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Abstract

In the present work, exponential integrators for time integration of semilinear problems are
studied. These integrators, as there name suggests, use the exponential and often functions
which are closely related to the exponential function inside the numerical method. Three
main classes of exponential integrators, exponential linear multistep (multivalue), exponen-
tial Runge-Kutta (multistage) and exponential general linear methods, are discussed. A
general formulation of exponential integrators, which includes, as special cases, all known
methods, is proposed. The nonstiff order theory for exponential multistage methods, along
with a non-recursive rule for generating each order condition from its corresponding rooted
tree, is derived.

The natural connection between exponential integrators and Lie group methods with
affine algebra action is also studied. A new approach for deriving Generalized Integrating
Factor Runge—Kutta methods, which allows the nonlinear part of the problem to be approx-
imated by trigonometric polynomials, is proposed. The crucial role of the algebra action
in the overall performance of any Lie group method is discussed. A new algebra action
arising from the solutions of differential equations with nonautonomous frozen vector fields
is proposed. The corresponding exponential integrators based on this action are derived.

Different methods for numerically stable computation of the most commonly used func-
tions which appear in the format of an exponential integrator are considered. A general-
ization of the method based on the tridiagonal reduction is proposed. The new approach
allows to compute all functions included in the format of an exponential integrator in the
case when the arguments are symmetric (Hermitian) matrices. Some practical issues regard-
ing variable step size implementations as well as the main advantages and disadvantages of
the considered numerical techniques are discussed. New effective methods and their modi-
fications for solving special three and five diagonal block systems of linear equations, based
on a modified LU factorization are proposed. For illustrating the theoretical results, several

numerical experiments are presented.
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Introduction and motivation

Many practical problems arising in the real life applications can be modeled by time de-
pendent partial differential equations (PDEs). In most cases it is extremely difficult, if not
impossible, to obtain exact solutions of these problems, therefore numerical methods are
used to provide accurate approximations. An often used technique in the construction of
numerical integrators for PDEs, is first to semidiscretize the equation in space. There exists
many efficient and accurate methods for spatial discretization. If the original vector field
can be represented like a sum of two part, linear and nonlinear, the spatial discretization
leads to the following semilinear initial value problem

v = Lu+ N(u,t), u(to) = wo,

where u: R — R%, L € R4 N :R? — R? and d is a discretization parameter equal to the
number of spatial grid points. Many interesting equations can be brought exactly in this
form. Examples are Allen-Cahn, Burgers, Cahn-Hilliard, Kuramoto-Sivashinsky, Navier-
Stokes, Swift-Hohenberg, nonlinear Scrodinger, convection-diffusion equations. Typically,
after the spatial discretization, the linear part of the problem will be stiff and the nonlinear
part will be nonstiff. Whenever equations model several processes with vastly different
rates of evolution, that is the processes proceed at significantly different time scales, one
should also expect stiffness. Implicit methods, which overcome the problem of stiffness
are regarded as to expensive for implementation. On other hand explicit methods require
such small time steps that they become inefficient. Therefore, it is a very important and
challenging task to construct effective numerical integrators for solving stiff problems.

The first exponential integrators were introduced in 1960 as an alternative approach to
overcome the phenomenon of stiffness. The main idea behind these methods is to integrate
exactly the linear part of the problem, which is primarily responsible for the stiffness,
and then to use an appropriate approximation of the nonlinear part. Thus the exponential
function, and often functions which are closely related to the exponential function, appear in
the format of the methods. This was exactly the reason why, until recently, these methods
have not been regarded as practical. The latest achievements in the field of computing
approximations to the product of a matrix exponential function and some related functions



with a vector, have provided a new interest in the construction and implementation of
exponential integrators.

The aim of this thesis is to study different classes of exponential integrators for time in-
tegration of semilinear problems and to propose an unified framework in which this methods
can be analyzed.

The thesis is organized as follows: In Chapter 1 we present the philosophy behind ex-
ponential integrators applied to semilinear problems and discuss the three main classes
of exponential integrators: exponential linear multistep (multivalue), exponential Runge—
Kutta (multistage) and exponential general linear methods. Next, in Chapter 2 we study
the connection between exponential integrators and Lie group methods based on the affine
algebra action. Finally, in Chapter 3 we discuss different techniques for a fast and numer-
ically stable computation of the most commonly used functions which enter in the format
of the methods, and present some numerical experiments.



Chapter 1

Exponential Integrators

In the first chapter of this thesis we present the philosophy behind exponential integrators
applied to semilinear problems and discuss how the three main classes of numerical integra-
tors, linear multistep (multivalue), Runge-Kutta (multistage) and general linear methods,
are extended to the exponential setting. In the presentation we assume the reader has basic
knowledge of numerical methods for ordinary differential equations and functional analysis
as can be found in the monographs [8, 24, 25, 70]. All numerical schemes presented in this
chapter are in accordance with the notations introduced in Section 1.3.

The chapter is organized as follows: First, in Section 1.1 we consider exponential linear
multistep methods based on Integrating Factor (IF) and Exponential Time Differencing
(ETD) approach. Next, in Section 1.2 we present the theory of exponential Runge-Kutta
methods for both nonstiff and stiff cases. Finally, in Section 1.3 we explain how the idea of
general linear methods can also be extended to the exponential setting.

1.1 Exponential linear multistep methods

Our field of interest is the following semi-discretized semilinear initial value problem
' = Lu+ N(u,t), u(to) = uo, (1.1.1)

where v : R — R%, L € R4 N :R?Y - R? and d is a discretization parameter equal to
the number of spatial grid points. Several interesting problems can be brought to this form
by discretizing in space. Examples are Allen-Cahn, Burgers, Cahn-Hilliard, Kuramoto-
Sivashinsky, Navier-Stokes, Swift-Hohenberg, nonlinear Scrodinger equations. Typically
the linear part of the problem will be stiff and the nonlinear part will be nonstiff. There
exist two principal approaches in the derivation of exponential linear multistep methods for
solving (1.1.1). These will be introduced in the next two subsections.



1.1.1 Integrating Factor methods

The idea behind Integrating Factor (IF) methods is an old one and goes back to the work of
Lawson [37]. He proposes to ameliorate the effect of the stiff linear part of equation (1.1.1)
by using change of variables (also known as Lawson transformation),

v(t) = e Fu(t).
The initial value problem (1.1.1) written in the new variable is

V' (t) = e EN(etlu(t),t) = g(v, 1), v(to) = vo, (1.1.2)

toL

where vy = e "0"uy. The same result can be obtained by premultiplying the original

problem (1.1.1) by the so called integrating factor, e =¥, that is

ety = e Lu+ e EN(u,t),

(e ) = e 'EN(u,t). (1.1.3)

To see way the formulation (1.1.2) is preferable to the original formulation, we calculate the
Jacobian of the new problem. Since

% _ N
and e~ = (etr)~1, it follows that the eigenvalues of dg/dv are those of IN/Ou. Therefore
we should expect that numerical methods applied to (1.1.2) will not suffer from the same
stability restrictions like if they are used directly on the problem (1.1.1). The idea now
is to apply any numerical integrator (in the case of Lawson, a Runge-Kutta method) on
the transformed equation and then to transform back the result into the original variable.

Using Euler method, we obtain the following numerical scheme

L L
up = M,y 4 RN,

where h represents the stepsize of the method and N,_1 = N(uyp—1,t,—1). This is known
as [F Euler method. The integrating factor implicit Euler method is

Up = ehLun_l + ethNn.

This approach can be easily extended to the class of linear multistep Adams methods. In
general, k-step IF Adams methods are defined as

k
hL thL
Up =€ Up—1 + E Bie""h Ny i,
=0

where (3; are the coefficients of the Adams method and N,_; = N(up—;,t,—;) for i =

0,1,2,...,k. Similarly IF methods based on backward differentiation formulae (BDF') meth-
ods are defined as

k
ih L
un =Y aie™u,_; + BohNy,
i=1

4



where By and «; are the coefficients of the underlying BDF method. As an example, the
second order IF Adams—Bashforth method considered in [14] is

3 1
Up = ehLun_l + §ethNn_1 — §thLhNn_2.

1.1.2 Exponential Time Differencing methods

According to our knowledge, the first paper on Exponential Time Differencing (ETD) meth-
ods is the paper of Certaine [13], where an order two and order three methods, reducing to
second and third order Adams—Moulton methods, are proposed. Arbitrarily high order A-
stable ETD methods, reducing to the Adams—Bashforth methods when L = 0, are derived
in [53]. Since then, this methods has been rediscovered several times in different fields and
under different names.

The main idea behind the ETD method is to construct, via the variation of constants
formulae, integrators of multistep type. To derive the variation of constants formulae we
integrate the equation (1.1.3) between ¢,,—1 and t,, = t,—1 + h. We obtain

tnfl“!‘h
U(tp_14+h) = eFu, 1+ et”L/ e TN (u(r), 7)dr
t

h
= ey, +/ e ILN (u(ty—y +7), ty1 + 7)dT. (1.1.4)
0

Note that only exact calculations are used in the derivation of (1.1.4). Therefore (1.1.4) is
the exact solution of (1.1.1) with initial condition u(t,—1) = u,—1. The approach now is
to replace the nonlinear term N by a Newton interpolation polynomial and then solve the
resulting integral exactly. The simplest case is when we approximate N (u(t,—1 + 7),tn—1+
7) by a constant NV,,_;. This gives

h
Uy = ehLun_l—l—/ eh=DLN  dr
0
= My, + ¢ (WL)RN, 4,

where ¢l!(2) is
e —1

¢l (z) = :

z

The above method is known as the exponential time differencing Euler method as it reduces
to the classical Euler method when L = 0. The exponential time differencing implicit Euler
method is defined as

uy = eu,_ g + qﬁ[l}(hL)hNn.

In general, we obtain the following explicit form of ETD Adams-Bashforth methods by
approximating the nonlinear term in (1.1.4) by higher order polynomial using information



from the past (see [14, 53])

k—1
up = eu,_1 +h Zgi(hL)ViNn,l, (1.1.5)
i=0

where V:N,,_; denotes the i-th backward difference,
VON,_1 =N,_1, VN, 1 =VIN,_1 —ViN, o, fori=0,1,2,...,
and the function g;(z) is given by the recurrence relations

Zg()(z) = e — 17
29i11(2) +1 = gi(2) + 39i-1(2) + 59i-2(2) + - - + 7790(2).

Similarly, it is also possible to construct ETD Adams—Moulton methods. Next we give an
other derivation of both explicit and implicit exponential Adams methods, as proposed in
[4]. It is based on the following particular representation of the exact solution.

Lemma 1.1.1. The exact solution of the initial value problem
u' = Lu+ N(u,t), U(tp—1) = Up—1,

can be expressed in the form

u(tp—1+h) = My, + Z hi+1¢[i+1](hL)N7(2p

i=0
where ,
W _ &
n—1 dt? — (u( )7 )7
and ¢! (2) are recursively defined as
, [l () — 1
o(z) = e*, olitl(z) = % fori=0,1,2,.... (1.1.6)

Proof. Expand u(t,—1 + h) in Taylor series around the point ¢,,_1 to obtain

w(tp_1 +h) = Uup_1 —|—Zﬁug€21, (1.1.7)
k=1
where )
k) _ d
Up 1 = ﬁ — U(t)
=ln-1

Because of the given differential equation, we have the following relation

k—1
oM = Dy + S LEND L fork = 1,2,

n—
1=0



Substituting u( )1 into (1.1.7), we obtain

o) k oo k— 1
utnr +h) = Zk— g 3030 NG,
k= k=1 i=0 !
hL X k1 k—iar(9)
= ¢ un1+kzoz; FT D] L 'N,”.
=0 1=

Changing the order of the summation in the second term we obtain

oo k hk+1 il oot St hk+1 » i
D> Gt L = Z<Z(1€+1)!Lk >N£)1

k=0 i=0 i=0 \k=i
-y ((hL w3 )Ns_l
=0 k=i+1 !
= 3wt IL)N . (1.1.8)
=0

O

Lemma 1.1.1 gives an alternative formulation of the exact solution and motivates the
following ansatz for its numerical approximation

k
hL
Up =€ Up—1 + hZﬁan—la
=0

where (g, 31, ..., 0k are coefficients to be computed in order to obtain the desired order.
This is done by expanding the nonlinear terms in Taylor series around t¢,_1. Since

hZﬁan L= ZhM (Zﬁl (1-1) > (1.1.9)

the order conditions for the ETD Adams methods are obtained by comparing (1.1.8)
and (1.1.9), resulting in

I3 8- =¢lU(hL), fori=0,1,2,....k—j.

For j = 0 we obtain the ETD Adams—Moulton methods, whereas for j = 1 we recover the
ETD Adams-Bashforth methods (1.1.5). In Tables 1.1 and 1.2 we give the the first few
coefficients for the ETD Adams—Bashforth and ETD Adams—Moulton methods respectively.
Finally, we mention that it is not possible to construct ETD BDF methods (see [46]).
Next, we explain how the IF and ETD approach can be further extended to the class of
exponential multistage methods.



k b1 B2 33 B4
1 ! 0 0 0
) o + ¢l —¢l2 0 0
3 o + %¢[2] + @Bl —2(pl + ¢ %Qs[?] + @bl 0
4 ol 4 %(75[2] + 208 + gl —39[2) — 50131 — 344 %(p[?} + 408l + 304 X
where X = —%qS[Q] — Bl — pl4]
Table 1.1: Coefficients of ETD Adams—Bashforth methods.

k Bo b1 B2 B3

0 o 0 0 0

1 ¢l ot — 2 0 0

2 %¢[2] + 3] o — 24031 7%¢[2] + 43 0

3 %Qs[?] + B3 4 ol Il 4 %gb[z] — 208l — 3¢l —gl2l 4 pl3] 4 304l %Qs[?} — ol

Table 1.2: Coefficients of ETD Adams—Moulton methods.

1.2 Exponential Runge-Kutta methods

As already mentioned in the previous section, the first exponential Runge—Kutta method
was constructed by Lawson in [37]. In fact, once we have transformed the original problem
(1.1.1) into the form (1.1.2), it is easy to derive an Integrating Factor Runge-Kutta (IF
RK) method. In analogy to the multistep case, the idea now is to apply an arbitrary s-stage
Runge-Kutta method to the transformed equation (1.1.2) and then to transform the result
back into the original variable. If A = («;), b = (5;) and ¢ = (¢;) are the coeflicients of the
underlying multistage method then the general formulation of an s-stage IF Runge—Kutta
method, written in accordance with the notations introduced in Section 1.3, is given in
Table 1.3. This approach requires that the ¢ vector has nondecreasing coefficients, which is
usually the case for the most commonly used numerical schemes.

Probably the first successful attempt to construct Exponential Time Differencing Runge—
Kutta (ETD RK) methods is due to the work of Friedli [20]. Later Strehmel and Weiner
[61] constructed the adaptive Runge-Kutta methods and studied their B-convergence [62].
This later class of methods is an extension of the W-method of Streihaug and Wolfbrandt
[60], but is also very closely related to the methods of Friedli. The only difference between
these methods and the ETD Runge-Kutta methods, presented in Section 1.2.3, is that the
later methods compute the ETD ¢l functions (1.1.6) exactly, while the W-methods and
the adaptive Runge-Kutta methods generally use Padé approximations to these functions.



[0 0 0 0 ecthl |
vy e2hL 0 . 0 0 ec2hl
a31603hL a326(03—02)hL . 0 0 ecshL
aslecshL a826(c,g—62)hL ass_le(cs_CSfl)hL 0 eCshL

hL 1—c2)hL 1—cs_1)hL 1—cs)hL hL
Bre Boelt—c2) coo o By_qellzes—1) Beel—cs) e |

Table 1.3: General formulation of an IF Runge-Kutta method.

The fist modern exponential Runge-Kutta methods proposed in the literature are the
methods of Hochbruck and Lubich [27]. In that paper, the authors constructed Rosenbrock-
like exponential integrators which use the first ETD function ¢[!). Another class of methods
known as Runge-Kutta Munthe-Kaas (RKMK) methods was first proposed in [48]. These
transform the original differential equation to a new differential equation which evolves on
a Lie algebra, and then take advantage of the fact that the Lie algebra is a linear space.
In [50], in order to construct integrators for the differential equation (1.1.1), Munthe-Kaas
proposed to combine the use of RKMK methods with the affine action (see Section 2.3).
The affine action was also used in [12] to construct integrators based on the Commutator
Free (CF) Lie group methods. As we shall see in Chapter 2, all of these methods can be
regarded as “pure” exponential integrators which use other than the traditional IF and ETD
¢l functions (see Section 1.2.3). Motivated by this observation, in the next section we give
a slightly more general formulation of the exponential Runge-Kutta methods proposed by
Friedli, which allows us to include as special cases all multistage methods mentioned above.

1.2.1 Formulation of the methods

For simplicity of the presentation, we choose to represent the initial value problem (1.1.1)
in autonomous form

v = Lu+ N(u(t), u(ty) = uo. (1.2.1)

The aim is to construct a class of exponential integrators which overcome the stiffness in the
differential equation (1.2.1) by using a set of precomputed functions along with evaluations
of the nonlinear part of the differential equation. The precomputed functions, denoted
by ¢!, can however be a large overhead depending on the dimensionality of the problem,
the spatial discretization of the differential equation and the structure of the matrix L.
Thus, such methods are likely to be competitive, when the ¢!l functions can be evaluated
efficiently.

Let for | € N and for all A\ € R the operators ¢J(\) : R¥*¢ — R9*4 be analytic, map the
spectrum of L into a bounded region in C and can be computed exactly or up to arbitrary



high order cheaply, then

SN (L) = @A (hLY. (1.2.2)

Jj=0

The most common choices of ¢[l] are those associated with the IF RK and ETD RK meth-
ods. The exact representation of (;S[l] for these special cases can be found in Section 1.2.3.
However, we mention that other choices are also possible (see Chapter 2). The exact struc-
ture of ¢!/, which leads to methods is still unclear. If h represents the stepsize and U;
denotes the internal stage approximation of the exact solution for ¢ = 1,2,...,s then the
computations performed in step number n are related by the equations

U = % all ole) (hL) AN(U)) + eFu, o,
jil 121 (1.2.3)
Up = ZZBJ{Z] o (1)(hL) hN(U;) + e up 1,

j=11=1

where m puts a limit on the number of d)m functions which can be computed. For the
method to be explicit ay]] =0 for all j > i. To keep the number of computations of the ¢!l
7
J

functions down we choose «;; = 0 for all [ > 4, this ensures that m < 's, and the number of

o functions used to compute the internal stage approximations increases as the number
of stages increase. There is a certain balance between the initial computational cost of
evaluating the ¢!l functions and the benefit they provide from there availability. The best
combination is likely to be problem dependent. However, we believe that initially this is a
reasonable choice for locating competitive methods. It is also recognized that the term

S all el (),
=1

could be simplified due to the general nature of the ¢!/ functions. However, this simplifica-
tion is not made, since it may be more difficult to evaluate the resulting ¢! functions. The
fourth order commutator free Lie group method (see Subsection 2.4.3) is an example.

It is also possible to represent the computations of the method in a matrix notation.
Introduce the set of constant strictly lower triangular s x s matrices all, with coefficients
ay}, the first I rows of al!l are chosen to be zero, this is equivalent to the requirements placed
on ay]] already. The strictly block lower triangular ds x ds matrix A which describes the
internal stage computations, is

m
A= ol(e)(hL) (¥ @ 1),
=1
where ® is the Kronecker product, I; is the d x d identity matrix and the block diagonal
ds x ds matrix ®!, is given by

W (e)(nL) = ding (6" (e1)(hL). ... 0 (c.) (L))

10



The d x ds matrix b” is defined in a similar fashion to A, except there are now no restrictions
on the vectors 6[”T as there was on the matrices al!l, therefore

m

o7 =3 (RL) (B @ 1)

=1

We are now in a position to formulate the method. For ease of notation, we introduce the
vectors U, N(U) and e" as

U1 N(Ul) €cth
U- N (U ec2hL
v=| P Ny = | Y] e
| Us | | N(Us) | i eshl ]

If h represents the stepsize then the computation performed in step number n are related
by the equations

U = AWN(U) + eMu,_q,

(1.2.4)
u, = b AN(U) + e"u, ;.

Alternatively the computations performed in step number n can be represented in a more
Runge-Kutta type formulation as follows

C

ol ‘@m‘.“‘ olm

‘5mT Peh ”.‘gmﬁ’

where each element in row number i of ol is multiplied by ¢!(¢;)(hL) and where each
element in A" is multiplied by #1(1)(hL). The resulting matrices are then added in a
component by component sense to give the matrices A and b7

We next derive the nonstiff order theory for the exponential Runge-Kutta methods
(1.2.4). It turns out that the order conditions for this methods are the same as the order
conditions for the adaptive Runge-Kutta methods developed in [5]. An advantage of our
approach is that it provides a non-recursive rule for generating each order condition from
its corresponding rooted tree. In addition it is easy to generalize the same approach in the
case of exponential general linear methods.

1.2.2 Nonstiff order conditions

As for many numerical methods the tools used here to develop the nonstiff order conditions
are the rooted trees and the B-series. For those not familiar with these concepts we suggest
the monographs [8, 23] for a complete treatment. Let 2T denote the set of all bi-coloured
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(black and white) rooted trees with the requirement that the valency of the white nodes is
always one. This means that any white node will have at most one upward branch leaving
that node, which leads to a node which can be coloured either white or black. The fact
that the white node has valency one is because the first term on the right hand side of
(1.2.1) is linear. All the bi-coloured tees in the set 2T* we call 2T*-trees. As is the case
for many numerical methods the number of conditions necessary to obtain a certain order
is exactly equivalent to the number of certain rooted trees up to the required order. It is
therefore, necessary to have a formula for the number of trees of each order in the set 2T*.
Let 60,, be the number of rooted trees in 2T* with n vertices. Using Algorithm 1.2.1 from
Subsection 1.2.2.1, it is possible count the number of rooted trees in 2T* for each n € N.
In Table 1.4 we list the number of rooted trees for each order up to ten.

n 1 2 3 4 ) 6 7 8 9 10
0 2 4 11 34 117 421 1589 6162 24507 99268
©=>"6, |2 6 17 51 168 589 2178 8340 32847 132115

Table 1.4: The number of rooted trees in 2T* for all orders up to ten.

We now define several operations on trees which are required for constructing the order
conditions. Let 7 represent an arbitrary rooted tree in 2T*. The order of the tree 7, denoted
by |7, is defined as the number of vertices in the tree 7. Each tree 7 can be decomposed

as 7 = [tp(T);T1,...,7¢], where tp(7) = {0, ¢} represents the colour of the root node and
T1,...,7¢ is the forest remaining after the root node has been removed. Let () represent
the empty set which remains if the root of e or o is removed. Clearly o = [tp(e); 0] and

o = [tp(c);0]. The symmetry o is defined in the same way as for Runge-Kutta methods,
o(c) =0(s) =1 and
o(r) =o(n)...o(m)m'pus! ...,

where the integers p1, p2, . . . count the equal trees among 71 ...7, € 2T*. This implies that
a(\f) * O‘(V) because the colouring of the nodes are different. The density v of the tree
is the same as for the single coloured trees and it is defined as the product over all vertices
of the order of the subtree rooted at that vertex. A one to one correspondence between
the rooted bi-coloured trees and the elementary differentials means that the later can be
defined recursively as a function of the former, as follows

Lu, if 7 =o,
P =]~ if7=-, (125
LE(m)(w) i tp(r) = .

—~ <

NO@)(FE)W),..., Fr)w), if tp

2
I
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Before we continue with expressing the exact and the numerical solution in therms of
the above defined elementary differentials we need to insure that they can be regarded as
independent. In order to do this, it is convenient to introduce an order relation in the set
2T*. In the next subsection we present a constructive way how to generate and order the
elements in 2T".

1.2.2.1 Construction of 2T*-trees

When using applications like Maple or Matlab, to implement any formulas involving trees,
it is crucial to have a compact way of generating all the trees up to some order in a recursive
manner. It is also important to be able to identify all the elements in 2T* with the set of
positive integers. This require an order relation in 2T*. The idea is to represent each 2T*-
tree as a pair of two 2T™*-trees of lower order. Here we follow the approach based on the
standard decomposition of N-trees proposed in [52]. First we need to define the product
between two 2T*-trees. Let 7 = [tp(7);71,..., 7] and 7 are two 2T*-trees.

Definition 1.2.1. [52, Definition 5] The product 7 -7 € 2T* is defined as follows:

[tp(7); 0] - ™ = [tp(7); 7], [tp(T); 71, .y 7k) -7 = [tp(7); 71, . o, Tk, 7).

Obviously tp(7 - m) = tp(7) and (7 -71) - mg = (7 - m2) - w1 for 7,71, m2 € 2T*. Now we
define an order relation in the set 2T* in therms of the standard decomposition of trees.

Definition 1.2.2. [52, Definition 6] Given 71,79 € 2T*, then 7 < 79 if one of the four
conditions is fulfilled:

e 7y =eand 7 =o,

o 1| <lml,

o |71| = |m2| and dec;(m1) < deci(m2),

o |71| = |72|, deci(71) = deci(72) and deca(m1) < deca(72).
The standard decomposition is given by

Definition 1.2.3. [52, Definition 6] The standard decomposition dec(r) of a 2T*-tree T of
order > 2 is the pair dec(7) = (deci(7),deca(7)) € 2T* x 2T* such that

7 = decy(7) - deca(T)
and deca(7) is maximal.

Clearly the following two relations hold
7| = |decy (7)] + |deca(7),  tp(7) = tp(dec, (7).

13



The above definitions give us one to one correspondence between the rooted bi-coloured
2T*-trees and the set of all positive integers, together with a convenient way of representing
each tree in a unique way as a pointer of two positive integers. All 2T*-trees have an
additional restriction to the form of the first trees deci(7) in the standard decomposition.
The fact that the valency of the white nodes is always one implies that the only tree with
white root in deci(7) could be o. With this in mind together with the fact that it is
sufficient to store for each p the first rooted tree first(p) of order p we propose the following
algorithm, based on the algorithm given in [52], for computing the standard decomposition
dec(7) = (deci(1),deca(7)) for all 2T*-trees of order up to certain order ppax.

Algotithm 1.2.1.

deci(1) = 1; decy1(2) = 2; tp(1) = 1;
deca(1) = 05 deca(2) =0; tp(2) = 2; r(2) =
T =2;
for p=2,...,pPma. do
% Index of the 1st tree of order p
first(p) =7+ 1;
% Construct all the 2T *-trees T (dec(T) = (11,72)) of order p
forg=1,...,p—1do
% All 11 of order q
for 7 = first(q),...,first(¢+1) — 1 do
I = max(first(p — q), deca(71));
% All the 7o > deca(11) of order p — q
for o =1,... first(p—qg+1)—1do
if [tp(71) = 1] or [(tp(71) = 2) and (r(71) = 1)] then
T=7+1 r(r) = p; tp(r) = tp(71);
deci (1) = ;5 deca(T) = 79;
end
end
end
end
end

Note that r(7) = |7| and that the last value of 7 in Algorithm 1.2.1 is exactly equal to
O (see Table 1.4). Thus Algorithm 1.2.1 provides us a way for computing the number of
2T*-trees up to an arbitrary order ppax. The values of dec(7) = (dec;(7), decy(7)) for all
2T*-trees of order up to three are given in Table 1.5. Now we are in a position to discuss
the independence of the elementary differentials given by (1.2.5).

14



1.2.2.2 Independence of the elementary differentials

The independence of the elementary differentials insures tha the exact and the numerical
solution can be uniquely expand in B-series. In this subsection we introduce a set of
differential equations, similar to the set proposed in [8, Chapter 3|, for which any finite
number of elementary differentials evaluate to independent vectors.

