3.

By assumption, ig < 2i;. The possible combinations of ¢ and 8 are given by the
following table.

t 0 t— 30
1 1 -2
0 0 0
-1 0 -1

If 24y —ip > 2, then clearly 24y —ig+t—360 > 0. If 2i; —ig = 1, then t = —1 and so
2i; —ig+t—30 =0. If 2iy — iy = 0, then t = 0 and so again 2i; —ig +t — 30 = 0.
Therefore, ms (l) <ig+iiforle {111,117,l25}.

Forl e {l28,130,l34}, we have

mg(l) 1:0+ (7,2 —)\—/I/)/3
i0+(i2—(i2—i0—i1 +0)—/L)/3

= i0+i1—(2i1—7:0+0+/L)/3§i0+i1.

<
<

Next, consider the lines contained in Ps;. The values of these are given by the
following table.

) mg(l,’):
8 10 + 11
9 Zo—b+(22—/\—C(I))/3+)\
14 io—b+ (ia—A—=C(L))/3+t+ A
19 io—b+(la—A—C(M))/3+ A
12 io — b+ (2i2 — 22+ ¢(1))/3
16 ’io—b+(2i2—2)\+C(L))/3+t
24 io — b+ (202 — 2\ + ((M))/3

We have

(io +i1) —m3(ls) = d1+b—(i2+2X—((1))/3
(27:0 + 201 — 19 — 2}\+t+C(I))/3

Similarly
(io +i1) — m3(l1a) = (2i0 + 2i1 —ia — 2X — 2t + ((L))/3,

(io +7,1) —m3(l19) = (27,0 + 241 — iy — 2)\+t+C(M))/3

By assumption, A = ig + i1 — i3 < g+ 41 — 22/2 and so 2ig + 241 — i3 —2AX > 0. In
the following table we give the possible values of ¢ + ((I) etc.

G2 —N) 7 t+cd) —2t+ (D) t+ C(M)
(mod 3)
0 _17071 _27072 _17071
1 -1 0 0 0
1 0 1 -2 1
1 1 -1 -1 2
2 -2,-1,0 0,2,4 -2,-1,0
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From this table we see that (¢ + ¢((I))/3 > —1. Hence (ip + i1) — m3(ly) > 0.
Similarly, m3(ll4) <ig+14; and m3(l19) <o+ 1.
Finally, we have

(io +i1) —ma(li2) = i1+b—(2ia —2X+((I))/3
(20 +2i1 — 2ip + 20+t — ((1))/3
20+t — C(I))/3.

\Y%

Similarly
(i0 +i1) — ma(lie) > (26 — 2t — ((L))/3,

(io +141) —ma(l2a) > (20 +t — ((M))/3.
In the following table we give the possible values of 26 + ¢ — ((I) etc.

(i2— N t 9 20+t 20 — 2t 20 + 1
(mod 3) —¢() —¢(L) —¢(M)
0 —1 0 —1 2 —1
0 0 0 0 0 0
0 1 1 3 0 3
1 -1 0 -2 0 -2
1 0 0 -1 2 -1
1 1 1 5 -1 2
2 -1 0 -2 0 -2
2 0 0 1 —2 1
2 1 1 4 -2 4

As above, this proves that ms(l) <ig + i1 for I € {l12,l16,124}-

We now consider the planes. As noted above, ms(Ps) = 49 + 41 + i2. Any plane
P # Pj is uniquely determined by a point p € Ps and a line | C Ps. If P’ is the
plane determined by J and [, then ms(P) < ms(P").

It remains to consider the planes containing J. For these planes we will show
that m3(P) < ig + 41 + i2. For the planes P determined by J and I C Ps such that
C ¢ 1, we have

m3(P) = mg3(l) + ms(J) < (io +i1) + o < (io +i1) + (32 — 1).

