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M otivation

A new interest in exponential integrators for semilinear problems
ur = Lu+ N(u,t), u(to) = uo

where L is a higher-order linear term and N is low-order nonlinear term.
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M otivation

A new interest in exponential integrators for semilinear problems

ur = Lu+ N(u,t), u(to) = uo

where L is a higher-order linear term and N is low-order nonlinear term.

After discretization in space we obtain a systems of ODEs

ut = Lu+ N(u(t)) = F(u,t), u(to) = uo
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History

Certaine, 1960
- Implicit ETD3?
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History

Beylkin, Keiser, Vozovi, 1998
- ELP Schemes of multistep type
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- Extensive numerical experiments, overcome the numerical instability

Celledoni, Marthinsen, Owren, 2003
- Commutator Free Lie group methods

Krogstad, 2003
- Generalized IF Methods, connection with CF
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Rosenbrock M ethods

1—1 1—1

k;, = hF(uO -+ Z Ozi7jkj> + hdJ Z ’yq;,jkj + hJ~k;
j=1 g=1
s
ur = ug+ Z Bikj,
j=1
_ OF
where J = 5-
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Rosenbrock M ethods

1—1 1—1

k;, = hF(UO"‘Z(){i,jkj) -|—hJZ%;,jkj + hJ~k;
j=1 j=1

S
wi = uo+ Y Bjky,
j=1

where J = 2E
or
1—1 1—1
(I—hyd)k; = hF(uo+ Y aizks) +hIY vk
71=1 =1

wi = uo+ Y Bk,
j=1
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W- Methods

1—1 1—1 1—1

ki = hL(uo +3 ai,jkj) + hN(uO +3 ai,jkj) + KLY i jkj + WLk
71=1 71=1 71=1

wi = uo+ Y Bk,
71=1
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W- Methods

1—1 1—1 1—1
ki = hL(uo+ Y aigks) +hN(uo+ Y aigks) + ALY visk; + hLk,
j=1 j=1 j=1
uir = up+ Z Bik;,
71=1
or
1—1 1—1 1—1
(I—hyL)k; = hL(uo+ Y cigk;) +hAN(uo+ > aigk;) + ALY vk
71=1 71=1 71=1
ul = up+ Z Bjk;,
=1
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W- Methods

1—1
PutU; = ug + Z Ozi,jk‘j
Jj=1
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W- Methods

i—1
PutU; = wuo+ Z a;, ik,
j=1
i—1 i—1
Ui = wuo+hLY  Ajjuo++hY . A iN(U;)
j=1 =1
u1 = ug+ hLZ Bjug + hz B;N(Uj),
j=1 =1
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W- Methods

PutU, = ug + Z a; ik

where

1—1

j=1

U;

ul

1—1 1—1
uo + hLZ Ai,qu + —|—hz Ai,jN(Uj)
71=1 71=1

ug + hLZ Bjuo + hz BjN(Uj)a
71=1 71=1

= o —hLa)!
B(I' — hLa)~1
= diag(L,...,L)

M o
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W- Methods

1—1
PutU; = ug + Z o, ik
j=1
1—1 1—1
Ui = wuo+hLY A ug++h) A ;NU;)
j=1 j=1
wi = wuo+hL) Bjuo+h) B;NUj),
71=1 71=1
Denote
1—1
R%(c;hL) = I+hLY Ay
=1
1—1
0]
RV (hL) = I+hLY B;
j=1

On Exponential Integrators — p.7/33



W- Methods

i1
PutU; = ug + Z o, ik
j=1
frl i1
Ui = wuo+hLY A ug++h) A ;NU;)
j=1 j=1
w1 = wuo+hLY Bjug+hY  B;N(Uj),
71=1 71=1
Then the method is
i1
U; — R,EO] (CihL)uo —+ ]’LZ Ai,jN(Uj)
=
0] -
u; = R£+1(hL)uo +h)  B;N(U;),
=i
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Adaptive RK Methods