Let U is the set of all 2T*-trees up to order p and © is the number of the elements in
U. Assume that an order relation in U is introduced and that all the pure white trees are
numbered with d1,...,0,. If the standard decomposition, described in Subsection 1.2.2.1,
is used the first three é. are 2,6 and 14. Let any tree 7; € U be decomposed as

= [tp(r); 7 s T2 T fori=1,2,...,0, (1.2.6)

where all the equal trees are collected together and the power notation to indicate the
number of repetitions is used. This implies that all the trees 7;; for j = 1,2,...,k are
distinct. Now for every tree 7; € U we consider the following differential equations

=

1 .
u, =vusi,) + (1 —v) Hm— Zzz) fori=1,2,...,0, (1.2.7)
where
1, if Ti; = @,
Uus, , if ;, =0, - 7
Ufin) = ’ " ) Ug(i;) = § Wdeyr> if 7 = o,
Uiy else, |
Ui, else,
and
0, if tp(1;) = o,
UV =
1, if tp(Ti) = o,

The initial values are supposed to be u;(tg) =0 fori =1,...,0; i # 61 and us, (to) = 1.
If e1,es,...,eq denote the natural basis in R® then the resulting © dimensional system of
differential equations obey the following property:

Theorem 1.2.1. The values of the elementary differentials for the differential equations
(1.2.7), evaluated at the initial value are given by

€55 if 1 = 0p,
F(ri)(u(to)) = § €s5c4rs  if 1 =0, fori=1,2,...,0.
ei, else,

Proof. The Proof follows by induction on the number of the elements © in the set & and
from the definition of the differential equations (1.2.7). O
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7 T; decl(n) deCQ(TZ‘) u =Lu+ N
1 . 1 0 [o:0)] Wy =0+1,

2 o 2 0 [O;@] u’2 =u14 +0,
3 ! 1 1 o7 0] uhy = 0+ uy,

4 T 1 2 [e; 0] u)y = 0+ ug,

5 ! 2 1 [0; o] ul = uy + 0,

6 I 2 2 [0 o] ug = uz + 0,

7 } 1 3 O;I- uh = 0+ us,

8 } 1 4 o = 0+ ug,

9 % 1 5 _O;I_ ug = 0+ us,
10 % 1 6 T e =0+ g,
11 1 2 3 ol W= w+o,
12 1 2 4 ol Wy =w+o,
13 % 2 5 -O; I uyg = us + 0,
14 % 2 6 ol uly=us 0,
15 v 3 1 [o; 0] ujs =0+ %u%,
16 \/ 3 2 [e30,0] W)y =0+ uyug,
17 A/ 4 2 [;07] iy, =0+ 1ud

Table 1.5: Standard decomposition for all trees up to order 3 and their corresponding dif-

ferential equations.

The independence of the elementary differentials follows from the independence of the
.,e@. In the case when p = 3 (0© = 17) and the order relation defined
in Subsection 1.2.2.1 is introduced, the standard decomposition for all 2T*-trees, together

natural basis ey, e, ..

with their recursive definitions (1.2.6) and the corresponding differential equations (1.2.7)
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are given in Table 1.5.

1.2.2.3 Expansions of the exact and the numerical solutions

To compare the exact solution and the numerical solution as Taylor series expansions it is
convenient to use B-series. For an elementary weight function a : 2T* — R the B-series is
defined as

a(7)

Bla(r),u) = a@)u+ Y _ thl—)F(T)(u).

TE2T™ (T

The exact solution of (1.2.1) can be represented by the following B-series
u(t+h) = B(y(r) ™", u).

Note that this is exactly the same as for Runge-Kutta methods. This is due to the
definition of v. We are now interested in finding the elementary weight function which
describes the operations of the numerical method.

Before we do this, it is convenient to substitute the expansions for the functions d)[l]
defined in (1.2.2) into the computations of the method (1.2.3) and simplify, which gives

U = Y3 al(hL) hN(U) + e, 1,
7=11>0

wn =YY WAL AN(U)) + Mgy,
7=11>0

where the coefficients of the method are now
1 Lk
az[.]] = Zagj] qSl[ ](ci),

kel (1.2.8)
ol = S o).
k=1

To obtain B-series expansions of the numerical solution we need the following three results.
The first result shows that the substitution of a B-series into the nonlinear part of the
differential equation is again a B-series. The second result shows that a B-series operated
on by powers of hL, is again a B-series. The final result shows that a B-series operated on
by a power series of hl, is again a B-series.

Lemma 1.2.2. Let a: 2T* — R be a mapping satisfying a() = 1, then



where the derivative of the elementary weight function satisfies, a’() = 0 and

v ={ if 7 =[5,

a(ty)...a(r), if T =1[e;71,...,7].

Proof. We refer to [8, 23] for very similar proofs. However, we mention that the elementary
weight function depends on the colour of the trees root because the B-series is substituted
into N which is represented by a black node. Therefore the elementary weight will be
non-zero only for trees which have a black root node. O

Lemma 1.2.3. Let a: 2T* — R be a mapping, then
(RL)'B(a(r),u) = B((L'a)(7),w),
where the elementary weight function satisfies, (Lla)(0)) = 0, and

L () m), i =il
(La)(T)—{ 0, ifr=1[o;71,...,7

Proof. Consider first the case when [ = 1, which gives

hLB(a(r),u) = hLu+ Y. h'THl%LF(T)(u)

ag\T
TE2T™

= > O rr ),

TE2T*

where the elementary weight function must be zero for all trees with a black root node. The
general [ follows by recursively applying the result for [ = 1. O

Corollary 1.2.4. Let 1,(2) be a power series

Y (2) = Z x[l]zl,

1>0
and let a : 2T* — R be a mapping, then
Yo (hL)B(a(7),u) = B((¢2(L)a)(7),u)

where the elementary weight function satisfies, (Y5(L)a)(0) = z%a(0), and

(Wo(L)a)(r) =Y all(Lla)(r).

1>0
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Proof. This corollary is proved by repeated uses of Lemma 1.2.3, as follows

$z(hL)B(a(r),u) = > zl(hL)'B(a(r),u)

>0

= Z UB(Lla(r), u)

>0

= B meﬁla(T)u

1>0

O

We now have everything we need to represent the numerical method using B-series.
Using Corollary 1.2.4, it follows that

ehLun—l = B((eﬁl)(T)7 Un_l),

since u,—1 = B(1(7), un—1), where the elementary weight function 1(7) is non-zero only for
the empty set. Also from Lemma 1.2.2 and Corollary 1.2.4, we see that

Za[l] hL)'AN(U;) = tay;,(RL)B(E}(T), 1)
>0
= B((thay; (L)E)(T), un—1)-

Putting this all together and translating in terms of trees gives the generating functions

G(r) = D (Way, (L)) () + (e“F1)(7),
j=1

alr) = ) (W (L)E)(7) + (“1)(7).

=1

To represent these elementary weight functions in matrix form we introduce certain ma-
trices. Let for Il =0,1,2,... and k =1,...,m, qb[k] be the s x s diagonal matrix defined
by

6] (c) = diag (¢£’“ (1), e

Also for [ =0,1,2, ... the matrices A and the vectors 0" to be defined by

Al — Zgbgk}(c)a[k],

kol (1.2.9)
T A

k=1

19



Note that (1.2.9) are the matrix versions of (1.2.8). The matrix representation of the
elementary weight functions interpreted in the natural way are therefore

Er) = @Wal0)E)(7) + (eF1)(r),
o) = (U (L)E)(r) + (e°1)(7).

Given that we have B-series expansions for both the exact and the numerical solutions, we
can now define order in the same way as for Runge-Kutta methods.

Definition 1.2.4. An exponential Runge—Kutta method with elementary weight function
a:2T* — R, has order p, if for all 7 € 2T* such that || < p,

This shows that it is not possible in general to obtain order by simply using a Runge-
Kutta method for the nonlinear part N of the problem. There are coupling conditions
between the nonlinear and linear parts of the problem despite the fact that the linear part
has been solved exactly. Note that if L = 0, then Al = 0 and bl0" =0 for all [ = 1,2,....
Thus, all order conditions simply reduce to the order conditions corresponding to the black
trees. In this case A = Al @ Iy and b7 = b0 ® I;. Therefore, the method (1.2.4) is
equivalent to a Runge—Kutta method for the nonlinear part N. This method is known as
the underlying Runge-Kutta method.

It is clear that Definition 1.2.4 is automatically satisfied for all purely white trees. We
now define the matrices

o= 1 i
(j+ 1!
where C' = diag(cy, ..., cs). This strange choice of index is so that the non-recursive rule

is straight forward. Now for all remaining trees the elementary weight function a of the
numerical solution can equivalently be computed using the following rule:

e Attach bll" to the root black node.

o Attach AU to all remaining nonterminal black nodes.
e Attach AUle to all terminal black nodes.

e Attach ClUle to all terminal white nodes.

e Attach I to all remaining white nodes.

The value j is the number of white nodes directly below the corresponding node. Now for
each tree multiply from the root to the leaf as in the case for Runge-Kutta methods, then
multiply these expressions in a component by component sense.

Table 1.6 gives the elementary differentials for all non-pure white trees of order three
and less and the corresponding order, density and elementary weight function of the tree.
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Tl 4 F(r) a(r) a(r)

. 1 1 N S, bl b0 e

! 2 2 N'N >0 al) b0 ALl

[ 2 2 N'L s, bl bl clole

! 2 2 LN s, bl bl e

{ 3 6 N'N'N S 0alal T Al A

{ 3 6 N'N'L S 201 Ol plolT Al0] 0]

% 3 6 N'LN > 0 a bl Allle

% 3 6 N'LL IS bl‘)l 2 plo” ol

£ 3 6 LN'N >, 0a) bl ALl

E 3 6 LN'L >0 " clole

% 3 6 LLN 3, b b2 e
Vs NwuN) S dalel) 0 alleyalle)
‘\f 3 3 N"(N, L) Z” ZO]G[O]CZ b[O]T(A[O}e)(C[O]@)
Vos o8 vy nld oI (e (1)

Table 1.6: Relation between elementary differentials and elementary weights.

1.2.3 IF RK and ETD RK as special cases

In this subsection we show that the IF RK and ETD RK methods, introduced in the
beginning of Section 1.2, are special cases of the exponential Runge-Kutta methods (1.2.4).
Therefore, the presented nonstiff order theory governs these special cases. For each of
these special cases we first need to identify the structure of the ¢! functions. One possible
approach is to use the variation of constants formulae (1.1.4). It is preferable to replace the

nonlinear part N with an approximation, which will make it possible to solve the integral
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in (1.1.4) exactly.

Consider approximations of the nonlinear term /N which leads to the IF RK methods.
Let N(u(tn-1+7),tn_1+7) =~ 8;eln—1%7) where §; is a constant chosen in such a way that
the approximation matches N (u(t,—1+7),tp—1+7) for 7 = ¢;h. In thiscaseforl =1,...,s
we get,

gzﬁ[l]()\)(hL) — e(A—Cl)hL‘ (1.2.10)

Every IF Runge-Kutta method (see Table 1.3) can be represented in the form (1.2.4) with
ol functions given by (1.2.10) and with a special choice of the coefficient matrices ol and
the coefficient vectors 3 1" This choice reduces the set of all order conditions to a set which
consists only of the order conditions corresponding to the black trees. In the proof of this
fact we will need the following lemma.

Lemma 1.2.5. Lett € R\{0,—1,-2,...}, then for j =0,1,2,...

J 1 1
E%M L(k+t) tt+1)-(t+])

Proof. We prove this statement by induction on j. For j = 0 the equality is obviously true

since % = % Assume now that the statement is true for some j. Consider

1 i+1 ,
- j (—1)* 1 1)k (t+k)+(]+1—k:)

+ k ]+1 k .
(D" (G+1-k)
Z +1_ B! +kzzok!(j+1—k:)! (k+0)

/ 1 1
E%k' k+ﬂ tt+1)---(t+7)
O

The following theorem defines the structure of the matrices all and the vectors ﬂ[l]T
for the IF RK methods. With this structure of the coefficients, to achieve certain order, it
is sufficient to satisfy only the black trees. This implies that the transformed differential
equation (1.1.2) is solved using a Runge-Kutta method.

Theorem 1.2.6. Let all the non-zero coefficients of an exponential Runge—Kutta method
(1.2.4), with ¢! functions given by (1.2.10) be located in column number | of the matriz
oYl and in position number | of the vector ﬁ[l]T forl=1,2,...,s. The method has order p
iff all order conditions corresponding to the black trees are satisfied.

Proof. From Definition 1.2.4, it follows directly that if the exponential Runge-Kutta method
has order p then all order conditions corresponding to the black trees are satisfied. Let us
assume that all the order conditions corresponding to the black trees are satisfied. We need
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to prove that all the remaining order conditions are also satisfied. From the definition of
the ¢! functions (1.2.10), it follows that for j = 0,1,2,. ..,

(1 - Cl)

o) =

, ¢£~”(C) = %diag((cl —af,...(es—a)). (1.2.11)

Since all order conditions corresponding to the black trees involve only the coefficients A,
0" and ¢, we need to express every other order condition in terms of these coefficients.
Having in mind the special structure of the matrices al”l and the vectors ﬂ[l]T, after substi-

tuting (1.2.11) into (1.2.9), we obtain for j =1,2,...,

Al — Z e C[O]J F A0 olo"
(1.2.12)

= Z%bo]Tc[O}k .
— El(j — k)!

From the fact that all order conditions corresponding to the black trees are satisfied, it
follows that Al 0" and ¢ form a Runge-Kutta method. Therefore,

Cclle = Al
cll¢ = (Alle)(¢), (1.2.13)
¢ = (Ale)... (A%)(¢),

where ( is an arbitrary vector and the multiplications in the second and third expressions
are in a component by component sense.

Now we are in a position to define a procedure which transforms every coloured tree 7
into a linear combination of black trees of order at most |7|. Each tree 7 can be decomposed
as 7 = (1, 7j,7), where 7, is a coloured tree on the bottom with less number of white nodes
than 7; 7; is tall white tree with j > 1 white nodes and 7; is black tree on the top. First
applying formula (1.2.12) and then (1.2.13), for the order condition corresponding to a tree
7, we obtain the following three representations in terms of black trees or trees with less

1 N
T = = - .
s
If 7, = 0 then 7 reduces to

T = @ —50® TR A +---+5j\@ :

o

white vertices.
If 77 = () then 7 reduces to

where 6 = (( )k), for k =0,1,2,...,j. In the general case when 7y, # (), then 7 can be
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represented as

(1.2.14)

For each of the trees in the linear combination we apply the same procedure. Thus,
after a finite number of steps all the trees in the combination will be black. From (1.2.9) it
is clear that the order of every single black tree cannot exceed the order of coloured tree.
See Table 1.7 for the representations of all trees of order three and less. To complete the
proof we need to show that a(7) = 1/v(r) for all coloured trees 7, where |7| < p. We
prove this by induction on the number of steps 8 in the transformation process. Let 8 = 1.
Every coloured tree 7 has representation 7 = ZZ::O 0,7k, where all 7, are black trees. If

fy}ETt) = x1|7¢|x2 then a(1y) = ,y(ik) = x1(|n\1+k):r:2 and by Lemma 1.2.5 for t = |1| it follows
that

a(t) =

1 1

wi|n|(fmel +1) - (Ine] + )2z (1)

Assume that a(r) = 1/v(7) for all coloured trees 7 with 6 steps in the transformation
process. Let 7 be a tree with 6 4 1 steps in the transformation process. From (1.2.14) it
follows that 7 = Zi:o 0Tk, where 75 are coloured trees with 6 steps in the transformation
process and hence a(1;) = 1/v(mx). If v(7) = 1|7¢|z2 then a(rg) = V(ik) = a:1(\n|1+k)x2
by Lemma 1.2.5 for ¢t = || it again follows that a(7) = 1/v(7).

and

The following result shows that the non-zero coefficients of an IF RK method are those
of the underlying Runge-Kutta method.

Corollary 1.2.7. Under the assumptions of Theorem 1.2.6 it follows that all non-zero co-
efficients of an exponential Runge—Kutta method (1.2.4) are exactly equal to the coefficients
of the underlying Runge—Kutta method.

Proof. Since qﬁg](l) =1 and gzb([)”(c) = [, it follows from (1.2.9), that

A[O] — a[l] + a[Q] + -4 a[s—l]’
b[O]T — ﬂ[l]T + ﬁ[Q]T + - 4+ ﬁ[S]T'
The result now follows from the special structure of all and ﬁmT. O
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Table 1.7 gives all the trees up to order 3 with at least one white node in terms of linear
combinations of trees with only black nodes. This represents how the order conditions for
the IF RK methods are automatically satisfied by the order conditions of the underlying
Runge-Kutta method.

<

!
|
|
{ = 1-V
L

I
<: [Nl *—o o—9o 9 oo

%
|
|
% _
;

Table 1.7: Coloured trees as linear combinations of black trees for the IF RK methods.

We now consider approximations of the nonlinear term N which leads to the ETD RK
methods. Let N(u(tp—14+7),tn—1+7) & pp—1(7), where p,_1(7) is interpolation polynomial
of degree s — 1 that matches N (u(t,—1 + 7),tn—1 + 7) at the points 7 = c1h, cah, ..., csh.
This approximation leads exactly to the ¢! functions (1.1.6) from Lemma 1.1.1. We call
this functions ETD ¢[! functions. The explicit form of the first few of them is

A A2 A3

SN (AL) = ¢M(ARL) = 11,, + 5L+ 5 (hL) (hL) ,

P (N)(hL) = ¢PI(ARL) = 11 ;(hL) X “(hL)? + ?j’ (RL)? +---, (1.2.15)
1 A )\2 A3

PPN (hL) = P (ARL) = gim + g (AL) + (hL) (hL)

As an example of an ETD Runge-Kutta method, in Table 1.8, we write out an expo-
nential integrator, which reduces to the classical fourth order Runge-Kutta method (1.3.5)
for L = 0. The coefficients of the method are chosen in such a way that all nonstiff order
conditions up to order four as well as half of the conditions of order five are satisfied.

As we mentioned before, other choices for the ¢!l functions (1.2.2), rather than the IF
(1.2.10) and the ETD (1.1.6) functions, are also possible. In Chapter 2 we give examples of
functions which originate from the framework of Lie group methods. The question how to
find the best set of functions (1.2.2) is open and needs further investigation. It seems that
the most commonly used functions in the literature are the ETD ¢[! functions. In the next
subsection we present some third and fourth order ETD RK methods, which recently have
been studied by several authors.
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0 0 0 0 1
%Qs[l] 0 0 0 e%hL
ool el el 4+ el 0 0 [ |
% (1] _ 19;0(;5[2] — 3¢ 25_1(1,[2] — 1%(;5[3] 2L0¢[1} — %¢[2} + 1_?)3¢[3} 0 ehL
b1 (hL) ba(hL) bs(hL) by(hL) | et |
where
31 17
bi(hL) = =l - Lyl 3] _ gpl4]
1(hr) = ol — 2ol 60l —agl,
bo(hL) = _%¢[1l+%¢[2] 4l 112610,
1 23
L) = —ol 22402 _ gyl — 444
bs(hL) 30¢ + E ¢ 8¢ o4,
1 7
L) = —oll— 2y 8] _ 44
ba(hL) 30¢ 5¢ + 69 b

Table 1.8: A fourth order ETD Runge—Kutta method.

1.2.4 More examples of ETD RK methods

All methods presented in this subsection are based on in some sense “mysterious” observa-
tions, which do not explicitly involve the order theory from Subsection 1.2.2 or any other
order theory. We include this methods as examples of exponential integrators, which dur-
ing the last few years have been studied by several authors [14, 29, 30, 35, 36]. Thus these
methods have obtained an important place on their own. We try as much as reasonably
possible, for each method, to present the authors main motivation used in the derivation
process. In the presentation of each method we use the notations introduced in Section 1.3.
We mention also that all the methods satisfy the classical (nonstiff) order conditions form
Subsection 1.2.2 up to the order which their authors predict, but most of them suffer from
order reduction in the stiff case. We will comment more on this in Subsection 1.2.5.2.

In Tables 1.9 and 1.10 we give the two multistage methods proposed in [14]. When
the linear part L is equal to zero, they reduce to the classical third and fourth order
Runge-Kutta method respectively. Regarding the derivation of the fourth order method
(Table 1.10), in [14] is written: “The computer algebra package Maple was used to confirm
that this method is indeed fourth order”.

A surprising connection between the fourth order method of Cox-Matthews (Table 1.10)
and the fourth order commutator free Lie group method (Table 2.6), based on the affine
algebra action (see Section 2.3), was found in [36, Article 5]. Note that the internal stages
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ot 0 0 e2hl
—pl 201 0 ehl
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Table 1.9: Third order method of Cox—Matthews.

0 0 0 0 1
1ol 0 0 0 ezhl
0 1ol 0 0 ezhl
5ol () (e —1) 0 ol (%) 0 et
O — 303 + 491 2912 — 49B1 20121 — 4gB8]  _pl2 4 4B | ehL

Table 1.10: Fourth order method of Cox—Matthews.

of this two methods are the same. It is shown in [36, Article 5] that the main step of Cox—
Matthews method can be reproduced based on the techniques of continuous Runge-Kutta
methods [24, Chapter 11.6]. Motivated from the same idea, but also applied to the internal
stages of the method, a new fourth order method is derived in [36, Article 5]. This method,
which is also based on the classical fourth order Runge-Kutta method (1.3.5), is given in
Table 1.11.

[ 0 0 0 0 I
1gl1] 0 0 0 ezhL
Llt] _ g2 L2 0 0 eshL
ot — 242 0 2012 0 ehL

| o — 302 4 4B 292) — 40l 2912 —4pBl 2 4 40l | ehL

Table 1.11: Fourth order method of Krogstad.

Similar techniques are used in the construction of ETD2RK3 (Table 1.12) and ETD2CF3
(Table 1.13) methods proposed in [45]. The first of this methods also reduces, for L = 0, to
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ot 0 0 e2hl
ot — 49 492! 0 ohL
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Table 1.12: Third order ETD2RK3 method.

0 0 0 I
1M1 0 0 S
%d,[l] _ %Qg[?] %¢[2] 0 eshl

ot — g¢[2} + 9983 60l — 1898 _%(z)[?] + 9983l | ehL

Table 1.13: Third order ETD2CF3 method.

the classical third order Runge-Kutta method. It is simply a modification of the third order
method of Cox—Matthews, which adapts the continuous idea for the internal stages as well.
The second method is based on the third order commutator free Lie group method proposed
in [12]. However, instead of using the affine algebra action (see Section 2.3), the internal
stages of ETD2CF3 are derived based on the algebra action proposed in [Article 1, p.91].
Splitting of the main step is again avoided by using the continuous technique suggested
in [36, Article 5].

1.2.5 Exponential RK methods for parabolic PDEs

The order theory presented in Section 1.2.2 highly relays on the assumption that L is
bounded linear operator on a d-dimensional Euclidian space R%. In this case the meaning

tL

of the exponential operator €'~ is given by the well known formula

X Lkrk
t"L
tL
e —E R teR.
k=0

The related ETD ¢l functions are also defined in a similar way (see 1.2.15).

To analyze the order of an exponential integrator applied to a Partial Differential Equa-
tion (PDE), we need a framework, which allows us to define the exponential and the related
functions in the case when L is an unbounded linear operator. In the sequel, we follow the
presentation in [29, 30] and restrict our considerations to the framework of sectorial opera-
tors and analytic semigroups. It is well known that parabolic problems like reaction-diffusion
equations, incompressible Navier-Stokes equations in two and three space dimensions as well
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as displacement of a shock fit into this framework (see [26, Chapter 3], [42, Section 7.3] and
[54, Lecture 5]).

The key idea, used in [29, 30], is to analyze exponential integrators of Runge-Kutta
type for parabolic PDEs based on the observation that any parabolic PDE can be viewed
as an abstract Ordinary Differential Equation (ODE). We illustrate this concept in the next
example.

Consider the following one dimensional reaction-diffusion equations

%—g(w,t) = % (a(x)%—i(z,t)) + oz, t,U(z,t)),
U(x,0) = Up(x) 0<z<1,
U,t)=U(1,t) =0 t>0.

We define the functions

(1.2.16)

u(t) = [z — Uz, t)] € L*(0,1),
up = [z — U(z,0)] € L*(0,1),
N(u,t) = [z — @(z,t,u(z))] € L*(0,1)

and the linear operator

e 2 (o0

Thus, the equation (1.2.16) is equivalent to the following abstract semilinear problem on
the Banach space L?(0,1)

u'(t) = Lu+ N(u,t), u(to) = up, (1.2.17)

where now the linear operator L is unbounded. An appropriate setting where the exponen-
tial and the related operators have a precise meaning, for unbounded linear operator L in a
Banach space X, is the framework of sectorial operators and analytic semigroups. We next
introduce the main concepts and some error bounds which are crucial for the convergence
analysis presented in the recent papers [29, 30].

1.2.5.1 The framework

Let (X, || -||x) be a real or complex Banach space and let L be a linear operator in X with
dense domain D(L) = {z € X : Lz € X} equipped with the graph norm ||z||pz) = [|L||x.

tL

In order to define the exponential operator '~ we need the notion of sectorial operators.

Definition 1.2.5. ([26, Definition 1.3.1], [42, Definition 2.0.1]) A densely defined and closed
linear operator L in X is called sectorial if there are constants a € R, 7/2 < ¢ < 7 and

M > 1 such that the following resolvent condition is satisfied
M

M—L) Yyoy < —— 1.2.1
I[( ) x XS5 ( 8)
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Figure 1.1: Domain of validity for condition (1.2.18) (shaded).

on the sector {\ € C: X # a,|arg(A — a)| < p}.

The sector from Definition 1.2.5 is plotted on Figure 1.1. Next we give the definition of
an analytic semigroup.

Definition 1.2.6. ([26, Definition 1.3.3], [42, Section 2]) The family (S(¢)):>0 of linear
operators on X forms a semigroup if the relations S(0) = I and

S(s)S(t)=S(s+1), s,t>0,
are satisfied. The semigroup is called analytic if the map ¢t — S(t) is analytic.

Assuming that the linear operator L is sectorial, we can define the exponential operator
el by the means of the Cauchy integral formula.

Definition 1.2.7. ([26, Definition 1.3.4], [42, Definition 2.0.2]) Let L be a sectorial operator
in X, and, for some radius r > 0 and an angle 7/2 < n < ¢, let the counterclockwise oriented
contour I' consists of the half lines v, and y_ given by

v =a+{A€C: |\ >rarg(\) = £n},

and the arc vy, = a+{\ € C : |A| = r,arg(\) < n}, see Figure 1.2. Then, the family (e’")
defined through

t>0

1
el = — / M — L)\, t>0, =1, (1.2.19)
271 T
is an analytic semigroup generated by L in X.
The operator e : X — X is linear and bounded in X for each t > 0. This follows
directly from the resolvent bound (1.2.18). For the rest of the presentation in this section
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y

Figure 1.2: The contour I' from Definition 1.2.7.

we assume that the linear operator L is sectorial and thus the operator e*” is well-defined
and bounded in X.

When the parameter a is negative, form Definition 1.2.5, follows that the operator —L
has a bounded inverse. Motivated by the definition of the gamma function, for any a > 0,
we can define fractional powers of —L through the following expression

/ etltotar = (—L)_a/ e %z tdx = (—=L)"“T'(a).
0 0

Therefore ) -
(—L)™@ = / etlta1qt,
['(a) Jo

The fractional powers of —L, for any o > 0, are now defined by
[0 [e]] « —x -1
(-L)*:D((-L)*) - X : o — (-L)%z:= ((-L)™*) "=,

where D((—L)*) = range ((—L)™®).
If @ > 0, we consider the shifted operator L=wl— L, with w > a. Fractional powers of
L are defined in the similar way.

From the Cauchy’s integral formula (1.2.19) and the resolvent bound (1.2.18) the fol-
lowing uniform stability bounds are derived in [26, 42, 54]
e || x—x < Coe™, for0<t<T),
HzaetLHXHX < Cpwe'it™, for0<t<T, w>a. (1.2.20)

We next discuss the main assumptions which the nonlinearity N has to satisfy. As in
the ODE case, the minimal requirement on N is to be Lipschitz-continuous in X. However,
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for abstract ODEs, the above condition is hardly satisfied in practice. For example, if
X = L?(0,1) and N(u,t) = u?, it is not even guaranteed that u? € L?(0,1). Therefore, we
need to consider N like an operator defined on a smaller space V', such that D(L) C V C X.
Thus, the main assumption imposed on the nonlinearity N : V' x [0,7] — X is to be locally
Lipschitz-continuous in a strip along the exact solution u. Therefore, there exist a real
number L(R,T), such that

IN(v,8) = N(w, t)||x < Lllv —wllv

for all ¢t € [0,7] and max(||v — u(t)||v, ||lw —u(t)||lv) < R, where R is the radius of the
strip.

In [29, 30], the space V is chosen to be the fractional power space X, = D(EO‘), 0<
o < 1. Thus V is linear Banach space with norm |[v||y = ||L%v||x. The value of o depends
from the underlying space X and form the type and dimensionality of the problem. It can
be determined by the following Lemma, which relies on the classical Sobolev embedding
theorem (see[54]).