Finally, the values of the three planes containing C and J are given in the following
table.

i msz(P;) =

1 2i0 —b+i1 + (ia = A= ((1))/3

9 2ig — b+ i1 + (ia — A — ((M))/3

3 260 —b+i1 + (ia — A = ((L))/3 +1
We have

(io + 11 + i2) — m3(Py)

= —ig+b+is—(i2—A—-C())/3

= —ig+(2ip—i1+1t)/3+1i2— (ia— A—=C((I))/3
(2is + A —dg— iy +t+C(1))/3
(2060 + 1) + (iy —do + 1) —io — iy +t +((I))/3
B+t+¢(I)/3>(3-2)/3>0

v

and so m3(P;) <o + 41 + i — 1. Similarly,

m3(P) <ig+i1+is—1for Pe€ {PQ,Pg}.
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We can now summarize the main results shown above:
My ={J}, li,ls€ My, M,y={Ps}.

Since J € ly, (Con2) is true. Since ls C Ps, (Con4) is true. Since P ¢ M- for all
planes P containing J, (Con3) false. Hence, the construction is in Class D.

Class E, Construction 1.

First we show that m;(p) > 0 for all p € V3. For C and J this is obvious. Since
7:1 Z 1:07
my(D) >2+a/2 > 1.

Consider p € {F,G,H,K,N,O}. By the definition of m;(p) and the fact that
2iy > i1 + 4 + 7 for this construction we get

i+ 0(p) +
mp) = LRI 5 o)
i1 +0(p) + 4i1 + o+ 38 — 2ip — 2u
_ b (217) B 4iy ,g 2 _e(p)
> Z_1+5_(I))_&_g+l_l+é+f+g_g(p)

2 2 3 6 6 6 6 3
4—a+7r+6(p) +u—36(p)‘

6 2 3
From the definition of £(p) we get the following lower bounds on u — 3¢(p):

P G, H F, K N,O
u — 3e(p) > 0 1 2

Let

S=2i0—1—i1.

The possible combinations of s, a, 8, and 7 are given by the following table:

s a B T (d—a+m)/6
0 -2 -2 0 1

2 -2 0 0 1
>4 2 0 0 1
>4 0 0 1 5/6

If @« = —2, then é(p) > —3 for p € {F,G,H} and 6(p) > —2 for p € {K,N,O}.
Hence, we get the following lower bounds on m;(p) in these cases:

p F G,H K N,O
my(p) > —5/6 -1/2 -1/3 —2/3

In all these cases mq(p) > —1 and so mi(p) > 0. A similar proof shows that
m1(p) > 0 also when a = 0.

Next, consider p € {4, B,I,L}. From the definition we see that e(p) < e(N)
and &(p) > §(N). Hence mi(p) > mi(N) > 0. Similarly m;(E) > my(N) and
my1 (M) > mi(N). Hence, mi(p) > 0 for all p € V5.

Now, consider upper bounds on m; (p). We have

2mi(E) = 41 +0(E)+a—2c—¢e(E)
< i1+ 6E)+
< {2%-1 if 269 —4 <y < 26p — 1,
= 2ig—5+2 ifiy < 2ig— 5.
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Hence my(E) < dp. Similarly m;(p) < io for p € {A,B,F,G,H,I,L,M,N,O}.
Clearly m4(C) < ip — 1. Finally,

2ip—1—ig+2—1 if2ig—4<is <2i—1,
ml(D)—{zz‘O—s—ioJrz if iy < 2ip — 5.

Hence mi(D) < ip (and mq(D) = ip only if i1 = 2ip — 1). We conclude that
m1 (p) < ip for all p and m(p) < i except for p = J and sometimes for p = D.

Next, we consider the lines and planes. By assumption, s > 0. We consider
io + 41 —my(l) for all lines ! and 49 + 41 + ia — my(P) for all planes P. We give a
detailed discussion of the case i1 odd, 41 even is similar and is omitted. From the
expression for my, we see that ig + 43 — my(l) is a sum of one part which depends
on u (and can be written as some linear combination of some &(p)) and one part
which does not depend on u. For example

io+i1—mi(lg) = (s —1—a/2— B+ 3c) + (e(L) +e(N)).

