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Chapter 1IntroductionIn many binary communication systems, the probabilities of the crossovers1 ! 0 and 0 ! 1 are approximately the same, and the systems are wellmodeled by the binary symmetric channel (BSC). Error correcting codes forBSCs have been studied extensively, see e.g. [61].In other communication systems, the probability of a 1 ! 0 crossoveris much larger than the probability of a 0 ! 1 crossover. This applies, forinstance, to some data storing systems, see Constantin and Rao [14] andoptical communication, see McEliece and Rodemich [64]. Neglecting the lowprobability 0 ! 1 crossover, the communication system is modeled by theZ-channel. Error correcting codes for the Z-channel have been much lessstudied than the codes for the BSC.In the following notes, I give a uni�ed account of error correcting codesfor the Z-channel. The notes are based on lectures given at the Universityof Bergen, in the autumn term 1980, and more resent results (up to 1983)have been included. At the end of each chapter, I have given references forthe results of that chapter.
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Chapter 2De�nitions and basic results
2.1 The Z-channelDe�nition 2.1 The binary (completely) asymmetric channel (the Z-channel) is the channel with f0; 1g as input and output alphabets, wherethe crossover 1! 0 occurs with positive probability p, whereas the crossover0! 1 never occurs, cfr. Fig 2.1.

-��������*-1 10 01� p1p
Figure 2.1: The binary asymmetric channelInterchanging the role of "0" and "1" (complemenatation) we get a "com-plementary Z-channel". Any code for the Z-channel will by complementationgive a code with the same properties for the complementary channel. How-ever, it turns out that a code for the Z-channel will be a code with the sameerror correcting capabilities for the complementary Z-channel also withoutcomplementation. 7



8 CHAPTER 2. DEFINITIONS AND BASIC RESULTS2.2 CodesDe�nition 2.2 A code of length n is a subset of f0; 1gn.De�nition 2.3 A code C is a t-code (i.e. t asymmetric error correctingcode) if it can correct up to t errors, that is, there exists a rule (a decoder)such that if x 2 C and v is obtained from x by changing at most t 1s in xin 0s, then the rule will recover x from v.De�nition 2.4 The set of all t-codes of length n will be denoted by A(n; t).De�nition 2.5 The maximal size of a t-code of length n will be denoted by�(n; t).2.3 Asymmetric distanceDe�nition 2.6 For x = (x1; x2; : : : ; xn);y = (y1; y2; : : : ; yn) 2 f0; 1gn let(i) N(x;y) := #fi j xi = 0 and yi = 1g;(ii) �(x;y) := maxfN(x;y); N(y;x)g;(iii) d(x;y) := N(x;y) +N(y;x);(iv) x � y if and only if N(y;x) = 0:Here and in the following #X denotes the cardinality of the set X.Both � and d are metrics on f0; 1gn, we leave the easy veri�cation to thereader. d is the Hamming metric and � the asymmetric metric (thename may be confusing, the metric is of course symmetric, i.e. �(x;y) =�(y;x). "Asymmetric" refers to the metric's importance in the study ofcodes for the asymmetric channel).De�nition 2.7 For x 2 f0; 1gn letw(x) := #fi j xi = 1g:w(x) is known as the (Hamming) weight of x. Note thatw(x) = d(x; 0) = �(x; 0):Here and in the following we use the notations0 = (0; 0; : : : ; 0) and 1 = (1; 1; : : : ; 1):



2.3. ASYMMETRIC DISTANCE 9Sometimes we �nd it convenient to illustrate parts of proofs by �gures.This will be done as in Figure 2.2. The �gure has the following interpretation:x and y are binary vectors of the same length, say n. There are a positionsi such that xi = yi = 0 (these positions need not be adjacent), b positionsi such that xi = 0 and yi = 1, etc. Hence b = N(x;y), c = N(y;x),b + c = d(x;y), c+ d = w(x), a+ b + c+ d = n, etc.yx 0 01 10 0 1 1a b c d� � � �� � � �� � � �� � � �Figure 2.2:The two metrics d and � are related as shown by the following lemma.Lemma 2.1 For x;y 2 f0; 1gn we have2�(x;y) = d(x;y) + jw(x)� w(y)j:Proof: First we note that (cfr. Figure 2.3)N(x;y) + w(x) = N(y;x) + w(y):By symmetry, we may assume that w(x) � w(y). Then N(x;y) � N(y;x).yx 0 01 10 0 1 1N(x;y) w(x)� �� �� �� �� � �� � �� � �� � �N(y;x)w(y)& %Figure 2.3:Hence 2�(x;y) = 2N(y;x)= N(x;y) +N(y;x) + (N(y;x)�N(x;y))= d(x;y) + w(x)� w(y):



10 CHAPTER 2. DEFINITIONS AND BASIC RESULTSDe�nition 2.8 For x 2 f0; 1gn, letSt(x) = �v 2 f0; 1gn ���� v � x and N(v;x) � t�:St(x) is the set of vectors obtained by changing t or less 1s in x into 0s.Lemma 2.2 C 2 A(n; t) if and only if St(x) \ St(y) = ; for all x;y 2 C,x 6= y.Proof: If St(x) \ St(y) = ; for all x;y 2 C, x 6= y, then a decoding rule isto decode v into the unique x such that v 2 St(x). Hence C 2 A(n; t). Onthe other hand, if v 2 St(x) \ St(y) for some x;y 2 C, x 6= y, then there isno way to tell if v is obtained from x or from y. Hence, C 62 A(n; t).Theorem 2.1 C 2 A(n; t) if and only if �(x;y) > t for all x;y 2 C, x 6= y.Proof: If C 2 A(n; t) and x 2 C, let u be any vector such that u 6= x and�(u;x) � t. De�ne v byvi = ( 1 if xi = ui = 1;0 otherwise:Then v 2 St(x) \ St(u) (cfr. Figure 2.4). By Lemma 2.2, u 62 C. Hence�(x;y) > t for all x;y 2 C, x 6= y. On the other hand, if C 62 A(n; t),
vux 0 0 0 10 01 10 0 1 1

N(v;u)= N(x;u)� t N(v;u)= N(u;x)� t� �� �� �� �
Figure 2.4:then there exist x;y 2 C, x 6= y, and a v 2 St(x) \ St(y). Then (cfr.Figure 2.5) N(x;y) � N(v;y) � t and N(y;x) � N(v;x) � t. Hence�(x;y) � t. �



2.3. ASYMMETRIC DISTANCE 11
vyx 0 0 0 0 1110 01 10 0 1 1

N(x;y) N(y;x)� �� �� �� �� �� �� �� �N(v;y)& %
� ���N(v;x)

Figure 2.5:If we use Lemma 2.1, we see that C is a t-code if and only if d(x;y) +jw(x)� w(y)j > 2t for all x;y 2 C, x 6= y. This may be compared with thefact that a code C corrects t errors on the binary symmetric channel if andonly if d(x;y) > 2t for all x;y 2 C.Finally, we prove another lemma which generalizes Lemma 2.2 and whichwill be applied in the next chapter.De�nition 2.9 For s � 0, s0 � 0, and x 2 f0; 1gn, letSs0;s(x) = �v 2 f0; 1gn ���� v � x and N(v;x) � s�[�v 2 f0; 1gn ���� x � v and N(x;v) � s0�:Note that St(x) = S0;t(x).Lemma 2.3 Let C 2 A(n; t) and 0 � s � t. If x;y 2 C, x 6= y, thenSt�s;s(x) \ St�s;s(y) = ;.Proof: Suppose that v 2 St�s;s(x)\ St�s;s(y). Without loss of generality, wemay assume that y � x, i.e. N(x;y) = 0, and so �(x;y) = N(y;x). Weconsider three cases, which also are illustrated by �gures.Case I, v � y � x. ThenN(y;x) = N(v;x)�N(v;y) � N(v;x) � s � t:Hence �(x;y) � t, contradicting Theorem 2.1.



12 CHAPTER 2. DEFINITIONS AND BASIC RESULTS
vyx 0 0 0 10 0 1 10 1 1 1

N(y;x) N(v;y)� �� �� �� �
� ���N(v;x)
Figure 2.6: Case I, v � y � x.Case II, y � v � x. In this case�(x;y) = N(y;x) = N(v;x) +N(y;v) � s+ (t� s) = t;again contradicting Theorem 2.1.

vyx 0 0 1 1100 0 01 1 1
N(v;x) N(y;v)� �� �� �� �
� ���N(y;x)

Figure 2.7: Case II, y � v � x.Case III, y � x � v. In this case�(x;y) = N(y;x) � N(y;v) � t� s � t;again contradicting Theorem 2.1.2.4 Notes2.1. The capacity of the Z-channel was determined by Silverman [74].2.3. Our de�nition of asymmetric metric is due to Rao and Chawla [69].Varshamov [82] introduced a metric � de�ned by�(x;y) = d(x;y) + jw(x)� w(y)j:



2.4. NOTES 13
vyx 0 1 1 10 0 0 10 0 1 1

N(x;v) N(y;x)� �� �� �� �
� ���N(y;v)

Figure 2.8: Case III, y � x � v.By Lemma 2.1, �(x;y) = 2�(x;y).Theorem 2.1 is essentially due to Kim and Freiman [50]. They provedthat C 2 A(n; y) if and only if for all x;y 2 C, x 6= y we have(i) jw(x)� w(y)j � t+ 1or (ii) jw(x)� w(y)j � t and d(x;y) � 2(t+ 1)� jw(x)� w(y)j:Varshamov [82] formulated the same result in terms of the metric �.Lemma 2.3 is due to Delsarte and Piret [18].
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Chapter 3Upper bounds
3.1 The Varshamov boundIn this chapter we give some upper bounds on �(n; t). We �rst give a bounddue to Varshamov which is easy to formulate and prove. We use the followingnotations.De�nition 3.1 For x = (x1; x2; : : : ; xn) 2 f0; 1gn letx := (1� x1; 1� x2; : : : ; 1� xn):De�nition 3.2 For C � f0; 1gn letC := fx j x 2 Cg:De�nition 3.3 For C � f0; 1gn letCr := #fx 2 C j w(x) = rg:Lemma 3.1 If C 2 A(n; t), then C 2 A(n; t).Proof: We haveN(x;y) = #fi j 1� xi = 0 and 1� yi = 1g= #fi j xi = 1 and yi = 0g = N(y;x):Hence �(x;y) = maxfN(x;y); N(y;x)g = �(y;x). By Theorem 2.1C 2 A(n; t) ) �(y;x) > t for all y;x 2 C; y 6= x) �(x;y) > t for all x;y 2 C; x 6= y) C 2 A(n; t):15



16 CHAPTER 3. UPPER BOUNDSTheorem 3.1 For n � 1 and t � 1 we have�(n; t) � 2n+1Ptj=0 n�bn=2cj �+ �dn=2ej �o :Proof: Let C 2 A(n; t). By Lemma 2.2, Sx2C St(x) is a disjoint union.Further, if w(x) = r, then #St(x) = Ptj=0 �rj�. Hence2n � # [x2C St(x) = Xx2C#St(x) = nXr=0Cr tXj=0 rj!:By Lemma 3.1, C 2 A(n; t). Since Cr = Cn�r, we similarly get2n � nXr=0Cn�r tXj=0 rj! = nXr=0Cr tXj=0 n� rj !:Adding the two inequalities, we get2n+1 � nXr=0Cr tXj=0( rj!+  n� rj !) :Since  rj!+  n� rj ! �  bn=2cj !+  dn=2ej !for all r and j, we get2n+1 � nXr=0Cr tXj=0( bn=2cj !+  dn=2ej !) = #C tXj=0( bn=2cj !+  dn=2ej !) :Hence #C � 2n+1Ptj=0 n�bn=2cj �+ �dn=2ej �ofor all C 2 A(n; t). �For t = 1 we get �(n; 1) � 2n+1=(n+ 2).