Lemma 1.2.8. Let 1 < p < oo and  C RY be an open and bounded set with smooth
boundary. Let L be sectorial in LP(Q) with domain D(L) C W™P(Q) for some m > 1.
Then for 0 < a <1

- d
V=X,CC"Q) C L™, O§V<moz—];

with continuous embeddings.

From Lemma 1.2.8, it follows that for second-order parabolic problems on L2((2) i.e.
m= 2andp= 2,V C L*® for d/4 < a < 1. Thus it is clear that for three dimensional
problems, we have to work with stronger norms than in the one and two dimensional cases.

We next observe that the definition of the space V' = X, is related with the stability
bounds (1.2.20) for the exponential and the related operators. To illustrate this connection,
we represent the exact solution of (1.2.17) by the variation of constants formulae

t
u(t) = ety +/ DL N(u(r), ) dr. 1.2.21
(t) 0 0 S (u(r),7) ( )
Vv - X

Since u(t) € V, it is clear that we need to consider e*" like an operator from X to V. From
(1.2.20) and the definition of the operator norm, for 0 < ¢ < T', we have

tL Ea tL
el = sup 1V gy T2 0l
wi)é HU)HX wi)g HU)HX
w w
_ (1.2.22)
a tL
< sup 2 xexlwllx _ o
weX ||’U)||X
w#0
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Let us now define the operators ¢! for i = 1,2, ... by the formula

i W N
UtL)=t"" -7 dr. 1.2.23
R e (1229
Note that ¢l! are bounded operators in X and that when L is a matrix, the above formulas
reproduce exactly the ETD ¢l functions given in (1.1.6).

The stability estimate (1.2.22) can be easily extended to all operators Pl

7_171

168 L) Jyx < ¢ / DL |y x
0 (Z — 1)'
. (1.2.24)
< Ct_i/ (t — T)_aTi_ldT < Ct™™
0

The last assumption which we impose on the problem (1.2.17) is that it possesses a
sufficiently smooth solution w : [0,7] — V with derivatives in V. In addition we suppose
that N : V x [0,7] — X is sufficiently often Fréchet differentiable in a strip along the exact
solution. The above assumption, insures that the composition map

F:[0,T] = X :t— F(t) = N(u(t),t)

is a smooth map and therefore F admits Taylor series expansion.
In the next two subsections, we consider respectively explicit and implicit exponential
integrators for solving semilinear parabolic PDEs.

1.2.5.2 Explicit methods

Under the assumptions given in the previous subsection, the convergence properties of the
explicit exponential Runge—Kutta methods presented in Subsection 1.2.1 are studied in [29].

The main idea behind the analysis presented there is to derive bounds for the error recur-
sion between the exact solution represented by the variation of constants formulae (1.2.21)
and the numerical solution given by the scheme (1.2.4). Because of the a-dependence in
(1.2.22) and (1.2.24), the error bounds depend from the size of the parameter a. There-
fore, the number of order conditions for a method to be of a given order p also depends
form a. The simplest possible case is when o = 0 (V = X). In Table 1.14 we list the
stiff order conditions derived in [29], which guarantee that an s-stage explicit exponential
Runge-Kutta method (1.2.4) is of order p (for p < 4), in the case when o = 0 and the
ETD ¢l functions (1.2.23) are used. The operators J and K, which appear in conditions
number 5,7,8 and 9 are arbitrary bounded operators in X.

The order conditions from Table 1.14 allow us to analyze the stiff order of the explicit
exponential Runge-Kutta methods presented so far. It is shown in [29], that the third order
method of Cox—Matthews [14] as well as the method ETD2RK3 (see Subsection 1.2.4) suffer
from order reduction down to order two in the worst case. The method ETD2CF3 given in
Subsection 1.2.4 has a full stiff order three, in the case when o = 0. Similarly, the fourth
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No. order order condition

1 1 Zb (hL) = ¢M(hL)
2 2 Z bi(hL)c; = ¢ (hL)
i—1
3 2 > aij(hL) = cigM(¢e;hL)
j=1
4 3 > bi(hL)c} = 26 (hL)
=2
i—1
5 3 Zb (L) (6P (ehL)e? = ag(hL)e;) =0
7=2
6 4 bi(hL)e} = 6¢4 (hL)
=2
i—1
7 4 Zb (hL) J<¢[3 (e;hL)c —fZaU (hL)c ) 0
s 1—1 7j—1
8 4 S bi(hL)T Y aij(hL)J@)[Q] (hD)E =Y ajk(hL)ck) =0
i=2 j=2 k=2
s i—1
9 4 S bi(hL)ei K (gbm (GhL)E =3 aij(hL)cj) ~0
L =~

Table 1.14: Stiff order conditions for explicit exponential Runge-Kutta methods for a = 0.

order method of Cox—Matthews [14] has only stiff order two and the fourth order method
of Krogstad (see Subsection 1.2.4) has a stiff order three in the worst case. For each of the
above methods, higher order (up to the classical nonstiff order) is possible, if additional
smoothness conditions of the problem are satisfied. In general, it can be shown that it is
not possible to construct stiff fourth order exponential Runge-Kutta method with only four
stages [29]. In Table 1.15 we present the fourth order, five stages method of Hochbruck—
Ostermann [29], which satisfies all the order conditions from Table 1.14 except the condition
number 7. It is satisfied only in a weak form, that is with b;(0) instead of b;(hL).

All exponential integrators which we have considered so far were based on the explicit
idea. In some sense, it seems unnecessary to consider implicit exponential integrator, since
the hope is to overcome the stiffness by using the exponential and the related functions ¢!
in the format of the method. However, we should keep in mind that for implicit exponential
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Table 1.15: Fourth order method of Hochbruck—Ostermann with five stages.

integrators, we can solve the arising nonlinear equations by using fixed-point iteration.
What we gain by using implicit multistage integrators is the ability to increase the stage
order of the method. Motivated from this observation, a special class of implicit exponential
integrators of collocation type, for solving parabolic problems, is studied in [30]. Next, we
consider this class of methods.

1.2.5.3 Implicit collocation methods

The main idea behind the exponential collocation integrators [30], is to replace the function
N (u,t) in the variation of constants formulae (1.1.4)

h
u(tn_1+h) = eu, 4 +/ ePIIN (u(ty g +7), b1 + 7)dT
0

by polynomial approximation p,_1(7) of collocation type.

Let ci1,¢9,...,¢s be non-confluent collocation nodes in the interval [0,1] and U; =
w(tp—1 + cih). If pp_1(7) is the unique collocation polynomial of degree s — 1, which satis-
fies the conditions p,—1(c;h) = N (Ui, tn—1 + ¢;h) for i = 1,2,...s, then we can define the
numerical solution u,, of (1.2.17) at time ¢,, = t,,—1 + h by the formulas

h
Uy = ehLun_1+/ e(h_T)Lpn_l(T)dT,
0 (1.2.25)

cih
U, = ecihLun1+/ e(cih_T)Lpn,l(T)dT.
0

Since p,—1(7) is a polynomial of 7 with coefficients that are linear combinations of the
values N (U;, tn—1 + c;h), calculating exactly the integrals form (1.2.25), we obtain

c;ih S
/0 e(cihiT)Lpn_l(T)dT = h Z aij(cihL)N(Uj, tn—1 + th),
7=1
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h S
/ "Dy y(1)dr = b bi(hL)N (Ui, tay + ¢ih),
0

=1

where the coefficients a;; and b; are linear combinations of the first s, ¢l functions (1.2.23).
Thus, it is clear that the general format of an exponential integrator of collocation type is
just a special case of the exponential Runge-Kutta methods introduced in Subsection 1.2.1.
The advantage of the above approach is that it does not requires any order theory because
of the high stage order. Therefore the construction of new integrators is easy, since there
is no need to solve complicate order conditions. Of course all this comes on the price of
working with a very restrictive class of methods. The main advantage of the exponential
integrators of collocation type comes from the fact that they are implicit, which allows to
build up the stage order of the method, and at the same time the nonlinear equations which
arise in the format of the method can be simply solved using fixed-point iterations.

In [30], the convergence properties of the exponential integrators of collocation type,
applied to semilinear parabolic PDEs, are analyzed. It is shown there, that the methods
converge at least with their stage order. Higher and even fractional order of convergence
is possible if additional temporal and spatial regularity are required. For problems with
periodic boundary conditions classical (nonstiff) order can be obtained.

The above result suggests that the ideal integrators for solving stiff problems will be
explicit exponential integrators with higher stage order. Thus, we naturally arrive to the
idea of using general linear methods [8, 69] like underlying methods in the construction of
exponential integrators. In the next section we introduce the main concept behind general
linear methods and show how they can be extended to the exponential setting.

1.3 General linear methods and exponential integrators

In the previous two sections we have considered exponential integrators based on the two
main classes for solving ordinary differential equations: linear multivalued (Section 1.1) and
multistage (Section 1.2) methods. General linear methods (GLMs) were introduced in [7]
as a unifying framework for the traditional methods to study the properties of consistency,
stability and convergence. The extremely general nature of this methods allows new meth-
ods with clear advantages over the traditional methods to be constructed. We next present
the main idea behind general linear methods and introduce some notations, which are used
in the representation of every exponential integrator included in this thesis.

1.3.1 Formulation of the methods

For simplicity of the presentation, we again represent the original semilinear problem (1.1.1)
in the following autonomous form

' = Lu+ N(u(t)) = fu(®), u(te) =up, flu(t)):R?— R% (1.3.1)
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Following [8, Chapter 5], for the numerical solution of (1.3.1), we consider a method in which
a collection of vectors forms the input at the beginning of a step, and a similar collection
is passed on as output from the current step and as input into the next step. Thus the
method is a multivalue method. In addition, as for Runge-Kutta methods, it is assumed
that during the computations that constitute the step of the method, s approximations to
the solution at points near the current time step are evaluated. Therefore the method is
also a multistage method. Methods which are both multistage and multivalued are known
as general linear methods.
Assume that at the beginning of step number n, r quantities

u[ln_l] u[2n_1] -

9

are available from approximations computed in the previous step number n — 1. The
corresponding quantities evaluated during the step number n are denoted by

u[ln},u[;], ul
Let the internal stage values of step number n are denoted by
U17U27"',US

and the derivatives evaluated at this step are denoted by

f(Ul)a f(U2)7 ) f(Us)

If h represents the stepsize, then the quantities imported into and evaluated in step number
n are related by the equations

Ui:Zaijhf(Uj)—i_Zdijugn_l]a 1=1,2,...5,
j=1 Jj=1

8 - (1.3.2)
ugn] = Zbijhf(Uj) + Zvijug‘n_l]a i=1,2,...m7
j=1 J=1

where A = (a;5), B = (bij), D = (dij), V = (v;;) are coefficients of the method. Introducing
the vector notations

[ Uy ] [ f(th) ] [y ] [ ) ]
[n—1] [n]
U= U.vQ ’ f(U) = f(UQ) ) u[nil] = UQ. ) u[n] = UZ )
L Us | L f(Us) | | U'Ln_l] | L U'Ln] 1

allows us to rewrite the method (1.3.2) in the following more compact form

U Aely|Dely | | hfU)

) B®Q‘V®Q yn=1]

)
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where ® is the Kronecker product and I; is the d x d identity matrix. Usually, in order to
simplify the notations, the Kronecker product with I is omitted. Thus the coefficients of
every general linear method, given by the matrices A, B, D,V , can be written together as
the following partitioned (s + r) x (s 4 r) matrix

A|D
M = : (1.3.3)
B|V

Note that the matrix A from (1.3.3) is similar to the A matrix in the Runge-Kutta methods
and determines the implementation cost of the method. The quantities u[, which are
passed from step to step, can have a very general nature. Common choices in linear multistep
methods, are approximations to the solution and the derivatives at various previous points,
backward difference approximations or approximations to the Nordsieck vector. Like for
Runge-Kutta methods, the stage values U of GLMs are approximations to the solution at
points near the current time step. That is U; ~ u(t, + ¢;h), where usually 0 < ¢; < 1, for
i=1,2,...,s. The vector

]T

Cc= [017027"' ,Cs] s

is called the vector of abscissae.

Examples of GLMs

Next, we give few examples showing how some well know traditional methods can be alter-
natively represented like general linear methods. Let us first consider k-step linear multistep
methods of Adams type

k
Un = Un-1+ 0> Bif (tn-i). (1.3.4)

1=0

Natural way of rewriting (1.3.4) as GLM is to choose the number of the internal stages to
be only one, corresponding to approximation of u(t,), and the k 4+ 1 quantities passed from
step to step to be of the form

Up—1
hf(un-1)
u" N = | hf(un—s)

L hf(un—k) |
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Thus, (1.3.4) can be represented in the following general linear form

Ui Bo|l Br Br-1 Bk hf(Uy)
Up Bo |l [ Br-1 Bk Up—1
hf(Ul) 1 0 0 0 0 hf(unfl)
hf(un_l) 0 0 1 0 0 hf(un_g)
| WfGuns) ] [0 ]0 0 10 | | B ) |
Similarly, backward differentiation formulae (BDF) methods
k
Un =Y ott—i + hfof (un),
i=1
are represented as
U1 Bo | o1 ap—1 Qg hf(Ur)
Up, Bo |1 a2 Qp—1 Qg Un—1
Up—1 0|1 0 0 0 Up—2
U2 00 1 0 0 Un—3
i Up—k—1 ] L 0 0 0 1 0 | Unp—k ]

As far as Runge-Kutta methods are concern, it is usually convenient to represent them

as general linear methods which pass only one quantity from step to step. That is an
approximation to u(t,—1). In this way, we can identify the matrices A and B form (1.3.3)
with the A matrix and the row vector b7 of the Runge-Kutta method respectively. Choosing
D =eand V =1, we can easily see that the classical fourth order Runge-Kutta method

0

111

2|3

1 1

210 3 ;

110 0 1
1 1 1 1
5 3 3 6

(1.3.5)



can be written as

U, 000 o|1]][nron)
Uy 100 0]1 hf(Us)
Us | =10 4 0 01 hf(Us)
Uy 001 0]1 hf(Uy)
Lw ] L4034 1] ] we

We mention also that it is not always appropriate to represent a Runge-Kutta method like
a general liner method with » = 1. Example is the Lobatto IIIA method

N = O
N
= | OO _J;|>—\

[\
ol o= Rlax
Wity |wlby il

It is a method which has the so called FSAL property. This means that the First stage of
the current step is the Same As the Last stage of the previous step. This special property
allows us to eliminate the first stage of the method by passing one more quantity from step
to step. Thus the method can be represented in the following general linear form

Uy 3 2|l % hf(U1)

U2 | |3 &|1 s hf(Us)

Un 5 5|l g Un-1
Caf(U) | L0 1 |0 0 || hf(un-) |

1.3.2 Construction of practical GLMs

We first introduce the concepts of pre-consistency, consistency, stability and convergence of
general linear methods. The pre-consistency and consistency conditions for a GLM insure
that the method can solve exactly the trivial differential equations v’ = 0 and v’ = 1. If
the pre-consistency vector % and the consistency vector v are determined by

Wl Y = Gut, ) + 5 (b)) + O(h2),
ulM = au(t,) + vh' (t,) + O(h?),

then the pre-consistency conditions are
Du=e, Vu=a,
and the consistency conditions are

Ae+Dv=c, Be+Vo=u+0d,
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where e = [1,1,---,1]T € R®. Stability of GLM concerns the boundedness of the numerical
solution when the method is applied to the trivial differential equation u’ = 0. Thus the
general linear method M, defined by (1.3.3), is stable if there exist a constant C' such that
forallm=1,2,..., ||[V"|| < C. The method M is convergent if there exist a non-zero vector
7 € R” such that if ul?) = au(ty) + O(h), then ul™ = au(ty + nh) + O(h) for all n, given
that nh is bounded. The fundamental result that consistency and stability are necessary
and sufficient conditions for convergence of a general linear method is proven in [7].

The order of accuracy of a general linear method is defined relative to a starting pro-
cedure S. It is used to produce the initial vector u!% from the given initial value ug. In
general the starting procedure can be represented by

U= Sllhf([j) + S1auo,
ulll = Szlhf(U) + Saouy,

where the vectors U and f(U) are

Uy f(Ur)
o Us )= f(:2) ’
| Us | | f(Us) |

and f(Uy), f(Us), ..., f(Us) are the derivatives at the internal stages Uy, Us, ..., Us. Note
that the number of stages s, required to compute the r components of ul% can be different
from the number of the stages s used in the method. From the pre-consistency conditions
follows, that S12 = e and Sy2 = @. Similarly to (1.3.3), the starting procedure can be also
represented by a partitioned (5 + r) x (54 1) matrix

S11 | Si2
Sa1 | S22

S =

If E represents the shift operator, that shifts the exact solution from ¢,,_1 to t¢,, then the
general linear method M has order of accuracy p if M oS —So E = O(hP*!), where M o S
denotes the combined effect of applying the starting procedure S followed by a step of the
method M. The meaning of S o F is defined in a similar way.

Until recently, very few general linear methods which are significantly different from the
traditional methods have been developed. This is mainly due to the very general structure
of these methods, which results in a complicated order theory. A reasonable way to advance
in the construction of new competitive methods is to introduce some initial assumptions on
the structure of the methods. In this way the originally large class of GLMs is limited to a
smaller subclass where practical methods are likely to exist.

Like we saw in Subsection 1.2.5.3, it is important to base the construction of exponential
integrators on methods which have higher stage order. Thus a desirable property of the
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underlying method is to have stage order equal to the overall order p of the method. Impos-
ing this assumption simplifies the order construction of GLMs and provides asymptotically
correct error estimates, which are useful in variable stepsize, variable order implementa-
tions. To overcome difficulties with changing the stepsize, it is also convenient to require
the quantities passed from step to step to be approximations of the Nordsieck vector i.e.

with r = p+1. Under the above assumptions the order conditions for general linear methods
become much simpler. It can be shown (see [8, Chapter 5], [69, Chapter 3]) that necessary
conditions for a method to have stage order and order p are

D =C — ACK,
V = E - BCK,

where the matrices C' € R¥*PH1 K ¢ RPHI>PH! and E = exp(K) are given by

2 p—1 D
C C C

C = - ... _
€9 T

, K:[O €r €2 - €po1) ep].

Other important property which we would like a GLM to have is that its stability region
should be identical to the stability region of the corresponding Runge-Kutta methods.
Sufficient conditions for a general linear method to have Runge-Kutta stability are

BA = XB,
BD =XV - VX,

where = means two matrices are equivalent except for their first rows, X is a doubly
companion matrix and the spectrum of V' is {0,1} (see [69, Chapter 3]). General linear
methods satisfying the above conditions are known to have a property called Inherent
Runge—Kutta Stability (IRKS). Recently practical general linear methods with IRKS have
been constructed in [9, 10, 69].

1.3.3 Exponential general linear methods

Let us now consider how general linear methods can also be extended to the exponential
setting. Motivated from (1.2.3) and (1.3.2), for the solution of the semilinear problem
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(1.1.1), we consider the following unified format of exponential integrators

U; = Zza[l] ¢[l] )(hL) hN (U +ZZ(5Z] ¢[l] ) [n— 1]7

Jj=11=1 Jj=11=1

uﬁ"]:ZZﬂ}? ¢l (1)(hL) RN (U. +Zzy[l 1)) ul .

Jj=11=1 j=11=1

(1.3.6)

Similarly, to the traditional GLMs, we can represent (1.3.6) in the following matrix form

U A9) | D) | | av@)
ath || Blo) | Vie) | | ul?

)

where each of the coefficient matrices A(¢), B(¢), D(¢), V(¢) has entries which are linear
combinations of the ¢!l functions. Therefore, the matrix

M(¢) = , (1.3.7)

has also entries which are linear combinations of the ¢!l functions. All exponential integra-
tors presented in this thesis are given exactly in the form (1.3.7). In addition the following
convention is used: The argument of ¢l is always dropped when it is evaluated at the
corresponding abscissae value.

According to our knowledge, the first exponential integrators which fit in the format
(1.3.6), were constructed in [36, Article 5]. We discuss these methods in Subsection 2.4.2.
However, there are several interesting properties regarding the Generalized Integrating
Factor Runge-Kutta (GIF/RK) methods of Krogstad which we would like to point out
here. First of all they are exponential general linear methods which pass the quantities
Up, hNp_1, hINyp_o, ... from step to step. Secondly they are examples of methods, where
other than the traditional IF and ETD ¢! functions are used (see Table 2.4 and Table 2.5).
The improved accuracy of GIF/RK methods is due to their higher stage order (see [46]).
However, as it was pointed out in [36, Article 5], it seems that the accuracy comes at the
price of stability. Thus, extending the idea of general linear methods with IRKS property
to the exponential settings, might be a reasonable way to overcome this difficulty. Finally,
we mark that the generalized integrating factor Runge—Kutta methods are also Lie group
methods on the manifold. We consider the framework of Lie group methods and how it is
related with the construction of exponential integrators in the next chapter.
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Chapter 2

Exponential Integrators and
Lie Group Methods

In this chapter we discuss special types of exponential integrators, which arise from the
framework of Lie group methods on manifolds. The main idea behind Lie group methods
and Geometric Integration in general, is to construct numerical integrators which preserve
certain qualitatively properties of the exact flow of a differential equation. A classical
example is a differential equation evolving on a sphere. In many cases it is important to
construct a numerical integrator which produces an approximation to the exact solution
which also belongs to the sphere.

When the differential equation evolves on a linear space, it is easy to construct an
integrator which stays on the linear space. The challenge now is how to define the basic
motions on the manifold in such a way that they provide a good approximation to the flow
of the original vector field. In this case the theory of the Lie group integrators provides us,
through the freedom in choice of a group action, a suitable framework to work with. All the
exponential integrators presented in this chapter are motivated from the above observation.

The chapter is organized as follows: we survey the basic theory involved in Section 2.1.
In Section 2.2 we present different Lie group integrators and comment on their numerical
implementation. Next, in Section 2.3 we discuss the importance of the Lie group action, and
present different ways how to define it (see also [Article 1, p.91]). Finally in Section 2.4,
based on the main Lie group methods given in Section 2.2, we derive the corresponding
exponential integrators for solving the semilinear problem (1.1.1).

2.1 Background theory

Most of the theory presented in this section follows the expositions in [32, 36, 50] and
gives the necessary basic background needed to construct Lie group methods which evolve
on a manifold. We refer to the monographs [1, 44] for further information concerning
manifolds, Lie groups and Lie algebras and to the monograph [23] for numerical treatment
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and introduction to geometric integration in general.

We start with introducing the concept of a manifold acted upon by Lie group, which
provides us with abstract definition of the domain where the differential equation evolves.
Let

u' = flu(t)),
be a differential equation defined on d-dimensional topological space M which in a small
neighborhood of any point “looks like” R? but globally, typically has a different geometry.
We will call such a space M a d-dimensional manifold. Any d-dimensional manifold can be

represented as a d-dimensional surface embedded in RY for some N > d. In other words
M is defined as

u(to) = Uug, (211)

M={z RN : g(z) =0},

where g : RV — RV~ is differentiable and ¢/(x) has a full rank for x € M. We note that
this is a very concrete definition of a manifold, but is however sufficient for our purposes.
In fact all the exponential integrators presented in Section 2.4 simply evolve on a manifold
M = R4 A more general definition of a manifold, based on coordinate charts, can also be
given (see [1, 36, 50]).

We now give a definition of a Lie group, its tangent space, and discuss different maps
related with them.

Definition 2.1.1. A Lie group is a differential manifold G equipped with a group product
*: G x G — G satisfying

gx(kxl)=(gxk)xl VYg,kleg,

(associativity)
Jee Gsuch thatexg=gxe=g, (identity element)

(

(

Vg€eGIg ! €Gsuchthat g~lg =e,
1

inverse)

the maps(g,k) — gxkand g — g~ smoothness)

are smooth functions.
Definition 2.1.2. A Lie algebra is a vector space g equipped with a bilinear bracket
[,] : g X g — g satisfying
[01,02] = —[O2,01],
01, (02, 03] + [02,[03,01]] + [O3, (01, O2]] =0,
for all ©1,045,03 € g.

(skew-symmetry)

(Jacobi identity)

If we fix the first argument 111 the bracket [-,:] to be the point 0 ¢ g then the map
adg : g — g given by adg(0) = [0, O] is linear. Powers of adg are defined recursively as
ad%(@) = 0,
ads(©) = [6,0)],
adf(0) = adg(ads'0)=[6,[...,[6,0]]], for k> 1.
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Let us denote the set of all right invariant vector fields on G by X(G). It can be shown that
X(G) has a structure of a Lie algebra with a bracket given by the (minus) Jacobi bracket
(see [36, 50]). Let T.G be the tangent space of G at the identity element e. We define the
product ® : T.G x G — TG by

d
e = — t) *
©g= - tzov( ) * g,
where () is a smooth curve in G such that v(0) = e and ~4/(0) = O. If we fix the first
argument © € T.G in the product © ® g, we get a vector field fg(-) = © ® (-) on G. In
this way the map © — fg is a homomorphism between T.G and X(G). This automatically
implies that the set T.G also has the structure of a Lie algebra. From now on we use the
symbol g to denote the Lie algebra T,G and say that g is a Lie algebra of a Lie group G.
The bracket in this case is defined by
01,0 = 2 (5) % 20(t) % 11 (s) "
= S S
1,92 5ot o 71 Y2 71 )

where 71(s) and ~2(t) are smooth curves in G such that v1(0) = 72(0) = e and +/(0) =
©1, 75(0) = O4. In the case of a matrix Lie algebra g, the bracket [©1, O3] is simply the
matrix commutator 160, — ©9,0.

Now we define the exponential map which gives an important connection between a
Lie group and its Lie algebra. It is a local diffeomorphism (for finite dimensions) from a
neighborhood of 0 € g onto a neighborhood of e € G.

Definition 2.1.3. Let G be a Lie group and g its Lie algebra. The exponential map
Exp : g — G is defined as Exp(©) = (1), where ~(t) € G satisfies the differential equation

In the case of a matrix Lie algebra g, the exponential map is simply the matrix expo-

o0
=2
k=0

Definition 2.1.4. The differential of the exponential map is defined as the right trivialized

nential

| —

o,

o

!

tangent of the exponential map, that is, a map dExp : g x g — g defined through the relation

Exp(© + t0).

dExp(D, ©) Exp(8) — %
t=0

If we fix the first argument Oc g then the map dExpg : g — g given by dExpg(©) =
dExp(0, ©) is linear and satisfies the following theorem.
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Theorem 2.1.1. /50, Theorem 3] The differential of the exponential map and its inverse

are given by the following formulas

¢ —1 =1
dExpy = = ——adk,
© z z:adé kz;) (k + 1)' e
o
_ z Bk k
dEl'pAl = = —ad,\7
© er—1 r=adg kzzo kKl ©

11 1 1

where the coefficients By, are the Bernoulli numbers {1, —35,,0,—55,0, 75,...}.

A crucial point in the theory of Lie group integrator is to define the basic motions on
the manifold M. Typically they are given by the Lie group G and its action - on M. All
numerical schemes presented in Section 2.2, advance by following flows defined with respect
to the basic motions on M in such a way that, it is guaranteed that we stay on the manifold.

Definition 2.1.5. An action of a Lie group G on a manifold M is a smooth map
-1 G X M — M satisfying

e-p = p VpeM,
g-(k-p) = (gxk)-p Vg kegG peM.

We say that the group action is transitive if for any two points p1, po € M, there exists
at least one element ¢ € G such that g - p1 = p2. This allows us to move from any point
p1 € M to any other point ps € M, by letting the element g € G, act on the first point
p1- A manifold M which is acted upon by a Lie group via a transitive action is called a
homogeneous space.

Via the exponential map, every group action naturally defines an algebra action
* 1 g X M — M, by the identity

O xp =Exp(©) - p. (2.1.2)

Note that the algebra action is not uniquely determined by the group action. Every diffeo-
morphism

V:g—G, (2.1.3)

such that ¥(0) = e and ¥’'(0) = I, where I is the identity of the algebra, defines an algebra
action by the formula © xp = ¥(0) - p.

Let X (M) denote the set of all vector fields on M. There is a one to one correspondence
between the elements in the Lie algebra g and the space X(M). This can be shown in the
same way as the correspondence between g and X(G). If we define the product ® : g x M —
TM by

O@p=—| () p,



where 7(t) is a smooth curve in G such that v(0) = e and 7/(0) = ©, then for a fix © € g
the product © ® p gives a vector field Fg(-) = O ® (-) on M. In this way, the map © — Fg
is an algebra homomorphism between g and X(M). The vector field Fg is called a frozen
vector field. The following relation between the frozen vector field and the exponential map
holds.