7—1
U;, = R,EO] (CihL)uO + hz Ai,jN(Uj)
Jj=1
s
ui = RY (hL)uo +hY  B;N(Uj),
Jj=1
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Adaptive RK Methods

g1l

Ui = R%(cihL)uo + 1Y A; jN(U;)
j=1
ui = RY (hL)uo +hY  B;N(Uj),
j=1
where
d
Aijleihl) = Y R (cipL)ay)
=
dl l l
Bj(hL) = > R (aL)gl
=1
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Adaptive RK Methods

g1l

U, = R%¢;hLyuo + hY | Ai ;N (U;)
=1
ui = RY (hL)uo +hY  B;N(Uj),
il
where
d
Aij(cihl) = Z El] (CihL)O‘EL‘
& | |
Bj(hL) = > R (aL)gl
=1
and
[7] [1]
REHl](z) _ R (2) = R (0)
z
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Exp. Integratorsof H& L

They are a modification of Rosenbock Methods

1—1 7—1
oW (hyd)k; = hF (uo +3 ai,jkj) +hIY ik
Ul = uo + Z ﬁjkj7
=1
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Exp. Integratorsof H& L

They are a modification of Rosenbock Methods

1—1 n—1
S (hyD)k; = BF(uo+ Y aigh;) +hI D ik

71=1 71=1

Ul = uo -+ Z 6jk:j7

=1
where
S111(2) exp(z) — 1
z
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Exp. Integratorsof H& L

They are a modification of Rosenbock Methods

1—1 1—1
S (hyD)k; = BF(uo+ Y aigh;) +hI D ik

71=1 71=1

i = uo+ Yy Bikj,

=1
where
sl () — exp(z) — 1
z

Methods with inexact Jacobian suffer from order reductions
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Pure Exponential Integrators
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ETD = Exponential Time Differencing
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Pure Exponential Integrators

IF = Integrating Factor

ETD = Exponential Time Differencing
- ECM = Exponential Collocation Methods
- ETDRK = Exponential time Differencing Runge-Kutta Methods

C'F = Commutator Free Lie-group methods

GI1F = Generalized Integrating Factor
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| ntegrating Factor

After space discretisation we obtain a systems of ODEs

(1) u' = Lu+ N(u(t)), u(to) = uo
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| ntegrating Factor

After space discretisation we obtain a systems of ODEs
(1) u' = Lu+ N(u(t)), u(to) = uo

Solve exactly the linear part then make a change of variables

v(t) = exp(—Lt)u(t)
?Xp(—Lt) (ur — Luz = exp(—Lt)N(u)
v = exp(—Lt)N(exp(Lt)v)
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| ntegrating Factor

After space discretisation we obtain a systems of ODEs
(1) u' = Lu+ N(u(t)), u(to) = uo

Solve exactly the linear part then make a change of variables

v(t) = exp(—Lt)u(t)
?Xp(—Lt) (ur — Luz = exp(—Lt)N(u)
v = exp(—Lt)N(exp(Lt)v)

Apply a numerical method to the transformed equation

Transform back the approximate solution to the original variable
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Exampleof I F

In terms of the original variable the computations performed are

Ui = g

= eC2hL(uo + a21hN(U1))

U3 = ec3hL(u0 + a31hN(Uy) —I—agghe_CQhLN(Ug))

Us = 4" (ug+ as1hN(Uy) 4 agohe™ 2" N (Uy)
+a43he” B3N (U3))

ur = e"(ug+b1hN(Uy) + bahe 2" N(Uy)

+b3he 3L N(Us) + byhe 4" N (Uy))
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Exampleof I F

General form of the order 4 integrating factor method is

0 0 0 0 1
a21662 hL 0 0 0 eC2 hL
a31603hL a326(03—c2)hL 0 0 ec3hL
a41€C4hL a426(03—c2)hL a436(64—c3)hL 0 eCahL

blehL b26(1—02)hL b3e(1—03)hL b4e(1—04)hL ehL

Uniformly distributed c vector provides cheapest methods.

This structure requires only classical order conditions.
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Exponential Time Differencing

Similar approach to I F' but we do not make a complete change of variables

© (exp(~Lt)u) = exp(~LoN(u(t))
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Exponential Time Differencing

Similar approach to I F' but we do not make a complete change of variables
d
—(exp(~LtJu) = exp(~Lt)N(u(?))