3.2. THE PROGRAMMING BOUND 173.2 The programming boundLemma 3.2 Let n > t � 1. If C 2 A(n; t), then there exists a code C 0 2A(n; t) such that 0; 1 2 C 0 and #C 0 � #C.Proof: If w(x) � t, then 0 2 St(x). Hence C contains at most one codewordof weight t or less. We remove this from C (if it exists) and include 0.Similarly, there is at most one codeword of weight n � t or more. Thiswe replace with 1. The resulting code is C 0 which clearly has the statedproperties. �Lemma 3.3 Let C 2 A(n; t), 0 � r � n, and 0 � s � t. ThensXj=0 r + jr !Cr+j + t�sXi=1  n� r + 1n� r !Cr�i �  nr!:Proof: By Lemma 2.3, Sx2C St�s;s(x) is a disjoint union. If x 2 C andw(x) = r + j, where 0 � j � s, then St�s;s(x) contains �r+jr � vectors ofweight r. If x 2 C and w(x) = r � i, where 1 � i � t � s, then St�s;s(x)contains �n�r+in�r � vectors of weight r. Hence the number of vectors of weightr in Sx2C St�s;s(x) issXj=0 r + jr !Cr+j + t�sXi=1 n� r + 1n� r !Cr�i:Since the total number of vectors of weight r in f0; 1gn is �nr�, the lemmafollows. �De�nition 3.4 A(n; d; w) denotes the maximal number of vectors in f0; 1gnof weight w and with Hamming distance at least d apart.Lemma 3.4 Let C 2 A(n; t) and 0 � r � n. ThenrXj=sA(r � s; 2t+ 2; r � j)Cj � A(n+ r � s; 2t+ 2; r):



18 CHAPTER 3. UPPER BOUNDSProof: For s � j � r, let Ej be a code of length r� s, constant weight r� j,and Hamming distance at least 2t+ 2 between distinct codewords, and suchthat #Ej = A(r � s; 2t+ 2; r � j). LetX = r[j=s�(xjv) ���� x 2 C; w(x) = j; v 2 Ej�:Then X is a code of length n+(r� s) and constant weight r. We shall provethat the Hamming distance between distinct codewords inX is at least 2t+2.Let (xjv); (x0jv0) 2 X, (xjv) 6= (x0jv0). Thend((xjv); (x0jv0)) = d(x;x0) + d(v;v0):If x = x0, then v;v0 2 Ew(x) and v 6= v0. Henced((xjv); (x0jv0)) = d(v;v0) � 2t+ 2:If x 6= x0, then �(x;x0) � t+ 1. Further,d(v;v0) � jw(v)� w(v0)j = jw(x)� w(x0)j:Henced((xjv); (x0jv0)) � d(x;x0) + jw(x)� w(x0)j = 2�(x;x0) � 2t+ 2:ThereforeA(n + r � s; 2t+ 2; r) � #X = rXj=s#fx 2 C j w(x) = jg#Ej= rXj=sCjA(r � s; 2t+ 2; r � j): �Theorem 3.2 For n � 2t � 2, letM(n; t) := max nXr=0 zrwhere the maximum is taken over all (z0; z1; : : : ; zn) satisfying the followingconstraints.



3.3. THE CONSTANT WEIGHT CODE BOUND 19(i) zr are non-negative integers,(ii) z0 = zn = 1, zr = zn�r = 0 for 1 � r � t,(iii) Psj=0 �r+jr �zr+j +Pt�si=1 �n�r+1n�r �zr�i � �nr� for 0 � s � t, 0 � r � n,(iv) Prj=sA(r � s; 2t+ 2; r � j)zj � A(n+ r � s; 2t+ 2; r) for 0 � s � r,(v) Prj=sA(r � s; 2t+ 2; r � j)zn�j � A(n+ r � s; 2t+ 2; r) for 0 � s � r.Then �(n; t) �M(n; t).Proof: Let C 2 A(n; t) be a code of size �(n; t). By Lemma 3.2 we mayassume that 0; 1 2 C. Hence C0 = Cn = 1 and Cr = Cn�r = 0 for 1 � r � t.Therefore zr = Cr for r = 0; 1; : : : ; n satis�es (i) and (ii). By Lemma 3.3 itsatis�es (iii). By Lemma 3.4 it satis�es (iv), and by Lemma 3.4 applied toC it satis�es (v). HenceM(n; t) � nXr=0Cr = #C = �(n; t): �The bound given by Theorem 3.2 is the best upper bound known for�(n; t). The bound is not explicit, it is given as the solution of an integerprogramming problem. Other bounds which are weaker, but are simpler tocompute, are given below.3.3 The constant weight code boundTheorem 3.3 For n > 2t � 2, let Bt; Bt+1; : : : ; Bn�t�1 be de�ned byBt := 2;Br := mint�j<r�Bj + A(n+ r � j � 1; 2t+ 2; r)� for r > t:Then �(n; t) � Bn�t�1.Proof: By the de�nition of the Br, there exist r0; r1; : : : ; rm such thatt = r0 < r1 < � � � < rm = n� t� 1and Brj = Brj�1 + A(n+ rj � rj�1 � 1; 2t+ 2; rj)



20 CHAPTER 3. UPPER BOUNDSfor 1 � j � m. ThereforeBn�t�1 = 2 + mXj=1A(n+ rj � rj�1 � 1; 2t+ 2; rj):Let C 2 A(n; t) be such that 0; 1 2 C and #C = �(n; t). By lemma 3.4,Pri=s Ci � A(n + r � s; 2t+ 2; r), and so we get�(n; t) = nXi=0Ci = 2 + n�t�1Xi=t+1 Ci= 2 + mXj=1 rjXi=rj�1+1Ci� 2 + mXj=1A(n+ rj � rj�1 � 1; 2t+ 2; rj) = Bn�t�1:3.4 An almost explicit boundBy relaxing some of the constraints in Theorem 3.2, we can obtain a linearprogramming problem which can be solved.Theorem 3.4 For n > 2t � 2, let y0; y1; : : : ; yn be de�ned byy0 := 1;yr := 0 for 1 � r � t;yt+r := 1�t+rt � 8<: nr!� t�1Xj=0 yr+j r + jj !9=; for 1 � r � n2 � t;yn�r := yr for 0 � r � n2 :Then �(n; t) � Pnr=0 yr.Proof: Let M�(n; t) := maxPnr=0 zr, where the maximum is taken over thefollowing constraints.(i) zr are non-negative integers,(ii) z0 = 1, zr = 0 for 1 � r � t,(iii) Ptj=0 �r+jr �zr+j � �nr� for 0 � r � n2 � t,(iv) zn�r = zr for 0 � r � n2 .



3.4. AN ALMOST EXPLICIT BOUND 21Let ~z0; ~z1; : : : ; ~zn be integers satisfying (i)-(v) in Theorem 3.2, and suchthat Pnr=0 ~zr = M(n; t). Let zr = (~zr + ~zn�r)=2 for 0 � r � n. Thenz0; z1; : : : ; zn clearly satisfy (i), (ii) and (iv) in Theorem 3.4. They alsosatisfy (iii) since this is obtained from (iii) in Theorem 3.2 by putting s = tand s = 0 and adding. Finally, we note thatM�(n; t) � nXr=0 zr = M(n; t) � �(n; t):We shall prove that y0; y1; : : : ; yn is the unique solution giving the maximumM�(n; t).Let z0; z1; : : : ; zn be real numbers satisfying (i)-(iv) andPnr=0 zr = M�(n; t).Let Zr = Ptj=0 zr+j�r+jj �. We shall prove that Zr = �nr� for 0 < r � n2 � t.We split the proof in three lemmas.Lemma 3.5 If Zk < �nk� for some k, 0 < k � n2 � t, and zk+t+u = 0 for1 � u � s, where 1 � s � minnt; n2 � t� ko, then Zk+s < � nk+s�.Proof: Zk+s = tXj=0 zk+s+j k + s+ jk + s != tXj=s zk+j k + jk + s! since zk+j = 0 for t < j � t+ s= tXj=s zk+j k + jk ! �js��k+ss �� �ts��k+ss � tXj=s zk+j k + jk !
� �ts��k+ss �Zk< �ts��k+ss � nk! <  nk + s!:Lemma 3.6 If 0 < k � n2�t and zk+t+u = 0 for 1 � u � minnt; n2 � t� ko,then Zk = �nk�.



22 CHAPTER 3. UPPER BOUNDSProof: Suppose that Zk < �nk�. Let� = min8<:� nk+s�� Zk+s�k+tk+s� ���� 0 � s � min�t; n2 � t� k�9=; :By Lemma 3.5, � > 0. Letz�k+t = zk+t +�;z�r = zr for 0 � r � n2 ; r 6= k + t;z�n�r = z�r for 0 � r � n2 :Then z�0 ; z�1 ; : : : ; z�n clearly satisfy (i), (ii) and (iv). They also satisfy (iii): ifr < k or r > k + t, then Z�r = Zr < �nr�, and if 0 � s � t, thenZ�k+s = Zk+s +  k + tk + s!� �  nk + s!:On the other hand, nXr=0 z�r � nXr=0 zr +� > M�(n; t):This contradicts the de�nition of M�(n; t). Hence Zk = �nk�.Lemma 3.7 If 0 < k � n2 � t and there exists a J such that 1 � J �minnt; n2 � t� ko, zk+t+J > 0, and zk+t+u = 0 for 1 � u � J , then Zk = �nk�.Proof: Suppose that Zk < �nk�. Let� = min8<:�k+t+Jk+t �� tJ� zk+t+J ;min8<:� nk+s�� Zk+s�k+tk+s� ���� 0 � s � J9=;9=;and � = � tJ��k+t+Jk+t ��:



3.4. AN ALMOST EXPLICIT BOUND 23By Lemma 3.5, � > � > 0. Letz�k+t = zk+t +�;z�k+t+J = zk+t+J � �;z�r = zr for 0 � r � n2 ; r 6= k + t; r 6= k + t+ J;z�n�r = z�r for 0 � r � n2 :Clearly z�0 ; z�1 ; : : : ; z�n clearly satisfy (ii) and (iv). They also satisfy (i) since� � zk+t+J . To show that they satisfy (iii) we consider the various cases:Z�r = Zr <  nr! for r < k or r > k + t + J;Z�k+s = Zk+s +  k + tk + s!� �  nk + s! for 0 � s < J;Z�k+s = Zk+s �  k + t+ Jk + s !� <  nk + s! for t < s < t + J;Z�k+s = Zk+s +  k + tk + s!��  k + t+ Jk + s !� � Zk+s �  nk + s! for t < s < t + Jsince  k + tk + s!��  k + t+ Jk + s !� =  k + tk + s!�8<:1� � tJ��t+J�sJ �9=; � 0:As in the proof of Lemma 3.6 we get Pnr=0 z�r > M�(n; t), a contradiction.To complete the proof of Theorem 3.4, we observe that if 0 < r � n2 � t,then, by Lemmas 3.6 and 3.7,tXj=0 zr+j r + jj ! = Zr =  nr!:Together with (ii) and (iv), this determines the zr uniquely, and by inductionwe get zr = yr for all r. Hence, �(n; t) �M�(n; t) = Pnr=0 yr. �The bound given by Theorem 3.4 is usually weaker than M(n; t). How-ever, it is quite simple to compute. Moreover, there exists a more explicitexpression for yr.