Theorem 2.1.2. For every © € g and every p € M

d
Fo(p) =0@p= pr Exp(t©) - p.
=0
Proof. By definition
Oap = L Al p=2 (e+t0+0) p

dt|,_g dt|,_g
d

- = tOxp= — Exp(tO) - p.
dt ;g =0

O

The last Theorem is still valid if we replace the exponential map with the diffeomorphism
U : g — G defined above. This shows that the algebra homomorphism between g and X(M)
is independent of the choice of ¥. We will use this fact later in the construction of our
exponential integrators.

Finally, we give the following fundamental result, which is a starting point for every Lie
group integrator.

Theorem 2.1.3. [36] Every differential equation evolving on a homogeneous space M can
always be written as

u'(t) = F(u) ® u, u(to) = uo, (2.1.4)
where F': M — g.

Before we continue with the presentation of the main Lie group integrators, we summa-
rize in Table 2.1 all the actions and homeomorphisms which has been defined so far. We
note that in the literature authors often use the symbol “” to denote each of the operations
given in Table 2.1 and let its meaning to be determinate by the arguments. However, we
find this approach a bit confusing, so we have chosen different notations for each operation.

2.2 Lie group integrators

All algorithms presented in this section are stated in terms of actions and reduce to tradi-
tional Runge-Kutta methods when the manifold M is the vector space R¢. The numerical
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notation | diagram name

* GxG—¢g group operation
: GXM—-M group action
* gxM—M algebra action

©) gxG—TG homeomorphism between g and X(G)
® g X M — TM | homeomorphism between g and X(M)

Table 2.1: Actions and homeomorphisms on the manifold.

schemes advance from the point wu,, to the point u, 1 with a time step, of size h. The same
results can also be formulated in terms of rigid frames (see [12, 15, 55]).

The first Lie group integrators we consider are the methods of Crouch and Grossman
[15]. The main idea behind these methods is to compose the flows of frozen vector fields
at every stage. An s- stage Crouch and Grossman method is formulated by the following
algorithm

Algotithm 2.2.1. (Crouch-Grossman method)

fori=1,...,sdo
U; = Exp(ha;sFs) - - - Exp(ha;1 F) - up,
F;, = F(U;)

end

Unt1 = Exp(hBsFy) - - - Exp(hB1F1) - up,

The function F gives the generic presentation (2.1.4) of the differential equation. The
coefficients «;;, B; are parameters of the method. If o;; = 0 for ¢ < j the method is explicit
and is implicit otherwise. The order of the method is defined like for the traditional Runge—
Kutta methods. The parameters a;;, 8 are chosen to satisfy certain order conditions which,
because of the non-commutativity of the basic flows, are different from the order conditions
for Runge-Kutta methods. In general one can not hope that an order p Runge-Kutta
method will lead to an order p Crouch—Grossman method. A complete order theory for this
methods involving ordered rooted trees is developed in [55]. There the authors propose the
following explicit method of order three

0
3| 3
104 (2.2.1)
17 | 19 a7
24 216 108
1B _2 2
51 3 17

By careful investigation of the order conditions, the authors in [55] found that it is
not possible to obtain explicit methods of order four with only four stages. Further, they
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derive a family of fourth order methods with five stages. Higher order methods of Crouch—
Grossman type are derived in [33]. An exponential integrator based on the scheme (2.2.1),
for the semilinear problem (1.1.1), is given in Section 2.4.

We next consider a generalization of the methods first proposed in [48] and later named
as Runge-Kutta Munthe-Kaas (RKMK) methods. In their original formulation these meth-
ods achieve only second order on a general Lie group. To construct higher order RKMK
methods, a correction function was introduced in [49]. Here we follow the formulation of
the methods on homogeneous manifolds given in [50].

The main idea behind these methods is to transform the original equation evolving on
a manifold into a corresponding equation on a Lie algebra. Since the Lie algebra is a linear
space and every Runge-Kutta method in general preserves linear invariants, one can apply
any traditional Runge-Kutta method to the transformed equation. Thus, it is guaranteed
that the numerical approximation will again be in the Lie algebra. To obtain the desired
approximation on the manifold one just needs to apply the inverse transformation. An s-
stage RKMK method is formulated by the following algorithm

Algotithm 2.2.2. (Runge-Kutta Munthe-Kaas method)

for:=1,...,sdo
Oi=hdj K
Fy = F(T(0;) - un)
K; = dU1(F)
end

Un1 = V(hY i) BiK) - un

Here F' gives the generic presentation (2.1.4), ¥ is a diffeomorphism (2.1.3) and d¥
is defined as in Definition 2.1.4. The coefficients o;j, (; are the classical Runge-Kutta
coefficients. Note that each of the quantities ©;, F;, K; € g for ¢ = 1,...,s. The values
of the internal stages, which lie on the manifold, can be computed by letting the elements
O; € g, act on the point u, € M. In other words U; = O; x u,, for ¢ = 1,...,s. A
natural choice for the diffeomorphism ¥ is the Exp map, but other choices are also possible.
For example choosing ¥ to be an approximation to the Exp map can lead to a significant
reduction in the overall computational cost of the algorithm. In Section 2.4 we present
different choices of ¥ and relate them with some of the exponential integrators given in [36,
Articles 4 and 5.

The main challenge in the implementation of RKMK methods comes form the necessity
of computing the d¥~! map. This in general can be a very costly task, especially in the
case when ¥ = Exp map. Thus, the approach proposed in [50] is to replace dExp~! with
its truncated approximation of order higher than the order of the method. This results in
introducing commutators into the format of the method.

The last methods under consideration are the Commutator Free (CF) Lie group methods
proposed in [12]. They are based on the idea of operating on the elements in the algebra
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g, like for RKMK methods, and then composing the corresponding resulting flows of frozen
vector fields, in a Crouch—Grossman like manner. In this way it is possible to construct an
integrator which does not involve any commutators and still uses less Exp evaluations than
in the method of Crouch—Grossman. A general format of an s-stage commutator free Lie
group methods is given in the following algorithm

Algotithm 2.2.3. (Commutator-free Lie group method)

fori=1,...,sdo
Ui =Exp(h>;_, af Fy) - Exp(h Y i_, o Fy) - up
F,=F(U;)

end

Un+1 = EXp(h Zizl ﬁ!}Fk) T EXp(h 22:1 ﬁ{ch) “Un

Here again F' gives the generic presentation (2.1.4) and the coefficients afj, 5;“ are param-
eters of the method. They are determined based on the order theory which can be adapted
from the order theory presented in [55]. In general the method is implicit unless afj =0 for
i < k then it is explicit. The parameter J counts the number of Exp evaluations for each
stage. It is preferable to keep it as low as possible in order to obtain competitive methods.
Another way of reducing the computational cost is by reusing the flow calculation. The
following explicit fourth order method, based on the classical fourth order Runge-Kutta

method (1.3.5), which effectively uses only 5 Exp per step is given in [12]

0

1 1

2 2

1 1

3 0 3

1 1

2 2 0 0 (2.2.2)

1 1

3 | 2 0 1
1 1 1 1
4 6 6 12
11 1 1
12 6 6 4

We use the symbol } to denote all the substages included in a stage with J > 1.

We close this section with the observation that in order to implement Algorithm 2.2.1
and Algorithm 2.2.3 the only two things which we need to know are the generic presentation
(2.1.4) of the differential equation and the algebra action (2.1.2) on the manifold M. To
implement Algorithm 2.2.2, in addition, we need to know either the d¥ ! map or how
the commutators between two elements in g are defined. This observation allows us to
construct Lie group integrators without even knowing what is the exact structure of the
Lie group G and how it acts on M. This provides us the freedom to define the Lie algebra
g independently from the Lie group G. For example, like a Lie algebra of vector fields on
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M (see [51]). This approach is very useful for applications concerning PDEs, where the
Lie algebra is infinite dimensional and establishing the structure of a Lie group G = Exp(g)
is technically more demanding then in the finite dimensional case (see [32]). A way of
circumventing this problem is to semidiscretize the PDE in space and thus obtain a finite-
dimensional system. In the next section we utilize this approach and discuss the choice of
action as well as the structure of G, in the case when M = R4,

2.3 The choice of action

When the differential equation evolves on R constructing an integrator which stays in R?
is a trivial task and does not require a special theory. However, using the framework of Lie
group methods, one can construct useful methods specially designed to solve the equation
(2.1.1). In this section we pay particular attention to the choice of group action - and how
it is related to the actual performance of the method.

We first consider the case when the Lie group G = R? and its action upon M is given
by the vector addition. In other words

g-p=g-+p, for all g € G and p € M. (2.3.1)

From Definition 2.1.1, it follows that the group operation * is also given by vector addition
and that the identity element e is the zero vector in R%. The Lie algebra g = T.G can be
identified with R? and the algebra homeomorphism between g and X(G) defined by

d d 9

Oo0g=—| Yt)xg=—| g+tO+0(t*) =0,

dt|—g dt |—g
is simply the identity map. This implies that the exponential map and the homeomorphism
between g and X (M) are also given by the identity map. The generic presentation (2.1.4)
of the differential equation is

' =F(u) ®u=F(u).

If b € R? is a fixed element in g then its corresponding frozen vector field Fy(p) = b for all
points p on the manifold. The Lie group integrators presented in Section 2.2 use the flow
of a frozen vector field, as the basic motions on M. This means that the solution of the
differential equation

w=>b, u(to) = uo,

which is given by translation u(tg + h) = ug + hb, defines an algebra action hb * ug. Since
translations commute, we obtain the trivial bracket [a,b] = 0, for all a,b € g. Note that
via the relation (2.1.2) the above algebra action reproduces the group action (2.3.1). This
choice simply reduces all the methods presented in Section 2.2 to the traditional Runge—
Kutta methods.

Like it was mentioned in the previous section, in order to construct Lie group integrators
it is enough to know the algebra action and the generic presentation of the differential
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equation. In the subsequent, discussions which concern the structure of the Lie group and
its action on M are kept with the scope of completeness.

A more interesting choice for the algebra action, rather than translations, is to move
from the point ug to another point by following the flow of a linear vector field

u = Au, u(to) = o,

where A € R%*? is a constant matrix. In this case the Lie group G is the general linear
group GL(d) = {G € R™? : detG # 0}, its Lie algebra gl(d) is the set of all d x d matrices
and the bracket is given by the matrix commutator [A, B] = AB — BA. The only problem
here is that the action is not transitive. This is due to the fact that there is no way to
advance from the point ug = 0. A way to avoid this inconvenience is to consider the action
arising from the solution of the following differential equation

u' = Au+ b, u(to) = uo, (2.3.2)

where A € R¥? and b € R? are constants. This idea was first introduced in [50] and
then further investigated for the heat equation in [12, 39, 63|, for stiff PDEs in [36, Arti-
cles 4 and 5] and for the Schrédinger equation in [3]. The action arising from (2.3.2) is often
referred to as the affine action. The Lie group G in this case can be identified with the set
of all pairs (G, g) € GL(d) x R? which we denote by the semidirect product GL(d) x R? (see
[67]). Its action on the manifold is defined by

(G,9) - p=Gp—+g for all (G,g) € G and p € M.
From Definition 2.1.1, it follows that the group operation * is given by

(G1,91) x (G2, 92) = (G1G2, G192 + 1)

and that the identity element e = (I, 0), where [ is the d x d identity matrix and o is the
zero vector in R?. The Lie algebra g = T.G is the set of all pairs (A4,b) € gl(d) x R? and
the bracket is defined as

[(Al, bl), (AQ, bg)] = (A1A2 — A2A1, Albg — A2b1). (233)
The algebra homeomorphism between g and X(G) is given by (4,b) — f(4) ((, )), where

an((G.9) = (4D O (G0) = 5| +(1)%(G.g) = (AG, g +1).

If 4(t) is a smooth curve in G such that v(0) = e and +(0) = (A,b), then the solution of
the differential equation

Y'(t) = fan(1(1)), 7(0) =e,
is given by ~(t) = (e!4, ¢l1l(£A)tb), where the function ¢!l is the first ETD function from
(1.1.6). This implies that the exponential map is defined as

Exp(A,b) = (e, ¢l (A)b). (2.3.4)
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Therefore, the algebra action is
h(A,b) * ug = Exp(h(A,b)) - up = " ug + ¢l (hA) hb, (2.3.5)

which is exactly the solution of the differential equation (2.3.2) at the time tg + h. Finally,
the frozen vector field is given by

Fiap(u) = (A,b) ® u= Au+b.

An important observation concerning the affine action is that the generic presentation (2.1.4)
of a differential equation (2.1.1) is not uniquely defined. For example, if we choose F(u) =
(0, f(u)) then we will recover exactly the classical settings considered in the beginning of
this section. Another possible choice is F'(u) = (J, f(u) — Ju), where J is the Jacobian of
f at the point u. In this case the RKMK method based on forward Euler is given by

Uni1 = Un + J L = 1) f(u).

It is a second order method which is often referred to as the exponential fitted Euler method
[28].

When the vector field of the differential equation is given in nonautonomous form, like
in (1.1.1), we need to transform it to autonomous form by appending ¢ to the dependent
variables. This increases the dimension of the manifold and allow us to include the time
variable to the arguments of the function F. Such an approach is very useful, especially if
we want to construct time dependent frozen vector fields (see [Article 1, p.91]). A natural
choice for F, which reflects the semilinear structure of (1.1.1), is

F(u,t) = (L, N(u,t)). (2.3.6)

Methods based on this generic presentation for the equation (1.1.1) are given in the next
section.

More complicated differential equations, which hopefully approximate the original vec-
tor field in a better way, can also be used to define the basic motions on M. The main
requirement is that we should be able to solve them exactly and thus define the algebra ac-
tion like the flow of some differential equation. A way how to construct Lie group integrators
based on the action arising from the solution of the following differential equation

u = Au+b+ct, u(to) = uo, (2.3.7)

where A € R™? p € R? and ¢ € R? are constants, is proposed in [Article 1, p.91]. There
the corresponding exponential integrator for solving the semilinear problem (1.1.1), based
on the fourth order commutator free Lie group method (2.2.2), is also derived. The main
idea is to rewrite the above equations in autonomous form and then apply the affine action
to the transformed equation. This approach can be further generalized by including second
and higher order terms of ¢ in the frozen vector field. However, one should keep in mind
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that there is a certain balance between the cost of finding the exponential of (2.3.7) and
the benefit provided form choosing a better approximation. We remark that in any case
the corresponding algebra homeomorphism & will always be the same as in the case of the
affine action. This means that for a given problem by choosing the right algebra action
(for example, the tangent to the real flow) one can improve the actual performance of the
method and even increase its order like in the case of the exponentially fitted Euler method.
More discussions about the role of the algebra action are also included in the next section.

2.4 Lie group integrators for semilinear problems

Here we present different exponential integrators for solving the semilinear problem (1.1.1),
which are based on the methods considered in Section 2.2 and used the affine algebra action
introduced in Section 2.3. Most of the methods included in this section are derived in [36,
Articles 4 and 5]. We give their equivalent formulations, which are in accordance with the
presentation followed in this thesis, and discuss the connection between the Generalized
Integrating Factor Runge—Kutta (GIF/RK) methods introduced in [36, Articles 5] and the
RKMK methods. In addition, we propose a new approach regarding the derivation of
GIF/RK methods which is applicable to problems where the nonlinear part of (1.1.1) is
better approximated by trigonometric polynomials.

Before we consider the first numerical schemes, we make the following assumptions. Let
h be a constant step size and uy, us, ..., u, are approximations of the solution of (1.1.1) at
the moments t; = tg + jh for j = 1,...,n. We are looking for an approximation to the
solution at time t,+1; = to + (n + 1)h. In other words we consider the following problem

' = Lu+ N(u,t, +1t) = f(u,t, +1), u(ty) = . (2.4.1)

Note that, in general, we allow our numerical schemes to have incoming data consisting not
only from the quantity u,, but also from some of the quantities available from the previous
steps. Thus, the resulting methods are exponential general linear methods introduced in
Section 1.3.

All methods presented in this section are based on the pure Runge-Kutta idea and use
only u, as the incoming data at the beginning of step number n + 1. The only exceptions
are the GIF/RK methods, which are exponential general linear methods. Other examples
of Lie group methods which are also exponential general linear methods are the methods
based on the action presented in [Article 1, p.91]. It is rather surprising that with the
framework of Lie group integrators, which we saw in Section 2.2 are entirely based on the
Runge-Kutta idea, one can get more general methods like general linear methods. This
can be explained by the crucial role of the algebra action in the overall performance of the
method.

In the subsequent work we have adopted the notations from Section 1.3. In addition,
we introduce the following convention: Unless it is not specified the arguments in the row
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number i of the functions ¢U! (from Lemma 1.1.1) and ol (to be defined below) are ¢;hL,
fori=1,2,...,sand j =1,2,....

2.4.1 Crouch—Grossman based methods

Keeping in mind (2.3.5) and (2.3.6) the derivation of an exponential integrator based on Al-
gorithm 2.2.1 is a straight forward process. Our first example is a method which corresponds
to the scheme (2.2.1).

0 0 0 I 7
2ol 0 0 eihL
Togh 17
2—12 108 ¢[1](%hL) 108¢[1]( ) 0 624hL
24
_ 5_3 3Bh L¢[1](13hL) ZGﬁhLd)[I]( 2hL) %(ﬁm(%hm ohL |

Table 2.2: Third order Crouch—Grossman method.

2.4.2 RKMK based methods

Every method based on Algorithm 2.2.2 requires either the exact d¥~! map or its approxi-
mation which involves commutators between two elements in g. In the case of the semilinear
problem (2.4.1) the structure of the Lie algebra g is simpler than the general structure pre-
sented in Section 2.3. In fact, since the linear part L stays constant, the Lie algebra g can
be identified with all pairs (AL,b) , where A € R and b € RY. This allows us to compute the
d¥~! map exactly and relatively cheaply. The bracket (2.3.3) in this case is given by

[(AL,b), (AL, b)] = (O, L(Ab — Ab)),

where O denotes the zero matrix in R4*<,

RKMK methods with exact Exp map

Let us first consider the case when ¥ = Exp map. From (2.3.4), it follows that the expo-
nential map in this case is

Exp(AL,b) = (X, ¢l (AL)D).
It is easy to check that

adfy, 5 (ML) = (O X LA(Rb — XB)). for k> 1
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and thus the expression for dExp ! has the form

dEAA)\Lb Jk (AL,b

(AL ,\Lb
(2.4.2)
21~ A~ A~
— (AL, oM L) (b— 2B +xb>.
( ol () ( A) A

When A = 0 the dExp~! is equal to the identity map in g.

We know that every RKMK method is equivalent to a traditional Runge-Kutta method
applied to the corresponding differential equation in the Lie algebra g, followed by the
inverse transformation of the approximate solution back to the manifold (see Section 2.2).
In order to find the differential equation in g we choose O(t) = (tL, z(t)) to be a curve in g
such that ©(0) = (O, 0) and the solution of (2.4.1) is given by

w(ty +t) = Exp(O(t)) - up = eFuy, + toM(tL)z(2). (2.4.3)

By differentiating (2.4.3) and taking into account (2.4.2) and the generic presentation
(2.3.6), we obtain the following corresponding differential equation for z(t)

2 (t) = (é[l]_l(tL) (N(Exp(tL, 2) - up, tn +t) — 2/t) + 2/t, z(0) = o. (2.4.4)

Thus we see that a single step of a RKMK method for the equation (2.4.1) is equivalent
to one step of a traditional Runge-Kutta (RK) method for the equation (2.4.4), followed
by computing u(t,, + t) from the approximation z(¢) via (2.4.3). In Table 2.3, we give the
RKMK method based on the classical fourth order Runge-Kutta method (1.3.5) with exact
Exp map.

The above approach reminds us to the technique used in the construction of the Inte-
grating Factor Runge-Kutta (IF RK) methods presented in Section 1.2. As a matter of fact
there exists a connection between the IF RK and the RKMK methods in a sense that every
IF RK method is simply a RKMK method with a special choice for the diffeomorphism W.
This fact was first observed in [36, Article 4]. Based on a similar idea a class of methods,
which can be reasonably named as Generalized Integrating Factor Runge—Kutta (GIF /RK)
methods, was derived in [36, Article 5]. Next we discuss this class of methods and show
that they also can be brought into the framework of RKMK methods.

RKMK methods with approximations to the Exp map

Let us chose the diffeomorphism W to be the following approximation to the Exp map
U(AL,b) = (M) e Mb). (2.4.5)

In this case, by direct computations, it is possible to find the following closed form for the

d¥~! map (see [36, Article 4])

_ 2L
ATl o (AL,b) = (AL, e ).
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0 0 0 0] I 7
1ol 0 0 0 |eshl
1ol — 11 i 0 0 | ezhl
G (HE) PGP P 0 | e
bi(hL) bo(hL) bs(hL) %I| eht
where
Sy gl gL (2) et
() = ool (2) = =
Wy — Gy o]
¢ (2) o8 () =

1 1 ~ra1 /L 1 ~ ~a12 /hL
— ol 2Bl 2 sl (18] (37 (2
bi(hL) 60 ~37 ¢ <2> 6 (¢ 21)¢ <2>
1~ 1 ~91 /= ~31 (hL
— 2 22 (g8 (3] ( 2
vty = 434 13 (30— r) 9(12)
by(hL) = —g2 _ 1@z
3 6
Table 2.3: Fourth order RKMK method with exact Exp.

Thus, again, if O(t) = (tL, 2(t)) is a curve in g such that ©(0) = (O,0) and
u(ty +1t) = U(O(t)) - up = e (up + 2(t)), (2.4.6)
then the corresponding differential equation for z(t) is
2 (t) = eftLN(\II(tL, 2) U, by + 1), 2(0) = o.

If we put v(t) = u, + 2(t) then (2.4.6) is simply the Lawson transformation (see Subsec-
tion 1.1.1) and the corresponding differential equation for v(¢) has the familiar form

V' (t) = e EN(etlu, t, + 1), v(0) = Uy,

In this way we see that IF RK methods are simply RKMK methods with ¥ given by (2.4.5).
General formulation of an IF RK method is given in Table 1.3.
Let us now define the diffeomorphism ¥ to be

WAL, b) = (M, e (b — AN,) + MM (AL)N,),
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where N,, = N(up,t,). Note that at the beginning of step number n + 1 the
already known and therefore we can easily compute IV,,. In this case

Al S (ALb) = (AL, e (b= AN,) + AN,),

and by setting

Wty +1) = V(O®)) - up = e (up + 2(t) — tN,) + tp(tL)N,,,
we obtain the following differential equation for z(t)

2 (t) = et (N(U(L, 2) - un, tn +t) — Ny) + Ny, z(0) = o.
If we substitute in this case v(t) = u,, + z(t) — tINV,, then (2.4.7) has the form

ultn +1) = eo(t) + tol U (tL) Ny,

and the corresponding equation for v(t) is

V'(t) = e (N (utn + 1), tn +1) — Np), v(0) = up.

value u,, is

(2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)

Thus, applying any traditional Runge-Kutta method to the equation (2.4.8) or (2.4.10) and
then transforming back the result into the manifold by (2.4.7) or (2.4.9) respectively, is a

RKMK method which we denote by GIF1/RK. This in fact is the first of the

generalized

integrating factor Runge-Kutta methods proposed in [36, Article 5]. In Table 2.4, we give
the general formulation of a fourth order GIF1/RK method which corresponds to a RK

method with coefficients A = (a;5), b= (6i), ¢ = (¢i).

where bl(hL) — (b[l] _ 526(1702)hL _ /836(1703)hL _ ﬁ4€(1fc4)hL'

Table 2.4: Fourth order GIF1/RK method

0 0 0 0 1
copl! 0 0 0 ec2hL
63(;5[1} _ a326(03—cg)hL a32€(C3_C2)hL 0 0 ecshL
C4¢)[1] _ a426(04—02)hL _ a436(04—03)hL a42€(c4_C2)hL (X436(C4_C3)hL 0 eCahL
bi(hL) Boel=e2)hL  g.o(l=c)hL g o(1=ca)hl | ohL

If we allow our self to choose an approximation to the Exp map which at the beginning

of step number n + 1 uses not only the value IV,,, but also and the value of NV,,_; from the
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end of the previous step with size h, we can recover the second of the generalized integrating
factor Runge-Kutta methods from [36, Article 5]. Indeed if

A2 Ny — Ny Np — Ny
(AL, b) = (e)‘L, (b= AN, — S == 4 LN, + A2¢[2](AL)T1),
then
3 ~Np — Np_ ~Np — Np—
—1 _ —\L _ _ n n—1 . n n—1
dwil (ALb) = ()\L, e (b )\(Nn At )) n )\(Nn At ))
Substituting
tL [1] 2 12y Vn — Nno1
u(ty +t) = ¥(O(t)) - up = ev(t) + to" (tL)N,, + t°¢ (tL)?, (2.4.11)
with v(t) = up, + 2(t) — tN,, — %%, we obtain the following equation for v(t)
Ny — N,_
V() = e (N (ulty +1), tn +1) — Ny — t =21 0(0) = up.

h

Its numerical solution by a traditional RK method, followed by the transformation (2.4.11),
gives the second of the GIF/RK methods which we denote by GIF2/RK. In Table 2.5, we
give the general formulation of a fourth order GIF2/RK method, which again corresponds
to a RK method with coefficients A = (ay;), b = (8;), ¢ = (¢;). Note that GIF2/RK
methods are example of exponential general linear methods (see Section 1.3).

This process can be further continued and in general one can show that the GIF/RK
methods constructed in [36, Article 5] are also RKMK methods. The prove of this fact is a
straight forward extension of the above process.

We note that for the semilinear problem (2.4.1) all RKMK methods, based on the
affine group action, are simply RK methods applied to the transformed equation after some
change of the variables and then the approximate solution is transformed back into the
original variables. In this way, it is quite likely for any method based on this idea to be a
RKMK method with appropriate choice for the diffeomorphism W.

The above presented choices for the diffeomorphism ¥ might looks some how strange
and unfounded, but all becomes clear when we observe that the Lawson transformation (see
Subsection 1.1.1) together with the transformations (2.4.9) and (2.4.11) fits into the form

u(ty, +t) = d)tﬁ(v(t)), (2.4.12)
where ¢, 5 is the flow of the differential equation
u = F(u,t), u(0) = up,. (2.4.13)

The vector field ﬁ(u, t) approximates the original vector field f(u,t, +t) of (2.4.1) around

~

the point w, and F'(uy,0) = f(un,tn) = Luy, + N(un,t,). The corresponding differential
equation for the v variable is easily obtained by differentiating (2.4.12) and it has the form

V(1) = (%) - (f(u, tn+1t) — Flu, t),) . 0(0) = up. (2.4.14)
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0 0 0 0 I 0
a1 (hL) 0 0 0 662hL dQQ(hL)
asy (hL) a32€(03_02)h[’ 0 0 ecshL d32(hL)
a41 (hL) 04426(04_02)h[’ Oz43€<c4_c3)hL 0 ecahL dyo (hL) )

bl(hL) ﬁQe(lfCQ)hL ﬂge(lfc;;)hL 646(1fC4)hL ehL U12(hL)
I 0 0 0 0 0

>
~

= el + 3,
= Cg(ﬁm + c%gbm — (32 (1 + 62) 6(03702)}&’,

(hL)
(hL)
an(hD) = cadl + 262 g (14 ) e ™Dl _ o0 (1 4 ¢y) elca=ca)hL.
bi(hL) = oM+ 6l — By(1 + cp)e! 2L — B3(1 + ¢5)eI ML — By (1 + ¢4) et
dy(hL) = —c3ol,
dgg(hL) = _C§¢[2] 4 02(1326(63_02)th
daa(hL) = _Ci(b[Z] 1 coougpe(cac2)hL +03a43€(64—03)hL’
(hL)

_¢[2} + 02526(1—02)hL + Cgﬁge(l_cg)hL + 64646(1_04)hL.

>
&~

Table 2.5: Fourth order GIF2/RK method

Now a single step with any RK method applied to the equation (2.4.14), followed by the
transformation (2.4.12), will lead to a new method for the corresponding differential equa-
tion (2.4.1). This, in fact, is the original formulation of the generalized integrating factor
Runge-Kutta methods given in [36, Article 5]. Note that we do not really need to know
what is the differential equation in the z variable. It was introduced in the above presen-
tation with the sole purpose of showing the exact correspondence between GIF/RK and
RKMK methods.