Integrate over a single time step of length c; h

Cih
u(tn +c;h) = exp(c;hL)un + exp(cihL)/ exp(—L7)N(u(t, + 7))dr
0
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Exponential Time Differencing

Similar approach to I F' but we do not make a complete change of variables
d
— (exp(~Lt)u) = exp(~Lt)N(u(t))

Integrate over a single time step of length c; h

Cih
u(tn +c;h) = exp(c;hL)un + exp(cihL)/ exp(—L7)N(u(ty, + 7))dr
0]

ETD methods of multistep type use polynomial approximation to the function N (u(t,+7))

(Ngrsett’69,..., Cox and Matthews’02)
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Approximationsto N (u(t))

-If N(u(t)) ~ &;ert, where §; is a constant such that the approximation matches
N(u(t)) for t = c¢;h, then the coefficients of the method will be linear combinations of

PN (hL) = eP el 5 =123 ...
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Approximationsto N (u(t))

-If N(u(t)) =~ Ps—1(t), where Ps_1(t) is a Lagrange interpolation polynomial of degree
s — 1 that matches N (u(t) at the points t = c1h, c2h, ..., csh then
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Approximationsto N (u(t))

-If N(u(t)) =~ Ps—1(t), where Ps_1(t) is a Lagrange interpolation polynomial of degree
s — 1 that matches N (u(t) at the points t = c1h, c2h, ..., csh then

ARL ARL
[1] R S _ € — ML — 1
SN(L) = S, ) (hL) L
: [4] — olil
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Approximationsto N (u(t))

-If N(u(t)) =~ Ps—1(t), where Ps_1(t) is a Lagrange interpolation polynomial of degree
s — 1 that matches N (u(t) at the points t = c1h, c2h, ..., csh then

] A A2 5 A3 5 A 4

[2] — . o 2 3 _— 4 * o o
PENML) = Slm+ 5 (hL) + 5 (AL)* + 2 (hL)” + - (RL)" + -+,

[3] — o D 2 3 _— 4 « o o
¢ (N)(hL) = 3!Im + (hL) + = (hL)? + o (hL)3 + = (RL)* + - .
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Approximationsto N (u(t))

-If N(u(t)) =~ Ps—1(t), where Ps_1(t) is a Lagrange interpolation polynomial of degree
s — 1 that matches N (u(t) at the points t = c1h, c2h, ..., csh then

] A PCIEUD . SO C

[2] — . o 2 3 — 4 e o o

[3] — o D 2 3 — 4 e o o
P (A)(RL) = 3 im™ + 10 (hL) + o (hL)* + o (hL)° + = (hL)* + --- .

-If N(u(t)) = Ts—1(t), where Ts_1 () is a trigonometrical polynomial of sin(at), then
el _ T el — [ sin(\h) — cos(\h)
AhL AR(L + I)?
aet — [ sin(alh) — acos(ah)
Ah(L2 + 1)

(N (RL) = , oI (\)(RL) =

Y

ol TN (RL) =

a=1,2,3,...
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ETD4 Methods

ETD4-Kr of Krogstad

0
Pl e
% Lol — g2l H12l
1 Hll — 202l 0 2012]
4081 — 34121 4 g1l 4] 4 2421 _403] 4 2421 44[3] — pl2]

° ° ° ° ° ° ° ° °
On Exponential Integrators — p.15/33



ETD4 Methods

ETDRKA4SW of Strehmel and Weiner

0
bl e
% %¢[1] _ %¢[2] %qu
1 Sl — 22l —2¢[2] 4¢12]
40131 — 39121 4 pli] 0 —8p131 + 421 48] — p[2]
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ETD5 Method

~ ~ ~

N R OUR =R

~

(1) _

~ ~ ~ ~ ~

—
N EREIN .

~

v _ 1
Qg1 5’
2
O‘z(u) = -1
(2 11
o = ——,
54 8
2) _ 80
i 21’
(3) 20
84 — - )
61 7
CE
2 _ 7
6 57
(3) __ 196
B 15’
(4) _ . 112
B4 3

o= 1,
(2) _ _29
Oy 3’
(2) _ 32
a62 7 I
o) = -6,
(3) _ 24
Qg3 7
(2) _ 32
B =
(3) __ 416
3 15’
(4 _ 128
B 3
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Exponential Collocation M ethods (1/2)

Recall vcf

h
Unt+1 = exp(Lh)uy, + ea:p(Lh)/O exp(—L7)N(u(ty + 7))dT



Exponential Collocation M ethods (1/2)

Recall vcf
h
Un+1 = exp(Lh)un + ea:p(Lh)/ exp(—L7T)N(u(ty, + 7))dr
0

choose collocation nodes c1, ..., cs
let un, = u(tn), Un,i = u(tn + c;h)

pn collocational polynomial of degree s — 1 p,(c;h) = N(Uy, ;)
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Exponential Collocation M ethods (1/2)