We write ig + i3 — my(l) = p(l) + v(I), where v is the part dependent on u. Using
the fact that m(ly) = ig + 11, we get

vi)= Y e(p)>0.

pel\{C,D,J}

The values of p(l) are given in the following table.

i p(l:)

4 0

11,25 —a/2-3/2+3c

28 —a/2- [+ 3c

9,19 1-B/2+2¢

17 1-B/2+3c

30,34 1—B+3c

14 2+a/2-5/2+2¢

20 3—-B+4c

21,22 44+ a/2 -+ 4c
12,24 s/2—1—a/2—B+3c
8 /2 —a+ 3¢

16 s/2— B+ 3c

13,26 s/2+1—a/2— B+ 5c
27,29 s/2+1—a/2—3B/2+5¢
31,32,33,35 s/2+2—3B/2 + 5c

18 s/2+2— B+ 5c

10,23 s/242—a—pB+5c
15 s/2+4—pF+5¢

5,6,7 s—1—a/2—8+3c
1,23 s—a—#/2+3c

Similarly, we write ig + 41 + i2 —my (P) = u(P) + v(P) for the planes. Using the
fact that m(Ps) = ig + i1 + 42, we get

v(P)= > - Y. .

peP\{C,D,J} peEPs\{C,D,J}

Note that v(P) may be negative. The values of pu(P) and v(P) are given in the
following tables.
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i p(5)
5 0
9,15 1-a/2—B+3c
7 1-a/2+ 3¢
1,2,3 1
12 3+a/2—-pF+3c
8,13 4-B+4c
10 6+a—p8+4c
6,11,14 s—af2—3+3c
4 s+2—-3a/2+3c

v(F;)

u

) 0 1 2 3 4 5
1.2.35 0 0 0 0 0 0
4 0 0 1 3 2 2
6 0 2 1 1 2 2
7 0 2 3 3 4 4
8 0 2 2 2 4 4
9 0 0 1 1 0 2
10 0 0 0 2 2 2
11 0 0 1 1 2 4
12 0 0 -1 1 2 2
13 0 0 2 2 2 4
14,15 0 0 1 1 2 2

First, consider the planes. From the tables above we see that m; (P) < ig+i1+i2
for all P # Ps. For example, consider Ps. If s =0, then s —a/2 -3 =3,if s =2
then s — a/2 — 8 =3, and if s > 4, then s — /2 — 3 > 4. Hence p(Ps) > 0. Also
v(Ps) > 0 for all values of u. Since my(Ps) = io+ i1 + 42 we have Ms = {Ps}. Since
My C{D,J}, D & P5 and J ¢ Ps, we see that (Con3) is false.

Next, consider the lines. From the tables above we see that mq(l) < 49 + 41 for
all I and mq () < ip + 41 except for I = Iy and possibly for I € {l11,l25,l28}. None
of these four lines are contained in P; and so (Con4) is false. Finally (Con2) is
true since J € l4 € M;. Hence, the construction is in class E.

Class E, Construction 3.

For this construction, i1 < 2ig — 5. Let
s =2ig — 5 — i1,
where s > 0. Further,
ig =201 +14+4c+u=4ip —10—-2s+1+4c+u,

and

IA

(4ig + 4iy — 49 —7)/3
(4io + 8ip — 20 — 4s — 49 — 7)/3
= 4ig—9—4s/3 — 49/3.

19

Combining these two relations, we get

—2s+4c+u < —4s/3 —49/3
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and so

s> 6¢c+ 3u/2+ 29. (12)

For the further analysis, we consider 4; odd in detail (i; even is similar and is
omitted). First, we show that m3(p) > 0 for all p. For p € {A,B,E,I,J, L, M} this
is obvious. Consider p € {F,G,H, K, N,O}. In these cases d(p) = 1. Hence

12m3(p)

Hence m3(p) > 0. Finally,

6m3(C)

6m3(D)

Il

A

Il

vV

v v

v

6(i1 — 1) — 3(iz — 201 — 1 — u) — 12¢(p)

1241 — 3io — 3+ 3u — 122(p)

124 — (4o + 441 — 49 —7) — 3 + 3u — 122(p)
8i1 — 4ip + 49 + 4 + 3u — 12¢(p)

8(ig — 1)/2 — 4ig + 49 + 4 + 3u — 12¢(p)

49 + 3u — 12¢(p) > —9.