An important requirement for the vector field F , which follows from the formulation of
the method, is that it should not only approximate the original vector field, but it should
also have a flow gbt’ 7 which is easy to compute exactly. Similar methods, based on the idea
of approximating the flow gZ)t, 7 by some numerical scheme, are derived in [43].

For the semilinear problem (2.4.1), the choice of F proposed in [36, Article 5] is F(u, t) =
Lu + Lg(N,t), where Lg(N,t) is the Lagrange interpolating polynomial of degree k — 1 for
the function N(u(t, +t), t, + t) which passes through the k points Ny, Np—1,..., Np—gt1-
Thus, the choice ﬁ(u, t) = Lu reproduces the IF RK methods and by letting F\(u, t) be the
k-th Lagrange interpolating polynomial, we obtain the k-th generalized integrating factor
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Runge-Kutta method GIFk/RK. The first three polynomials L (/V,t) for a constant step
size h, which lead to GIF1/RK, GIF2/RK and GIF3/RK, are respectively

Li(N,t) = Ny,

Ny — Ny—

Loy(N,t) = Np+t <HTM) ;
1 3 2
=N,_9—2N,,_1 + 2N, t Np—9 —2N,_1 + N,

L3y(N,t) = N,+t|+" 2 — (= = =) .

3( 9 ) ’VL+ ( h + 2 h2
0 ~
The exact flow qﬁt’ 7 in this case is given by Lemma 1.1.1 and by observing that ‘15%12 @ _ el

the equation (2.4.14) becomes
V'(t) = e (N (u(ty +1), tn +1) — Li(N, 1)) v(0) = up.

We pay attention to the fact that in order to implement any of the GIFk/RK methods
for k£ > 1, at the beginning of each step, we need to know the value of N and therefore of
u not only at the grid point ¢, but also at the k — 1 previous grid points. Thus, in general,
this methods require a starting procedure (see Subsection 1.3.2), which produces the needed
values of © and N, before the integration process begins. Such a procedure can be given
for example, by the first few steps of any of the other methods presented in this section.
Methods which pass more than one quantity from step to step and still use internal stages
approximations are examples of general linear methods (see Section 1.3). Thus, GIFk/RK
methods for k > 1, are examples of exponential general linear methods.

Another possible choice for the vector field F , which also satisfies the main requirements
for constructing a GIF/RK methods is F'(u,t) = Lu+ Tj(N, t), where Tj (N, t) is a trigono-
metric polynomial approximating the function N (u(t,, +t), t, +t). This choice of F, might
be preferable when the nonlinear part N of the original differential equation is periodic and
square-integrable. Next we briefly discuss methods based on this idea.

GIF/RK methods for semilinear problems with periodic nonlinear part

We start by giving the exact formula for the flow of a vector field ﬁ(u, t) = Lu+ Tx(N, 1),

where
k

Ti(N,t) =b+ Y (casin(at) +docos(at)); k€N, ca,da €R.
a=1

Lemma 2.4.1. The solution of the differential equation

k
w'=F(ut)=Lu+b+ Y (casin(at) +dacos(at)),  u(ty)=un

a=1
at the moment t, + h is given by

k
ulty +h) = M, + hbU (hL) + (ca¢£‘;ﬂ(tn, h, L) + dadl®l (ta, h, L)) . (24.15)

a=1
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where

el (Lsin(at,) + acos(aty,)) — Lsin(a(t, + h)) — acos(a(t, + h))I

[a] _
¢sin(tn7h>L) - a2I+L2 9

el (L cos(atn) — asin(aty,)) — Lcos(a(ty + ) + asin(a(t, + h))I.

[o] —
¢ (tn7h7L) a2_[_|_L2

COs

Here the meaning of the operator in the denominator is simply given by applying its
inverse to the numerator.

Proof. From the variation of constants formulae, it follows that

tnth k
u(tn + h) = ey, + e(tn+h)L/ oL (b + Z (cosin(ar) + d, cos(ar))) dr.

tn a=1

The solution of the first integral gives the second term in (2.4.15). It is the same as in the
case when the approximation is based on Lagrange interpolating polynomial. Let us now

consider the following integral

tnth
X = e "Lsin(ar)dr.
tn
Integrating by parts twice leads to an equation for X. Multiplying its solution with e(t»+h)L
gives the relation
tnth
e(t”Jrh)L/ e "Lsin(ar)dr = gzbg?r]l(tn, h,L).
tn
In the same way it can be shown that
tnth
e(t"Hl)L/ e~ cos(ar)dr = ¢l (tn, b, L).
tn
O

From the above Lemma, it follows that the flow ¢, 5 of (2.4.13) is simply given by
(2.4.15) with ¢, = 0 in the expressions for qﬁ[a] and gb‘[:%]s The corresponding differential

sin
equation for v(t) is

V' (t) = et (N(u(tn + 1), tn +t) — Ti(N, 1)), v(0) = up,. (2.4.16)

Now the construction of the method follows the same pattern as before. For example if

N(u(ty +1), th +1t) = Ny + % sint, then we substitute

Nn - anl

ultn + 1) = P o(t) + 16" (LL) N + 933,01, L) =
Sin

sin
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where qbgﬂ (0,t,L) = %#m Applying a traditional RK method to (2.4.16) and then

transforming the resut into the u variable leads to a new method which is again given by
Table 2.5, but with the following new coefficients

ap(hL) = coplV + @11
asi(hL) = ezt + alﬂl ~ aga (1 +G) elesmehL
an(hL) = eyl + &lﬂl — g (14 @) 4= _ o0 (14 &) elea—ehL

bi(hL) = oM+ 6L — Ba(1+E)el 7 — By(1 + )= — 3y (1 + )t —e
dyo(hL) = —@l,
dsa(hL) = _(}Esﬂl T C
dis(hL) = —@l) + Gacugpel 4N 4 Gyayzelca—ealhl,

(hL)

_ Nt + 82526(1702)11L + 63536(1703)11L + /C\Zlﬂzle(lfczl)hl/7

sin

>
~

where ¢; = sin(c;h) for j =1,...,4, and 5[1] (c;hL) = = qﬁgﬂ(o,cjh,L). Note that in

sinh sin hsinh
this case we have used again the convention from the beginning of this section.

In Lemma 2.4.1 we give a more general formulation of the functions gbfr]l and CZ)L%]S than
the one needed in the format of the method. The reason why is to show how the initial
Eﬂ and qS([%]s Thus, it is clear that if one wants to
construct methods based on the idea proposed in [Article 1, p.91] with algebra action arising

grid point t¢,, enters into the functions ¢

from the solution of the differential equation u’ = F (u,t), then the values of ¢£ﬂ and gb‘[:%]s
should be recompute at the beginning of each step. This increases the computational cost
of such methods and they are likely to be competitive with the other methods presented in
this section, only if a variable step size strategy is used (see also Chapter 3).

Before we consider exponential integrators based on commutator free Lie group meth-
ods, we point out that the idea of generalized integrating factor methods can be further
exploit. Instead of applying a Runge-Kutta method to the transformed equation (2.4.14)
we can alternatively use a linear multistep method. Thus, it is possible to greatly increase
the class of exponential linear multistep methods by constructing Generalized Integrating
Factor Linear Multistep (GIF/LM) methods (see [46]). It is worth to mentioning that inte-
grating factor Adams methods, ETD Adams-Bashforth and ETD Adams-Moulton methods,
considered in Section 1.1, are all special cases of this general class of methods.

2.4.3 Methods based on commutator free Lie group methods

Finally, we consider methods based on Algorithm 2.2.3. Using the formula (2.3.5) for the
algebra action and the definition (2.3.6) of the generic presentation of the differential equa-
tion (2.4.1), it is easy to observe that the corresponding exponential integrator is obtained
form the underlying commutator free Lie group method by simply multiplying each of the
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coefficients of the method with the function d)m. For example, the method based on the
scheme (2.2.2) is given by

0 0 0 0 I
1o 0 0 0 e'r

0 Lol 0 0 e
1401 0 0 0 s
2 o , (2.4.17)
_%¢[1] 0 ¢[1] 0 ez

h
1l Lol dgll _lgll | ot
| el el Ll Ll er [ ]

where again we use the symbol } to denote all the substages included in a stage with J > 1.

It is possible to rewrite (2.4.17) in an equivalent form which does not involve a splitting
of the internal stages. In Table 2.6, we give such a presentation which is rather unpractical,
since it is more expensive to implement. Note that in (2.4.17) the first substage of the
fourth internal stage is the same as the second internal stage. This form of the method
makes it particularly suitable for numerical implementation. We have included the other
formulation as well in order to show that this method also fits into the framework of the
“pure” RK methods.

0 0 0 0 I
1ol 0 0 0 ezl
0 1ol 0 e2hl
hL
s () (e —1) 0 oll(%) 0 et
W BU(E) Bl Jel el s () | o |

Table 2.6: Fourth order CF method.

In conclusion, we briefly discuss accuracy, stability and minimizing the number of the
function evaluations, for all of the above presented methods.
For stiff semilinear problems (1.1.1) the RKMK methods with exact Exp suffer from a

U map. There-

step size restriction. This is due to the small convergence radius of the dExp™
fore this class of methods are unpractical for such problems. The GIF/RK methods have
several orders in magnitude improvement in accuracy over the standard IF RK methods
(see the numerical experiments Section 3.4), but also suffer from stability restrictions, es-

pecially for problems with eigenvalues of the linearization of the nonlinear part lying on the
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imaginary axis (see [36, Article 5]). The most expensive methods are the Crouch—-Grossman
methods. Thus, combining the lower computational cost with the relatively good stability
properties and accuracy for the commutator free Lie group methods, suggests that for stiff
problems they are the best exponential integrators arising from the framework of Lie group
methods.

When the equation (1.1.1) comes from the discretization of a highly-oscillatory problems,
for example the nonlinear Schrodinger equation, then the RKMK methods does not suffer
so dramatically from numerical instability like in the previous case. The best Lie group
method in this case seems to be the IF RK methods [3].
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Chapter 3

Implementation Issues and
Numerical Experiments

In this chapter we address some practical issues regarding the implementation of the expo-
nential integrators considered in the previous two chapters. We also present results from
numerical experiments, with some of the discussed methods, for several numerical examples.

The main computational challenge in the implementation of every exponential integrator
comes from the necessity of computing the exponential and the related ¢! functions (1.2.2)
by some fast and numerically stable algorithm. A great variety of methods for computing
the matrix exponential operator are available in the literature. We refer to [47] and the
references within for a comprehensive review of these methods. In this chapter we focus on
different numerical techniques for computing the most commonly used ETD ¢l functions
(1.1.6). We also discuss the main advantages and disadvantages of the considered methods
as well as some practical issues concerning variable step size implementations.

The chapter is organized as follows: We first consider, in Section 3.1, methods based on
Schur decomposition followed by higher order rational Chebyshev or Padé approximations to
the function ¢, Next, in Section 3.2 we present a technique, which allows us to approximate
the action of each ¢! function on a given vector by means of a projection process onto a
small Krylov subspace. In Section 3.3 we discuss methods based on the Cauchy integral
formula and comment its implementation in some special cases. Finally, in Section 3.4 we
compare different exponential integrators in several numerical examples.

3.1 Decomposition methods

Let us recall the explicit form of the ETD ¢/ functions, which appear in the formulation
of most of the exponential integrators presented so far

qb[l](z):g, pitl(z) = 2 for i=2,3,.... (3.1.1)
z z
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Like we saw in the previous two chapters, other functions can also enter in the format of an
exponential integrator. Examples are integrating factor RK methods and methods based
on the the Lie group theory. However, in most of the known cases, the new functions are
closely related with functions from (3.1.1). Therefore, here we restrict our considerations
only to the ETD ¢/ functions.

A straightforward implementation of (3.1.1) suffers, for small z, from cancellation errors.
An illustration of this phenomena, for the first function (;3[1], is given in [35, Table 2.1]. The
cancellation errors are even more severe for the second and the subsequent ¢4 functions. In
practice, the arguments of the functions in (3.1.1) are matrices of the form A = vyhL, where
v € R, h is the step size and L is the discretized linear operator. The size d of the matrix
L depends of the spatial discretization and the dimensionality of the problem. Usually, d is
very large and thus we need fast, reliable and numerically stable algorithm for computing
the functions (3.1.1).

At the heart of all decomposition methods is the similarity transformation

A=SBS™!, (3.1.2)
where B is such that ¢[(B) is easy to compute. Then
P(A) = Spl1(B)S™. (3.1.3)

The choice of the matrices S and B in (3.1.2) usually involves two conflicting tasks: Make
B close to diagonal so that gzﬁ[i](B) is easy to compute and make S well conditioned so that
errors in evaluating ¢ (B) are not magnified. Thus, it is natural to consider methods based
on the Schur decomposition so that S is unitary and therefore well conditioned. Next we
present a general algorithm, first proposed in [16], which employs the block form of the
Parlett recurrence and does not impose any restrictions on the argument matrix A.

3.1.1 Block Schur—Parlett algorithm

The first step of the algorithm is to compute the Schur decomposition A = QT'Q*, where Q
is unitary and T is upper triangular. This can be achieved by the standard QR algorithm
[22]. We now need to calculate the matrices FI! = ¢l}(T). Assuming that the diagonal
elements f,gi,]ﬁ of FlI are already known, we can compute the whole F[! using the scalar
Parlett recurrence [56]. This is exactly how the MATLAB 6.5 (R13) built in function funm
works. The problem with this approach is that it fails to produce correct results, in floating
point arithmetic, when the eigenvalues of T' are equal or close to each other.

To avoid this problem, the authors in [16] propose to reorder T' into a block upper tri-
angular matrix T. The diagonal blocks fkk of T are constructed in such a way that the
eigenvalues of each diagonal block are “close” to each other and the distinct diagonal blocks
are with “sufficiently distinct” eigenvalues. To define the meaning of “close” and “suffi-
ciently distinct”, the authors introduce a special parameter in the format of the method.
Since T is block upper diagonal, so is Flil = gbm (f) . From the commutativity relation
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FUT = TFU (see the explicit form of the ETD functions (1.2.15)), it follows the following
block form of the Parlett recurrence

-1
TkkF;Z}— HTu F;L;lTkl Tle[ + Z (FILE]El_TkjFJ[;}>> (3.1.4)
j=k+1

where T = (Tjy) and Fl = (ﬁ,kl]) If the diagonal blocks F, [2 are already evaluated, the

above relation allows us to compute the whole matrix F Flil by solving the Sylvester equation
(3.1.4) with respect to F; ,il} The imposed requirements for the eigenvalues of Tkk guarantee
that the equation (3.1.4) is nonsingular and well conditioned [16]. Thus, what we still need
to specify is how to compute the diagonal blocks ﬁlgll In [16], the authors suggest to use
a suitable Taylor series truncation or Padé approximation. These are local approximations
which are very accurate near the origin, but may suffer in accuracy away form it. In
addition, the accuracy of such approaches depends of the norm of FlLk]: and usually, when
the norm is large, they require a scaling and squaring strategy [47]. For the first function ¢ [
an analogous formula, similar to the well-known fundamental property of the exponential
function, is proposed in [28]. Tt is based on the equalities ¢[1(22) = (e* + 1)¢[!(2)/2 and
e?* = e*e?. In general, for i > 1, we do not have a simple generalization of the above
formulas and thus an alternative approach for computing F, ,Bl can be to use higher order
Chebyshev (uniform) rational approximations [68]. We discuss this type of approximations
in detail in Subsection 3.1.2.

Next we summarize the overall block Schur—Parlett algorithm for computing ¢!/(A) for
a general matrix A and i =1,2,....

Algotithm 3.1.1. (Block Schur-Parlett algorithm)

e Compute the Schur decomposition A = QTQ*.

e Reorder T into a block upper triangular matrix T.

e Compute ¢l (Tvkk) for all diagonal blocks Trr.

e Find ¢l1(T)) by solving the Silvester equation (3.1.4).
e Compute ¢l/(A) = Qol! (T)Q*

The cost of Algorithm 3.1.1 depends from the eigenvalue distribution of A, and it is
between 28d% and d*/3 flops (see [16]) for each i, where d is the dimensionality of A.

The advantages of this method are that it is numerically stable and works without
any restrictions on the structure of the matrix A. The main disadvantage is its higher
computational cost, which makes it applicable only if integrators with fixed stepsize are used.
In this case all ¢! functions can be computed only once, at the beginning of integration
process. Thus, the above method provides a benchmark for the computational cost of a
method.
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In the case when A is real symmetric (or complex Hermitian) a cheaper method, also
based on the Schur decomposition, can be constructed. In the next subsection we generalize
the approach proposed in [40] for computing the matrix exponential operator and later
extended in [41] for computing the first function ¢!, to a general algorithm for computing
all the functions from (3.1.1).

3.1.2 Tridiagonal reduction

A common first step in the computation of the eigenvalues and the eigenvectors of a symmet-
ric matrix A is to use a tridiagonal reduction of the form A = QTQ”, where Q is orthogonal
and T is symmetric tridiagonal. Such a representation of A can be obtained by using Hause-
holder reflections [22]. Thus, according to (3.1.3), the computation of ¢ll(A) requires the
value ¢l1(T). In [40, 41] efficient numerical algorithms for computing the exponential and
the ¢!l function, based on the above tridiagonal reduction followed by Chebyshev (uniform)
rational approximation, are developed. Here we utilize this approach and propose how it
can be generalized, so that each of the functions from (3.1.1) can be efficiently computed.

We first consider, how to find Chebyshev rational approximations to e, for a given
tridiagonal matrix T. The key idea is to compute the largest eigenvalue A; of T (for example
by bisection method) and then make use of the following obvious equality e’ = e*eT A1,
where [ is d X d identity matrix. The eigenvalues of T— ;[ are always located in the interval
(—00,0]. This allows us to approximate e ~* by a rational function R,(z) = N,(2)/D,(z)
(where N, and D, are polynomials of z of degree p), which minimizes the maximum error
for approximating e on (—oc,0]. An approximation to e is then obtained by

el ~ MR, (T — \I). (3.1.5)

What we gain in this way is that, regardless of the spectrum of T, we can always use a
rational Chebyshev approximation to e' 1 in the interval (—oo,0], which has the same
coefficients. If we choose to represent R, via its partial fraction expansion (see [21])

R, ( —a(()p)—i-z

=1z—0

)

(3.1.6)

the coefficients a§ ?) and the poles 0(p ) of R, can be computed once and for all. To achieve
standard double precision (64-bit ﬂoatmg point numbers), it is sufficient to choose p = 14.
Since the coefficients and the poles appears in complex conjugate pairs, for even p, it is
enough to add just the first p/2 terms in the sum in (3.1.6), and then double the real part
of the result. This in fact leads to significant computational savings, since it halves the
number of matrix inversions in the corresponding formula

p —1
Ry(T—MI) = a1+ ol [T — (M + ej(.p))f} . (3.1.7)
j=1
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The values of oz§-p ) and 9§p ), for p = 14 and 16, are listed in [41, Table 2].

Here we have chosen a diagonal rational approximation R, that is, the numerator N,
has the same degree as the denominator D,. We note however, that alternative strategies
(e.g. using L-stable approximations) might also be considered without altering the principle
of the method.

Before we consider how the approximation (3.1.5) can be used to approximate any of the
functions ¢l form (3.1.1), we mention that, once we have the largest eigenvalue A\; of T, we
can always calculate a Chebyshev rational approximation to ¢[”(z) on the interval (—oco, A]
and then used it to approximate qﬁm (T). However, this approach is rather unpractical since
it highly depends on the value A;. Therefore we need to recompute the coefficients of the
approximation for every different \;, which is quite a costly task.

An alternative approach for computing ¢ (T), in the case where the largest eigenvalue
of T belongs to the interval (—oco, 0], is to replace e' in the definition of each of the functions
#!! by its Chebyshev rational approximation (3.1.5). Thus, for example, the first function
¢V can be approximated by

-1

U(T) ~ T2 (6)\104(()1)) ) I1eh ZO‘ [ (M + 9(10))

The above formula should not be used when A is positive. The problem in this case is that
for each of the functions ¢! we can not just shift the argument by A1, since the relation
between ¢l (T) and ¢ll(T — A1 1) is not that simple as it is for the exponential function.

A different approach for approximating ¢['/(T), in the case when A\; > 0, is proposed in
[41]. Tt is based on the observation that for

T
B = )

the exponential of B is given by

T
B = 60 ¢ I(T) . (3.1.8)

Therefore, applying the approximation (3.1.5) with R, given by (3.1.7) and T = B, we
obtain

~1
eB = eMePMl M (p)I+ Za { (A1 + 9(p)) } . (3.1.9)

Equating the entries in positions (1,2) of (3.1.8) and (3.1.9) leads to the following approxi-
mation for ¢[!(T)

i RN o DN
PHNM ey —L T — (N +60P)HTI
]Z:;/\l_i_e(p){ J }



We have found that, for A\ positive, the same idea can be easily generalized to the case
when approximations to ¢M(T) for i > 1 are needed. To approximate the function ¢ (T),
we take the matrix B to be of the form

W
Il
o o —

0 I
0 0
10
It is easy to see, for example by direct computation, that its exponential is given by

et (1) ol(T)
eB = 0 I 0
0 I I

As before, based on formulas (3.1.5) and (3.1.7), we obtain the following approximation

ST~ M > T [T (4671

Approximations for the rest of the functions @[, for \; > 0, can be computed by a straight
forward generalization of the above process.

In the next algorithm we summarize the method based on the tridiagonal reduction for
computing any of the functions ¢M(A) for a symmetric matrix A and i =1,2,.. ..

Algotithm 3.1.2. (Tridiagonal Reduction)

e Calculate a symmetric tridiagonal reduction A = QTQT.

e Find the largest eigenvalue A\ of T.

e Compute gbm(T) by a Chebyshev rational approximation with respect to the value of A;.
e Calculate ¢l(A) by ¢l1(A) = QslN(T)QT.

The cost of the algorithm, for each i, is O(%d3+d+d2+2d3), where d is the dimensionality
of A. Therefore, the total number of operations for computing each of the functions ¢ is
O(%Od‘g). In the case of constant step size, once we have computed the first function ¢,
we can reduce the work for computing the other ¢! functions by reusing the tridiagonal
decomposition.

If the matrix A is symmetric and tridiagonal, the above algorithm requires only O(d?)
operations, since its first and last step are not needed. In this case instead of computing all
the ¢l functions once, before the integration begins, and then apply them at every step to
a different vectors v, we can repeatedly compute the action of each ¢ on its corresponding
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vector v. The total number of operations in this case still does not exceed the work required
to compute the matrix-vector product ¢[i] times v, especially when d > p . This is because
the inverse matrices in the third step of the algorithm are replaced by solutions of linear
systems with tridiagonal coeflicient matrices. In general, algorithms designed to solve such
systems require O(d) operations, which leads to O(pd) flops needed to compute the action
#llv. This is to be compared with O(d?) operations needed for a matrix-vector product. In
[Article 2 p.107], we present several direct methods for solving linear systems of equations,
some of which can be easily adopted to the tridiagonal case considered here. We will
comment more on this in Section 3.3.

When A is tridiagonal, the above approach allows to preserve the total number of
operations, needed to implement an exponential integrator, approximately the same even
when a variable step size strategy is used. The advantage of the Algorithm 3.1.2 is that it is
less expensive than Algorithm 3.1.1. Its disadvantages are that it is applicable only in the
case when the matrix A is symmetric (Hermitian) and that it cannot be used with variable
step size strategy, unless in the case when A is tridiagonal.

We next consider a method which is entirely based on the idea of approximating the
action of each of the functions ¢!/ on a given state vector v. This approach is useful for
implementations employing a variable step size strategy.

3.2 Krylov subspace approximations

Since the mid-eighties, the idea of using the Krylov subspace approximations to the action of
the evolution operators has been studied by many authors. A short and definitely incomplete
list of publications on this topic includes [17, 18, 21, 27, 28, 57, 58]. The convergence
properties of the action of the matrix exponential operator are investigated in [17, 21,
58]. Later in [27] sharper error estimates are derived. It is also shown that, unless a
Ay converges faster

than its corresponding approximation to the solution of the linear system (I — A)x = v.

good preconditioner is not available, the Krylov approximation to e

An approximation to the action of the first function ¢!*, based on the Krylov subspace
approximation techniques, was considered in [58] and later studied in [27]. It was found that
it obeys the same error bounds as the approximation to the matrix exponential operator.
This provided the initial motivation for developing a Rosenbrock-like exponential integrators
[28].

The main idea of the Krylov subspace technique is to approximately project the action
of the evolution operator qﬁ[i](A) on a state vector v € C%, to a small Krylov subspace

K = span{v, Av, ..., A™ v}

Usually, even for a relatively small m < d, an accurate approximation can be obtained [58].
Thus, the approach is to approximate the action of ¢l (A) by the action of ol applied to
the projection of A on the smaller subspace K.
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It is convenient to choose an orthogonal basis Vi, = [v1,v9,...,vm] of Kn. It can be
generated by the Arnoldi algorithm, with v; = v/||v||2 as an initial vector.

Algotithm 3.2.1. (Arnoldi)
Compute v = v/||v]]2.
for j=1,2,....m do

fori=1,2,...,7 do
hi;j = (Avj,v;),

end

w = Avj — 331 hijui,

hjt1; = llwllz, vj1 =w/hji1y,
end

Alternatively, the Lanczos algorithm for generating a biorthogonal basis on the subspace
K, can also be used (see [58]).

Let Hm be the m x m upper Hessenberg matrix consisting of the coefficients h; ;. Since
the Algorithm 3.2.1 is just a modified Gram-Schmidt process, the following relation holds

AV = Vo Hen + Bt 1 mUm 1€, (3.2.1)

where e; denotes the i*® unit vector in R™. Using the fact that Vj, is orthogonal, from
the above relation, it follows that VX AV;, = Hy,. Therefore, H, represents the orthogonal
projection of A to the subspace K, with respect to the basis Vi,. Similarly, Vi, V.E Bl (A
is the projection of ¢l (A)v on K, that is the closest approximation to ¢!l (A)v from K.
If 8 = ||v||]2 then v = vy and since v] = Vize1, we have

P (A ~ V ViES (A)v = BV VE gl (A)v,

3.2.2
= BV VI ol (A)Vier. (3:2.2)

From the computational point of view, the above formula is not useful, since it still involves
operations with the big matrix A. To avoid this, the idea is to replace the term VI ¢(A)Vp,
in (3.2.2) by suitable approximation. Note that V.I'¢l1(A)V;, is an m x m matrix. By
induction, from (3.2.1), one can prove [58, Lemma 3.1] that

Pm—1(A)v = BVipPm—1(Hm)e1, for all polynomials py_; of degree < m — 1.
Therefore, it is natural to approximate V.L ¢l (A)Vy, by ¢l (Hy,). From (3.2.2) we obtain
S (A ~ BVl (Hpn)er. (3.2.3)

The approximation (3.2.3) can also be derived from the standard Krylov approximation to
the solution of linear systems of equations [57] and the Cauchy integral formula (see [27]).
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The advantage of using (3.2.3) is that instead of working with the original large matrix A
we use its orthogonal approximation H,,, which has much smaller dimension. The action
#l1(A)v is then computed in O(md) operations by using only matrix-vector multiplications
between elements with the original large size d. Thus, when m < d the cost of computing
the expression V@l (Hpy)e; is usually much less than the cost needed to compute ¢l (A)v.
In addition, when A is Hermitian, it is possible to speed up the whole process by applying
the Arnoldi algorithm to a shifted and inverted matrix [66]. It is chosen in such a way that
it emphasizes the eigenvalues of importance, so that the algorithm can quickly find them.
This approach relies on the fact that efficient preconditioned iterative solver is used to find
the action of the inverse matrix.

The computation of ¢l (Hy)e; requires O(m?) operations in general and only O(m?) if
the matrix Hy, is tridiagonal (e.g. A is symmetric). It can be done by using a Chebyshev
rational approximation, evaluated by partial fraction expansion (see Subsection 3.1.2).

The main computational cost of an exponential integrator, using Krylov subspace ap-
proximation technique, comes from the repeated application of Algorithm 3.2.1. At every
step we need to construct several bases of Krylov subspaces with respect to the same ma-
trix A and different vectors v. In general Algorithm 3.2.1 requires O(md?) operations. We
mention also that it assumes exact arithmetic is used. In practice, round off errors and
cancellations might cause a loss of the orthogonality between the vectors v;. A significant
improvement in the performance can be achieved by using double orthogonalization [38].
In addition, a convergence criterion is needed to determine the value of m that gives a suf-
ficiently accurate approximation. Thus, we conclude that the above approach is preferable
in the case when the number of Krylov bases needed can be significantly reduced. Efficient
exponential integrators based on this reduced idea are developed in [28]. The advantage of
the Krylov subspace approximation technique is that, implementations based on a variable
stepsize strategy, do not increase the total computational cost of the integrator.

3.3 Cauchy integral approach

The last approach for computing the functions d)m or their action on a given vector v, which
we consider, is introduced in [35]. It is based on the Cauchy integral formula

olil(A) = 1 / ST = A)d, (3.3.1)
Ca

211

where I"4 is a contour in the complex plane that encloses the eigenvalue of A, and it is also
well separated from 0. It is practical to choose the contour I' 4 to be a circle centered on
the real axis. In this way when A is real, based on the symmetry, one can evaluate the
integral only on the upper half of the circle and then double the real part of the result. To
approximate the integral in (3.3.1), the authors in [35] propose to use the trapezoid rule,
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which converges exponentially [65]. Therefore, we obtain the following approximation

wl’—‘

k
Pll(A Z Ao\ (A T — A7 (3.3.2)

where k is the number of the equally spaced points A; along the contour I'4. Usually, values
of k = 32 or k = 64, are sufficient to insure correct computations.

For problems with diagonal matrix A it is beneficial to choose the contour I'4 to be,
in addition, a circle centered at A. Thus, (3.3.2 ) simply reduces to the mean of @[} over
the equally spaced points along I'4 (or again just half of them for a real A). When the
matrix A is non-diagonal, the cost for computing an approximation to the functions o
increases. This is due to the number of the matrix inverses involved in (3.3.2). In the case
of constant stepsize, the total impact on the computational time is still small, since all the
¢l functions can be evaluated only once before the integration begins. However, in the
case of variable step size, direct application of (3.3.2) leads to significant increase in the
computational work. To gain more insight into how the formula (3.3.1) can be effectively
used, in the case of variable step size, we recall that the matrix A = yhL, where v € R, h is
the step size and L is the discretized linear operator. Note that every time when we need
to change the step size h, it is enough to change only the parameter ~.

The idea now is to represent @ (vhL) in such a way that the number of the matrix
inverses used in (3.3.1), respectively in (3.3.2), is independent of . If we can choose a
suitable contour I', such that for all different values of v, which appear in the integration
process, it encloses the eigenvalues of vhL and ~I' is well separated from 0 then we can
compute each of the functions ¢l by the following formula

. . 1 .
P (A) = ¢l (yhL) = o / (YA (M — hL) " dA. (3.3.3)
r
As before, approximating the integral in (3.3.3) by the trapezoid rule, we get

1

k
Pll(A ~ Z:: Ao (YNNI — hD) 7Y, (3.3.4)

where now \; are the equally spaced points along the contour I'. The above formula allows
to reduce the computational work needed to evaluate the functions ¢! or their action on
a given vector v, in the case when a variable step size is used. The main advantage comes
form the fact that the inverse matrices in (3.3.4) no longer depend of v. However, in any
case we have to compute k (or k/2) matrix inverses.

In the case when the matrix L arises from a finite difference approximation to a second
order partial differential operator, we can benefit from its sparse block structure. Similar
to the idea presented in Subsection 3.1.2, in this case, we can also evaluate the action of
the function ¢l on a given vector v. If the number of operations required does not exceed
O(d?) the cost of a matrix-vector product then we obtain a competitive method. Note that
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in general the matrix ¢l (vhL) does not retain the sparse block structure of L. Thus, what
we need is an efficient method for solving special sparse block linear systems of equations.
When the matrix —L is symmetric (Hermitian) and positive definite the most favourable
methods are preconditioned conjugate gradient and multigrid methods [34]. They are based
on the idea of approximating the solution by an iterative procedure and usually require O(d)
operations. The problem with these methods is that they require a good preconditioner or
a rather complex algorithm with considerable overhead to organize the computations. In
addition, we note that the matrices in (3.3.4) are symmetric (Hermitian) only if A\; € R.

Alternatively, direct methods for solving linear systems of equations can be used. In
order to be competitive, such methods are specially design to take advantage from the
sparse block structure of the coefficient matrix. In general, the structure of L depends
on the dimensionality of the problem, the type of the approximation and the boundary
conditions imposed. When L is block tridiagonal, two methods are of practical importance:
the Buneman variant of cyclic reduction [6] and the decomposition method based on the fast
Fourier transform (FET) [11]. Both of these methods compute the solution in O(dlog,n)
operations, where n is the block size of L. Combination of the above two methods known
as Fourier analysis-cyclic reduction (FACR) is proposed in [31]. The asymptotic operation
count for this method is reduced to O(dlog,logy 1) (see [64]). A restriction for all of these
methods is that n should be power of two or a composite of small primes.

In [Article 2 p.107], we present a method for solving tridiagonal block Teoplitz linear
systems of equations, which does not impose any restrictions on n. The method is based
on a modified LU factorization and it is fully applicable to all the matrices in (3.3.4). In
[Article 3 p.133], the same idea is generalized to the case when the coefficient matrix has
pentadiagonal block circulant structure. The complexity of this methods is O(d?). Signifi-
cant computational savings can be achieved by using the techniques of solving linear systems
with multiple right hand sides. Since the methods are based on the LU decomposition idea,
we can factorize the k (k/2) coefficient matrices arising from (3.3.4) once and for all and
then use only the back-substitution formulas to find their action on a given vector v. Thus,
for k < d we obtain methods which can be implemented with a variable step size, without
to increase the total computational work.

Before we consider some numerical experiments, we summarize the main advantages
and disadvantages of the different methods for computing the functions ¢l or their actions
on a vector, presented in this chapter.

e Methods based on Algorithm 3.1.1 are expensive and not suitable for implementa-
tions using variable step size. Their main advantage is that they do not place any
restrictions on the coefficient matrix.

e Methods using Krylov subspace approximation techniques are suitable for implemen-
tations involving variable step size, but are applicable only in the case when the
number of the needed Krylov bases can be significantly reduced.

e Methods based on the Cauchy integral formula are suitable for both constant and
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variable stepsize implementations. Particularly cheap methods, in the case of variable
stepsize, can be obtained if the the coefficient matrix has a sparse block structure.
Alternatively, for tridiagonal matrices, Algorithm 3.1.2 can be used.

3.4 Numerical experiments

In this section, we present numerical experiments with some of the exponential integra-
tors studied in the thesis. The examples under consideration are Kuramoto-Sivashinsky,
Allen-Cahn and Korteweg de Vries (KdV) equations. Since all of the tested exponential
integrators, except the method of Hochbruck—Ostermann given in Table 1.15, are based on
the nonstiff order conditions, to avoid possible order reduction, we consider examples where
the nonlinear term has sufficient spatial regularity. In general, for applications concern-
ing PDEs, the classical order of convergence is not always obtained (see Subsection 1.2.5).
Order reduction, due to the lack of sufficient temporal and spatial smoothness, should be
expected. For parabolic problems with periodic boundary conditions, full order of conver-
gence can be observed [29, 30]. In our numerical experiments, for the Kuramoto-Sivashinsky
and the KdV equations, we also impose periodic boundary conditions. Thus, the linear term
L has a diagonal structure and the computation of the ¢! functions by the Cauchy integral
formula (see Section 3.3) simply reduce to the mean of ¢! over the contour T'.

For all numerical experiments, a constant step size is used. Computation of the ¢l
functions, in the non-diagonal example (Allen-Cahn equation), is also done by the Cauchy
integral approach. In this case, the total computational cost of a method is still small, since
all the matrix inverses in (3.3.4) are evaluated only once before the time-stepping begins.

Extensive numerical tests between linearly implicit methods [2], split step methods [59]
and exponential integrators based on the linear multistep and multistage idea are presented
in [14, 35]. There the authors conclude that the Exponential Time Differencing Runge—
Kutta (ETD RK) methods, presented in Subsection 1.2.3, consistently out perform all the
other methods.

Comparison between the stability regions for different exponential integrators based on
Lie group methods, applied to semi-discretized stiff problems, is given in [36]. There the
author concludes that, for such kind of problems, the RKMK methods (see Section 2.2)
suffer from numerical instability. It is due to the small convergence radius of the dExp~*
map.

Taking into account the above arguments, we have chosen to implement the following
exponential integrators:

e ETD RK3(CM) The third order method of Cox-Matthews given in Table 1.9;
e ETD2RK3 The third order method from Table 1.12;
e ETD2CF3 The third order method from Table 1.13;

e ETD RK4(CM) The fourth order method of Cox-Matthews given in Table 1.10;
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e ETD RK4(Kr) The fourth order method of Krogstad given in Table 1.11;
e ETD RK4(Min) The fourth order method from Table 1.8;

e ETD RK4(HO) The fourth order method of Hochbruck-Ostermann given in Ta-
ble 1.15;

e IF RK4 The fourth order Integrating Factor Runge-Kutta methd based on the clas-
sical fourth order Runge-Kutta method (1.3.5);

e GIF1/RK4 The fourth order Generalized Integrating Factor Runge-Kutta method
from Table 2.4 with the classical fourth order Runge-Kutta coefficients (1.3.5);

e GIF2/RK4 The fourth order Generalized Integrating Factor Runge-Kutta method
from Table 2.5 with the classical fourth order Runge-Kutta coefficients (1.3.5);

e GIF3/RK4 The fourth order Generalized Integrating Factor Runge—Kutta method
with third order polynomial approximation to the nonlinear part N, also with the
classical fourth order Runge-Kutta coefficients (1.3.5);

e CF4 The fourth order Commutator Free Lie group method given in Table 2.6.

For each of the three test problems we compare accuracy against step size. The results
are given in different figures for each example.

The Kuramoto-Sivashinsky equation

The first example is the Kuramoto-Sivashinsky equation
Up = —UUp — Ugg — Upzzs, x € [0, 327]

with periodic boundary conditions and with initial condition borrowed from [35]

u(z,0) = cos (1:6—6> (1 + sin (%)) :

A 128-point Fourier spectral discretization in space is used. Since the boundary conditions
are periodic the transformed equation in the Fourier space can be represented in the form
(1.1.1), the linear and nonlinear parts are defined as
. 2 VAPS . ik —1/\)2
(La)(k) = (k" = kM)a(k),  N(@) = - (F(F7(a)7)),

where F' denotes the discrete Fourier transform. The integration in time is done entirely in
the Fourier space until t = 65. The results for the different numerical schemes are plotted
in Figure 3.1.
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Figure 3.1: Step size versus relative error for ETD RK (left) and GIF/RK (right) methods
for the Kuramoto-Sivashinsky equation

The Allen-Cahn equation

The second example is the Allen-Cahn equation written in the form
Up = EUgy + u — u°, x € [-1,1],
where € = 0.01 and with boundary and initial conditions also borrowed form [35]
u(—=1,t) = -1, wu(l,t)=1, u(z,0) = 0.53x 4+ 0.47 sin(—1.57x).

After discretization in space based on the Chebyshev grid points we can rewrite the equation
in the form (1.1.1), with

L=¢eD?, N(u) =u—u?,

where D is the Chebyshev differentiation matrix [65]. Therefore, the matrix L is full. The
integration in time is until ¢t = 31. In Figure 3.2, we have plotted the results for the different
numerical schemes under consideration.

The Korteweg de Vries equation

The final example is the KdV equation considered in [36, Article 5]
Up = —Uggy — Ulyg, x € [—m, ],
with periodic boundary conditions and with initial condition
u(z,0) = 3C/ cosh?(vVCx/2),
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Figure 3.2: Step size versus relative error for ETD RK (left) and GIF/RK (right) methods
for the Allen-Cahn equation

where C' = 625. The exact solution is 27 /C periodic and is given by u(zx,t) = u(x — Ct,0).
We use a 256-point Fourier spectral discretization in space. In this case the matrix L is
again diagonal. The integration in time is done for one period. The results for the different
numerical schemes are plotted in Figure 3.3.
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Figure 3.3: Step size versus relative error for ETD RK (left) and GIF/RK (right) methods
for the Korteweg de Vries equation

As seen from Figure 3.1-3.3, all methods exhibit the predicted nonstiff order of conver-
gence under the chosen initial and boundary conditions. For all examples, the scheme ETD
RK4(Min) is more efficient than the other ETD RK schemes. This can be explained with
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the fact that it was constructed based on the nonstiff order theory presented in Subsec-
tion 1.2.2, so that the error coefficients for the elementary differentials of higher order are
minimized. As expected, the ETD RK methods perform better than the IF RK methods
even based on the same underlying Runge-Kutta method. This is due to the fact that
the local error of IF RK methods is bigger than the local error of ETD RK methods (see
[46]). The local error for the GIF/RK methods reduces with increasing the degree of the
polynomial approximation to the nonlinear part of the problem. This results in several
orders in magnitude improvement in accuracy over the standard IF RK methods. However,
as it was pointed from Krogstad in [36, Article 5], the improved accuracy comes to some
extent at the price of stability. This fact, in particular, is well illustrated in the numerical
experiments for the KdV equation, where the GIF /RK methods fail to produce results for
large stepsizes. The reason for this is the reduced stability regions for GIF/RK methods
[36, Article 5].
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Conclusions

The aim of this thesis was to study different classes of exponential integrators for time inte-
gration of semilinear problems and to propose an unified framework in which this methods
can be analyzed. Below, we give a summary of the main topics treated in the thesis.

Summary

In Chapter 1 we presented the philosophy behind exponential integrators applied to semi-
linear problems and discussed the three main classes of exponential integrators: exponential
linear multistep (multivalue), exponential Runge-Kutta (multistage) and exponential gen-
eral linear methods. Next, in Chapter 2 we studied the connection between exponential
integrators and Lie group methods based on the affine algebra action. The freedom in the
choice of the algebra action, allows all exponential integrators presented in Chapter 2 as well
as the methods proposed in [Article 1,91] to be applied to nonautonomous and quasilinear
problems of the the form

' = L(u,t)u + N(u,t), u(to) = uo.

The only difference in this case is in the definition of the generic function F', which pro-
vides the representation of the differential equation on the manifold. Because of the time
dependence of the linear part, the resulting methods require at the beginning of each step
to recompute the exponential and the related ¢! functions included in the format of the
method. In Chapter 3 we discussed different algorithms for fast and numerically stable
computation of the most commonly used ETD ¢/ functions. Finally, we tested some of the
exponential integrators studied in the thesis, on several well known examples.
Next, we summarize the main achievements of this thesis.

Contributions

We proposed in Subsection 1.2.1 a general class of exponential Runge-Kutta methods specif-
ically designed for time integration of semilinear problems. This class of methods include as
special cases all known exponential Runge—Kutta methods. The nonstiff order theory de-
veloped in Subsection 1.2.2, reduces to the the order theory for the adaptive Runge-Kutta
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methods proposed in [5]. An advantage of our approach is that it provides a non-recursive
rule for generating each order condition from its corresponding rooted tree. In addition, the
same technique can also be applied to derive the nonstiff order conditions for the exponen-
tial general linear methods considered in Subsection 1.3.3. We believe that locating good
methods based on the nonstiff order conditions, is the first step for developing competitive
methods for realistic stiff problems.

We also studied the natural connection between exponential integrators and Lie group
methods with affine algebra action. In particular, in Subsection 2.4.2, we showed that
the Generalized Integrating Factor Runge-Kutta (GIF/RK) methods introduced in [36,
Article 5] are examples of RKMK methods. In addition, we proposed a new approach in
the derivation of GIF/RK methods, which allows the nonlinear part of the problem (1.1.1)
to be approximated by trigonometric polynomials. The choice of the algebra action plays
a crucial role in the overall performance of any Lie group method. In [Article 1, p.91], we
suggested a way how to construct exponential integrators based on the framework of Lie
group methods with algebra action arising from the solutions of differential equations with
nonautonomous frozen vector fields.

The main computational challenge in the implementation of every exponential integrator
comes from the necessity of computing the exponential and the related functions by some
fast and numerically stable algorithm. In Subsection 3.1.2, we generalized the tridiagonal
reduction approach, proposed in [41], to a general algorithm for computing all ETD L
functions. We also commented on the main advantages and disadvantages of other numer-
ical techniques, which can also be used for computing the ETD ¢l functions. Usually, a
variable stepsize implementation of an exponential integrator requires efficient linear solver.
In the case when the linear part of the problem arises from a finite difference approximation,
we can benefit from its sparse block structure. In [Article 2 p.107], we presented a method
for solving tridiagonal block Teoplitz linear systems of equations. The method is a modi-
fication of the LU factorization proposed in [19]. In [Article 3 p.133], the same approach
was generalized to the case when the coefficient matrix has pentadiagonal block circulant
structure.

Future work

Many questions have arisen during the work on this thesis, which we intend to consider
in future work. For example, the choice of the ¢!l functions plays a significant role in the
actual performance of any exponential integrator. Notice that an ETD method will generally
perform better than an IF method, even based on the same underlying method. The possible
choices of ¢!l functions which lead to methods are still unclear. Thus, determining the set
of functions which provides in some sense optimal methods, is a crucial question which
requires further investigation.

Developing the nonstiff and respectively the stiff order conditions for exponential gen-
eral linear methods is a field of ongoing research. Such an order theory, will allow other
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exponential general linear methods, different form the GIF/RK methods and the methods
introduced in [Article 1, p.91], to be constructed. The improved accuracy of GIF/RK meth-
ods, is due to their higher stage order (see [46]). The main difficulty with these methods,
as Krogstad pointed out in [36, Article 5], is that the improved accuracy comes to some
extent at the price of stability. A way to overcome this difficulty is to extend the class of
general linear methods with inherent Runge—Kutta stability to the exponential setting.

Probably the main question regarding the exponential integrators, which still needs to be
answered is: Are these methods fully competitive with the existing numerical techniques for
solving stiff problems. The answer of this question requires extensive numerical experiments
with various implementations, from fixed stepsize and fixed order to variable stepsize and
variable order codes. Thus, it is clear that the choice of reliable and numerically stable
algorithms for computing the exponential and the related functions is an important direction
for future investigations.

Differential algebraic equations (DAEs) are ordinary differential equations subject to
algebraic constraints. Many problems which arise in the real applications can be represented
by DAEs. Examples are the discretized incompressible Navier—Stokes equations, where the
incompressibility condition is the algebraic constraint. Extending the class of exponential
integrators to the set of DAEs is an other interesting topic for future research.
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Abstract

Lie group methods for nonautonomous semi-discretized in space, partial differential
equations are considered. The choice of frozen vector field and its corresponding
algebra action on the manifold for such problems is discussed. A new exponential
integrator for semilinear problems, based on commutator free Lie group methods
with algebra action arising from the solutions of differential equations with nonau-
tonomous frozen vector fields is derived. The proposed new scheme is then compared
with some existing methods in several numerical experiments.
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1 Introduction

Recently, a lot of Lie group integrators for solving semi-discretized partial
differential equations (PDEs) has been derived in the literature. The original
idea was first introduced in [16] and then further investigated for the heat
equation in [4,12,17], stiff PDEs in [10,11,14], convection diffusion problems in
[3] and for the Schrédinger equation in [1]. What is common between all this
methods is that to advance from one point to another they all use an algebra
action arising from the solution of an autonomous differential equation, which
does not depend explicitly on the time .

In this paper we propose a way how to construct Lie group integrators for
nonautonomous problems based on an algebra action arising from the solution
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of a differential equation which can depend explicitly on ¢. The idea is a
natural extension of the autonomous case. The approach is to rewrite the
differential equation in its equivalent autonomous form and then to apply the
affine action [16] to the transformed equation. Thus, what we obtain are time
dependent frozen vector fields. This provides us some extra freedom in the
construction process, which can be used to choose the algebra action to be a
better approximation of the flow of the original vector field.

The paper is organized as follows: We start in Section 2 with introducing
some notation and the basic theory involved. Next we consider the framework
for nonautonomous problems and discuss how it is related with the choice
of the algebra action. In Section 3 we propose a new time dependent frozen
vector field and its corresponding algebra action. In addition, we discuss some
further generalizations. In Section 4 we derive a new exponential integrator
for semilinear problems based on the fourth order commutator free Lie group
method [4]. Finally in Section 5 we compare the proposed new exponential
integrator with some existing methods and discuss the advantages of the new
approach.

2 Background theory and notations

The framework which we use in this paper is given by Lie groups and their
action upon a homogeneous manifold [8,15,16]. We take advantage of the fact
that, in order to construct a Lie group integrator, we do not really need to
know what the structure of the Lie group is and how it acts on the manifold.
It is enough to specify the generic presentation of the differential equation and
the algebra action on the manifold (see [14]). For simplicity, we do not include
a discussion on the structure of the underlying Lie group and how it acts on
a manifold.

Let us first consider the following differential equation defined on a d + p
dimensional manifold M = R%?.

v =fw®),  ylto) = o (2.1)

The very first question in the construction of a Lie group integrator is how
to define the basic motions on M. Since R¥*P is a linear space, it is easy to
construct integrator which stays on the manifold. The challenge in this case
is how to choose the basic motions in such a way that they provide a good
approximation to the flow of the original vector field. In this paper we define
the basic movements on M to be given by the solution of a simpler differential
equation

y'=Fe(y),  ylto) = o, (2.2)

which locally approximates (2.1). Thus, the Lie algebra g is generated from
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the set of all coefficients © of the frozen vector fields Fg and the Lie algebra
action * : g x M — M on the manifold is simply given by the solution of (2.2).
In other words, if © € g, its action upon the point y, € M, which we denote
by h© xyq, is given by the solution of (2.2) at time t + h. Every frozen vector
field can be represented in the form Fg(y) = © ® y, where ® : g x M — T'M
and according to (2.2), it satisfies

d
O@y—= | tOxy.
Y=y Y

Note that the map © — Fg is an algebra homomorphism between g and the
set of all vector fields on M. If the algebra action * is transitive i.e. starting
from a point yo € M we can reach any other point y; € M by letting some
element © € g act on yp, the differential equation (2.1) can be rewritten in
the form

y=Fy®y,  ylto) =1, (2.3)
where F': M — g. The above formulation is called the generic presentation
of the differential equation on the manifold and plays an important role in the
theory of the Lie group integrators (see [16]).

The choice of the frozen vector field Fg and its corresponding algebra action,
very much depends of the actual structure of f(y). The simplest possible case
is when g = {b € R¥"P} F(yy) = f(y9) = b and F,(y) = b® y = b then the
algebra action on M is given by translations and we recover the traditional
integration schemes. In the case when f(y) = L(y)y + N(y), one can define
the Lie algebra g = {(A,b) € REP*(@+P) » Ré+PY the function F(yy) =
(L(y0), N(y0)) = (A,b) and the frozen vector field Fap)(y) = (A,b) ® y =
Ay + b. This is exactly the affine algebra action proposed in [16]. Note that
such a representation of f(y) is always possible, for example by letting L(y) be
the Jacobian of f at the point y and N(y) = f(y) — L(y)y. Other choices are
also possible see for example [12,17].

In this paper we are interesting in the construction of Lie group methods for
the following nonautonomous problem defined on R¢

u' = f(u,t), u(ty) = uo. (2.4)

Formally it does not fit in the above presented framework, but by adding the
trivial differential equation ¢’ = 1 to the system (2.4), we can rewrite it in the
form (2.1) with p = 1 and

| flu,t) |
)

This of course is a very well known idea in the theory of ODEs, however its
application to Lie group methods, if done carefully, can lead to some extra
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freedom which we would like to exploit. Note that now the time variable ¢
goes in the definition of the manifold M and therefore it also appears like one
of the arguments of the generic function F', the frozen vector field F and its
corresponding algebra action.

From a computational point of view it might look some what unreasonable
to increase the dimensionality of the problem, but we keep in mind that the
solution of (2.4) is given by the first d components of the solution of (2.1).
Thus, the approach is to apply a Lie group method to equation (2.1) and then
to restate it in R,

The simplest nonautonomous case is when the Lie algebra g = {b € R%*!} or
equivalently g = {(bl%, ) : bl) € R? X € R} then the generic function is given
by F({?g]) = (f(uo, t0), 1) = (b 1), the frozen vector field is F ool z) (M) =

[b[;]} and the algebra action is h(bl% \) * [?ﬂ = [“ftrh}f)\} When f(u,t) =
L(u,t)u + N(u,t) then the Lie algebra g = {(A,b) € RIFIxd+l g RdF1L
It can also be represented like the set of all triples (A, bl \) closed under
linear combinations and commutators between the elements (see section 3),
where A € R4 pl0) ¢ R? )\ € R. In this case the generic function is defined

like F([ D = (L(ug,to), N(ug, t9),1) = (A,bl% 1), the frozen vector field
is F(apl0l ([ ) = [A“er } and its corresponding algebra action is given by

h(A, bl )\) [?g] — { hA““tZih/\ (hA)] where " denotes the matrix exponen-

tial and the function ¢l is given in Lemma 2 (see section 3).

If we consider just the first d components of the algebra action: in the first
case we simply obtain translations like basic motions on R%; in the second
case we again recover the affine action. Thus, we conclude that for thes two
cases the only difference between autonomous and nonautonomos systems is
in the definition of the generic function F', which for nonautonomous systems
depends also from the time variable. We remark that in the above two cases
the frozen vector field does not really depends of t. This explains the observed
similarities between autonomous and nonautonomous systems.

A more interesting situation arises when the function f(u,t) has the form
L(u, t)u+ NO(u, t) +tNW(u,t). A natural question now is how to choose the
frozen vector field in this case. In the next section, we propose a time depen-
dent frozen vector field and its corresponding algebra action which reflects the
structure of f. In addition, we discuss how this idea can be further generalized
if second and higher powers of ¢ are included.
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3 Nonautonomous frozen vector fields

We first consider the case when the vector field of (2.4) has the form
f(u,t) = Lu, )u + NO(u, t) + t NV (u, t).

If we treat the nonlinear part as a single function N = N +¢ N then we do
not gain anything in comparison with the affine case presented in the previous
section. A more demanding task is to allow our frozen vector field to be time
dependent. It is desirable in this case to approximate the nonlinear part of
f(u,t) by a linear polynomial of t.

The only way to include ¢ in the definition of the frozen vector field is to
append it to the dependent variables. Thus, by adding the trivial differential
equation v = 1, v(tg) = to to the system (2.4), we obtain

y =Ly +N, y(to) = Yo, (3.1)

where

L =
0 0 1 to

L(u,t) N[”(u,t)] N — [N[O](u,t)] )= [u] o — [u()]

The advantage of rewriting (2.4) in the above form is that now we can easily
see how to define the Lie algebra g, the generic function F', the frozen vector
field F and its corresponding algebra action (see section 2). The Lie algebra
in this case is g = {(A,b) € RITIXdHL 5 R+ with

A plt] plol
b= 3.2
T e o

where A € R™? plll pl% € R and A € R. Equivalently we can represent g
like the quadruplet (A, b, bl% ) closed under linear combinations and com-
mutators. The function F' which provides the generic presentation is given

by

i ([1:0]> - (L(UO, tO)a N[l] (UOa tO)a N[O] (u0a to), 1) = (Aa bm7 b[o}’ 1) (33)
0

To obtain an explicit form of the frozen vector field we use the following result.

Lemma 1 The solution of the differential equation y' = Ay + b, y(to) = o,
at the time to + h is given by

U(to + h)

to+h) =
y(to + h) to + hA

Y
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where u(ty + h) is the solution of

u' = Au+ b 415 (1 = N+ u(to) = w.

Proof: The proof follows directly by substituting (3.2) in the differential equa-
tion 3 = Ay + b and then solving it with respect to the last variable. O

Thus, we have obtained the following time dependent frozen vector field

U U Au + ¢co + te
f(A pl1] b >\) (|];|> = (A’b[l}’b[O}’)\) ® |];| — [ )f] 1]’ (34)

where ¢y = bl 4+ #5(1 — A\)bl and ¢; = AU, Note that for A = 1 we have
co = bl ¢; = bl and therefore the generic presentation F ({ D { } { }
is satisfied.

The last thing which we need to define is the algebra action corresponding to
the frozen vector field (3.4). In the next Lemma we give a general formula for
the flow of the frozen vector field, which approximates the nonlinear part of
f by a polynomial of ¢ of degree p.