24 CHAPTER 3. UPPER BOUNDSTheorem 3.5 Let �t(m) be de�ned by�t(m) = 0 for m < 0;�t(0) = 1;�t(m) = � tXj=0�t(m+ j � t) t!j! for m > 0:Then yk+t = kXm=1 �t(k �m) t!m!(t+ k)! nm! for 0 � k � n2 � t; (3.1)and there exist complex numbers �1; �2; : : : ; �t, �1; �2; : : : ; �t such that�t(m) = tXj=1 �j�mj for all m � 0: (3.2)In particular, for m � 0 we have�1(m) = (�1)m;�2(m) = �(�1 + i)m�1 � (�1� i)m�1:Proof: We prove (3.1) by induction on k. For k = 0 we get yt = 0 which istrue. Let k > 0 and suppose that (3.1) is true for lower values. Thenyt+k = �nk��t+kt � � t�1Xj=0 �k+jj ��t+kt � k+j�tXm=1 �t(k + j � t�m) t!m!(k + j)! nm!= �t(0) t!k!(t+ k)! nk!� k�1Xm=1 t!m!(t+ k)! nm! t�1Xj=0 t!j!�t(k �m + j � t)= kXm=1 �t(k �m) t!m!(t + k)! nm!:To prove (3.2), we note that �t(m) is the solution of a linear recurrence whosecharacteristic polynomial is ft(x) = tXj=0 t!j!xj:



3.5. THE BORDEN BOUNDS 25Since ddxft(x) = ft(x)�xt and ft(0) 6= 0, all the zeros of the equation ft(x) = 0are simple. Hence �t(m) = Ptj=1 �j�mj for m � 0, where �1; �2; : : : ; �t are thezeros of ft(x) and �1; �2; : : : ; �t are suitable complex numbers. In particular,f1(x) = x + 1 with the zero �1 = �1 and f2(x) = x2 + 2x + 2 with the zeros� = �1� i.3.5 The Borden boundsDe�nition 3.5 Let u : Z ! f0; 1gt be de�ned byu(w) := (s(w); s(w + 1); : : : ; s(wt � 1))where s(w) := 0 if w � 0; 1; : : : ; t (mod 2t+ 2);:= 1 if w � t+ 1; t+ 2; : : : ; 2t+ 1 (mod 2t+ 2):Further, let f(w;w0) := d(u(w);u(w0)):Lemma 3.8 We have(i) f(w;w0) = f(w0; w),(ii) f(w + t+ 1; w0) = t� f(w;w0),(iii) f(0; 0) = 0,f(0; w0) = w0 � 1 for 1 � w0 � t + 1,f(w;w0) = w0 � w for 1 � w � w0 � t + 1,f(w;w0) = w0 � w � 1 for 1 � w � t+ 1 and t + 2 � w0 � w + t + 1,(iv) if w � w0 � w + t+ 1, then w0 � w � 1 � f(w;w0) � w0 � w.Proof: (i) is obvious and (ii) follows from the fact that u(w+ t+1) = u(w).Combining this and the fact that u(0) = u(1) = 0 andu(w) = (0; 0; : : : ; 0; w�1z }| {1; 1; : : : ; 1)for 1 � w � t+ 1, we get (iii). Finally, we get (iv) by combining (i), (ii) and(iii).



26 CHAPTER 3. UPPER BOUNDSDe�nition 3.6 A(n; t) is the maximal number of codewords in a binary codeof length n and Hamming distince d between distinct codewords.Theorem 3.6 For n � t we have �(n; t) � A(n+ t; 2t+ 1).Proof: Let C 2 A(n; t). De�neD := �(xju(w(x)) ���� x 2 C�:Clearly, D � f0; 1gn+t. We shall prove that if x;y 2 C, x 6= y, thend((xju(w(x))); (yju(w(y)))) � 2t+ 1:This implies that #C = #D � A(n + t; 2t+ 1), and the theorem follows.Hence, let x;y 2 C, x 6= y. Without loss of generality assume thatN(y;x) � N(x;y). This implies that N(y;x) = �(x;y) � t + 1 and thatw(x) � w(y). We haved((xju(w(x))); (yju(w(y)))) = d(x;y) + d(u(w(x));u(w(y)))= N(x;y) +N(y;x) + f(w(x); w(x)):If N(x;y) + N(y;x) � 2t + 1, then we are �nished. If, on the other hand,N(x;y) +N(y;x) � 2t, then N(x;y) � t� 1. We consider two cases.Case I, N(y;x) �N(x;y) � t + 1. Then w(y) � w(x) � w(y) + t + 1, andhence f(w(x); w(y)) � w(x)� w(y)� 1= N(y;x)�N(x;y)� 1� 2t+ 1�N(y;x)�N(x;y):Case II, t+2 � N(y;x)�N(x;y) � 2t. Then w(y)+t+2 � w(x) � w(y)+2tand so w(y) � w(x)� t� 1(2?) � w(y) + t� 1. Hencef(w(x); w(y)) = t� f(w(x); w(y)� t� 1)� t� (w(x)� t� 1� w(y))= 2t+ 1� (w(x)� w(y))= 2t+ 1� (N(y;x)�N(x;y))� 2t+ 1�N(y;x)�N(x;y):Hence N(x;y) +N(y;x) + f(w(x); w(y)) � 2t+ 1 in both cases.



3.6. NOTES 27Theorem 3.7 For n � t we have �(n; t) � (t+ 1)A(n; 2t+ 1).Proof: Let C 2 A(n; t) with #C = �(n; t). For r = 0; 1; : : : ; t, letSr = �x 2 C ���� w(x) � 2r or 2r + 1 (mod 2t+ 2)�:We shall prove that Sr is a code with Hamming distance at least 2t + 1between distinct codewords. Let x;y 2 Sr, x 6= y. Thenjw(x)� w(y)j � 1, in which cased(x;y) = 2�(x;y)� jw(x)� w(y)j � 2(t+ 1)� 1 = 2t+ 1;or jw(x)� w(y)j � 2t+ 1, in which cased(x;y) � jw(x)� w(y)j � 2t+ 1:Hence #Sr � A(n; 2t+ 1) for r = 0; 1; : : : ; t and so�(n; t) = #C = tXr=0#Sr � (t+ 1)A(n; 2t+ 1):Corollary 3.1 For n � t we have�(n; t) � (t+ 1)2nPtj=0 �nj� = (t+ 1)!2nnt �1 + o(n)�:Proof: The Hamming bound, see e.g. MacWilliams and Sloane [61] statesthat A(n; 2t+ 1) � 2nPtj=0 �nj� :3.6 Notes3.1. Lemma 3.1 and Theorem 3.1 are due to Varshamov [82].3.2. The �rst programming bound was given by Goldbaum [41]. The presentpresentation follows Kløve [56].Lemma 3.3 is due to Delsarte and Piret [18], the special case s = t hadbeen proved by Goldbaum [41].Lemma 3.4 is due to Kløve [56]; Delsarte and Piret [18] gave the resultPrj=sCj � A(n + r � s; 2t+ 2; r).



28 CHAPTER 3. UPPER BOUNDS3.3 and 3.4 are from Kløve [56].3.5. The bound �(n; 1) � A(n+1; 3) was proved by Stanley and Yoder [76].The general Theorems 3.6 and 3.7 was given by Borden [6]. Bassalygo[4] gave the bound �(n; t) � (2t+ 1)A(n; 2t+ 1).It appears that for large n, Theorem 3.4 gives the best explicit boundon �(n; 1) and Theorem 3.7 combined with known bounds on A(n; d)gives the best explicit bound on �(n; t) for t > 1.



Chapter 4Codes correcting single errorsIn this chapter we describe the known 1-codes. For each code we give adecoding algorithm in a Pascal-like language. The existence of a decodingalgorithm of course proves that the code is a 1-code. In the next chapter,we describe the known t-codes for t > 1. A code correcting t errors onthe binary symmetric channel is in particular a t-code. However, we willrestrict ourselves to codes which are designed to correct asymmetric errors(i.e. 1 ! 0 errors). The decodings algorithms, may or may not be e�cient,the main emphasis is to show that unique decoding is possible, i.e. that thecodes are able to correct t errors.4.1 Kim-Freiman codesFor m � 1, let Hm be a code of length m which is able to correct onesymmetric error.Code construction.If n = 2m, thenC = �(xjx�h) ���� x 2 f0; 1gm; w(x) even, h 2 Hmnf0g�[�(xjx) ���� x 2 f0; 1gm�:If n = 2m+ 1, thenC = �(xj(xj0)�h) ���� x 2 f0; 1gm; w(x) even, h 2 Hm+1nf0g�[�(xjxj0) ���� x 2 f0; 1gm�:29



30 CHAPTER 4. CODES CORRECTING SINGLE ERRORSDecoding algorithm for n = 2m.Comment: The received vector is (yjy0) where y;y0 2 f0; 1gm.if (there exist c 2 Hm such that d(y� y0; c) � 1)then g := celse decoding has failed;if (g = 0) thenif (w(y) � w(y0)) then z := (y0jy0)else z := (yjy)elseif (w(y) is even) then z := (yjy� g)else z := (y0 � gjy0);decode into z.The decoding algorithm is similar when n = 2m + 1.Proof of the decoding algorithm.Case I, (xjx� h) is sent, where w(x) is even, and h 6= 0.Subcase Ia, no errors occurs or one error occurs in the second part. Theny = x and y0 = (x � h) � e where w(e) � 1. Hence y � y0 = h � e and sog = h 6= 0. Further, w(y) = w(x) is even, and so z = (yjy�h) = (xjx�h).Subcase Ib, one error occurs in the �rst part. In this case y = x � e andy0 = x � h where w(e) � 1. Hence g = h, w(y) is odd, and so z =(y0 � hjy0) = (xjx� h).Case II, (xjx) is sent.Subcase IIa, no errors occurs or one error occurs in the �rst part. Theny = x� e, y0 = x, g = 0, w(y) � w(y0). Hence z = (y0jy0) = (xjx).Subcase IIb, one error occurs in the second part. This subcase is similar.The size of the codes.Let hm = #Hm. The size of the Kin-Freiman code is2m�1(1 + hm) if n = 2m;2m�1(1 + hm+1) if n = 2m + 1:.Remark. If n = 2r � 1, the Kim-Freiman code of length n is smaller thanthe Hamming code of the same length, for all other values of n it is larger.