Recall vcf
h
Un+1 = exp(Lh)un + ea:p(Lh)/ exp(—L7T)N(u(ty, + 7))dr
0

choose collocation nodes c1, ..., cs
let un, = u(tn), Un,i = u(tn + c;h)
pn collocational polynomial of degree s — 1 p,(c;h) = N(Uy, ;)

explicit methods: p,, ; polynomial of degree i — 1 using N(U,, ;), j<i—1

Cih
Un = eLhun—|—/ e(cih_T)Lpn,i(T)dT
0]
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Exponential Collocation M ethods (2/2)

key point: integrals can be calculated exactly

Cih S
0

g=1

/ =Ty (Vdr = th (RL)N(Us, ;)

=1



Exponential Collocation M ethods (2/2)

key point: integrals can be calculated exactly

Cih S
0 .
71=1

h S
/ e~ Lp, (r)dr = kY biy(RL)N(Un,;)
0 i=1
coefficients b;, a;; are linear combination of ¢l1, ... 4[5l (Beylkin, Keiser, Vozovi'98)

defined as
1

(e — 1)ty

Pl (—tL) = / (t—7)"te ldr, i>1
0
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Exponential Collocation M ethods (2/2)

key point: integrals can be calculated exactly

Cih S
0 .
71=1

h S
/ e~ p, (t)dr = h)_ bi(RL)N(Unp,;)
0]

i=1
coefficients b;, a;; are linear combination of ¢l1, ... 4[5l (Beylkin, Keiser, Vozovi'98)
defined as
: 1 t :
[¢] - = . e R— o .
o' (—tL) (i—l)!tj/o(t T)' e THdr, 1>1

No need of new order theory

Easy to solve all order conditions
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Exponential Collocation M ethods (2/2)

key point: integrals can be calculated exactly

Cih S
0 .
71=1

h, S
0 =1

coefficients b;, a;; are linear combination of ¢l1, ... 4[5l (Beylkin, Keiser, Vozovi'98)
defined as
: 1 t :
[¢] - = . e R— o .
o' (—tL) - /0 (t—7)"" e "Hdr, i>1

Are they too restrictive in the choice of the quadrature formula?
What if C; = Cj?

How to analyze the methods of Cox and Matthews and Krogstad?

° ° ° ° ° ° ° ° °
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Why exactly?

ARK use rational approximations to the exp and ¢!
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Why exactly?

ARK use rational approximations to the exp and ¢!

The choice of the ¢l4 functions in ARK is restricted to the ETD set.

—<—  ETDRK4SW " e —<—  ETDRK4SW
—e—  ETDRKA4SW-Pade —e—  ETDRK4SW-Pade
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Connectionswith CF

We can rewrite the equation (1) in the form
v = (L,N(u,t)).u = Fy+(u), u(0) = ug
where . represents the Lie algebra action

(A,a)u = Au+a
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On Exponential Integrators — p.20/33



Connectionswith CF

We can rewrite the equation (1) in the form
v = (L,N(u,t)).u = Fy+(u), u(0) = ug
where . represents the Lie algebra action
(A,a)u = Au+a

Let Fa,f(u) be the Frozen Vector Field at the point (4, t)

at(w) = (L,N(4,).u = Lu+ N(a,t)
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Connectionswith CF

We can rewrite the equation (1) in the form
v = (L,N(u,t)).u = Fy+(u), u(0) = ug
where . represents the Lie algebra action
(A,a)u = Au+a

Let Fa,f(u) be the Frozen Vector Field at the point (4, t)

at(w) = (L,N(4,).u = Lu+ N(a,t)

The flow of such vector field is the solution of ' = F;, ;(u), u(0) = ug
¢, p(uo) = Exp(tﬁﬂ,f).uo = exp(tL)ug + toM (tL)N(q, t)
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CF Method

Algorithm (CF)

forr =1:sdo
Yr = Exp(Q_ osz’JFk;) e Exp(Q g osz,le)(p)
Fr = hFy, = h), fi(Yr)E;

end

y1 = Exp(> L BYEFy) - Exp(> L, BY Fr)p

° ° ° ° ° ° ° ° °
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Numerical schemes

ETDCF4 of Celledoni, Marthinse and Owren

0

b gon

b0 gen

Ll s 0 o

% % [1] 0 o1
1 M1 %(b[l] %¢[1] % [1]
_%gb[l] %(b[l] %¢[1] %(b[l]
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Numerical schemes

ETDRK4 of Cox and Matthews

0
Pl e
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Numerical experiments

Example 1: Kuramoto-Sivashinsky equation
with periodic boundary conditions and with the initial condition

u(z,0) = cos(lx—G)(l + sin(lx—G)).

° ° °
On Exponential Integrators — p.23/33



Numerical experiments

Example 1: Kuramoto-Sivashinsky equation
with periodic boundary conditions and with the initial condition

u(zx,0) = cos(lx—G)(l + sin(—)).

X
L
We discretise the spatial part using Fourier spectral method. The transformed equation

in the Fourier space is

¢ = —%1;24—(/{:2 kM4,
(La)(k) = (k* —kY)a(k) and N(@,t) = — Z(F((F~1(a))?))
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Kuramoto-Sivashinsky equation

Kuramoto-Sivashinsky equation Kuramoto-Sivashinsky equation
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Numerical experiments

Example 2: Allen-Cahn equation
Ut = EUgy + U — u3, x € [—1,1]

with e = 0.01 and with boundary and initial conditions

u(—1,t) = =1, u(l,t) =1, wu(z,0) = .53z + .47sin(—1.57x)
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Numerical experiments

Example 2: Allen-Cahn equation
U = Uzz +u—u>, x€[—1,1]
with e = 0.01 and with boundary and initial conditions

u(—1,t) = -1, u(l,t) =1, wu(x,0)= .53z + .47sin(—1.57x)

After discretisation in space.
ur = Lu+ N(u(t))

where L = ¢D?, N(u(t)) = u— «3 and D is the Chebyshev differentiation matrix
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Allen-Cahn equation

Allen—-Cahn equation Allen—Cahn equation
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Allen-Cahn equation

Allen—Cahn equation
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Numerical experiments

Example 3: Korteweg de Vries equation
Ut = —Upzr — Uz, x € [—m, ],
with periodic boundary conditions and with initial condition

u(z,0) = 3C/ cosh? (v Cx/2),

where C' = 625. The exact solution is 27 /C' periodic and is given by u(x,t) = u(xz —
Ct,0). We use a 256-point Fourier spectral discretization in space. In this case the matrix

L is again diagonal. The integration in time is done for one period.
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KdV eguation

Korteweg de Vries equation

Korteweg de Vries equation
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KdV eguation

Korteweg de Vries equation
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Generalized | F M ethods

Consider the semi discretised problem (1)

u' = Lu+ N(u(t)), u(to) = uo
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Generalized | F M ethods

Consider the semi discretised problem (1)
u' = Lu+ N(u(t)), u(to) = uo

Change of variables
u(t) = exp(tL)v(t) = ¢, p(v(t)),

where F(4,t) = Lt approximates F around ug.
The transformed equation is

v’ (t) = exp(—tL)N (exp(tL)v(t))
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Generalized | F M ethods

Consider the semi discretised problem (1)
u' = Lu+ N(u(t)), u(to) = uo
In general (Krogstad; Mayday, Patera and Rgnquist ) substitute
u(t) = ¢, p(v(1))

where F'(a,t) = L + N(t) approximates F around ug.
The transformed equation is

v’ (t) = exp(—tL) [N (exp(tL)v(t)) — N(t)]

Now apply a numerical method to the transformed equation.
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ore Experiments

Kuramoto-Sivashinsky equation Allen-Cahn equation
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Conclusion

The exponential integrators have a long history.
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Conclusion

The exponential integrators have a long history.

The new approach based on the exact evaluations of the
exp IS promising.

° ° ° ° ° ° ° ° °
On Exponential Integrators — p.31/33



Conclusion

The exponential integrators have a long history.

The new approach based on the exact evaluations of the
exp IS promising.

Best methods likely to be based on general linear methods.
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Work In progress

* Other ¢! functions



Work In progress

Other ¢!/ functions

Effective ways of their computation
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Work In progress

Other ¢!¥ functions
Effective ways of their computation

Construct alternative exponential general linear methods
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Work In progress

Other ¢!¥ functions
Effective ways of their computation

Construct alternative exponential general linear methods

B-convergence and stability results
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