Lemma 2 The solution of the differential equation

p
u=Au+> ey, u(to) = up,
=0

where p € N, A € R and ¢; € R? at the time to + h is given by

p
u(to + h) = ehAuo + Z hk+15k¢[k+1](hA),
k=0

where 0, = J G _gt —~ t] kc], ¢[1](2) I ¢[k+1]( ) = ol (2)—9M (0 0)

z z

Proof: From the variation of constants formulae it follows that

h p )
u(ty + h)=e"ug 4 / e ™4 ( > (to + T)JCj)dT
0 =

p 1 h )
:ehAuo + Z (5jehA = / GTATJdT).
= ! Jo

Multiple applications of integration by parts complete the proof. O
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Combining the results of Lemma 1 and Lemma 2 leads to the following explicit
form for the algebra action corresponding to the vector field (3.4)

h(A, BN B0 \) %

{uo] _ [ehAuo + h(bl) + o)l (R A) + P2 @RI (RA) (3.5)
0

to + hA

Once we have defined the generic presentation, the Lie algebra g and its action
on M we can use any Lie group method to find the solution of (2.4). The
solution of (3.1) is simply given by its first d components.

In the case when a Runge-Kutta Munthe-Kaas method with exact Exp map is
used the format requires the inverse of the dExp map (see [16]). Computation-
ally it might be very expensive to find exactly the dExp ' map and thus the
approach proposed in [16] is to replace it with polynomial approximation of
order higher than the order of the method. This imposes the necessm?/ of usmg
commutators between the elements of g. In this case if ©; A by ,b£0 ,
for + = 1,2 are two elements from g then their commutator is glven by

(©1,02] = ([A1, Ag], Ay — Asbl!, A — Aub1" + Mob! — Mibl 0) |

where [A;, As] = A1 Ay — As Ay is the matrix commutator.

The above approach can be easily generalized when the function f(u,t) =
L(u, t)u + S %_o t* N (y, ). In this case we append p trivial differential equa-
tions corresponding to ¢,t2, ...t to the system (2.4) . Thus, the dimension
of the manifold is d + p, but we keep in mind that we are only interested in its
first d components. The Lie algebra is g = {(A, 0P, ... b0 \): A e R4\ ¢
R, bl € R?} and its action upon the manifold is given by Lemma 2. The
coefficients ¢; can be found in the same way as in Lemma 1. For p = 2 they
are

co=b" + (1 = NtbV + (1 — N)*2p3,
ey =AM 42X (1 — N)tob?
cs =A%

We conclude this section with the observation that based on the same idea,
methods with approximations of the nonlinear part of f by trigonometric
polynomials can also be derived. In this case, the exact flow of the frozen
vector field can be computed in the similar manner (see [14]).
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4 Exponential integrator for semilinear prob-
lems

In this section we derive an exponential integrator based on the frozen vector
field (3.4) and its corresponding algebra action (3.5) for the semilinear problem

u' = Lu+ N(u,t), u(to) = uo, (4.1)

where L is a constant linear term and N is a nonlinear term. Such systems of-
ten arise after the spatial discretization of certain PDEs. Comparisons between
the stability regions for different Lie group methods applied to semi-discretized
stiff PDEs is given in [11]. There the author suggests that for this type of prob-
lem the best methods are likely to be the commutator free Lie group methods
[4]. This provides our motivation in the choice of the Lie group method.

Next we give an equivalent formulation of the method proposed in [4]. This
formulation allows us to construct methods without knowing what the exact
structure of the Lie group acting on the manifold is, or how the Exp map
between the Lie algebra and the Lie group is defined. The general format of
an s stage commutator free Lie group method advancing from point ¥, to
point y,,1 with a time step of size h is given by the following algorithm.

Algorithm 1 (Commutator-free Lie group method)

forv=1,...,s do
Ui = (h Xz O‘?JFIC) ok (B0 O‘flpk) * Yn
end

Unyr = (W52 B5F) * -+ % (W52, BT FY) * yn

Here the function F' gives the generic presentation (2.3), the coefficients afj, ﬂf
are parameters of the method and the value J counts the number of flow
calculations required at each stage. In [4], the following fourth order method
based on the classical fourth order method of Kutta is proposed.

0
1 1
O
3 0 3
IR s
s | 3 0 1
1 1 1 1
i 6 ﬁ}
1 1 1 1
6 6 i

We use the symbol } to denote all the substages included in a stage with
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J > 1. Note that in (4.2) the frozen vector field corresponding to the second
stage is the same as for the first substage of the fourth stage. This reduces the
cost of the method.

In order to use the frozen vector field (3.4) from the previous section we rewrite
the nonlinear part of (4.1) in the form

N(u,t) — N,
N(u,t) = N, +t % = N ¢ NTI, (4.3)

where N,, = N(uy,t,) is the value of the nonlinear part at the beginning of
the step number n. Keeping in mind (3.3) and (3.5), based on (4.2), we have
found a new fourth order exponential integrator, which written in the original
u variable is given by

U1 = Up ,
U2 = ehTLun —+ h%¢[1]Nn ,
Us = e5u, +h :%(men + (ol + h¢[2>N[1]]

(
Us= e Uy + h [LoUN, + (W U ol + 80 N (4.4)
(tnd!

5 [ 1 1 1]
O = e+ h [ S00N, + (rad + Bo) (58 + 20 - 2]

hL 1

(1] (1]
Unsr=e2 U+h [zaﬁ”N + (tao!" + Sl + Lo ( + 5 %)] ,

where ij = N(Uj’tilfc?:)fN” for j =1,...,4 and the arguments of all the ¢V
functions are %

It is possible to rewrite (4.4) in equivalent form which does not involves split-
ting of the internal stages (see [1,14]). Such a representation is rather useless,
since its implementation is more expensive than the one proposed, but it shows
that (4.4) is a method based just on the pure Runge-Kutta idea.

If we represent the nonlinear part of (4.1), as a polynomial of second degree

N(U, t) — 2Nn + Nn—l

N, — N,_
N(u,t):Nn—l—tfl—l—f P

where N,, and N,,_; are the values of N at the end of step number n and n—1
respectively, we obtain a method which fits into the framework of general
linear methods [2]. Thus, we see that by just changing the algebra action, any
Lie group method based on a pure Runge-Kutta method can result in a more
general method. This is a very interesting phenomena which highlights the
important role of the algebra action.
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5 Numerical experiments

In this section we present results from numerical experiments on the Kuramoto-
Sivashinsky and Allen-Cahn equations. For both examples we compare the
following four methods:

e IF4 The fourth order integrating factor method [5,10,18] based on the clas-
sical fourth order method of Kutta.

e CF4 The fourth order commutator free Lie group method (4.2) with affine
algebra action [4].

e CF4A1 The method (4.4) with algebra action given by (3.5).

e ETDRK4B The method of Krogstad [10].

Since all of the above methods are based on the nonstiff order conditions,
to avoid possible order reduction, we consider examples where the nonlinear
term N has sufficient spatial regularity. In general, for applications concerning
PDEs, the classical order of convergence is not always obtained. Order reduc-
tion, due to the lack of sufficient temporal and spatial smoothness, should be
expected. For parabolic problems, full order of convergence can be observerd,
if periodic boundary conditions are imposed [6,7].

To avoid problems with numerical instability, the computation of the ¢! func-
tions, which suffer from cancelation errors when the eigenvalues of the dis-
cretized linear operator are close to zero, we use the approach of Kassam and
Trefethen [9]. The idea is to evaluate the ¢l functions by Cauchy’s integral
formula

o (L) = 5 [ #9021 — L) an (5.1)

where 7 € R. The contour I' is a closed curve in the complex plane that en-
closes the eigenvalue of yh L and such that 41" is well separated from zero. The
trapezoidal rule is then used to approximate the integral in (5.1). If the dis-
cretized linear operator L is diagonal (Kuramoto-Sivashinsky equation) then
the integral reduces simply to the mean of ¢! over the contour I. However,
for non-diagonal problems (Allen-Cahn equation), the computations become
more expensive and require the computation of several matrix inverses. That
is why for such problems it is important for a method to use as few ¢ function
evaluations as possible. In addition, if L has a special sparse structure one can
apply effective methods to find it inverse [13,14].

The Kuramoto-Sivashinsky equation

The first example is the Kuramoto-Sivashinsky equation

Up = —UlUy — Upy — Ugpze x € [0,327]
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Kuramoto-Sivashinsky equation
10 . . —— .

=65
N
S)

Q
£
®
5 10° 4
5
[
2
3 107 E
['4
10° E
e < IF4
107 P — . ETDRK4B ]
o % CF4
B ~© CF4A1
1077 -2 1*1 0
10 10 10
Stepsize h

Fig. 1. Step size versus relative error for fourth order methods for the Ku-
ramoto-Sivashinsky equation

with periodic boundary conditions and with the initial condition borrowed

from [9]
u(z,0) = cos (16) (1 + sin (16)) :

A 128-point Fourier spectral discretization in space is used. Since the boundary
conditions are periodic the transformed equation in the Fourier space can be
represented in the form (4.1), the linear and nonlinear parts are defined as

(La)(k) = (k* = kYa(k), — N(a) = ——(F((F(@))*)),

where F denotes the discrete Fourier transform. The integration in time is done
entirely in the Fourier space until ¢ = 65. The results for the four different
numerical schemes are plotted in Figure 1.

The Allen-Cahn equation

The second example is the Allen-Cahn equation written in the form
Uy = EUgy + U — u°, e |[-1,1],

where ¢ = 0.01 and with boundary and initial conditions also borrowed
from [9]

u(—1,t) = -1, wu(l,t) =1, u(z,0) = 0.53x 4 0.47 sin(—1.57x).
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~ Allen-Cahn equation
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Fig. 2. Step size versus relative error for fourth order methods for the Allen-Cahn
equation

After discretization in space based on the Chebyshev grid points we can rewrite
the equation in the form (4.1), with

L=¢eD? N(u) =u—u®

where D is the Chebyshev differentiation matrix [18], this means the matrix
L is full. The standard build in MATLAB function inv was used to find the
matrix inverse in (5.1). The integration in time is until ¢ = 31. In Figure 2 we
have plotted the results for the four different numerical schemes.

For both examples we see that all the methods exhibit the expected fourth
order, but the best with respect to the accuracy is the ETDRK4B method.
For the Kuramoto-Sivashinsky equation the improvement of using the alge-
bra action (3.5) in CF4A1l is small in comparison with the affine action in
CF4. However, for the non-diagonal example, the CF4A1 performs signifi-
cantly better than CF4 and it is competitive with the ETDRK4B method.
This together with the fact that it uses only 1 exponential and 2 ¢ function
evaluations per step (for comparison ETDRK4B uses 2 exponentials and 5 ¢
function evaluations per step) suggests that CF4A1 is the best method in this
case.
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6 Concluding remarks

In this paper we have introduced the use of time dependent frozen vector fields
in the construction of Lie group integrators for nonautonomous problems.
This approach, provides extra freedom in the choice of the algebra action and
allows us to choose the basic motions on the manifold to be given by the
solutions of differential equations, which better approximate the flow of the
original vector field. Based on this idea we have derived a new fourth order
exponential integrator for semilinear problems with constant linear part. We
do not claim that the proposed representation (4.3) of the nonlinear part
is optimal. Other choices are worth investigating. However, the results from
the numerical experiments suggest that the new method based on (4.3) is
efficient in the case when the discretized linear operator is non-diagonal and
a variable step size strategy is used. The content of this paper poses many
questions which need to be answered. For example what are the stability
regions of such methods and to what extend the spatial regularity of the
problem effects the overall order of the method. An other important question
is, for a given problem, how do we find a good algebra action? The goal is to
choose a differential equation which is easier to solve, but still captures the
key features of the original one. This is a very challenging task and it is likely
to be problem dependent. The option presented here is to approximate the
vector field by a higher order polynomial with constant coefficients. However,
we should keep in mind that there is a certain balance between the benefit
provided by increasing the order of the approximation and the computational
cost of its corresponding algebra action.
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Abstract

This paper is focused on different methods and algorithms for solving tridiagonal
block Teoplitz systems of linear equations. We consider the El-Sayed method [4] for
such systems and propose several modifications that lead to different algorithms,
which we discuss in detail. Our algorithms are then compared with some classical
techniques as far as implementation time is concerned, number of operations and
storage. Comments and conclusions for computing efficiency of the proposed new
algorithms are given. Numerical experiments corroborating the theoretical results
are also presented.

Key words: linear system, block Teoplitz matrix, matrix equation, Woodbury’s
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1 Introduction

Many problems arising in practice lead to the solution of linear systems of
equations with special coefficient matrices. Tridiagonal block Teoplitz lin-
ear systems arise in numerical solution of ordinary and partial differential
equations (ODE and PDE), interpolation problems, boundary value problems
(BVP), etc. [2,3,7,13]. It is known that these systems have the form

Mz = f, (1)

where
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B* A B 0
B* A .
M: ) (2)
0 . . B
B* A

is an Hermitian tridiagonal block Teoplitz matrix with block size n. A and B
are m X m matrices, x and f are column vectors with size nm .

The aim of this paper is to discuss different algorithms for solving (1) and
compare them as far as time for implementation, number of operations and
storage are concerned.

We organize the present paper as fallows:

1. In Section 2 we review LU factorization, Cholesky factorization [8] and
adaptation the Cyclic Reduction method [1] corresponding to the special
form of M. We modify the method described in [4].

2. In Section 3 we develop algorithms based on these modifications in order
to optimize floating point operations, memory space and implementation.

3. Finally we verify the results in a number of numerical experiments.

2 Methods for solving special block tridiagonal Teoplitz linear sys-
tem

Let us recall some classical direct methods for solving the linear system (1):
LU factorization, Cholesky factorization, Cyclic Reduction [8], as well as one
modification of LU factorization described in [4], which is based on the solution
of a nonlinear matrix equation. For simplicity’s we introduce the following
notation « = {x;}iz1,n, f = {fi}iz1,..n , where z; and f; are blocks with size
m x 1.

2.1 Block LU factorization

The matrix (2) admits following LU factorization

M= LU,
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where

Al Fl Gl
Bl A2 0 F2 G2 0
B2 .
L = , U = ,
0 . 0 - Ghy
B, 1 A, E,

where by, the matrices A;, B;, F; and G; satisfy the relations

Al F1 == A

B, = B* F{!

G, = AT'B

A by = A— B Gy (3)
B; = B* F! for i=2,....,n—1

Gi = A7'B

A, F, = A-—B, 1 G,

The matrices A; and F; are lower and upper triangular respectively and are
obtained by LU factorization.
Thus, solving the linear system (1) is equivalent to solving two simpler systems

Ly=/f, y:{yi}izl ..... n
and
Ux=y, T = {371'}1':1 ..... n
whose solutions are
no (1
Y; = Az_l (fi_Bi—l yi—l)a fOT’ i:2,...,n
and
Zn = Byl (5)
xizﬂ_l(yz‘—Gz‘xz‘H)a Jor i=n—1,...,1
respectively.

2.2 Block Cholesky factorization

When the matrix M is positive definite the following factorization

M = LL"

111



exist, where

Ay
B, A, 0
B, .
L pu—
0 .
Bn—l An
The matrices A;, B; satisfy the relations
AL A = A
B, = (A*
A A = A— . (6)
B - B (Aj } for i=2,....n—1.
A, A = A— 1

It is well known that A; and A} are lower and upper triangular respectively
and are obtained by Cholesky factorization.

In this manner, solving the linear system (1) is again equivalent to solving two
simpler systems

Ly=Ff, y:{yi}izl ..... n
and
L* z =y, T = {ZEz‘}z‘:1

The solution of the first system can be found by (4). The solution of the second
system satisfies

T, = (A7)7 ™
vi = (A7 )7 (g — Bf win), for i=n—1,...,1.

2.3 Block Cyclic Reduction

In this section we adapt Bini’s method [1] to the special case when the co-
efficient matrix is given as in (2). Let us derive explicitly the substitution
formulas for computing the block coordinates of the solution x. Recall that
Block Cyclic Reduction can be applied only if the block size of M is power of
2 in other words let n = 2P. By performing an even-odd permutation of the
block-rows and block columns in (1) we obtain

DY 2O\ (2l [ 8
o p® ) \2@)\ @) )
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where

2 = (el 1, ¥ = {20t o, S = () ez,

are column vectors, whose elements are blocks of size m x 1, satisfying the
relations

fv(fi = Tak, IE(_OZ = Tok—1, fiok) = for, fﬁ?} = foro1  for k=1...2"71,

The cells
A B
. 0 B* . 0
Dgo) — Dgo) — . , L(O) —
0 0o . .
A B* B

are matrices of block size 2P~! x 2P~1,
We apply one step of block-Gaussian elimination to (8) and obtain

-1

(DY — LO DO L) O = O _ ) plOI 40
20 = DO (£O — L0750

Let
-1

MW = pP® _ L©pO~ o

-1
fO = fO - OpP Y.

Note that now the first equation of (9) has the form
MO L0 = f(l)‘ (10)
Observe, that the matrix M1 has the form

FO B
B A1)
MO —
.. BW
BO* A1)

where F() = A — BA~'B*. Obviously, it is also a block tridiagonal matrix
and, except for the north-western corner block F™ it has a block Teoplitz
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structure, with block size 2P~1 x 2P~ Applying once again an even-odd per-
mutation of the block rows and block columns to (10) , we obtain
where

1 * 1 1
D L7\ (2l (Y )
L pd ) \20)\f®)
3753) = {'TS-IZ}k:l ..... 2r—2, 37(—1) = {x(—lz}kzl ,,,,, 2r—2, fJ(rl) = {filk)}kzl ..... 2r—2,

are column vectors, whose elements are blocks of size m x 1 and satisfy the
relations

1 1 1 1 1 1 1 1 _
xEHZ :x(Qk)7 I(—g :xék)—h f-(&-k) = Q(k)7 fﬁk) = Q(k)—l’ fOT‘ k= 17"'72p 2‘

Again the cells

AW P
0 AW 0
1 1
DY = . DY = ,
0 0
A AW
BM
BW™ 0
LV = ..
0o . .
B p1)

are matrices of block size 2P=2 x 2P=2. We apply again one step of Gaussian
elimination to (11) and obtain

M@z — @

where M is of the same type as M, but with block size 2P~2 x 2P~2.
Proceeding in a similar fashion, we obtain a sequence of linear systems of the
form
MG L0 — f(j) for j=1,....p,
where
F@ pG
BUT AG)

MO =
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is square matrix with block of size 27 for j =1,...,p. When j = p the
cells M®) = ),
The blocks of the matrix M) obey the following relations:

BU) = _— BG-D 4G BG-D
AG) — AG-D _ BG-D* AG-D7I BG-1)

_BU-VAG-D gG-yr ( for i=1...p, (12)
FU) = FU-1 _ BG-DAG-D" BU-D"
where A© = A BO = B FO = A
For the block column vectors f) and (), we have
e for j=1,....p
f(j) _ (j)’ A (13)
+Jk 2(];) fork=1,...,20 771 for 7=0,...,p—1
f,k = Jok—1
and
27N = 40,
A7 = DY (Y — LY, |
G G for j=p,...,1, (14)
xy, o=y 7, o
G-1) (1) fork=1,... 2P 77=
Logp—1 = T

where fO = f, 20 = FO 0 20 = 4
For j=0,..., p-1 the cells

A0) BU)
. 0 BU) 0
DY) = . , LY =
0 0o . .
AW B@W* U

are square matrices of block size 2P~771,

2.4 A modification of LU factorization

In 1990 Rojo [14] proposed a new method for solving symmetric circulant
tridiagonal linear systems and in recent years it has been modified to dial with
matrices M having a special structure. For instance in [5] it is adapted to the
case when the coefficient matrix M is pentadiagonal and strongly diagonally
dominant. In [11] M is allowed to be not diagonally dominant. El-Sayed [4]
extended Rojo’s method to tridiagonal block matrices. His approach consists
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in introducing a nonlinear matrix equation to solving the problem (1). The
algorithms we propose in this paper are based on [4] and investigate different
approaches for solving the nonlinear matrix equation of El-Sayed. We discuss
Woodbury’s formula and its numerical implementation.

Firstly, let us describe an algorithm for solving parametric linear systems of
the form.

Ny = f, (15)
where
X B
B* A . 0
N = ,
0 . . B
B* A

is a block tridiagonal matrix with block size n, X is a parameter block of size
m X m, and the vectors y = {y;}i=1,.n, and f={fi}iz1.., are column
vectors consisting of n blocks of size m x 1.

The matrix N admits the following LU factorization

I X B
B*X!. 0 )

N = LU = . ],
o . . 0 .B
B X' X

where [ is the m x m identity matrix. The above factorization exists when the
parameter X satisfies the nonlinear matrix equation

X+BX'B = A (16)
Thus, solving the linear system (15) is equivalent to solving two simpler sys-

tems
Lz =Ff z={z}tic1..n

(17)
Uy = =z, Yy = {yi}izl,...,n;
whose solutions are
21 = fl
zi=f;—B*X 'z, 1=23,...,n,
Yn = X_lzn (18>

yi=X Y2z — Byiy1), i=n—1n-—2,...,1,

respectively.
Now, we can find the solution of (1). The matrices M and N are related by
relation

M =N+ E VT,
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where By = . |, Vi = (A—XO...O).
0
Using Woodbury’s formula we have
M7'=N'-N'BE(I+VIN'E)'VIN
Therefore, the solution x of (1) is obtained from the vector y as follows

x=M1f
=N1f-N1E [+ VINE)WIN-If
=y— NE(I+(A-X)E{NT'E) 'V
=y—N'E(I+(A-X)ETN7'E) (A - X)y,.
El-Sayed proposes following decomposition

N = LDV,

for computing N~='FE; and Ef N~'E}, where

I 1Q
P 0 0
L= . V= ],
0 .. 0 .Q
pPI I

D =diag(X, X, ..., X)

are square matrices of block size n, P = B*X ! and Q = X~ 'B.
The matrix N~! becomes

Nt=v-'p-ip=1

If we denote L™ = (L;;) and V! = (Vj;), then

;o _Jo i<j
R NC VTR

o0 P>
Vi = { (—1)77'Qi~ i < g,
D' =diag(X~ L, XY XY,
Therefore, the blocks (N~1E}); of the vector N7'E; satisfy the formulas
(NT'E)), = (V'D' LBy,
— Z?:i(_l)i—&-le—iX—lPs—l

for i=1,....n.
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Hence
n

EINT'E = (N'E); =) @ 'X'p1 (21)
s=1
The coordinates x; for i=1, ..., n of the vector x in (19) are given by

T, = Y — [E?:i(_l)i-i-le—iX—lPs—l] %
X [I+ (A= X) T () X TP A - Xy,

Obviously formulas (20) and (21) are not convenient to implement directly,
because they require a great number of redundant multiplications. For this
reason we propose two algorithms for computing the vector N ~1E;.

Algorithm F. Solve m linear systems of type (17) with right-hand sides the
corresponding to different columns of E;. Note that this approach does not
take into consideration the special structure of the right-hand sides vectors
( having only a very sparse nonzero block). If the matrices A and B are
real, the algorithm costs O(8nm?) flops and requires the storage of nm?
real numbers.

Algorithm R. The blocks (N~'E)); are recursively computed by the for-
mula (20) using the following algorithm:

e Find the cells Y; = (=1)" ‘X~ 1pn—t fori=1,...,n by

i = X
Y, = Y (—P), fori=2...,n.

e Compute the blocks (N7'E}); by

(N_lEl)n =Y,
(NT'Ey); = Y, — QN EY)isa, Jori=n—-1+1

Our theoretical investigation shows that the algorithm R:

1. Requires half as many flops as the algorithm F, at the expense of minimal
increase of storage memory. If the matrices A and B are real the algorithm
costs O(4nm?) flops and needs to store (n + 2)m? real numbers;

2. Takes advantage of the special form of the matrix Fj.

3  Algorithms for solving special block tridiagonal linear systems

In this section we compare the algorithms for solving special block tridiagonal
linear systems described in Section 2 and there modifications.
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3.1 Algorithm LU

1. Find the matrices A;, B, F; and G; according to (3).
2. Solve the system L y = f by (4).
3. Solve the system U x =1y by (5).

end.

If the matrices A and B are real, this algorithm requires O(K’T"m?’ +

2m? + 2m?) = O(H%2m?) flops and the storage of (3n + 1)m? + 2nm real

numbers.

3.2 Algorithm CHOL

1. Find the matrices A; and B; according to (6).
2. Solve the system L y = [ by (4).
3. Solve the system L* x =1y by (7).

end.

If the matrices A and B are real, this algorithm requires O(HT”m3 +
2mi+2m®) = O(*2"m?) flops and the storage of “m?+ 3™ real numbers.

3.3 Algorithm CR (Cyclic Reduction)

1. Find the matrices AV, BY) and FY)  for j=1,...,p by (12).
2. Compute the vectors f9  for j=1,...,p by (13).

3. Solve the linear system F®) xP) = f®)

4. Restore the coordinates of the vector x according to (14).

end.

If the matrices A and B are real, this algorithm requires O([18p+2]m3 +
[Apm3 +4 x 2Pm?] 4 2m3 + 6 x 2Pm?) = O([22p + 4)m? + 10 x 2Pm?) flops and
the storage of (2p + 9)m? + (8 x 22 — 6)m real numbers, where p = log, n.

Some identical computations are imposed by program realization on formulas
(12) and (13). It is clear, that the vectors £Y9) are not used in the next calcu-
lations. Based on this consideration and according to the special structure of
the cells ng ), D;j ) and LY the next new algorithm - modification of Cyclic
Reduction is developed. It needs less flops and less storage.

3.4 Algorithm CRM (Cyclic Reduction-Modification)

1. Find the matrices AUV, BU)  FU) qnd the vectors ff) by the scheme
1.1 Put

119



A® = A BO® = B FO = F

Joo = Jfa-1, fork=1,...,2°°1,
1.2 For j =1,2,...,p—1 compute

W, = BU-DAG-DT

W, = BU-D"AG-D™

Wy = WyBU-D",

AW = AG-D W2B(j—1) W,

BUW — _ WlB(j—l

FO — pG-1) — W,

fi = -, —-W (j_l),

fo = fop = Waf PV —wyfih, for k=2,...,2079,
i(jk) B ?kl} for k=1,..., 207771
1.8 Find

W, = Br-DACE-D7
F®) = pe-1) _y,Be-b"
fro= o =W
2. Solve the linear system F® = f1.
3. Retrieve the coordinates of the vector x by the scheme
]
zy, = AUDT [f(ﬂ DV pu-1rg, — B(jfl)xkﬂ}
fork=1,...,2077 -1
T, = AUV {ff‘l) _ B(jfl)*xs} . 5=

s

Tok—1 = Tk, Top = T4, fork=2P77 ... |1
end.

If the matrices A and B are real, this algorithm requires O([12pm3 +
4 % 2Pm?] 4 2m3 + 6 * 2Pm?) = O([12p + 2]m> + 10 x 2Pm?) flops and the
storage of (2p + 9)m? + (4 * 2P — 1)m real numbers, where p = log, n.

For the new algorithms based on the discussion in section 2.4, we must address
the problem of solving the nonlinear matrix equation (16). In [6], Engwerda
proves that, if A is a positive definite matrix, then solution of (16) is equivalent
to the solution of following matrix equation

Z+BZ'B =1, (22)

where B = A_%BA_%, 7 = A3XA5. Thus, the results proposed in
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[6,10] can be readily adapted to produce following algorithms for (16).
Let € > 0 be a fixed tolerance.

Algorithm EI_n (Engwerda; Ivanov)
1. Find the matriv B = A 2BA"3.
2. Solve Equation (22) by the following algorithm:
212 = oI, (3<v<0).
2.2 For k=1,2,... compute
iy = I —B*Z;'B,
if | Zk — Ziwi oo =l Z6 + B*Z;'B — 1|l < €, then stop
2.8 Zy, — Zy, where Zy is mazximal solution of (22).
3. Compute the solution X = A%ZHIA%.

end.

If the matrices A and B are real, this algorithm requires O(8m?®+ [2m3+
2m? + 2m?k + 4m?) = O([6k + 12]m?) flops, where k is number of iterations
for solving (22). The algorithm needs to store 7m? real numbers.

Since for each k, Z; are positive definite matrices, can modify the above algo-
rithms using the idea proposed by Zhan [15].

Algorithm EI_yM (Engwerda; Ivanov - Modification)
1. Find the matriv B = A 2BA™3.
2. Solve the equation (22) as fallows:
2.1%y = I, (5<v<1).

2.2 Fork=1,2,...
o Compute the Cholesky factorization of Zy, Z, = LL*,
o Solve the triangular matriz equation LZ = B,

o Compute Zyp 1w =1 — A
if | Zk — Zks1 lloo = || Zk + B*Zk’lé — || < &, then stop
2.8 7y — Z,.
3. Compute X = A%ZkHA%.

end.

If the matrices A and B are real, this algorithm requires O(8m? + [’”73 +
% +2m?|k 4+ 4m®) = O([5k + 12]m?) flops, where k is number of iterations.