6ig — 3(i2 — 2iy — 1 —u) — 12 — 6¢(C)

3(ig + 2i1 — 2 — i2) + 3io + 3u — 3 — 6¢(C0)
3(io — 1 +u —2¢(C))

33—1-1)>0,

6i1 — 6ig + 3(ia — 2iy — 1 —u) + 12 + 6(D)
3(ia — 2ig + 3) + 62(D)

6¢(D) > 0.

In the following table we give the values of ig — m3(p). Combining this with (12)
and the definition of ¢(p), we see that m3(p) < ig for all p # J.

P io —m3(p) =

J 0

AE 2+5/2—c—e(A)
B,I 2+ s/2—c—¢e(B)
C 2+2c+¢e(A) +e(B)
D 3+s—2c—e(A) —e(B)
F 3+5/2+c+e(F)
G,N 3+5/2+c+e(B)
H 3+s/24+c+e(H)
K,O 3+s/24+c+e(A)
L 24+ s/2—c—e(F)
M 2+5/2—c—e(H)

Next, consider the planes. From the following table of ig + i1 + i2 — m3(F;), we

see that if mg(P) < ig + i1 + iz for P # P5. Hence My = {Ps}.
{ io + i1 + 92 —m3(P;) =
5 0
1,2,3,7,9,12,15 1+4c+e(A)+e(B) +e(F)+e(H)
4 44 2c+s—2e(A) +2e(F) +2e(H)
6 4+2c+s+2e(B)
8 44 8c+2¢(A) + 2¢(B) + 2e(F) + 2¢(H)
10 4+ 8¢+ 4e(A) + 2e(B) + 2¢(H)
11 44 2c+ s+ 2e(A) —2e(B) + 2¢(F)
13 4+ 8c+2¢(A) + 4e(B) + 2¢(F)
14 A+ 2+ s+ 2e(H)
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Finally, consider the lines. From the following table of ig 4+ i1 — ms3(l;), we see
that if ¢ ¢ {4,11,17,25,28, 30,34}, then m3(l;) < igp + 41. None of the lines ! for
which m3(l) = 4o + 41 are contained in Ps. As for construction 1, it follows that mg
is in class E.

) 19+ 11 — m3(lz) =
4,11,17,25,28,30,34 0

9 1

14 1+¢e(A) —e(F)

19 1+¢e(B)—e(H)

1 3—2c+s—2(A)

2 3—2c+s—2e(A) —e(B) +e(H)
3 3—2c+s—¢e(A) —2(B) +e(F)
5 3—2c+s—2¢(B)

6 3—2c+s—¢e(A) —e(F)

7 3—2c+s—¢e(B)—e(H)

10 3+c+s/2—e(A)+e(F)+e(H)
13,26 3+c+s/2+¢(B)

15,33 3+4c+s/2+c(H)

18 3+ c+5/2+2e(A) —e(B)

23 3+ c+s/2—e(A)+e(B)+e(F)
27 3+c+s/2+¢e(A) —e(B) +e(F)
29 3+c+s/2+e(A)+e(F)—e(H)
31 3+c+s/2+e(A)+e(B)—e(F)
32 34+ c+5/2+2e(B)—e(H)

35 3+c+s5/2+e(A)—e(F)+e(H)
20 3+ 4c+e(A) +2e(B) +e(F)

21 3+ 4c+ 2¢(A) + 2¢(B)

22 3+4c+2¢(A) +e(B)+¢e(H)

8 1—-3c+s/2—2e(A) —e(B)

12 1-3c+s/2—¢e(A) —e(F)—e(H)
16 1—-3c+s/2—2¢(B)—e(H)

24 1-3c+s/2—e(A) —e(B) —e(F)
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