4.2. STANLEY-YODER CODES 314.2 Stanley-Yoder codesCode construction.Let G be a group of order n+ 1 such that every element commutes with itsconjugates (i.e. abab�1 = bab�1a for all a; b 2 G). Let g1; g2; : : : ; gn; gn+1be an ordering of the elements of G such that every conjugacy class appearsas a set of consecutive elements, gm; gm+1; : : : ; gm+k, in the ordering, andgn+1 = e, the identity. For every g 2 G, letCg = ((x1; x2; : : : ; xn) 2 f0; 1gn ���� nYi=1 gxii = g) :Decoding algorithm for Cg.Comment: The received vector is y; ek is the k'th unit vector.h := Qni=1 gyii ;k := 0;while (h 6= g and k � n) dobegink := k + 1;if (yk = 1) then begin h := g�1k h; g := g�1k g endelse if (gkh = g) then h := gend;if (k = 0) then decode into yelse if (k � n) then decode into y + ekelse decoding has failed.Proof of decoding algorithm.Let x 2 Cg be sent. If no errors has occurred, then y = x. In this case h = ginitially, we do not run through the while-loop at all, and we decode intoy = x.Suppose an error has occurred in position j. Thenyi = xi for i 6= j;yj = 0; xj = 1:



32 CHAPTER 4. CODES CORRECTING SINGLE ERRORSWe shall prove the following statement:(*) If the while-loop has been repeated k times, then(i) k < j; g = nYi=k+1 gxii ; h = nYi=k+1 gyii ; and h 6= gor (ii) k = j and g = h:First we note that if k < j, g = Qni=k+1 gxii , and h = Qni=k+1 gyii , then g =w1gjw2 and h = w1w2, and so g 6= h. We prove (*) by induction. Clearly(i) is true for k = 0. Suppose (*) for some k � 0. If k < j, then we repeatthe loop once more. We �rst increase k by one to K = k + 1. If yK = 1,then xK = 1 also. Hence we change g to Qni=K+1 gxii and h to Qni=K+1 gyii .Hence (i) of (*) is true for K = k + 1 in this case. On the other hand, ifyK = 0, then there are two possibilities for xK . If K = j, then xK = 1 andso h = Qni=K+1 gxii and g = gK Qni=K+1 gxii . Hence gKh = g and so (ii) istrue for K = k = 1 in this case. Finally, if K < j, then xK = 0. Hence,g = Qni=K+1 gxii and h = Qni=K+1 gyii . Suppose gKh = g. ThengK j�1Yi=K+1 gxii = 0@ j�1Yi=K+1 gxii 1A gj:Hence gK and gj are conjugates. This implies that gK; gK+1; : : : ; gj all belongto the same conjugacy class and hence they commute. Therefore gK = gjwhich is impossible since K < j. Therefore (i) is true in this case also. From(*) it follows that the while-loop is repeated until k = j. Then we go on anddecode into y + ej.The size of the codes.Since fCg j g 2 Gg is a partition of f0; 1g into n + 1 parts,maxg2G #Cg � 2nn+ 1 :Determination of #Cg has been done only for the codes based on an Abeliangroup G.



4.3. CONSTANTIN-RAO CODES 334.3 Constantin-Rao codesThese codes are the Stanley-Yoder codes based on an Abelian group G.Hence, if the group operation is written +, thenCg = ((x1; x2; : : : xn) ���� nXi=1 xigi = g) ;where g1; g2; : : : ; gn are the non-identity elements of G.For these codes there is a simpler decoding algorithm than the one givenfor Stanley-Yoder codes in general. Let g0 be the identity element.Decoding algorithm.Comment: The received vector is y;Comment: ek is the k'th unit vector for k > 0; e0 = 0.h := g �Pni=1 yigi;decode into y + ek where k is the index such that gk = h.Proof of decoding algorithm.Let x 2 Cg be sent. If no errors occur, then y = x and hence h = 0 = g0,and we decode into y+ e0 = x. If an error occurs in position j, then yi = xifor i 6= j and yj = 0, xj = 1. Hence h = Pni=1(xi� yi)gi = gj, and we decodeinto y + ej = x:4.4 Ananiashvili codesCode construction.Let u : f0; 1gk ! f0; 1gm, where m = dlog2(k + 1)e, be de�ned as follows:for (x1; x2; : : : ; xk) 2 f0; 1gk, let s be de�ned bys � kXi=1 xi i (mod k + 1); 0 � s � k;



34 CHAPTER 4. CODES CORRECTING SINGLE ERRORSand let Pm�1i=1 ui2i�1 be the binary expansion of s. Finally, letum � m�1Xi=1 ui (mod 2); um 2 f0; 1g:Then u(x) := (u1; u2; : : : ; um):The code is C := �(xju(x)) ���� x 2 f0; 1gk�:Decoding algorithm.Comment: The received vector is (yjv) where y 2 f0; 1gk, v 2 f0; 1gm.Comment: ej is the j'th unit vector for j > 0, e0 = 0.if (Pmi=1 vi � 1 (mod 2)) then decode into (yju(y))elsebegin determine b by b � Pm�1i=1 vi2i�1 �Pki=1 yi i (mod k + 1), 0 � b � k;y := y + eb;decode into (yju(y))end.Proof of decoding algorithm.Let (xju(x)) be sent.If no errors occur, then Pmi=1 vi � 0 (mod 2), andb � m�1Xi=1 ui2i�1 � kXi=1 xii � s� s � 0 (mod k + 1):Hence we decode into (yju(y)) = (xju(x)).If an error occurs in u(x), then y = x and Pmi=1 vi = (Pmi=1 ui) � 1 � 1(mod 2), and we decode into (yju(y)) = (xju(x)).Finally, if an error occurs in position j of x, then v = u(x), yi = xi fori 6= j, yj = 0, and xj = 1. Henceb � s� (s� j) � j mod k + 1:Hence b = j and we decode into (y + ejju(y + ej)) = (xju(x)).



4.5. DELSARTE-PIRET CODES 35The size of the codes.The length of the code C is n = k + dlog2(k + 1)e and #C = 2k.4.5 Delsarte-Piret CodesThe Delsarte-Piret codes are 1-codes of lengths between 7 and 11, and withrelated constructions.The main idea of the constructions.As before, let Cw denote the number of codewords in C of weight w. Themain idea of Delsarte and Piret's constructions is to let Cw = 0 for w =w1; w2; : : : ; ws and use some known combinatorial construction to get code-words of weights wi+1; wi+2; : : : ; wi+1�1, i = 1; 2; : : : . The point is that ifw(c1) < wi and w(c2) > wi, then �(c1; c2) � 2, hence the various construc-tions may be done independently. For all the constructions, 0; 1 2 C and soC0 = Cn = 1 and C1 = Cn�1 = 0.Construction for n = 11.We let C4 = C7 = 0.We get C2 + C3 = 20 by the following construction: It is known thatA(12; 4; 3) = 20. Let X be a code of length 12, constant weight 3, minimumdistance 4, and size 20. LetT11 := �(x1; x2; : : : ; x11) ���� (x1; x2; : : : ; x11; x12) 2 X for x12 = 0 or x12 = 1�:For x;y 2 T11, x 6= y, we havew(x) = w(y) and d(x;y) � 4;or jw(x)� w(y)j = 1 and d(x;y) � 3:In any case �(x;y) � 2. Moreover, w(x) 2 f2; 3g for all x 2 T11.We get C8 + C9 = 20 by the choice fx j x 2 T11g.



36 CHAPTER 4. CODES CORRECTING SINGLE ERRORSFinally, we get C5 + C6 = 132 by the following construction: Startingfrom a (5; 6; 12) Steiner system and deleting one coordinate we getR11 := 12[i=1R(i);where R(i) is the set of cyclic shifts of r(i) de�ned byr(1) := (11011100010);r(2) := (10110010011);r(3) := (01101011010);r(4) := (10000111110);r(5) := (11110001100);r(6) := (11001010101);r(i) := r(i� 6) for 7 � i � 12:The size of the code is P11i=0Ci = 174:Construction for n = 10.We let C3 = C7 = 0.We can get C2 = C8 = 5 since A(10; 4; 2) = 5.We get C4 + C5 + C6 = 96 by the following construction:R10 := �(x1; x2; : : : ; x10) ���� (x1; x2; : : : ; x10; 0) 2 R11�[�(x1; x2; : : : ; x10) ���� (x1; x2; : : : ; x10; 1) 2 12[i=7R(i)�:The size of the code is 108.Construction for n = 9.We let C2 = C7 = 0.We get C3 + C4 + C5 + C6 = 60 by the following construction:R9 := �(x1; x2; : : : ; x9) ���� (x1; x2; : : : ; x9; 0) 2 R10�[�(x1; x2; : : : ; x9) ���� x = (x1; x2; : : : ; x9; 1) 2 R10; w(x) = 4�:The size of the code is 62.



4.6. THE SIZE OF 1-CODES 37Construction for n = 8.We get C2 + C3 + C4 + C5 + C6 = 34 by the following construction:R8 := �(x1; x2; : : : ; x8) ���� (x1; x2; : : : ; x8; 0) 2 R9�[�(x1; x2; : : : ; x8) ���� x = (x1; x2; : : : ; x8; 1) 2 R9; w(x) = 3�:The size of the code is 36.Construction for n = 7.By shortening R8 we get a code R7 with 18 code words.4.6 The size of 1-codesWe give a table of the size of the maximal known 1-code in each of the classesconstructed above. The table also contains the best upper bounds given inChapter 3.4.7 NotesIn addition to correcting one single error, many of the codes are also ableto detect many combinations of multiple errors. Decoding algorithms takingthis into account would be less simple than the ones we have given. We havedecided to give the simpler algorithms to make the underlying ideas clearer.In most cases it is straight-forward to rewrite the algorithms so as to detectmany multiple errors.Varshamov [82] proved that almost all linear codes which are able to cor-rect t asymmetric errors are also able to correct t symmetric errors. There-fore, to go beyond t-symmetric-error correcting codes, non-linear construc-tions are needed.4.1. The codes were de�ned by Kim and Freiman [50]. They used Hammingcodes as the codes Hm in the construction.4.2 and 4.3. The main idea of the construction is due to Varshamov andTenengolts [91]. They used a cyclic group G. The general construction



38 CHAPTER 4. CODES CORRECTING SINGLE ERRORS

n S KF CR A DP U5 4 6 6 4 - 66 8 12 10 8 - 127 16 12 16 - 18 188 20 24 32 16 36 369 38 40 52 32 62 6410 72 80 94 64 108 11811 144 144 172 128 174 21012 256 288 316 - - 41013 512 544 586 256 - 78614 1024 1088 1096 512 - 150015 2048 1344 2048 1024 - 282816 2560 2688 3856 2048 - 5486Key to abbreviations:S: code correcting one symmetric errorKF: Kim-Freiman codeCR: Constantin-Rao codeA: Ananiashvili codeDP: Delsarte-Piret codeU: upper bound



4.7. NOTES 39was given by Stanley and Yoder [76]. The construction was rediscoveredby Constantin and Rao [14] who used an Abelian group. The propertiesof Constantin-Rao codes will be discussed in detail in the next chapter.4.4. The construction is due to Ananiashvili [1]. The codes are separable,the x part of (xju(x)) may be used for information. However, for mostcode lengths, the Ananiashvili codes are smaller than the Hammingcodes. On the other hand, Ananiashvili codes are able to detect a largefraction of all double errors.4.5. The constructions are due to Delsarte and Piret [18].



40 CHAPTER 4. CODES CORRECTING SINGLE ERRORS



Chapter 5Properties of Constantin-Raocodes
5.1 De�nitionsIn this chapter we shall give the main properties of the Constantin-Rao codes.It is clear that isomorphic groups de�ne the same set of codes. Since anyAbelian group is isomorphic to a unique direct sum of cyclic groups of primepower order, it is no restriction to assume that G is so de�ned, i.e.G = JMj=1Gjwhere Gj = Z p�jj :The order of G is N := QJj=1 p�jj . Each element of G is represented by aJ-tuple g = (g1; g2; : : : ; gJ) where 0 � gj < p�jj for 1 � j � J , let�j := exp 2�ip�jj ! :For g;h 2 G let hg;hi := JYj=1 �gjhjj :41



42 CHAPTER 5. PROPERTIES OF CONSTANTIN-RAO CODESWe note that hg;hihg;ki = hg;h+ ki and hg; jhi = hg;hij. The Constantin-Rao codes are de�ned byCg := �x 2 f0; 1gN�1 ���� N�1Xi=1 xigi = g�where G = fg0 = 0; g1; : : : ; gN�1g.5.2 The weight distributionDe�nition 5.1 For g 2 G and 0 � w � N � 1, lett(g; w) := #�x 2 Cg ���� w(x) = w�;Tg(y) := N�1Xw=0 t(g; w)yw:Our aim is to determine t(g; w) for all w, or equivalently, the polynomialTg(y). Note that #Cg = Tg(1).For h 2 G, let T̂h(y) := Xg2Gh�h; giTg(y):Lemma 5.1 For g 2 G we haveTg(y) = 1N Xh2Ghh; giT̂h(y):Proof: First we note thatXh2Ghh; gi = JYj=1 p�jj �1Xhj=0 �gjhjj = ( N if g = 0;0 if g 6= 0:Hence Xh2Ghh; giT̂h(y) = Xh2G Xk2Ghh; gih�h;kiT̂k(y)= Xk2G T̂k(y) Xh2Ghh; g � ki = N Tg(y):



5.2. THE WEIGHT DISTRIBUTION 43Lemma 5.2 For h 2 G we haveT̂h(y) = 11 + y�1� (�y)d�N=d;where d is the order of h.Proof:T̂h(y) = Xg2GN�1Xw=0h�h; giyw#�(x1; x2; : : : ; xN�1) ���� N�1Xi=1 xigi = g; N�1Xi=1 xi = w�= Xx2f0;1gN�1h�h; N�1Xi=1 xigii yPN�1i=1 xi= Xx2f0;1gN�1 N�1Yi=1 �h�h; giixiyxi�= N�1Yi=1 �1 + h�h; giiy�:Let o(h) denote the order of h. If o(h) = d, then g 7! h�h; gi is a homomor-phism from G onto the complex d'th roots of unity. Hence, if � is a primitived'th root of unity, thenN�1Yi=0 �1� h�h; giiz� = �d�1Yi=0(1� � iz)�N=d = �1� zd�N=d:Putting z = �y, the lemma follows.De�nition 5.2 For g 2 G, letSg(d) := Xh2Go(h)=dhh; gi:Theorem 5.1 For g 2 G we haveTg(y) = 1N(1 + y) Xcd=N�1� (�y)d�cSg(d)and #Cg = 12N Xcd=Nd odd 2cSg(d):



44 CHAPTER 5. PROPERTIES OF CONSTANTIN-RAO CODESProof: From Lemmas 5.1 and 5.2 we getTg(y) = 1N(1 + y) Xh2Ghh; gi�1� (�y)o(h)�N=o(h)= 1N(1 + y) Xcd=N�1� (�y)d�c Xh2Go(h)=dhh; gi;and #Cg = Tg(1) = 12N Xcd=N�1� (�1)d�cSg(d):5.3 The function SgThe usefulness of Theorem 5.1 depends on having an explicit expression forSg(d) and we shall derive such an expression (Theorem 5.3 below).Lemma 5.3 Let h 2 G. If o(h) = d1d2, where gcd(d1; d2) = 1, then h hasa unique decomposition h = h1 + h2 such that o(h1) = d1 and o(h2) = d2.Proof: Let a1 and a2 be integers such that a1d1 + a2d2 = 1. Let h1 = a2d2hand h2 = a1d1h. Then h1 + h2 = h, o(h1) = d1, and o(h2) = d2. Supposethat h = h01+h02 where o(h01) = d1 and o(h02) = d2. Then h1�h01 = h02�h2.Hence h1 � h01 = a1d1(h1 � h01) + a2d2(h2 � h02) = 0 and so h1 = h01 andh2 = h02.Theorem 5.2 The function Sg(d) is multiplicative.Proof: If gcd(d1; d2) = 1, then, by Lemma 5.3,Sg(d1d2) = Xh2Go(h)=d1d2 hh; gi = Xh1;h22Go(h1)=d1o(h2)=d2 hh1; gihh2; gi = Sg(d1)Sg(d2):De�nition 5.3 For g 2 G letWg(n) := Xcd=nSg(d);W (j)g (n) := Xhj2Gjo(hj)jn �gjhjj :



5.3. THE FUNCTION SG 45Lemma 5.4 For g 2 G we have(i) Wg is multiplicative,(ii) Sg(d) = Pmn=d �(m)Wg(n),(ii) Wg(n) = QJj=1W (j)g (n),(iv) if q is a prime, thenW (j)g (q�) = 1 if q 6= pj,W (j)g (p�j)= pmin(�;�j)j if � � �j,= 0 if � > �j,where p�jj is the exact power of p dividing gj (we put �j =1 if gj = 0).Proof: (i) follows from the de�nition and Theorem 5.2.(ii) follows by the Moebius' inversion formula.(iii). We have Wg(n) = Xdjn Xh2Go(h)=dhh; gi = Xh2Go(h)jn JYj=1 �gjhjj= JYj=1 Xhj2Gjo(hj)jn �gjhjj = JYj=1W (j)g (n):(iv). First we note that if q 6= pj, then o(hj)jq� if and only if o(hj) = 1, i.e.hj = 0. Next, suppose q = pj. If � � �j, then o(hj)jp�j for all hj 2 Gj. HenceW (j)g (p�j) = p�jjXhj=1 �gjhjj = ( p�jj if gj = 0 (i.e. �j =1);0 if gj 6= 0 (i.e. �j <1):If � < �j, then o(hj)jp�j if and only if p�j��j jhj. HenceW (j)g (p�j) = p�jXh=1 �gjp�j��j hj = ( p�jj if gj � 0 (mod p�j) (i.e. �j � �);0 if gj 6� 0 (mod p�j) (i.e. �j < �):Therefore, if � > �j (in which case �j <1), then W (j)g (p�j) = 0, and if � � �j,then W (j)g (p�j) = ( p�j if � < �j;p�jj if � � �j:



46 CHAPTER 5. PROPERTIES OF CONSTANTIN-RAO CODESDe�nition 5.4 (i) For pjN let Jp := fj j pj = pg,(ii) for g 2 G and pjN , letep(g) := ( minj2Jp �j if �j 6=1 for some j 2 Jp;maxj2Jp �j if �j =1 for all j 2 Jp;and �(g) := YpjN pep(g)where �j is de�ned in Lemma 5.4(iv).(iii) Let WG�Yp p�p� := YpjN pPj2J min(�p;�j):Theorem 5.3 For g 2 G we haveSg(d) = Xmn=dnj�(g) �(m)WG(n):Proof: By Theorem 5.2 and Lemma 5.4, if n = Qp p�p, thenWg(n) =Yp Wg�p�p� =Yp JYj=1W (j)g �p�p� =Yp Yj2J W (j)g �p�p�:Hence Wg(n) =Yp Yj2J W (j)g �pmin(�p;�j)�if p�p jgj for all p and all j 2 Jp, and Wg(n) = 0 otherwise, i.e.Wg(n) = ( WG(n) if nj�(g);0 otherwise.Therefore Sg(d) = Xmn=d�(m)Wg(n) = Xmn=dnj�(g) �(m)WG(n):



5.4. MAXIMAL CONSTANTIN-RAO CODES 475.4 Maximal Constantin-Rao codesTheorem 5.4 If g;h 2 G and �(g)j�(h), then #Cg � #Ch.In particular, #C1 � #Cg � #C0 for all g 2 G.Proof: By Theorems 5.1 and 5.3 we have#Cg = 12N Xcd=Nd odd 2c Xmn=dnj�(g) �(m)WG(n) = 12N Xen=Nnj�(g)n odd WG(n) Xmc=em odd �(m)2c:Since Xmc=em odd �(m)2c > 0for all e, the �rst part of the theorem follows. Further, �(1) = 1 and�(0) = Qp pmaxj2J �j . Hence �(1)j�(g)j�(0) for all g 2 G.Theorem 5.5 If g 2 G = Z p�+� � H, g0 2 G0 = Z p� � Z p� � H, and�(g) = �(g0), then #Cg � #Cg0.Proof: First we note thatWG0�Qp p�p�WG�Qp p�p� = qmin(�q ;�)+min(�q ;�)qmin(�q ;�+�) � 1:Hence #Cg0 �#Cg = 12N Xen=Nnj�(g)n odd �WG0(n)�WG(n)� Xmc=em odd �(m)2c � 0:Theorem 5.6 The largest Constantin-Rao code of length N � 1 is the codeC0 based on the group G =MpjN npMi=1 Z pwhere N = QpjN pnp.



48 CHAPTER 5. PROPERTIES OF CONSTANTIN-RAO CODES5.5 Shortened Constantin-Rao codesDe�nition 5.5 Let G be an Abelian group. For g 2 G and 1 � j � N � 1,letC(j)g = �(x1; : : : ; xj�1; xj+1; : : : ; xN�1) ���� (x1; : : : ; xj�1; 0; xj+1; : : : ; xN�1) 2 Cg�where Cg is the Constantin-Rao code.Remark. We can in the same way construct a shortened code from all code-words in Cg having a 1 in position j. However, this is the same code asC(j)g�gj , and we get nothing new.De�nition 5.6 For g 2 G, 1 � j � N � 1, and 0 � w � N � 2, lett(j)(g; w) := #�x 2 C(j)g ���� w(x) = w�;T (j)g (y) := N�2Xw=0 t(j)(g; w)yw:We shall determine T (j)g (y). The determination is similar to the determi-nation of Tg(y) and so parts of the proof is sketchy.Theorem 5.7 For g 2 G and 1 � j � N � 1 we haveT (j)g (y) = 1N(1 + y) Xcd=N�1� (�1)d�c�1 d�1Xm=0(�y)mSg�mgj(d):Proof: Let T̂ (j)h (y) := Xg2Gh�h; giT (j)g (y):Then T (j)g (y) = 1N Xh2Ghh; giT̂ (j)h (y):Further T̂ (j)h (y) = N�1Yi=1i6=j �1 + h�h; giiy� = �1� (�y)o(h)�N=o(h)(1 + y)(1 + h�h; gjiy) :



5.6. NOTES 49HenceT (j)g (y) = 1N(1 + y) Xcd=N�1� (�1)d�c�1 Xh2Go(h)=dhh; gi 1� (�y)d1 + h�h; gjiyand Xh2Go(h)=dhh; gi 1� (�y)d1 + h�h; gjiy = Xh2Go(h)=dhh; gi d�1Xm=0h�h; gjim(�y)m= d�1Xm=0(�y)m Xh2Go(h)=dhh; g �mgji= d�1Xm=0(�y)mSg�mgj (d):5.6 NotesThe exposition in 5.1-5.5 is based on Helleseth and Kløve [48].5.2. The exposition follows closely McEliece and Rodemich [64].5.3. The function Sg for g in a cyclic group is known as von Sterneck'sfunction. For the cyclic group case, Theorem 5.1 and Theorem 5.3 wereproved by von Sterneck, see Bachmann [3, Chapter 5]. The results havebeen rediscovered several times. Ginzburg [40] gave the expressionsfor #Cg and Stanley and Yoder [76] and Mazur [62] gave the weightdistribution. Dynkin and Togonidze [22] determined the size and weightdistribution of C0 when G is the additive group of a �nite �eld andn = #G � 1. The expression for Sg in general was given by Hellesethand Kløve [48].5.4. Constantin and Rao [14] proved that#Cg � #C0, and they conjecturedTheorem 5.6. The �rst proof of Theorem 5.6 was given by McElieceand Rodemich [64].5.5. Theorem 5.7 has not been published before.



