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We are looking for numerical solution of the initial

value problem8<: y0 = (A+B)y
y(0) = y0

t > 0: (1)

If A and B are constant matrices the solution is

y(t) = exp(t(A+B))y0:



Splitting Methods

- First order splitting methods:

AB : exp(�tA)exp(�tB);
BA : exp(�tB)exp(�tA):

- Second order symmeric splitting methods (Strang):

BAB : exp(�tB=2)exp(�tA)exp(�tB=2);
ABA : exp(�tA=2)exp(�tB)exp(�tA=2);

AB +BA : 1
2 (exp(�tA)exp(�tB) + exp(�tB)exp(�tA)) ;

which approximate exp(�t(A+B)):



E = exp(�t(A+B))� SM;

where SM = fAB;BA;ABA;BAB;AB +BAg:
- IF A, B are nonsti�

k�tAk � 1 and k�tBk � 1, then E = O(�t3)

for all symmetric splitings;

- IF A is sti� and B is nonsti�

A = A0 + A1
" ; kA0k � C0; kA1k � C1;

C0; C1 = const; 0 < "� 1 and

k�tAk � 1; k�tBk � 1; then E = E1 +E2 + � � �,
where E1 = O(�t; ") and E2 = O(�t2;�t"; "2):



Polar-type splitings

p� t(2) : exp(�tA� 1
2�t2[A;B])exp(�tB);

p� t(4) : exp(�tA� 1
2�t2[A;B]� 1

3�t3[B; [A;B]])�
exp(�tB � 1

12�t3[A; [A;B]])

- IF A, B are nonsti�

k�tAk � 1 and k�tBk � 1, then

Ep�t(2) = O(�t3) and Ep�t(3) = O(�t4);

- IF A is sti� and B is nonsti�



Example 1:

A =
0@ 1 2

2 1

1A ; B =
1
"

0@ 0 0
1 �1

1A ; " = 10�5:

Example 2:

A =
0@ 1 2

2 1

1A ; B =
1
"

0@ 0 1
�1 0

1A ; " = 10�5:



Example 3:

A =

0BBBBB@
1 2 3 4
4 3 2 1
1 �1 2 1
1 �1 1 2

1CCCCCA ; B =
1
"

0BBBBB@
0 0 0 0
0 0 0 0
0 0 �1 0
0 0 0 �1

1CCCCCA ; " = 10�5:


