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What are exponential integrators ?
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What are exponential integrators ?

These are integrators which use the exponential
and often functions which are closely related to the
exponential function inside a numerical method.
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Introduction and Motivation

First exponential integrators:
¢ Certain’60 - multistep type

¢ Lawson’69 - multistage type
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Introduction and Motivation

First exponential integrators:
Certain’60 - multistep type
Lawson’69 - multistage type

A new interest in exponential integrators for semilinear problems

(1) v’ = Lu+ N(u,t), u(tg) = uo,

where uw : R - R4, L € R¥Xd N : R? — R and d is a discretization parameter equal

to the number of spatial grid points.
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Exponential multistep methods

¢ IF = Integrating Factor methods (Lawson)
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Exponential multistep methods

¢ IF = Integrating Factor methods (Lawson)

¢ ETD = Exponential Time Differencing metods (Certain)
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Exponential multistep methods

¢ IF = Integrating Factor methods (Lawson)

Recall

(1) v’ = Lu+ N(u,t), u(to) = uo.
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Exponential multistep methods

IF = Integrating Factor methods ( )

Recall
(1) v’ = Lu+ N(u,t), u(to) = uo.

Solve exactly the linear part and then make a change of variables
(also known as transformation)

v(t) = e Lu(t).
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Exponential multistep methods

IF = Integrating Factor methods ( )

Recall
(1) v’ = Lu+ N(u,t), u(to) = uo.

Solve exactly the linear part and then make a change of variables
(also known as transformation)

v(t) = e Lu(t).
The initial value problem written in the new variable is then given by

o' (t) = e N (et o(t), t) = g(v,t),  w(to) = vo,

where vg = e~ tolyy.
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Integrating Factor

Consider the Jacobian of the transformed equation

08 _ - ON i
Ov ou

Since e tF = (etL)~1, it follows that the eigenvalues of dg/dv are those of ON/Ou.
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Integrating Factor

Consider the Jacobian of the transformed equation

08 _ - ON i
Ov ou

Since e tF = (etL)~1, it follows that the eigenvalues of dg/dv are those of ON/Ou.
The idea now is to apply any numerical method on the transformed equation and then to
transform back the result into the original variable.
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Integrating Factor

Consider the Jacobian of the transformed equation

0 ON
98 _ —tL PV iL

ov ou ’

Since e tF = (etL)~1, it follows that the eigenvalues of dg/dv are those of ON/Ou.
For example:

IF Euler method is
Up = ehLun_l + ethNn_l,

where h represents the stepsize of the method and N,,—1 = N(un—1,tn—1)-
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Integrating Factor

Consider the Jacobian of the transformed equation

08 _ - ON i
Ov ou

Since e tF = (etL)~1, it follows that the eigenvalues of dg/dv are those of ON/Ou.
For example:

IF Euler method is

Up = ehLun_l + ethNn_l,

where h represents the stepsize of the method and N,,—1 = N(un—1,tn—1)-
IF implicit Euler method is

Up = ehLun_l + ethNn.
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More IF multistep methods

Similarly k-step IF Adams methods are defined as
k .
un = e"u,_1 + Zﬂie’thNn—i,
i=0

where 3; are the coefficients of the Adams method and N,,_; = N(uyp—;,tn—;) fOr
i=0,1,2,..., k.
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More IF multistep methods

Similarly k-step IF Adams methods are defined as

k
hL h L
Up =€ " Up—1 + E BieZh hNp_;,
1=0

where 3; are the coefficients of the Adams method and N,,_; = N(uyp—;,tn—;) fOr
i=0,1,2,..., k.
IF BDF methods are defined as

k
L h L
Up = E a;e®u,_; + Boh Ny,
=1

where (8o and «; are the coefficients of the underlying BDF method.
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ETD multistep methods

Similar approach to the I F' methods, but we do not make a complete change of
variables. Premultiplying the original problem (1) by the integrating factor e —t~ we get

ety = e tLLu+e ttN(u,t),

(e tluw) = e tLN(u,t).
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ETD multistep methods

Similar approach to the I F' methods, but we do not make a complete change of
variables. Premultiplying the original problem (1) by the integrating factor e —t~ we get

ety = e tLLu+e ttN(u,t),
(e tluw) = e tLN(u,t).

Integrating the last equation between ¢t,,_; and t,, = t,,—1 + h, we obtain

h
(vef) u(tp—1+h) = eTu,_q —I—/ ePTEN(u(tn_1 + 7), tn_1 + 7)d7.
0

The approach now is to replace the nonlinear term in the variation of constants formulae
by a Newton interpolation polynomial and then solve the resulting integral exactly.
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ETD multistep methods

Similar approach to the I F' methods, but we do not make a complete change of
variables. Premultiplying the original problem (1) by the integrating factor e —t~ we get

ety = e tLLu+e ttN(u,t),
(e tluw) = e tLN(u,t).
Integrating the last equation between ¢t,,_; and t,, = t,,—1 + h, we obtain
h
(vef) u(tn—1+h) = e"Pun +/ e "IN (u(tn—1 + 7),tn—1 + 7)dT.
0
The approach now is to replace the nonlinear term in the variation of constants formulae
by a Newton interpolation polynomial and then solve the resulting integral exactly.
When N(u(tp—1 + 7),tn—1 + 7) = N,_1 we obtain the ETD Euler method
Un = ehLun—l + Qb[l](hL)hNn—la

where ¢!l (2) is
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ETD multistep methods

Similar approach to the I F' methods, but we do not make a complete change of
variables. Premultiplying the original problem (1) by the integrating factor e —t~ we get

ety = e tLLu+e ttN(u,t),
(e tluw) = e tLN(u,t).

Integrating the last equation between ¢t,,_; and t,, = t,,—1 + h, we obtain

h
(vef) u(tp—1+h) = eTu,_q —I—/ ePTEN(u(tn_1 + 7), tn_1 + 7)d7.
0

The approach now is to replace the nonlinear term in the variation of constants formulae
by a Newton interpolation polynomial and then solve the resulting integral exactly.
When N(u(tp—1 + 7),tn—1 + 7) = N,_1 we obtain the ETD Euler method

un = ey, 1+ gb[l](hL)hNn_l,
In general, using higher order approximations to the nonlinear part N we obtain
ETD Adams—Bashforth ( )

ETD Adams—Moulton (
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Exponential Runge-Kuta methods

IF Runge—Kuta methods ( )
For simplicity, we represent the initial value problem (1) in autonomous form

v’ = Lu+ N(u(t)), wu(tg) = up.

Similarly to the the multistep case, the idea now is to apply an arbitrary s-stage
Runge—Kutta method to the transformed equation

v (t) = e_tLN(etLv(t)) = g(v), v(to) = vo,

and then to transform back the result into the original variable. If A = (a;;), b = (5;)
and ¢ = (c;) are the coefficients of the underlying multistage method then in terms of the

original variable the computations performed are
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Exponential Runge-Kuta methods

IF Runge—Kuta methods ( )
Ui = 1o
Uy = €2 (ug+ az1hN(UL))
Us = €%3"(ug+ az1hN(Uy) + asahe 2" N(Uy))
I — ec4hL(uo + aq1hN (Ur) —|—oz42he_c2hLN(U2)
+ag3he 3" N(U3))
ur = e"(ug + B1hN(Ur) + Bahe 2RE N (Us)

+B3he™ 3" N (Us) + Bahe™ 4" N(U,))
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Exponential Runge-Kuta methods

IF Runge—Kuta methods ( )
General form of an order 4 integrating factor method is

0 0 0 0 ec1hl
agq ec2hl 0 0 0 ec2hL
ag1e®3hl  qagelca—c2)hL 0 0 oc3hL
ou1eCAhl  quoe(ca—c2)hL o go(ca—c3)hL 0 pCahL

B1ehl Boe(l—c2)hL Bge(l=c3)hL g o(1—ca)hL | chL
Uniformly distributed ¢ vector provides cheapest methods.
This structure requires only classical order conditions.
IF RK methods perform poorly for stiff problems.
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General format of Exp. RK methods

Aims:

Construct a general class of exponential integrators which includes as special
cases all known exponential Runge—Kutta methods

Derive the nonstiff order theory for this class of method
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The ¢ functions

® The IF ¢ functions are

$l(cj)(hL) = eleimehl i=1,2,....
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The ¢ functions

The IF ¢ functions are

$l(cj)(hL) = eleimehl i=1,2,....

The ETD ¢ functions are
$1% (c;)(hL) =

¢l4(c;)(hL)

eCj hL
pli=1(c;)(RL) — ﬁ
c;jhL
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The ¢ functions

In general, for I € N and A € R, the ¢!Y functions could be

B (hL) =Y oV )(RLY,

7>0
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The ¢ functions

In general, for I € N and X € R, the ¢!!l functions could be

B (hL) =Y oV )(RLY,

7>0
and must:

Be computed exactly or to arbitrary high order cheaply

Map the spectrum of h L to a bounded region

Given the IF and ETD ¢ functions as basis elements then
- linear combinations

- products

- inverses

produce mehods.
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The ¢ functions

In general, for I € N and X € R, the ¢!!l functions could be

B (hL) =Y oV )(RLY,

7>0

and must:
Be computed exactly or to arbitrary high order cheaply

Map the spectrum of h L to a bounded region

Given the IF and ETD ¢ functions as basis elements then

- linear combinations

- products

- inverses

produce mehods.

Other choices are also posible (approximations with trigonometric polynomials in vcf).
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Formulation of the methods

The computations performed are

U; = ZZ(X ) (RL)RN(U;) + ey, g,
j=11=1

S ZZg (1)(hL)RN(U;) + ey 1,
1=11=1

where m puts a limit on the number of ¢! functions which can be computed,
h represents the stepsize and U; denotes the internal stage approximation.
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Formulation of the methods

The computations performed are

U; = ZZ(X ) (RL)RN(U;) + ey, g,
j=11=1

S ZZg (1)(hL)RN(U;) + ey 1,
1=11=1

where m puts a limit on the number of ¢! functions which can be computed,
h represents the stepsize and U; denotes the internal stage approximation.

Interpreted in a Runge—Kutta type tableau

H1] H!2] plm—1] plm]
c| ol | ol | ... | alm-1 | glm
AT | g™ | | gim—tT | gl
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Nonstiff order conditions

Use rooted trees and B-series.
Represent the elementary differentials using trees:

Associate a closed node with L and an open node with NV

2T1* - Bi-coloured rooted trees with one child closed nodes
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Nonstiff order conditions

Use rooted trees and B-series.
Represent the elementary differentials using trees:

Associate a closed node with L and an open node with NV

2T1* - Bi-coloured rooted trees with one child closed nodes

Order1: © o
O e O e
Order 2:
O O e e
O e O e
Order 3: O @) () () v VD v
O O O O
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Nonstiff order conditions

Use rooted trees and B-series.
Represent the elementary differentials using trees:

Associate a closed node with L and an open node with NV

2T1* - Bi-coloured rooted trees with one child closed nodes

n 1 2 3 4 5 6 7 8 9 10
On 2 4 11 34 117 421 1589 6162 24507 99268
©=>"0n 2 6 17 51 168 589 2178 8340 32847 132115

The number of rooted trees in 2T* for all orders up to ten.
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Elementary differentials and B-series

The elementary differentials are recursively generated as

F(1)(u

)= ) LE@) i = [P
NO@)(F(r)(w),. .., F(re)(w)  ifr=[®m,...,7]
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Elementary differentials and B-series

The elementary differentials are recursively generated as

LF(71)(u) tr =[]
F(1)(u) =
(T)(w) '{ NO (@) (F(11)(w), ..., F(r)(w)) ifr =[®;71,..., 7]

For an elementary weight function a : 2T* — R the B-series is

B(a,u) =a@u+ »_ thI@F(T)(u)

ceare o(T)
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Elementary differentials and B-series

The elementary differentials are recursively generated as

LF(11)(w) if 7 =[O; 7]
F(t)(u) =
D { NO (u)(F(m1)(w), ..., F(re)(w))  if7=[®71,...,7]
For an elementary weight function a : 2T* — R the B-series is
B(a,u) =a@u+ »_ thlﬂF(T)(u)
ceare o(T)

The elementary weight function for the exact solution is

1
a(T) = —/,
v(7)
where ~ is the density of single coloured tree
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The lemmas

To obtain B-series expansions of the numerical solution we need three Lemmas.
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The lemmas

To obtain B-series expansions of the numerical solution we need three Lemmas.

Lemma 2. Leta : 2T* — R, witha(D) = 1, then

hN(B(a,u)) = B(a', u),

where
R ifT =[O; 7]
a(T)_{ a(r1)...a(mp) ifr=1[9;71,...

7T£]
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The lemmas

To obtain B-series expansions of the numerical solution we need three Lemmas.
Lemma 3. Leta : 2T* — R, witha(D) = 1, then

hN(B(a,u)) = B(a', u),
where

Lo [0 ifT =[O; 7]
a(T)_{ a(t1)...a(m) ifT=[®;71,...,7]

Lemma3. Leta : 2T* — R, then
(hL)!B(a,u) = B(Lla, ),

where
o ={ §¢7Om Izl
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The lemmas

Lemma 4. Lety(z) be a power series

andleta : 2T* — R, then
Yz (hL)B(a,u) = B(¥z(L)a,u),

where the elementary weight function satisfies, (vz(£)a)(0) = z[%a(0), and

($a(L)a)(r) =Y all(Lla)(7)

>0
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Exp. RK methods for parabolic PDEs

Stiff order theory for ETD RK methods for parabolic PDEs (Hochbruck—Ostermann’04)
¢ Abstract ODEs on a Banach spaces
© Sectorial operators

© Locally Lipschitz continuous functions
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Exp. RK methods for parabolic PDEs

Stiff order theory for ETD RK methods for parabolic PDEs ( )
Abstract ODEs on a Banach spaces
Sectorial operators

Locally Lipschitz continuous functions

The error bounds depend form the space where the solution evolves!
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Exp. RK methods for parabolic PDEs

Stiff order theory for ETD RK methods for parabolic PDEs ( )
Abstract ODEs on a Banach spaces
Sectorial operators

Locally Lipschitz continuous functions

Implicit Exp RK methods of collocation type
The methods converge at least with their stage order. Higher and even fractional order of
convergence is possible if additional temporal and spatial regularity are required
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General linear methods

Consider v’ = f(u(t)), u(to) =uo, f(u(t)):R? — R,
Assume that at the beginning of step number n, r quantities

are available from approximations computed in the previous steps. If
Ui,Usz,...,Us
are the internal stage approximations to the solution at points near the current time step,

then then the quantities imported into and evaluated in step number »n are related by the
equations

U—Zamhf Uj) + Zdijug-n_l], 1=1,2,...s,

71=1 71=1
Zb”hf U.y)Jer,J n=1l =12,
.J 1 e ° ° ° ° ° ° °
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Vector notations

Ui = aihf(Uj) + Y digul®™, i=1,2,.. 5,

™ =3 b hfUG) + > vl =12,
j=1 j=1
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Vector notations

Ui = aihf(Uj) + Y digul®™, i=1,2,.. 5,
™ = 3" bihf(UG) + > wigult T, =12,
j=1 =1

Introducing the vector notations

L ) Dk e
Us f(U2) u[2n_1] u[Qn]
U — () = : : ) : ulnl = _ :
L Us i L f(US) B L 'U'Ln_l] i L u[r’n] |
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Vector notations

Ui = aihf(Uj) + Y digul®™, i=1,2,.. 5,
™ = 3" bihf(UG) + > wigult T, =12,
j=1 j=1
allows us to rewrite the above method in the following more compact form
v | | Al | Dol hf(U)
uln) BoIy | Vel uln=1 |’

where ® is the Kronecker product and 1 is the d x d identity matrix.
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Examples of GLMs

Consider k-step linear multistep methods of Adams type

k
Up = Un—1 + hZBzf(un—z)

1=0
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Examples of GLMs

Consider k-step linear multistep methods of Adams type

k
Up = Up—1 + hZBzf(un—z)

i=0
In general linear form
| Ux 1 [Bo|1 B
Un /BO 1 /81
hf(U1) 1 {0 O
hf(upn—1) | | 0|0 1
| Af(un—gk—1) ] L O |0 O

Be—1 Br | [ hf(U1)
/Bk—l /Bk Un—1
0 0 hf(un—l)
0 0 hf(un—2)
| 0 _ hf(un—k) i
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Examples of GLMs

The classical fourth order Runge—Kutta method

0

1 | 1

3 | 2

1 1

2|0 3 )

110 0 1
101 1 1
6 3 3 6
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Examples of GLMs

The classical fourth order Runge—Kutta method

0
1 1
2| 2
1 1
2|0 2
110 0 1
i1 1 1
6 3 3 6
can be written as
;] [ o o o o1 hf(Uy) |
Us 5 0 0 01 hf(Us)
Us =] 0 2 0 0|1 hf(Us)
Uy 0 0 1 01 hf(Uy)
1 1 1 1
v | Ls 3 3 6|1 Un-1 |
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Examples of GLMs

It is not always appropriate to represent a Runge—Kutta method like a general liner
method with » = 1. Example is the Lobatto IlIA method

0
1,5 1 _ 1
2 24 3 24
1 1 2 1
2 6 3 6
1 2 1
6 3 6
° ° ° ° ° ° ° ° °
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Examples of GLMs

It is not always appropriate to represent a Runge—Kutta method like a general liner
method with » = 1. Example is the Lobatto IlIA method

0
115 1 _ 1
2 | 24 3 24
1 1 2 1
2 | 6 3 6
12 1
6 3 6
It has the following general linear form
U1 % —i 1 25_4 hf(Ul)
v: | _| 2 $]1 1 hf(Us)
2 1 1
Un 5 s |t % Un—1
| hf(U2) | [ O 1 |0 0 || hf(un-1)
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Exp. general linear methods

Consider the following unified format of Exp. GLMs

U = 30> ol @) (hL) AN W) + 32 Y o) (i) (hD) wl Y,
u = 305781 )KL AN + 30 3w S @) (L) Y
= j=11=1
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Exp. general linear methods

Consider the following unified format of Exp. GLMs

Ui = Z iaﬁl} S (c) (hL) BN T;) + Y icﬁ? o (ci)(hL) ulP™Y,
j=1i=1 j=11=1
ZZB U(1)(hL) hN(U;) + ZZ (1) (hL) wl*~Y.
_7 1i=1 : =1
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Exp. general linear methods

Consider the following unified format of Exp. GLMs

Ui =33 oll () hL Zf} 81U 611 e, (L) wl™Y,
j=11=1 e
=33 6l gl (1) (kL) AN(U;) + zfj 1) (L) ol
A=l i it

Similarly, to the traditional GLMs, we can represent the method in the following matrix

form
U | _| 4@ | D) || rN@)
ulr! B¢) | V(g) | | unt |

where each of the coefficient matrices A(¢), B(¢), D(¢), V(¢) has entries which are

linear combinations of the ¢! functions.
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Generalized IF methods

Seek for a solution of the form

w(tn +t) = ¢, 5 (0(1)),

where ¢, 5 is the flow of the differential equation

u' = F(u,t), u(0) = un.
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Generalized IF methods

Seek for a solution of the form
u(tn +1) = ¢, 5(v(t)),
where ¢t,ﬁ is the flow of the differential equation
u' = F(u,t), u(0) = un.

The vector field F(u,t) must:
Approximates the original vector field f(u, tn + t) around the point w,.

Have a flow ¢, = which is easy to compute exactly.

° ° ° ° ° ° ° ° °
Exponential Integrators for Semilinear Problems — p.22/4¢



Generalized IF methods

Seek for a solution of the form

w(tn +t) = ¢, 5 (0(1)),

where ¢, 5 is the flow of the differential equation
u' = F(u,t), u(0) = un.

The vector field F(u,t) must:
Approximates the original vector field f(u, tn + t) around the point w,.
Have a flow ¢, = which is easy to compute exactly.

The corresponding differential equation for the v variable is

o/ (£) = (g—g)_l (Flurtn +0) = F(u,2).),  0(0) = un.

Use numerical method on the transformed equation and then transform back.
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GIF for semilinear problems

For the semilinear problem (1), we can choice F(u,t) = Lu + Ly (N, t),
where L (N, t) is the Lagrange interpolating polynomial of degree k — 1 for the function
N(u(tn + 1), tn +t), which passes through the k points N, Njy—1,..., Np_g11.

The transformed equation is

o' (t) = e T (N(u(tn + 1), tn +t) — Le(N,2))  v(0) = un.
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GIF for semilinear problems

For the semilinear problem (1), we can choice F(u,t) = Lu + Ly (N, t),
where L (N, t) is the Lagrange interpolating polynomial of degree k — 1 for the function
N(u(tn + 1), tn +t), which passes through the k points N, Njy—1,..., Np_g11.

The transformed equation is
o' (t) = e T (N(u(tn + 1), tn +t) — Le(N,2))  v(0) = un.

Applying a multistep method to the transformed equation leads to a class of
methods which includes as a special cases all exponential multistep methods
considered so far.

Applying a multistage method to the transformed equation leads to a new class of
methods known as GIR/RK methods ( ).
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GIF/RK methods

Lo(N,t) =0 — IFRK(Lawson),
Li(N,t) =N, — GIF1/RK (Krogstad),
Ny — Np—
Lo(N,t) = N, + ¢t ( r 1) — GIF2/RK (Krogstad),

Exponential Integrators for Semilinear Problems — p.24/4¢



GIF/RK methods

Lo(N,t) =0 — IFRK( ),
Ll(th):Nn —  GIF1/RK ( ),
N, — N, _
LQ(N,t):Nn+t< . 1> —  GIF2/RK ( ),

0 0 0 I 0
a21(hL) 0 0 0 ec2hl doo (hL)
a31(hL) a326(c3_c2)hL 0 0 ecshl d3o (hL)
a41(hL) agqelca—c2)hl o selca—c3)hL 0 ecahl g, (hL)
bl(hL) ﬁQe(l—CQ)hL 636(1—63)hL 1846(1—64)hL ehL ’UlQ(hL)

] I 0 0 0 0 0 |

Fourth order GIF2/RK method
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GIF/RK methods

Lo(V,t) =0 — IFRK( ),

Li(N,t) =N, — GIF1/RK( ),
Np,
h

LQ(N,t)anH(N”‘ ‘1) — GIF2/RK ( )

where
a21(hL) — C2¢[1] + C%¢[2],

a31(hL) = e3¢l + C§¢[2] — aga (1 + cg) elea—e2)hL,

aq1(hL) = calt) + 212 — ago (1 4 c2) elca=c2)hL _ o5 (1 4 ¢3) elca—ca)hl
b1(hL) = !+ —Bo(1+co)e(t=e2)hL _ B3 (14 c3)e(L=ea)hL _ g, (14.¢4)e(1—ca)L,
doo(hL) = —c2¢l2],

d32 (hL) = —c%qﬁp] + C20432e(03—c2)hL7
d4o (hL) — _C?L¢[2] + C2a42e(04—02)hL 4 c3a43e(04—03)hL,
via(hL) = —¢l2] + cpBpe(l=c2)hLl | caBse(l=ca)hl 4 ()3, e(1=ca)hL
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GIF/RK methods

Similarly, if F(u,t) = Lu + Tx (N, t), where

k

Te(N,t) =b+ Z (co sin(at) + dg cos(at)) ;

a=1

it is possible to construct new GIF methods.

This approach leads to the followig ¢! funactions

L (nL)

peol (L)

e"la — Lsin(ah) — acos(ah)l

a2l + L2 ’

e"l' [, — L cos(ah) + asin(ah)I

a2l + L2

k -~ N, Ca,da E,
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Exp. int. and Lie group methods

Lie group methods

“ Designed to preserve certain qualitatively properties of the exact flow
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Exp. int. and Lie group methods

Lie group methods

Designed to preserve certain qualitatively properties of the exact flow

The freedom in the choice of the action allows to define the basic motions on the
manifold to be given by approximations of the exact flow.
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Generic presentation of a diff. eq.

Every differential equation evolving on a homogeneous space M can always be written
as

u'(t) = F(u) ® u, u(to) = uo,

where F: M - gand® : g x M — T M.
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Generic presentation of a diff. eq.

Every differential equation evolving on a homogeneous space M can always be written
as

u'(t) = F(u) ® u, u(to) = uo,
where F: M - gand® : g x M — T M.

For a fix © € g the product ©® ® p gives a vector field on M
Fo(p)=©®p

The vector field Fg is called a frozen vector field.
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Generic presentation of a diff. eq.

Every differential equation evolving on a homogeneous space M can always be written
as
u'(t) = F(u) ®u,  u(to) = uo,

where F: M - gand ® : g x M — T M.

For a fix © € g the product ©® ® p gives a vector field on M
Fo(p)=©®p

The vector field Fg is called a frozen vector field.

In order to implement any Lie group integrator we need to know:

The generic presentation F’
The structure of the Lie algebra g
The Lie algebra action * on M

How the commutators between elements in g are defined (RKMK methods)
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Lie group integrators

Algotithm. (Crouch—Grossman’93)

fortr =1,...,sdo
U; = (haysFs) % -+ % (ha1 F1) * un
F; = F(U;)

end

Unt1 = (hBsFs) * -+ x (hB1F1) * up

° ° ° ° °
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Lie group integrators

Algotithm. ( )

fortr =1,...,sdo
U; = (haysFs) % -+ % (ha1 F1) * un
F; = F(Uy)

end

Unt1 = (hBsFs) * -+ x (hB1F1) * up

Algotithm. ( )

fortr =1,...,sdo
©;= hZ —1 i
K@- = d\I!_l(FZ-)
end
Un+1 = (h i1 BiKi) * un
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Lie group integrators

Algotithm. ¢( )
fortr=1,...,sdo
U; = (haysFs) % -+ % (ha1 F1) * un
F; = F(Uy)
end
Unt1 = (hBsFs) * -+ x (hB1F1) * up

Algotithm. Commutator-free Lie group method ( )
fort=1,...,sdo
Ui = (hY s qaF Fp)x- % (RY t_; af Fr) * un
F; = F(U;)
end
Un+1 = (hZZzl B?Fk) *--x (h ZZ:l Bka) * Un
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Basic motions on M

Consider the following nonautonomous problem defined on R¢

u' = f(u,t), u(to) = uo.
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Basic motions on M

Consider the following nonautonomous problem defined on R¢
u' = f(u,t), u(to) = uo-

Define:
- the basic movements on M to be given by the solution of a simpler diff. equation

(2) u' = Fol(u,t), u(to) = uo,

where Fg (u, t) approximates f(u,t).
- the Lie algebra g to be the set of all coefficients © of the frozen vector fields Fg.

- the algebra action h© * ug to be the solution of (2) at time ¢tg + h.
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The choice of action

The simplest case
- g = {bl% ¢ RY}.
- The frozen vector field is F, jo; (u, t) = bl0l.
- The algebra action is hbl®l % ug = ug + bl (translations).
- The commutators are given by [©1,02] = (0, 0).
In this case we recover the traditional integration schemes.
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The choice of action

The simplest case
- g = {bl0 € R9}.
- The frozen vector field is F, jo; (u, t) = bl0l.
- The algebra action is hbl®l % ug = ug + bl (translations).
- The commutators are given by [©1,02] = (0, 0).
In this case we recover the traditional integration schemes.

When f(u,t) = L(u,t)u + N (u,t) (such a representation is always possible)
-g={(A,bl0) : A € RI*xd pl0] c R?},
- The frozen vector field is F 4 ,(01) (u, t) = Au + b,
- The algebra action is given by h(A, bl9) x ug = e Aug + Al (R A),
where ¢4 denotes the matrix exponential and ¢!1! is the first ETD ¢! function.
- The commutators are given by [©1,02] = (A1 A2 — A2A1, Albgﬂ — Agb[lo]).
In this case we recover the affine algebra action proposed by
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Exponential Integrators for Semilinear Problems — p.30/4¢



Nonautonomous frozen vector fields

Similarly, when f(u,t) = L(u, t)u + N (u,t) + t N1 (u,t).
-g = {(A,bl0 pll]): A € RIxd pl1] pl0] ¢ R}

- The frozen vector field is
]:(A,b[l],b[o])(u’ t) = Au+ co + tc1, where ¢cg = bl0l + to(1 — )\)b[ll and cy; = Abl1]

- The algebra action is given by
h(A, b b0 s« ug = erAug + (O + tobl) et (RA) + R2Xb1 g2 (RA).

- The commutators are given by
[©1,05] = ([Al, Az], A1l — Axpl A1l — 4581 4 xplt — Aqbll, o).
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Nonautonomous frozen vector fields

Similarly, when f(u,t) = L(u, t)u + N (u,t) + t N1 (u,t).
-g = {(A,bl0 pll]): A € RIxd pl1] pl0] ¢ R}

- The frozen vector field is
]:(A,b[l],b[o])(u’ t) = Au+ co + tc1, where ¢cg = bl0l + to(1 — )\)b[ll and cy; = Abl1]

- The algebra action is given by
h(A, b blO1) 5 ug = erAug + h(bl0 + tobl)pll (RA) + R2 A0 12 (RA).

- The commutators are given by
[©1,05] = ([Al, Az], A1l — Axpl A1l — 4581 4 xplt — Aqbll, o).

Can generalize this approach to the case f(u,t) = L(u,t)u+ > b_, t* NI*l(u,¢).
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Nonautonomous frozen vector fields

Similarly, when f(u,t) = L(u, t)u + N (u,t) + t N1 (u,t).
-g = {(A,bl0 pll]): A € RIxd pl1] pl0] ¢ R}

- The frozen vector field is
]:(A,b[l],b[o])(u’ t) = Au+ co + tc1, where ¢cg = bl0l + to(1 — )\)b[ll and cy; = Abl1]

- The algebra action is given by
h(A, b blO1) 5 ug = erAug + h(bl0 + tobl)pll (RA) + R2 A0 12 (RA).

- The commutators are given by
[©1,05] = ([Al, Az], A1l — Axpl A1l — 4581 4 xplt — Aqbll, o).

Can generalize this approach to the case f(u,t) = L(u,t)u+ > b_, t* NI*l(u,¢).
It is possibel to show that:

- IF RK methods are RKMK methods ( );
- GIF/RK methods are also RKMK methods.
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Implementation issues

Consider the ETD ¢l? functions

e —1
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Implementation issues

Consider the ETD ¢!% functions

e —1

Numerical techniques

Decomposition methods
Krylov subspace approximations

Cauchy integral approach
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Decomposition methods

At the heart of all decomposition methods is the similarity transformation
A=SBS 1,

where A = vh L. Therefore
old(A) =S¢l (B)S~T.
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Decomposition methods

At the heart of all decomposition methods is the similarity transformation
A=SBS 1,
where A = vhL. Therefore
$1(4) = 5¢1(B)S~1.

Two conflicting tasks:
- Make B close to diagonal so that ¢[%(B) is easy to compute.
- Make S well conditioned so that errors are not magnified.
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Decomposition methods

At the heart of all decomposition methods is the similarity transformation
A=SBS 1,

where A = vhL. Therefore
1 (4) = S¢l(B)S~!.
Algotithm. ( )
e Compute the Schur decomposition A = QT'Q* (QQR algorithm).

- the scalar Parlett recurrence fails when the eigenvalues of I’ are equal or close to each other
® Reorderl’ into a block upper triangular matrix ’ZN“
e Compute F,£ = gb[z (Tk k) for all diagonal blocks Tk . (Chebyshev rational approximations).
e Find Fld = ¢lil(T') by solving the Silvester equat/on (Parlett recurrence)
Tor Pyl — Fo Ty = Fi{ T — T By + > ikt (F[Z]Tyl - TkaF[.])
e Compute $1}(A) = Qo' (T)Q*.

The cost depends from the eigenvalue distribution of A- between 2843 and d* /3 flops.
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Decomposition methods

At the heart of all decomposition methods is the similarity transformation
A=SBS 1,

where A = vhL. Therefore
11 (4) = s¢l(B)S 1.

When A is summetric
Algotithm. ( )

® Calculate a symmetric tridiagonal reduction A = QTQT (Hauseholder reflections).
® Find the largest eigenvalue A1 of T.
e Compute gb[i] (T) by a Chebyshev rational approximation with respect to A1 .
eB ~ eM Ry,(B — A11), the structure of B depends ofgb[i] and \1
o Calculate $l* (A) by L1 (A) = Q! (T)QT.

The total number of operations for computing each of the functions ¢! is 0(13_0(13)_
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Krylov subspace approximations

Approximately project the action of ¢[%(A) on a state vector v € C¢, to a small Krylov
subspace
Km = span{v, Av, ..., A" 1y},

Construct a orthogonal basis Vin = [v1,v2,...,vm] Of Km ( )
If Hn, is the m x m upper Hessenberg matrix generated by the process then

Therefore, Hy, is the orthogonal projection of A to the subspace K, and
¢! (A)v = Vi Vi @1 (A)v = BVin Vi ¢l (A) Viner & BV (Hm)en,

where ey is the first unit vector in R™ and 8 = ||v||2.
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Krylov subspace approximations

Approximately project the action of ¢[%(A) on a state vector v € C¢, to a small Krylov
subspace

Km = span{v, Av, ..., A" 1y},

Construct a orthogonal basis Vin = [v1,v2,...,vm] Of Km ( )
If Hn, is the m x m upper Hessenberg matrix generated by the process then

Therefore, Hy, is the orthogonal projection of A to the subspace K, and
¢! (A)v = Vi Vi @1 (A)v = BVin Vi ¢l (A) Viner & BV (Hm)en,

where ey is the first unit vector in R™ and 8 = ||v||2.

e Superlinear convergence ( )
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Krylov subspace approximations

Approximately project the action of ¢[%(A) on a state vector v € C¢, to a small Krylov
subspace

Km = span{v, Av, ..., A" 1y},

Construct a orthogonal basis Vin = [v1,v2,...,vm] Of Km ( )
If Hn, is the m x m upper Hessenberg matrix generated by the process then

Therefore, Hy, is the orthogonal projection of A to the subspace K, and
¢! (A)v = Vi Vi @1 (A)v = BVin Vi ¢l (A) Viner & BV (Hm)en,

where ey is the first unit vector in R™ and 8 = ||v||2.

e Superlinear convergence ( )
e Preconditioning the Lanczos process ( )
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Cauchy integral approach

Based on the Cauchy integral formula

1

2%@ T4

pll(A) = PN (A — A)~La),

where T" 4 is a contour in the complex plane that encloses the eigenvalue of A, and it is

also well separated from 0. It is practical to choose the contour I' 4 to be a circle
centered on the real axis.

Using the trapezoid rule, we obtain the following approximation
Pl (A Z A dl )M\ — AL

where k is the number of the equally spaced points A; along the contour I' 4.
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Cauchy integral approach

To achieve computational savings we can use the formula

#(4) = 9 (kL) = —— [ SN (AL — L) ax,
r

271

where the contour T" encloses the eigenvalues of vh L and 4T is well separated from 0
for all 4 in the integration process.
As before

k
1 (A) =~ % Z Aol (v M) (AT = hL) T,
=1

where now )\ ; are the equally spaced points along the contour I".

Note: The inverse matrices no longer depend of ~.
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Cauchy integral approach

To achieve computational savings we can use the formula

#(4) = 9 (kL) = —— [ SN (AL — L) ax,
r

271

where the contour T" encloses the eigenvalues of vh L and 4T is well separated from 0
for all 4 in the integration process.
As before

k
: 1 : 0
$(A) & = D Xl () (AT — hL) 7,
j=1
where now )\ ; are the equally spaced points along the contour I".

When L arises from a finite difference approximation, we can benefit from its sparse
block structure and find the action of the inverse martices to a given vector by:
e iterative methods - preconditioned conjugate gradient and multigrid methods.

e direct methods - CR, FFT, FACR, LU factorization.
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A modification of LU facorization

Consider the following linear system

Mz = f,
where
(4 B )
B* A B 0
B* A
M = :
0 ' : B

\ B 4 )

is an Hermitian tridiagonal block Teoplitz matrix with block size n. A and B are m x m

matrices, x and f are column vectors with size nm.
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The idea

First we sove a parametric linear systems of the form

Ny = f,
where
[ X B \
B* A . 0
N = ,
0 . . B
\ B 4 )

is a block tridiagonal matrix with block size n and X is a parameter.
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The idea

First we sove a parametric linear systems of the form

Ny = f,
The matrix NV admits the following LU factorization

B*x—1 | 0 .. 0

\ .B*).(—lf)\ .X)

where I is the m x m identity matrix.

° ° ° ° ° ° ° ° °
Exponential Integrators for Semilinear Problems — p.38/4t



The idea

First we sove a parametric linear systems of the form

Ny = f,
The matrix NV admits the following LU factorization

B*x—1 | 0 .. 0

\ .B*).(—lfj\ .X)

where I is the m x m identity matrix.
The parameter X must satisfie the nonlinear matrix equation

X+B*X" 1B = A.
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The idea

First we sove a parametric linear systems of the form

Ny = f,
The matrix NV admits the following LU factorization

B*Xx 1

; ; 0 . B
\ px-1 1)\ x /
where I is the m x m identity matrix.

Therefore, the solution y can be obtained by solving two simpler systems

Lz

i 2= 2= ..

Uy — Z, y:{yi}i:L...,n;
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The idea

The matrices M and N are related by relation

where F1 =

(1)

sy

M =N+ E.V},
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The idea

The matrices M and N are related by relation
M =N + E1 V7T,
(1)
0

where E; = , VI = (A—X 0 ... 0)-

sy

Using Woodbury’s formula we have
M-t=N"1!'-N1'Ey(I+VIN-1E)"lVIN-L
Therefore, the solution x is obtained from the vector y as follows

r = M7f
N lf—N1E(I+VINE)'VIN-If
y— N"1E1(I+(A- X)EIN=1E)~tVly
= y—NE(I+(A-X)EFfN"1E)" A - X)u1.
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Circulant matrices

Similar approach can also be used to solve linear systems of the form

Wax = f,
where
(M N S
N* M N S
S* N*
W = =
0 :
S S*
\ N S
is Hermitian pentadiagonal block circulant matrix

S*

S*  N*
S*

N S

M N

N* M )
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Circulant matrices

The parametric system in this case is

Ty = f,
where
( X Y S
v+

Z N
S* N* M
T =
0

\

is pentadiagonal matrix with block size n.
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Circulant matrices

T admits the following LU factorization

I'm X Y S 0

( y*x—1 . 0 \ ( ... \

T = LU = S*x—1 : .. S s
: : : 0 .Y

\ 0 S*x—1 y*x—1 I, ) \ X)

where I,, is the identity matrix with size m x m and the paramethers X = X*, Y and
Z = Z* satisfy the following relation

F+Q*F~1Q =R,
( X v ) ( S 0 ) ( M N )
F = aQ: 7R: :
Y* Z N S N* M
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Circulant matrices

T admits the following LU factorization

(Im \(XYS 0\

y*x—1 . 0
T = LU = S*x—1 : .. S s
: : : 0 .Y
\ 0 S*x—1 y*x—1 I, ) \ X)

where I,, is the identity matrix with size m x m and the paramethers X = X*, Y and
Z = Z* satisfy the following relation

F+Q*F'Q=R,

(x y) (s 0) (M N)
F = aQ: 7R: .
Y* Z N S N* M

The solution «x is obtained from y and the solution of a pentadiagonal block Teoplitz
system by applying two times the Woodbury’s formula.

where
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Numerical experiments

The methods

ETD RK3(CM) The third order method of Cox—Matthews;

ETD2RK3 A modification of the third order method of CM (continuous RK);
ETD2CF3 A stiff order three method based on the CF3 (continuous RK);

ETD RK4(CM) The fourth order method of Cox—Matthews;

ETD RK4(Kr) The fourth order method of Krogstad,;

ETD RK4(Min) A fourth order method which satisfies half of the order 5 coditions;
ETD RK4(HO) The stiff order four method of Hochbruck—Ostermann;

IF RK4 The fourth order Integrating Factor Runge—Kutta methd (classical RK);
GIF1/RK4 The fourth order Generalized Integrating Factor Runge—Kutta method;
GIF2/RK4 The fourth order Generalized Integrating Factor Runge—Kutta method;
GIF3/RK4 The fourth order Generalized Integrating Factor Runge—Kutta method;
CF4 The fourth order Commutator Free Lie group method with affine action;
CF4A1 A fourth order CF method with action corresponding to nonautonomous FVF.
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Allen-Cahn equation

Uy = 5u$$—|—u—u3, x € [—1,1]

with e = 0.01 and with boundary and initial conditions

u(—1,t) = -1, u(l,t) =1, wu(x,0)= .53z + .47sin(—1.57z)
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Allen-Cahn equation

Uy = 5u$$—|—u—u3, x € [—1,1]

with e = 0.01 and with boundary and initial conditions
u(—1,t) = -1, u(l,t) =1, wu(x,0)= .53z + .47sin(—1.57z)

After discretisation in space.

ut = Lu+ N(u(t))

where L = eD?, N(u(t)) = u — «3 and D is the Chebyshev differentiation matrix.
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Allen-Cahn equation

Allen-Cahn equation

=31

()
E
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-—

©
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(@)

=
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o
=2
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«

)
o

< ETD RK3(CM)
— - ETD2RK3

—5- ETD2CF3

—% ETD RK4(CM)
-6~ ETD RK4(HO)
~ ETD RK4(Kr)
~&— ETD RK4(Min)

107
Stepsize h
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Allen-Cahn equation

Allen-Cahn equation

=31
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=
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—— IF RK4
—— GIF1/RK4
—-o- GIF2/RK4
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Korteweg de Vries equation

Ut = —Ugpr — Ulyg, x € [—m, ],

with periodic boundary conditions and with initial condition
u(z,0) = 3C/ cosh? (v Cz/2),

where C' = 625. The exact solution is 27 /C periodic and is given by
u(z,t) = u(z — Ct,0).

We use a 256-point Fourier spectral discretization in space. In this case the matrix L is

again diagonal. The integration in time is done for one period.
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Korteweg de Vries equation

Korteweg de Vries equation
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Korteweg de Vries equation

Korteweg de Vries equation
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Contributions

Proposed a general class of exponential Runge-Kutta methods specifically
designed for time integration of semilinear problems.

Rederived the nonstiff order theory
- a non-recursive rule for generating each nonstiff order condition from its
corresponding rooted tree

Extended the class of GLMs to the exponential settings

Studied the natural connection between exponential integrators and Lie group
methods.

-GIF/RK = RKMK

- proposed a new approach in the derivation of GIF/RK methods

- suggested how to construct exponential integrators with algebra action arising
from the solutions of differential equations with nonautonomous frozen vector fields

Studied different nuumerical techniques for computing the ETD ¢[4 functios.
Generalized the tridiagonal reduction approach.

Proposed new methods for solving special block linear systems.
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Open problems

Other ¢! functions.
Effective algorithms for their computation.

Are these methods competitive with variable stepsize - in
which cases ?

Stability analysis.
Extensive numerical experiments.

Exponential integrators for oscillatory problems.
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