50 CHAPTER 5. PROPERTIES OF CONSTANTIN-RAO CODES



Chapter 6Generalized Varshamov codes
6.1 PreliminariesVarshamov gave several classes of codes to correct multiple errors. Var-shamov's constructions have been generalized in various ways and we shalldescribe these generalizations below. A common feature for all these codesis that a vital step in the decoding is the solution of an equation over a �nite�eld. Therefore we start by summarizing a few facts about �nite �elds andequations.Throughout the chapter, p denotes a prime, q a power of p, and Fq is the�nite �eld with q elements (it is unique up to isomorphism). F �q := Fq n f0gis a cyclic group under multiplication, i.e. there exists a (primitive element)� 2 Fq such that �q�1 = 1 and �i 6= 1 for 0 < i < q � 1. If � is a primitiveelement of Fqt and m := (qt�1)=(q�1), then 
 := �m is a primitive elementof Fq. Moreover, 1; �; �2; : : : ; �t�1 is a basis for Fqt as a vector space overFq. Let x; u1; u2; : : : ; ur be variables and u := (u1; u2; : : : ; ur). The elemen-tary symmetric functions �l(u), l = 0; 1; 2; : : : are de�ned byrYi=1(x + ui) = 1Xl=0 �l(u)xr�l:51



52 CHAPTER 6. GENERALIZED VARSHAMOV CODESAlternatively,�0(u) = 1;�l(u) = X1�i1<i2<���<il�r ui1ui2 � � �uil for 1 � l � r;�l(u) = 0 for l > r:If I = fi1; i2; : : : ; isg, where 1 � i1 < i2 < � � � < is � r, thenuI := (ui1; ui2; : : : ; uis).Lemma 6.1 (i) If � is a permutation of f1; 2; : : : ; rg, then�l(u�(1); u�(2); : : : ; u�(r)) = �l(u):(ii) We have �l�(uj0)� = �l(u):(iii) If fI; Jg is a partition of f1; 2; : : : ; rg, then�l(u) = lXj=0�j(uI)�l�j(uJ):(iv) We have �l(u+ 1) = lXj=0 r � jr � l!�j(u):Proof: (i).1Xl=0 �l(u�(1); u�(2); : : : ; u�(r))xr�l = rYi=1(x+u�(i)) = rYi=1(x+ui) = 1Xl=0 �l(u)xr�l:(ii) If 0 2 f0gs, then1Xl=0 �l�(uj0)�xr+s�l = � rYi=1(x + ui)�(x + 0)s = 1Xl=0 �l(u)xr�l+s:(iii) If #I = s and #J = r � s, then1Xl=0 �l(u)xr�l = Yi2I(x+ ui)Yi2J(x + ui)= 1Xj=0�j(uI)xs�j 1Xk=0�k(uJ)xr�s�k= 1Xl=0 xr�l Xj+k=l�j(uI)�k(uJ):



6.2. FIRST CONSTRUCTION 53(iv) 1Xl=0 �l(u + 1)xr�l = rYi=1(x+ ui + 1) = rYi=1((x + 1) + ui)= rXj=0�j(u)(x + 1)r�j = rXj=0�j(u) r�jXk=0 r � jk !xk= rXl=0 xr�l lXj=0�j(u) r � jr � l!:The lemma follows by equating coe�cients in each case. �Let �1; �2; : : : ; �r 2 Fq. If al := �l(�1; �2; : : : ; �r) for l = 0; 1; : : : ; r,then the equation rXl=0(�1)lar�lxl = 0has as its roots exactly the set f�1; �2; : : : ; �rg. Hence we recover this setby solving the equation. Moreover, to �nd the roots of an equation over Fqis a �nite job since there are exactly q possibilities.6.2 First constructionLet G be a �nite Abelian group.De�nition 6.1 A Vt-set in G is a subset H = fh1; h2; : : : ; hng of G con-taining n elements such that all the sumshi1 + hi2 + � � �+ hir ;where 1 � i1 < i2 < � � � < ir � n, 0 � r � t, are distinct.Code construction.Let H be a Vt-set in G. For g 2 G, letCg := �(x1; x2; : : : ; xn) 2 f0; 1gn ���� nXi=1 xihi = g�:Remark. The codes based on the V1-set G n f0g are the Constantin-Raocodes.



54 CHAPTER 6. GENERALIZED VARSHAMOV CODESDecoding algorithm.Comment: The received vector is y.Comment: ei is the i'th unit vector for i > 0, e0 = 0.c := g �Pni=1 yihi;if (9i1 < i2 < � � � < ir such that hi1 + hi2 + � � �+ hir = c)then decode into y +Prj=1 eijelse decoding has failed.Proof of decoding algorithm.Let x be sent. Suppose errors occur in positions j1; j2; : : : ; js where 0 � s � t,1 � j1 < j2 < � � � < js � n. Thenyj = xj for j 62 fj1; j2; : : : ; jsg;yj = 0 and xj = 1 for j 2 fj1; j2; : : : ; jsg:Hence c = hj1 + hj2 + � � �+ hjs, and we decode into y +Psl=1 ejl = x.Remarks. (i) The actual design of the if-part of the decoding algorithm willin each case depend on the structure of the set H. Below we give a coupleof constructions of Vt-sets, these have the stronger property that the sumshi1 + hi2 + � � � + hir where 1 � i1 � i2 � � � � � ir � n (i.e. repetitions areallowed), 0 � r � t, are distinct.(ii) If H is a Vt-set, then so is any subset H 0 of H. Starting with H 0, we mayconstruct a class of codes C 0g of length n0 := #H 0. The properties of thesecodes will depend on H 0 as well as g. In particular, maxg2G C 0g will depend,not only on n0 and H, but also on H 0. Almost nothing is known on how tochoose H 0 so as to maximize maxg2G C 0g.Bound on the size of CgSince fCg j g 2 Gg is a partition of f0; 1gn, we getmaxg2G Cg � 2n#G:



6.3. TWO VT -SETS 556.3 Two Vt-setsFirst constructionLet G := Z qt�1. Let � be a primitive element in Fqt. LetH = �h 2 G ���� �h+1 � � 2 F �q �:Then n := #H = q � 1.We use the notation�g := �g+1 � � for all g 2 G:We de�ne the function L : Fq ! Fq by�L(�)+1 = � + �:Decoding algorithm.Comment: c is the sum whose addends we shall determine.determine (
0; 
1; : : : ; 
t�1) 2 F tq by �c+t � �t = Pt�1j=0 
j�j;f�1; �2; : : : ; �tg := �� ���� �t +Pt�1j=0(�1)j
j�j = 0�;zi := L(�i) for i = 1; 2; : : : ; t;fhi1 ; hi2; : : : ; hirg := fzi j 1 � i � t; zi 6= 0g.Proof of the decoding algorithm.Let I := fj1; j2; : : : ; jsg where 1 � j1 � j2 � � � � � js � n, 0 � s � t, andc := Pj2I hj. Let(z00; z01; : : : ; z0t) := (hj1; hj2 ; : : : ; hjs; 0; 0; : : : ; 0):Then Ptk=1(z0k + 1) = c+ t. Hence�c+t = tYk=1�z0k+1 = tYk=1(� + �z0k) = �t + t�1Xl=0 �t�l(�)�l:Therefore, 
j = �t�l(�) for j = 0; 1; : : : ; t� 1, where � = (�z01 ; �z02; : : : ; �z0t).Hence �1; �2; : : : ; �t are the same as �z01 ; �z02; : : : ; �z0t is some order and sofz1; z2; : : : ; ztg = fz01; z02; : : : ; z0tg and fhi1 ; hi2; : : : ; hirg = fhj1 ; hj2; : : : ; hjsg.



56 CHAPTER 6. GENERALIZED VARSHAMOV CODESSecond constructionLet m := (qt+1� 1)=(q� 1) and G := Zm. Let � be a primitive root in Fqt+1 .LetH := �h ���� 0 < h < m and 9�(0)h ; �(1)h 2 Fq such that �h = �(0)h + �(1)h ��:Then n := #H = q.We de�ne the function � by�(�(0)h =�(1)h ) = h:Decoding algorithm.Comment: c is the sum whose addends we shall determine.determine (
0; 
1; : : : ; 
t) 2 F tq by �c = Ptj=0 
j�j;f�1; �2; : : : ; �rg := �� ���� Ptj=0(�1)j
j�j = 0�;hik := �(�k) for k = 1; 2; : : : ; r.Proof of the decoding algorithm.Let I := fj1; j2; : : : ; jsg where 1 � j1 � j2 � � � � � js � n, 0 � s � t, andc := Pj2I hj. Since �h 62 Fq when 0 < h < m, �(1)h 6= 0. Hence�c = Yj2I �hj = Yj2I��(0)hj + �(1)hj ��= Yj2I �(1)hj Yj2I�� + �(0)hj =�(1)hj �= Yj2I �(1)hj sXl=0 �s�l(�)�l;where � := (�(0)hj =�(1)hj )j2I. Hence
l = ( �s�l(�)Qj2I �(1)hj for 0 � l � s;0 for s < l � t:



6.4. SECOND CONSTRUCTION 57Therefore, tXl=0 
lzl = Yj2I �(1)hj � sXl=0 �s�l(�)zl�;and so the roots of Ptl=0(�1)l
lzl = 0 are ��(0)hj =�(1)hj ���� j 2 I�. Hencef�(�k) j k = 1; 2; : : : ; rg = fhj j j 2 Ig:6.4 Second constructionCode constructionLet �1; �2; : : : ; �n be distinct non-zero elements of Fq and � := (�1; �2; : : : ; �n).For x = (x1; x2; : : : ; xn) 2 f0; 1gn, let x� = (x1�1; x2�2; : : : ; xn�n). Forg1; g2; : : : ; gt 2 Fq, letCg1;g2;::: ;gt := �x 2 f0; 1gn ���� �l(x�) = gl for 1 � l � t�:Decoding algorithm.Comment: The received vector is y.Comment: ej is the j'th unit vector.hl := �l(y�) for l = 0; 1; : : : ; t;A0 := 1;for l := 1 to t do Al := gl �Plj=1 hjAl�j;f�i1 ; �i2; : : : ; �irg := �z 6= 0 ���� Ptl=0(�1)lAt�lzl = 0�;decode into y +Prk=1 eik .Proof of decoding algorithm.Let x 2 Cg1;g2;::: ;gt be sent. Suppose errors occurs in positions j1; j2; : : : ; jswhere 0 � s � t and 1 � j1 < j2 < � � � < js � n. Let J := fj1; j2; : : : ; jsgand I := f1; 2; : : : ; ng n J . Then x�J = �J ,gl = �l(x�) = �l(x�I jx�J ) for 1 � l � t;



58 CHAPTER 6. GENERALIZED VARSHAMOV CODESand hl = �l(y�) = �l(x�I j0) = �l(x�I) for 1 � l � t:By Lemma 6.1(iii), gl = Plj=0 hj�l�j(�J ). Hence Al = �l(�J ) for 0 � l � t.Therefore f�j1; �j2; : : : ; �jsg are the non-zero roots of Ptl=0(�1)lAt�lzl = 0and we decode into y +Psk=1 ejk = x.Bound on the size of the code.Since �Cg1;g2;::: ;gt ���� g1; g2; : : : ; gt 2 Fq� is a partition of f0; 1gn, we havemax#C � 2nqt :6.5 Third constructionCode constructionLet � be a primitive element of Fq. Let a1; a2; : : : ; an be distinct non-zero ele-ments of Z q�1, and let �i := �ai�1 for i = 1; 2; : : : ; n, � := (�1; �2; : : : ; �n),a := (a1; a2; : : : ; an). For g1; g2; : : : ; gt�1 2 Fq and m 2 Z q�1, letCg1;g2;::: ;gt�1;m := �x 2 f0; 1gn ���� �l(x�) = gl for 1 � l � t� 1; �1(xa) = m�:Decoding algorithm.Comment: The received vector is y.Comment: ej is the j'th unit vector.hl := �l(y�) for l = 0; 1; : : : ; t� 1;M := �1(ya);A0 := 1;for l := 1 to t� 1 do Al := gl �Plj=1 hjAl�j;for l := 0 to t� 1 do Bl := Plj=0 �t�jt�l�Aj;Bt := �m�M ;fai1 ; ai2; : : : ; airg := �z 6= 0 ���� Ptl=0(�1)lBt�l�zl = 0�;decode into y +Prk=1 eik .



6.6. LOWER BOUNDS ON �(N; T ) 59Proof of decoding algorithm.Let x 2 Cg1;g2;::: ;gt�1;m be sent. Suppose errors occurs in positions j1; j2; : : : ; jswhere 0 � s � t and 1 � j1 < j2 < � � � < js � n. Let J := fj1; j2; : : : ; jsgand I := f1; 2; : : : ; ng n J . Then x�J = �J ,gl = �l(x�) = �l(x�I jx�J ) for 1 � l � t� 1;and hl = �l(y�) = �l(x�I j0) for 1 � l � t� 1:By Lemma 6.1(iii), gl = Plj=0 hj�l�j(�J ). Hence Al = �l(�J j0) for 0 � l �t� 1, where 0 2 f0gt�s. By Lemma 6.1(iv)Bl = tXj=0 t� jt� l!�j(�J j0) = �l(�J + 1j1)= �l ��aj1 ; �aj2 ; : : : ; �ajs ; �0; �0; : : : ; �0�for 0 � l � t� 1. FurtherBt = �aj1+aj2+���+ajs = �t ��aj1 ; �aj2 ; : : : ; �ajs ; �0; �0; : : : ; �0� :Hence fi1; i2; : : : ; irg = fj1; j2; : : : ; jsg and we decode into y+Psk=1 ejk = x.Bound on the size of the code.Since �Cg1;g2;::: ;gt�1;m ���� g1; g2; : : : ; gt�1 2 Fq and m 2 Z q�1� is a partition off0; 1gn, we have max#C � 2n(q � 1)qt�1 :6.6 Lower bounds on �(n; t)Theorem 6.1 (i) If n is a power of a prime, then�(n; t) � 2nnt + nt�1 + � � �+ 1 :(ii) If n+ 1 is a power of a prime, then�(n; t) � 2n(n+ 1)t � 1 :



60 CHAPTER 6. GENERALIZED VARSHAMOV CODES(iii) If q is the least prime power � n + 2, then, for t � 2,�(n; t) � 2nqt � qt�1 :Proof: (i) and (ii) follows from the code construction in 6.2, using the secondand �rst Vt-set of 6.3 respectively, and (iii) follows from the code constructionin 6.5.Corollary 6.1 For �xed t,�(n; t) � 2nnt�1 + o(1)�when n!1.Proof: from the theory of primes it is well known that there exists a � < 1such that for all large n there exists a prime p such that n < p < n + n�.Hence, if q is the least prime power � n, then q < n + n�, and we get�(n; t) � 2n(n + n�)t � (n + n�)t�1 = 2nnt �1 + o(1)�:6.7 NotesThe basic idea of the code constructions in this chapter is due to Varshamovand Zograbjan [92] and Varshamov [88],[89], generalizing the 1-code con-struction of Varshamov and Tenengolts [91].6.2. The general construction is due to Delsarte and Piret [17]. They alsogave a general formula for the weight distribution of these codes.6.3. The two Vt-sets are due to Bose and Chowla [9]. They were �rst appliedto code construction by Graham and Sloane [45]. For t = 2, the �rstVt-set was given by Singer [75] and applied to code construction byVarshamov [88].6.4. If t < p, then �(g; g2; : : : ; gt) ���� g 2 F �q � is a Vt set in F tq and the codesconstructed from this Vt-set coincide with our construction in this case.This may be proved using Newton's equations connecting power sums



6.7. NOTES 61and elementary symmetric functions. For q = p, this construction isdue to Varshamov and Zograbjan [92] (for t = 2) and Varshamov [88](for general t). Mazur [62] proved that if q = p and n = p� 1, then����#Cg1;g2;::: ;gt � 2p�1pt ���� � 2(p�1)=2(p� 1)�ptetpp=2 � 1�pe pt �p epp=2 � 1�for any choice of g1; g2; : : : ; gt. For general q, Dynkin and Togonidze[21] gave a special case of the construction. For t < p the generalconstruction is due to Delsarte and Piret [17]. Graham and Sloane [45]used a closely related construction to construct constant weight codes.6.5. If t � p, then ���a � 1; �2a � 1; : : : ; �(t�1)a � 1; a� ���� a 2 Z q�1� is a Vt-set in F t�1q �Z q�1 and the codes constructed from this Vt-set coincideswith our construction. For q = p, the construction is due to Varshamovand Zograbjan [92] (for t = 2) and Varshamov [88] (for general t).Decoding was discussed by Nalbandjan [65],[66].
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Chapter 7Other multiple error correctingcodes
7.1 Modi�ed Kim-Freiman codesCode constructionSuppose n = (t + 1)m and let H be a code of length m having Hammingdistance at least 2t+ 1 between distinct code words, and 0 2 H.C := �(xjx� h1j � � � jx� ht) ���� x 2 f0; 1gm; w(x) even, h1;h1; : : : ;h1 2 H�[�(xjxj � � � jx) ���� x 2 f0; 1gm; w(x) odd�:Proof that C is a t-codeLet u = (xjx�h1j � � � jx�ht) and u0 = (x0jx0�h01j � � � jx0�h0t), where u 6= u0.Case I, hi 6= h0i for some i. Then2�(u;u0) � d(u;u0) � d(x;x0) + d(x� hi;x0 � h0i)= d(x0 � hi;x� hi) + d(x� hi;x0 � h0i)� d(x0 � hi;x0 � h0i) = d(hi;h0i) � 2t+ 1:Hence �(u;u0) � t + 1.Case II, hi = h0i for all i, hi 6= 0 for some i. Then x 6= x0, and w(x) and63



64 CHAPTER 7. OTHER MULTIPLE ERROR CORRECTING CODESw(x0) are both even. Hence, putting h0 = 0, we get2�(u;u0) � d(u;u0) = tXi=0 d(x� hi;x0 � h0i) = (t+ 1) d(x;x0) � 2(t+ 1):Case III, hi = h0i = 0 for all i. Then x 6= x0 and so�(u;u0) = (t+ 1)�(x;x0) � t+ 1:Size of the code.Choosing H as large as possible, we get#C = 2m�1�A(m; 2t+ 1) + 1�:Remark. Kim and Freiman proposed a larger code than the one we havegiven. E.g. for t = 2 and n = 3m, m � 5, they gaveC := �(xjx� h1jx� h2) ���� x 2 f0; 1gm; h1;h2 2 H�:However, this is not a 2-code. To show this, let h1 6= h2, and suppose theydi�er in position j, say. Then��(0jh1jh2); (ejjej � h1jej � h2)� = 2:7.2 Delsarte-Piret 2-codesDelsarte and Piret gave constructions for 2-codes for 8 � n � 14 and n = 16,and these are the largest known codes for theses parameters.n = 16.Let C 0 be the cyclic [17; 8] code generated by x3 + x5 + x6 + x7 + x10 + x11 +x12 + x14. LetT := fx8 + x10 + x11 + x14; x+ x8 + x10 + x13; x2 + x4 + x11 + x13;x2 + x5 + x7 + x14; x+ x4 + x7 + x9; x5 + x11 + x12 + x15;1 + x6 + x12 + x13; x2 + x3 + x9 + x15; 1 + x3 + x4 + x10;x5 + x6 + x9 + x10g:



7.2. DELSARTE-PIRET 2-CODES 65Let C := �x 2 f0; 1g16 ���� (xj0) 2 C 0 [ T or (xj1) 2 C 0 [ T�:Then C is a 2-code and #C = 266.n = 14.Let C 0 be the Nordstrom-Robinson code of length 16. Let Sw(abc) denotethe set of codewords in C 0 of weightw, having a, b and c as their last threecoordinates. Similarly, Sw(bc) := Sw(0bc) [ Sw(1bc). LetC 00 := f0; 1g[S6(00)[S6(10)[S6(11)[S8(01)[S8(10)[S10(00)[S10(01)[S10(11):Let C := �x 2 f0; 1g14 ���� (xjbc) 2 C 00 for some b; c 2 f0; 1g�:Then C is a 2-code and #C = 186.n = 13.Using the same notations as for n = 14, letC 000 := f0; 1g [ S6(000) [ S6(010) [ S6(011) [ S6(111) [ S8(001) [ S8(010)[S10(000) [ S10(001) [ S10(011):Let C� := �x 2 f0; 1g13 ���� (xjabc) 2 C 000 for some a; b; c 2 f0; 1g�:Then C is a 2-code and #C = 98.n = 12.There exists a position such that zero appears in this position for 50 of thecode words of C�. Deleting this coordinate in these codewords we get a2-code of length 12 having 50 codewords.



66 CHAPTER 7. OTHER MULTIPLE ERROR CORRECTING CODESn = 11.Let C 0 := �0; (11000100000); (00110001000); (00001010001)�[�all cyclic shifts of (11101001000)�;and let C := C 0 [ C 0:Then C is a 2-code having 30 codewords.n = 8; 9; 10.The columns of the following matrices are 2-codes of lengths 8,9, and 10 andsizes 7, 12, and 18 respectively.0100101 010100011011 0000111001011110010100111 010010101011 0001011100101101010101011 010001110011 0010101110001010110001011 001100101101 0100010110010111010001101 001010110101 0101001011000101110011101 001001011101 0100100101100110110010111 000110010111 0010010011100110110010011 000101100111 011000100011001111000011001111 0011000101011001110001100010111100117.3 Notes7.1. The code of Kim and Freiman [51] were the �rst codes constructed forcorrection of multiple asymmetric errors, and are included here for thisreason.7.2. The constructions appear in Delsarte and Piret [17],[18]. For a dis-cussion of the [17; 8] code and the Nordstrom-Robinson code, see e.g.MacWilliams and Sloane [61].



7.3. NOTES 67Dynkin and Togonidze [21] discussed the use of a certain cyclic code forcorrecting multiple asymmetric errors.Codes to correct t or less adjacent errors have been constructed by Var-shamov et al. [90], Oganesyan and Yagdzhyan [67], Klimiashvili [54], andTenengolts [80].
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Chapter 8Error burst correction
8.1 PreliminariesDe�nition 8.1 If x 2 f0; 1gn is transmitted and errors occur in positionsi1; i2; : : : ; ir where i1 < i2 < � � � ir, then we say that an ( error) burst oflength ir � i1 + 1 has occurred.Remark. Any error pattern is a burst as de�ned above. The codes we con-struct are able to correct a burst of length less than or equal to some pre-de�ned bound, i.e. the length of the burst, not the number of errors is thefocus of attention.8.2 Generalized Oganesyan-Yagdzhyan codesCode construction.In this constructionb is a positive integer (maximal burst length),c := 2b� 1,m is a positive integer such that gcd(m; c) = 1and such that all prime factors of m exceed b,n := cm. 69



70 CHAPTER 8. ERROR BURST CORRECTIONFor a0 2 Zm and aj 2 Z 2 for 1 � j � c, letCa0;a1;::: ;ac := �x 2 f0; 1gn ���� nXi=1 ixi � a0 (mod m);m�1Xk=0 xj+kc � aj (mod 2) for 1 � j � c�:These codes are able to correct a burst of length b or less. We give aslightly less formal description of the decoding algorithm than usual.Decoding algorithm.Comment: y is the received vector.Comment: ei is the i'th unit vector.determine a; b1; b2; : : : ; bc bya � �Pni=1 iyi�� a0 (mod m), 0 � a < m;bj � �Pm�1k=0 yj+kc�� aj (mod 2), bj <2 f0; 1g, for j = 1; 2; : : : ; c;s := Pcj=1 bj;if s = 0 then decode into yelsebegindetermine j1 by bj1 = 1 and bj = 0 for j1 � b + 1 � j � j1 � 1;Comment: let bj := bj+c if j < 1determine k by kcs � a�Pj1+b�1j=j1 jbj (mod m), 0 � k < m;Comment: let bj := bj�c if j > cdecode into y +Pj1+b�1j=j1 bjej+kcend.Remark. If no j1 or no k exist, then decoding has failed.Proof of decoding algorithm.Let x be sent. If no error occurs, then bj = 0 for j = 1; 2; : : : ; c, s = 0, andwe decode into y = x. Suppose errors occur in positions i1; i2; : : : ; ir, wherei1 < i2 < � � � ir � i1 + b. Let il = �l + �c where 0 � �l < c. Then bj = 1 for



8.3. DAVYDOV-DZODZUASHIVILI-TENENGOLTS CODES 71j � �l (mod c), 1 � l � r, and bj = 0 otherwise. Hence s = r and j1 = i1.Further, a � rXl=1 il � rXl=1(�l + �c) � i1+b�1Xj=i1 jbj + �cr (mod m):Hence k = � (we have gcd(cr;m) = 1 since gcd(c;m) = 1 and if p is a primefactor of m, then p > b � r) and we decode into y +Prl=1 e�l+�c.Bound on the size of the codes.If Nn;g is the size of the Varshamov-Tenengolts code Cg of length n, thenmaxa1;a2;::: ;ac #Ca0;a1;::: ;ac � Nn;a02csince �Ca0;a1;::: ;ac ���� ai 2 f0; 1g for i = 1; 2; : : : ; c� is a partition of Ca0 . Inparticularmaxa0;a1;::: ;ac #Ca0;a1;::: ;ac � Nn;02c = 12c(n+ 1) Xdjn+1d odd 2(n+1)=d�1�(d):8.3 Davydov-Dzodzuashivili-Tenengolts codesCode constructionIn this constructionk and b are positive integers,� := dk=be,m := dlog2 ke.For x 2 f0; 1gk, letx(i) := (xk�ib+1; xk�ib+2; : : : ; xk�ib+b)for i = 1; 2; : : : ; � (where xj = 0 for j � 0) andx(0) := �Mi=1 x(i):



72 CHAPTER 8. ERROR BURST CORRECTIONLet s(x) be de�ned bys(x) � �Xi=1 i w(x(i)) (mod 2m+1); 0 � s(x) < 2m+1:Let s(x) = mXj=0 sj2jbe the binary expansion of s(x), and de�ne u(x) byu(x) := (sm; s0; s1; : : : ; sm):The code is C := ��xjx(0)ju(x)� ���� x 2 f0; 1gk�:This code is able to correct a burst of length b or less.Decoding algorithm.Comment: (yjy0jv) is the received vector,Comment: y 2 f0; 1gk, y0 2 f0; 1gb, v 2 f0; 1gm+2.if v1 = vm+2 or y(0) = y0, then decode into (yjy(0)ju(y))elsebegindetermine � by � � �Pm+2i=1 vi2i�2�� s(y) (mod 2m+1); �2m < � � 2m;if � < 0 then decode into (yjy(0)ju(y))elsebeginz := y0 � y(0);r := w(z);i := b�=rc;� := � � ir;determine z1 and z2 such that z = (z1jz2), w(z1) = �,and such that z2 is as short as possible;determine ~y 2 f0; 1gk by ~y(i) := y(i) � (z2j0),~y(i+1) := y(i+1) � (0jz1)~y(j) := y(j) for j 62 fi; i + 1g;



8.3. DAVYDOV-DZODZUASHIVILI-TENENGOLTS CODES 73decode into (~yj~y(0)ju(~y))end;end.Proof of the decoding algorithm.Let (xjx(0)ju(x)) be sent. If no error occurs, then y(0) = y0 and we decodeinto (xjx(0)ju(x)). Suppose a burst of length b or less has occurred. Theneither x or u(x) are received without errors.Case I, all the errors are in the xjx(0) part; say the right-most error occurs inx(L). Then x(L) � y(L) = (f j0) where we assume that the rightmost elementin f is a 1, let the length of f be �. Then y(L+1) = x(L+1) � (0jg), for someg of length b� �, and y(j) = x(j) for j 62 fL; L+ 1g. Therefore, since u(x) isreceived error free, we get� � s(x)��s(x)�Lw(f)� (L+1)w(g)� � Lw((f jg))+w(g) (mod 2m+1):However, 0 � Lw(f) + (L + 1)w(g) � k � 2m, and so� = Lw((f jg)) + w(g):Further z = (f j0) + (0jg). Therefore, r = w((f jg)), i = L, and � = w(g).Hence z1 = g and z2 = f , and so ~y = x and we decode in (xjx(0)ju(x)).Case II, there are one or more errors in the u(x) part. Then x is receivedwithout errors. Suppose vj = 0 and uj = 1 for j = j1; j2; : : : ; jr and vj = ujotherwise. If v1 6= u1 or vm+2 6= um+2, then v1 = vm+2 = 0 (since u1 = um+2),and we decode into (xjx(0)ju(x)). Otherwise� � m+1Xi=2 (vi � ui)2i�2 (mod 2m+1)and so, since �(2m � 1) � m+1Xi=2 (vi � ui)2i�2 < 0;we have �2m < � < 0, and we decode into (xjx(0)ju(x)).Size of the codes.The length of the code is n = k + b + dlog2 ke + 2 and #C = 2k.



74 CHAPTER 8. ERROR BURST CORRECTION8.4 Notes8.2. The construction given is essentially due to Oganesyan and Yagdzhyan[67]. However, they only considered the case where m is a prime.8.3. The construction is due to Davydov, Dzodzuashivili, and Tenengolts[16].



Chapter 9Codes for non-binary alphabets
9.1 PreliminariesMany of constructions given in the previous chapters carry over to the non-binary case. We shall give the necessary de�nitions and state the main resultswithout proofs. The (input and output) alphabet is A = f0; 1; : : : ; a� 1g ofsize a.De�nition 9.1 An a-ary channel is asymmetric if it has the property that ifsymbol b is sent, then only symbols from the set f0; 1; : : : ; bg can be received.De�nition 9.2 For x;y 2 An, let(i) w(x) := Pni=1 xi,(ii) N(x;y) := Pni=1maxfyi � xi; 0g,(iii) �(x;y) := maxfN(x;y); N(y;x)g.If x is sent and y is received, we say that w(x� y) errors have occurred.A code correcting t errors is called a t-code.Theorem 9.1 C � An is a t-code if and only if �(x;y) > t for all x;y 2 C,x 6= y. 75



76 CHAPTER 9. CODES FOR NON-BINARY ALPHABETS9.2 1-codesThe Stanley-Yoder construction carries over to arbitrary alphabet size: if Gis a group with the properties given in 4.1 and g 2 G, thenCg := �x 2 An ���� gx11 gx22 � � � gxnn = g�:The weight distribution of the corresponding generalization of Constantin-Rao codes is given by the following theorem.Theorem 9.2 Let G be an Abelian group of order N , and let g 2 G. Lett(g; w) := #�x 2 Cg ���� w(x) = w�and Tg(y) := N�1Xw=0 t(g; w)yw:Then Tg(y) = 1N 1� y1� ya Xcd=N �1� yad= gcd(a;d)�c�gcd(a;d)�1� yd�c Sg(d):9.3 t-codesThe Varshamov constructions carry over to arbitrary alphabet size. Thede�nition of a Vt-set has to be modi�ed to require that the sums hi1 + hi2 +� � � + hir , where 1 � i1 � i2 � � � � � ir � n, 0 � r � t, and where eachsubscript appears at most a � 1 times, are distinct. We note that the twoVt-sets given in 6.3 satisfy this condition. If H is a modi�ed Vt-set in G andg 2 G, then Cg := �x 2 An ���� nXi=1 xihi = g�;and maxg2G #Cg � an#G:



9.4. NOTES 77The constructions in 6.4 and 6.5 have the following generalizations (usingthe notations of 6.4 and 6.5):Cg1;g2;::: ;gt := �x 2 An ���� �l(x�) = gl for 1 � l � t�;andCg1;g2;::: ;gt�1;m := �x 2 An ���� �l(x�) = gl for 1 � l � t� 1; �1(xa) = m�:9.4 NotesAll the results stated in this chapter are generalizations of results previouslygiven in the binary case. The results may be proved by a modi�cation of theproofs of the binary results.9.1. The de�nition of � and Theorem 9.1 are due to Delsarte and Piret[17],[19].9.2. Theorem 9.2 is due to Helleseth and Kløve [48].9.3. Varshamov [88] considered codes over arbitrary alphabet size. Gener-alizations were given by Delsarte and Piret [17].Kipshidze et al. [52] gave a code for the asymmetric channel with sevensymbols.Robinson [71] discussed codes for a ternary asymmetric channel withsome additional restrictions. This coding problem was further discussedby Kløve [59].Codes for an asymmetric channel of a di�erent kind was given byArakelov and Tenengolts [2]
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