17m2+m
2

The algorithm stores real numbers.

In case we wish to solve (16) by a direct solver, we can use the following
adaption of the algorithm presented in [12].
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Algorithm M (Meini)

1. Seth = A,AO = A,BO = B.
2. Fork=1,2,... compute

W = Alleka
By = BpW,
W = B;W,

App1 = Ay — BeA'Br =W,
X1 = Xy =W,
if || Xes1 — Xk |loo <€ fore >0, then stop.
3. Xy — X, where X is maximal solution of (16).

end.

If the matrices A and B are real, this algorithm requires O(2m3 + 5 *
2m?) = O(12m?) flops per iteration and the storage of 7m? real numbers.

In analogy with the algorithm EI_~yM we can consider the following modifi-
cation of Meini’s algorithm.

Algorithm MM (Meini - Modification)

1. Set XO = A,AO = A,BO = B.
2. Fork=1,2,...
2.1 Compute the Cholesky factorization of Ay, A, = LL*,

2.2 Solve the triangular matrix equations

LY = By,

LZ = Bi,
2.8 Compute

W = Y*Y,

Br1 = Z*Y,

A1 = Ay =22 —-W,
Xpr1 = X =W,
if | Xe — Xiq1 oo < € fore >0, then stop.
3 Xy — X4,

end.

If the matrices A and B are real, this algorithm requires O(m?3 + % + 3%

2m3) = O(%) flops, per iteration and the storage of % real numbers.

122



The algorithms EI_yM and MM require less operations per iteration at the
expense of a minimal increase of the memory space. However, their MATLAB
implementation shows that they are slower than EI_y and M respectively.
This is due because they call fewer built in MATLAB function.

The advantage of the algorithms M and MM is their quadratic convergence,
which guarantees fewer iterations to reach the required accuracy.

Based on the discussion presented in this section, we propose the following
new algorithm for (1).

3.5 Algorithm «o(f)

1. Solve the matriz equation (16) by algorithm «, where
a € {EI_~, EI_yM, M, MM
2. Find the vectory = N~'f by formulas (18).
3. Compute the matriz N~'Ey by algorithm 3, where 3 € {F, R}.

4. Compute the solution x of (1) by formula (19) with successive calcu-
lation of the expressions:

C=A-X)(N"'E)r; I+C)1; (A= Xy
2=I+C) Y A-X)y1; = = y— N 1Ez.
end.

For real matrices A and B, this algorithm requires O(k*0,+8nm?+o05+6m?)
flops and the storage of m, + nm + mg + (2m* + m) real numbers, where
k is number of iterations for solving the matrix equation (16), o, and m,
are respectively the number of operations and memory space required for
implementation of the algorithm «. The numbers oz and mg are similarly
defined.

4 Numerical experiments

In this section we wish to corroborate the discussion of Section 3 by solving

(1), with M given as in (2), and exact solution z = (1,1,...,1)T.

In our numerical experiments, M is real, symmetric, with several block size n
and several size and structure of the cells A and B. The above algorithms are
compared by means of execution times and accuracy of the solution.

The codes are written in MATLAB language and computations are done on
a PENTIUM computer. The results of the experiments are given in separate
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Table 1
Flops and memory space

Algorithm flops memory space
LU L m3 + O(nm?) 3nm? + 2nm
CHOL Brmd + O(nm?) Bm? + L

CR 22m3logy n + 10nm? + O(nm) 2m?logy n + 8nm
CRM 12m?logy n + 10nm? + O(nm) 2m? logy n + 4nm
EI_v(F) (8n + 61ter)m? + O(nm?) nm? + (n+ 1)m
EI_y(R) (4n + 6Iter)m? + O(nm?) nm? + (n+ 1)m
M(R) (4n + 12Iter)m3 + O(nm?) nm? + (n+ 1)m

tables for each example. The following notation is used:

LU stands for the LU algorithm.

CHOL stands for the CHOL algorithm.

CR stands for the CR algorithm.

CRM stands for the CRM algorithm.

EI_1(F) stands for the (/) algorithm. The matrix equation (16) is solved
by algorithm EI_vy with initial guess Z, = I, then N~'E; is computed by
algorithm F'.

EI_1(R) stands for the a(3) algorithm. The matrix equation (16) is solved
by algorithm EI_vy with initial guess Z, = I, then N~'E is computed by
algorithm R.

EI_3(R) stands for the «(f3) algorithm. The matrix equation (16) is solved
by algorithm EI_y with initial guess Z, = %I , then N7'E; is computed
by algorithm R.

M(R) stands for the «a(/3) algorithm. The matrix equation (16) is solved by
algorithm M, then N~'E) is computed by algorithm R.

n = 2P is the block size of matrix M and m is the size of each block.

For all programs the value of € is set to e = 1074,

Iter is the smallest number £, for which:
| Zk — Zri1lloo < e for algorithm EI_~,
| X — Xgt1lloo < e for algorithm M .
Err. = || — %]/, where Z is the computed solution.

Table 1 reports the flops and memory space required for each program.
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From Table 1. we see that algorithm CRM requires less memory space than the
others. Its number of operation depends of the relationship between the sizes
m and n. If m < 5n/6p then algorithm CRM requires O(10nm?) flops and
if m > 5n/6p then - O(12m?log, n). The algorithms EI_y(R) and M(R) are
more effective than the classical LU and CHOL. Even under the assumption
that the number of iterations Iter is considerably less than n, for m < 3 and
p > 3 they require less flops than algorithm CRM.

In the next examples the cells A and B of the matrix M are chosen in such way
that they guarantee the existence of a positive definite solution of Equation
(16) [9,12].

Example 1.

The cells A and B are chosen like in Example 7.3 from [9] i.e.

1.20 —0.30 0.10 0.37 0.13 0.12
A= 1-030 210020], B = | —030 0.340.12
0.10 0.20 0.65 0.11 —0.17 0.29
Here |B|, = ||[A"2BA 2|, = 0.511. To reach the required accuracy in

solving Equation (16) Algorithm EI_1 needs 404 iterations while Algorithm
M only 10 iterations. In Table 2 we present the execution time (in seconds)
and the error, of each algorithm for different values of m and n.

Example 2.

We let the cells of the matrix M to be the matrices of example 5.2 from [12],
ie. A = I,and B = (b;;) a symmetric matrix, whose entries are determined
as below: by the scheme:

1. Fixareal 0 < a < 1/2.

2. Fori = 1,...,m

Forj = 4,...,m
end j.
Compute s; = Z};ll bij, S2 = Z;n:z‘bi,j'
Forj = +¢,....m
b = %f*sl), bji = bij
end j.
end 1.

The matrix B is symmetric, nonnegative and such that Be = (1/2—a)e, where
¢ is the vector having all it’s entries equal to 1. Thus || Blls = [[A"2BA" 2|, =
1/2 — a.
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Table 2
Execution time (in seconds) and errors for Example 1

m = 3

Algorithm n = 26 — 64 n = 210 — 1024
Err. time Err. time
LU 2.0650e-014 0.06 3.3640e-014 1.04
CHOL 1.3545e-014 0.05 5.1292e-014 0.88
CR 1.2079e-013 0.05 3.2019e-013 1.42
CRM 6.1284e-014 0.06 1.6398e-013 0.77
EI_1(F) 1.4211e-014 0.16 8.4155e-014 1.81
EI_1(R) 1.9540e-014 0.11 8.4155e-014 0.83
M(R) 1.2879e-014 0.06 5.8620e-014 0.77

n = 28 = 256 n = 22 = 4096
LU 2.8089e-014 0.27 3.3640e-014 5.99
CHOL 4.6407e-014 0.27 5.1292e-014 4.45
CR 3.0931e-013 0.33 3.2019e-013 11.32
CRM 1.5998e-013 0.22 1.6398e-013 3.40
EI_1(F) 2.9532e-014 0.55 3.0065e-013 9.72
EI_1(R) 2.9976e-014 0.28 3.0065e-013 4.34
M(R) 3.2863e-014 0.22 2.5757e-013 4.23

We consider the following two cases:

1. @ = 0.4; then ||B|], = 0.1. To obtain the required accuracy for (16),
Algorithm EI_1 needs 8 iterations, Algorithm M 4 iterations.

2. a = 0; then ||B|, = 5. In this case, we solve the equation (22) by
algorithm EI_v, with initial guess Zy = 3I (y = %). To reach the
required accuracy for (16), Algorithm EI_% needs 9 iterations. The use of
Algorithm EI_1 is not recommended, because it needs more than 3 x10°
iterations. Algorithm M needs of 32 iterations.

In Tables 3 and 4 we give execution time (in seconds ) and errors, for o = 0
and o = 0.4 respectively.

Example 3.
Let
A = cire(20,-8,1,...,1,-8),

be a circulant matrix and B = I. In this case | Bll, = |[|[A"2BA 2|, =
0.1667. To reach the required accuracy for (16) Algorithm EI_1 needs 10 iter-
ations, Algorithm M - 5 iterations.

In Table 5 we give the execution time (in seconds ) and the error of each
algorithms for different values of m and n.
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Table 3
Execution time (in seconds) and errors for Example 2: (o = 0)

m=3 m=2>5 m = 10
Algorithm n = 26 — 64
Err. time Err. time Err. time
LU 8.8818e-015 0.11  4.3299e¢-015 0.11  1.3989%e-014 0.11
CHOL 1.1990e-014 0.06 7.7716e-015 0.06 3.9968e-015 0.11
CR 6.3505e-014  0.05 4.9960e-015 0.05 7.6605e-015 0.11
CRM 4.3521e-014 0.06 1.6431e-014 0.06 2.2204e-015 0.06
EI_%(R) 6.3949e-014 0.05 7.1054e-014 0.06  8.5265e-014  0.06
M(R) 1.7764e-013  0.05 1.5632e-013 0.05 2.8422e-014 0.06
n = 28 = 256
LU 5.4845e-014 0.22 2.7645e-014 0.28 8.7153e-014 0.55
CHOL 1.3767e-013  0.22  5.1958e-014 0.28 6.4615e-014 0.44
CR 1.0281e-012  0.27 4.8628e-014 0.27 9.7033e-014 0.33
CRM 6.8057e-013 0.16  2.4425e-013 0.22 4.0079e-014 0.22
EI_%(R) 1.0658e-012  0.17 4.2633e-012 0.22  2.5295e-012  0.22
M(R) 5.6843e-013 0.17  8.5265e-013 0.22  7.1054e-013  0.22
n = 219 = 1024
LU 3.9635e-013 1.10 6.2017e-013 1.26 2.7101e-013 2.58
CHOL 3.6748e-013 0.88 1.4135e-012 1.04 3.4261e-013 2.03
CR 1.6434e-011 1.42 6.9700e-013 1.44 1.3676e-012 1.48
CRM 1.0729e-011  0.82 3.9986e-012 0.83 6.7812e-013 0.88
EI_%(R) 3.8426e-011  0.71  6.7075e-012 0.75  3.6380e-011 1.04
M(R) 3.0809e-011  0.73  2.0236e-011 0.77 8.1968e-011  1.05
n = 22 = 4096
LU 5.5140e-012  5.99 4.9095e-012 6.70 4.1102e-012 19.17
CHOL 8.9115e-012 4.45 4.0730e-012 5.05 2.1547e-012 11.32
CR 2.6242e-010 11.73 1.1125e-011 11.87 2.1823e-011 11.98
CRM 1.7121e-010  3.35 6.3752e-011 3.40 1.0165e-011 3.51
EI_%(R) 1.0141e-009  4.17 9.7543e-010 4.34  5.6480e-010 5.77
M(R) 6.2664e-010 4.23  4.4201e-010 4.34 7.0941e-010 5.76

5 Conclusions

From the discussion and the results obtained by numerical experiments, we
can conclude that:

1. The proposed modifications of formulas (20) and (21) (Algorithm R) lead
to a considerable decrease in the number of operations, for computing
the block vector N~'E;. That explains why the execution time for for
Algorithms EI_y(R) and M(R) is less than for Algorithm EI_~(F).

2. The adapted algorithms CRM, EI_v(R) and M(R) essentially take ad-
vantage of the special structure of the matrix M, and this makes them
more effective than the classical algorithms LU, CHOL, CR as far as
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Table 4

Execution time (in seconds) and errors for Example 2: (o = 0.4)

m =3 m=>5 m =10
Algorithm n = 20 — 64
Err. time Err. time Err. time
LU 4.4409e-016  0.05  4.4409e-016 0.11  8.8818e-016  0.11
CHOL 6.6613e-016  0.05 5.5511e-016 0.06  8.8818e-016  0.11
CR 4.4409e-016  0.05 5.5511e-016 0.05  6.6613e-016  0.06
CRM 4.4409e-016  0.05 5.5511e-016  0.05  6.6613e-016  0.06
EI_1(F) 6.6613e-016  0.11  3.3307e-016 0.17 08.8818e-016  0.33
EI_1(R) 6.6613e-016  0.05 3.3307e-016 0.06  8.8818e-016  0.06
M(R) 4.4409e-016  0.05 5.5511e-016  0.05  7.7716e-016  0.06
n = 28 = 256
LU 4.4409e-016  0.21  4.4409e-016  0.27  8.8818e-016  0.55
CHOL 6.6613e-016  0.22 5.5511e-016 0.27  8.8818e-016  0.44
CR 4.4409e-016  0.27 5.5511e-016 0.28  6.6613e-016  0.28
CRM 4.4409e-016  0.18 5.5511e-016  0.20  6.6613e-016  0.22
EI_1(F) 6.6613e-016  0.44 3.3307e-016 0.60  8.8818e-016  1.16
EI_1(R) 6.6613e-016  0.17 3.3307e-016 0.22  8.8818e-016  0.22
M(R) 4.4409e-016  0.16  5.5511e-016 0.16  7.7716e-016  0.22
n = 29 = 1024
LU 4.4409e-016  1.04 4.4409e-016 1.27  8.8818e-016  2.59
CHOL 6.6613e-016  0.94 5.5511e-016 1.05  8.8818e-016  1.97
CR 4.4409e-016 1.43 5.5511e-016 1.42  6.6613e-016  1.48
CRM 4.4409e-016  0.77 5.5511e-016 0.88  6.6613e-016  0.83
EI_1(F) 6.6613e-016 1.76  3.3307e-016 2.52  8.8818e-016  4.78
EI_1(R) 6.6613e-016  0.76  3.3307e-016 0.83  8.8818e-016  1.10
M(R) 4.4409e-016  0.72 5.5511e-016  0.77  7.7716e-016  0.99
n = 212 = 4096
LU 4.4409e-016  5.99 4.4409e-016 6.70  8.8818e-016 18.51
CHOL 6.6613e-016  4.45 5.5511e-016 5.11  8.8818e-016 10.93
CR 4.4409e-016 11.81 5.5511e-016 12.14 6.6613e-016 12.31
CRM 4.4409e-016  3.35 5.5511e-016 3.40 6.6613e-016  3.57
EI_1(F) 6.6613e-016  9.62 3.3307e-016 13.74 8.8818e-016 24.33
EI_1(R) 6.6613e-016  4.22  3.3307e-016 4.28  8.8818e-016  5.99
M(R) 4.4409e-016  4.23 5.5511e-016 4.34  7.7716e-016  5.76

the number of operation, memory requirements and execution time are

concerned.

3. The Algorithms CRM, EI_v(R) and M(R) are comparable for accuracy
of the computed solution, execution time for required flops (for m < 3
and p > 3). For large values of the m, Algorithm CRM requires the least
flops, which, together with the fact that it uses the least memory space,
suggest es that it is most suitable when the block size of M is a power of

two.
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Table 5

Execution time (in seconds) and errors for Example 3

m=>5 m=7 m =10
Algorithm n = 20 — 64
Err. time Err. time Err. time
LU 6.6613e-016  0.05 6.6613e-016 0.05 1.3323e-015  0.11
CHOL 1.1102e-015 0.05 6.6613e-016 0.05 8.8818e-016  0.11
CR 6.6613e-016  0.06 1.1102e-015 0.06 1.7764e-015  0.06
CRM 7.7716e-016  0.05 1.7764e-015 0.06 1.5543e-015  0.06
EI_1(F) 3.7748e-015 0.11  2.4425e-015 0.22 2.8866e-015  0.33
EI_1(R) 3.7748e-015  0.05  2.4425e-015 0.06 2.8866e-015  0.06
M(R) 5.5511e-016  0.05 4.4409e-016 0.05 6.6613e-016  0.06
n = 28 = 256
LU 6.6613e-016 0.33 6.6613e-016 0.38 1.3323e-015  0.50
CHOL 1.1102e-015 0.22 6.6613e-016 0.33 8.8818e-016  0.44
CR 6.6613e-016  0.27 1.1102e-015 0.28 1.7764e-015  0.28
CRM 7.7716e-016  0.17 1.7764e-015 0.22 1.5543e-015  0.22
EI_1(F) 3.7748e-015 0.60 2.4425e-015 0.83 2.8866e-015  1.15
EI_1(R) 3.7748e-015  0.22  2.4425e-015 0.22 2.8866e-015  0.23
M(R) 5.5511e-016  0.16  4.4409e-016 0.17 6.6613e-016  0.27
n = 29 = 1024
LU 6.6613e-016 1.26 6.6613e-016 1.82 1.3323e-015  2.59
CHOL 1.1102e-015 1.05 6.6613e-016 1.21  8.8818e-016  1.98
CR 6.6613e-016  1.48 1.1102e-015 1.42 1.7764e-015  1.48
CRM 7.7716e-016 0.82 1.7764e-015 0.88 1.5543e-015  0.88
EI_1(F) 3.7748e-015  2.58  2.4425e-015 3.46 2.8866e-015  4.83
EI_1(R) 3.7748e-015  0.77  2.4425e-015 0.83 2.8866e-015  1.10
M(R) 5.5511e-016  0.77  4.4409e-016 0.82 6.6613e-016  0.99
n = 212 = 4096
LU 6.6613e-016  6.70 6.6613e-016  7.58 1.3323e-015 18.290
CHOL 1.1102e-015 5.05 6.6613e-016 5.71 8.8818e-016 11.15
CR 6.6613e-016 11.84 1.1102e-015 11.91 1.7764e-015 12.58
CRM 7.7716e-016  3.69 1.7764e-015 3.74 1.5543e-015  3.87
EI_1(F) 3.7748e-015 13.89 2.4425e-015 18.29 2.8866e-015 24.71
EI_1(R) 3.7748e-015  4.45  2.4425e-015 4.67 2.8866e-015  5.93
M(R) 5.5511e-016  4.40 4.4409e-016 4.62 6.6613e-016  5.77

4. If n is not a power of two and the cells of the matrix M satisfy the
conditions for existence of the solution of equation (16), then the use of
Algorithms M(R) is recommended instead.
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In this paper we propose a new method and its two modifications for solv-
ing Hermitian pentadiagonal block circulant systems of linear equations. It is
known that these systems have the form

Wa = f, (1)
where
M N S S* N*
N*M NS S*
S* N* . .. 0
w-| ° 2)
o .. . N §
S S* N* M N
N S S* N* M

is Hermitian pentadiagonal block circulant matrix with block size n. M, N
and S are m x m matrices, v = {x;}i=1._n, f = {fi}i=1,..n, are column vectors
with block size n, x; and f;, are blocks with size m x 1.

Our goal is to construct a new effective method for solving (1) and then to
compare it with some classical techniques.

The paper is organized as follows: in Section 2 we present the new method and
discuss its two modifications based on different applications of the Woodbury’s
formula [4]; in Section 3 we report some numerical experiments corroborating
the effectiveness of the proposed algorithms.

2 A Modification of LU factorizations

Adapting the ideas suggested in [6], we construct a new method for solving
linear systems with coefficient matrices of the form (2). Our approach is based
on the solution of a special nonlinear matrix equation. One can fine the solution
of (1) using the following steps:

Step 1. Solve the parametric linear system

Ty =, (3)
where
XY S
Y* Z N . 0
S* N* M .
= ... .S
0 . . . N
S* N* M
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is pentadiagonal matrix with block size n. It has a block Teoplitz structure
except for the north-western corner, y = {y;}i=1,.,, and f = {fi}iz1, . are
column vectors with blocks size n, y; and f; are blocks with size m x 1.

The matrix 7" admits the following LU factorization

I, XYS 0
y*X—1. 0
T =LU = | $*X!. .S,
o . 0 .Y
0 SX'y:X-lg, X

where [,,, is the identity matrix with size m x m.
The above decomposition exists when the parameters X = X*, Y and Z = Z*
satisfy the relations

Z = Y*X'YV 4+ X
N = VX 'S+Y . (4)
M = S*X"'S+Z

Let us introduce the following notations
XY S0 M N

If F'is a positive definite solution of the matrix equation
F+Q'F'Q=R (6)

and X = X* > 0, Z = Z* > 0 then the blocks X, Y and Z satisfy the
system (4).

Thus, solving the linear system (3) is equivalent to solve two simpler systems

Step 2. Solve the pentadiagonal block Teoplitz linear system

Pu = f, (7)



where

M N S
N*M N 0
S* N* M
P = 8)
.. .S
0 .. . N
S* N* M

is Hermitian pentadiagonal block Teoplitz matrix with block size n, u =
{u;}iz1..n and f = {fi}iz1..n are column vectors with block size n , u; and
fi are blocks with size m x 1.

The matrices T" and P satisfy the relation P =T + JoV, where

o (0 00N o (M—X N-Y 0.0
2= \0 I,0...0/ > - \N—-Y*M-Z0...0

are matrices with block size n x 2 and 2 x n respectively.
Using the Woodbury’s formula we have

P =TT Ly + VTR VT (9)

where Iy, is the identity matrix with size 2m x 2m. Therefore, the solution u
of (7) is given by

w=P ' f =y T D L+ VT '] V.

One can find the matrix T~1'.J, by solving 2m linear systems of type (3) with
right-hand sides the corresponding two different columns of J,. This approach
does not take into account the very sparse nonzero structure of .J,. For real
M, N and S it costs O(20nm?) flops and needs to store 2nm? real numbers.
In order to decrease the number of operations needed to compute T~1.J,, we
consider a new approach which is motivated by the ideas suggested in [5].

Let us denote the block columns vectors of .J, with E; and Es, respectively i.e.

By = ([,00..0), E = (0L,0...0)"
Put A=Y*X !and B=S5*X"1.
The matrix T" admits the following decomposition

I,

A . 0
T=LDL*, where L=| B . .

0 BAI,
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is a square matrix of block size n and D = diag(X, ..., X).

Let (L™");; be the blocks of the matrix L~'. We have

where

() ={" i< Zi=ln, Zo=—A,  Zy=A*—B,
tj Zl',jJrl 1> j, Zj = —AZJ',1 — BZj,Q fOT' j =4...n.

Obviously D™ = diag(X~1,..., X1).
We propose to compute 7~!.J, by consecutive calculations of T~ E; and T E,
using the following algorithm:

Algorithm RP Recursive computations for Pentadiagonal system

e Find thecells K; = X717 fori=1,...,n by the formulas

Kl = X_l
K2 = —X_IA
Ki:— i_lA—KZ'_QB fori:?),...n.

e Compute the blocks (T'FE}); and (T~'FE,); by the formulas

(T7'E),=K,

(T 'E))p 1=K, 1 — A (T Ey),
(T Ey)i=K; — A (T Er)iq1 — B (T ' E)is fori=n—2,...,2
(T 'E) =X = A*(T'Ey)y — B*(T"'Ey)3
(T 'Ey)p=K,

(T Ey)p 1=K o — A (T Ey),
(T Ey)i=K;_y — A*(T'Ey)iy1 — B (T 'Ey)ipe fori=n—2,...,2
(T Ey) =—A*(T ' Ey)y — B (T ' Ey)s.

If the blocks M, N and S are real the algorithm RP costs O(12nm?) flops and

needs to store (3n + 2)m? real numbers. According to the above algorithm, in
the next step, we consider two different approaches for solving (1).

Step 3. Solve the system (1)

3.1 The matrix W satisfies the relation

W = P+UV,
where
[,0 0 0 o
0 I,0 0 885?
U=t 01 V=1g09...00
00 In0 NS...0 0
00 0 I,
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are matrices with block size n x 4 and 4 X n respectively.
Using the Woodbury’s formula we have

W = Pl PO Ly, + VPO] T VP

where Iy, is the identity matrix of size 4m x 4m.
The solution z of (1) is obtained from the vector u by the formula

~ ~ ~1—1 ~
v =Wf=u—PU Ly + VP U] Vu.

Denote the block columns vectors of U by Ey, Es, E,_; and E, respectively.
Thus, the computation of P~'U can be done by consecutive calculations of
P7'E,, P7'E,, P7'E, 1 and P7'E, using the formula (9). For i =1, 2,
n—1,n we have

PUE, =T E, ~ T\ Jy Iy + VT 7] g, (10)

Note that the numerical implementation of formulas (10) is very “cheap”, since

we already know from Step 2 the elements 7-'.J, and [Izm + ‘A/T_ng} ! We

recommend formulas (10) instead of solving 4m linear system of the form (7)
with right hand side the corresponding column vectors of U. It is easy to
observe that the blocks of T7'E,_; and T~'FE, satisfy the relations

(T_lEn—1>n = Ky,
(T_lEnfl)i - K;;_l - K;_i+1A fOT T=n— 1, ceey 17
(T_lEn)i - K:H—l—i fOT 1= n,..., ]_,

where K; for ¢=1,...,n are the blocks from algorithm RP.

3.2 In order to decrease the size of the inverse matrix in the Woodbury’s
formula, we propose the following decomposition of the matrix W

PV
v ()

where P is from (8), with block size n —2 x n — 2, R is from (5) and

., [(50..8 N
v _<NS...0 S*)

is a matrix with block size 2 x n — 2.

Put R
T = ($1,...,:L'n_2>T, I = (:L‘n_lxn)T, T = (;),

fo=(hihi) F= (f fa) L =
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In this notations system (1) can be written in the form
Pv\(z\ _ (f
ver)\z) = \F)

G =r

= RU(f-Vi),
where G = P — VR™'V*, r=f—VRf.

By Woodbury’s formula we have

which is equivalent to

G = P+ P 'VI[R-VPV] VP

Therefore,
=G =z24+PW[R-VP V] V2,
where z = P~ can be computed by means of Step 2.
Denote the block columns vectors of V' with H; and H, respectively. The

computation of P~V can also be done by consecutive calculations of P~ H;
and P~'H, using the formula (9). For i = 1,2

~ —1 A
P H, = T-'H, — T-'J, [12m + VT*1J2} VT H,.

The numerical implementation of the last formulas is again “cheap”, since we

R 1
already know from Step 2 the elements 7-'.J, and [I2m + VT~ 1), . The
blocks of T™1H, and T~!'H, satisfy the relations

(T'H\); = (T EDS" + Ky S+ Ky Q fori=1,...,n—3
(T Hy)py = (T E))p_2S* + KFQ
(T'Hy); = (T7'Ey)iN* + (T Ey); S* + KX, ,S fori=1,....,n—2,

where Q = N—AS and K; for i =1,...,n are the blocks from Algorithm RP.

3 Numerical experiments
In this section we compare our algorithms with some classical techniques for
solving (1), with W given as in (2), and the exact solution z = (1,1,...,1)7.

In our numerical experiments, W is Hermitian pentadiagonal block circulant
with several block sizes n. The algorithms are compared by means of execution
time and accuracy of the solution.
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Table 1
Execution time (in seconds) and errors for Example 1

m = 3
Algorithm n = 4000 n = 6000 n = 8000
Err. time Err. time Err. time
LU 1.4482e-015 2.95 1.4482e-015 6.04 1.4482e-015 10.15
CHOL 2.2888e-015 2.00 2.2888e-015 3.23 2.2888e-015 5.44

M_RP(4m) 4.2635e-014 1.95 4.1064e-014 3.14 4.7126e-014  5.02
M_RP(2m) 3.3956e-014 1.63 4.1081e-014 2.62 6.0280e-014 4.34

The codes are written in MATLAB language and the computations are done
on an AMD computer. The results of the experiments are given in different
tables for each example.

The following notations are used: LU stands for classical LU factorization;
CHOL stands for the classical Cholesky factorization; M_RP(4m) stands for
algorithm based on the proposed new method using Step 3.1; M_RP(2m)
stands for algorithm based on the proposed new method using Step 3.2;
Err. = ||z — Z||o, where Z is the computed solution.

To solve the system (1) we need to compute a positive definite solution of the
matrix equation (6). The sufficient condition for the existence of a positive
definite solution is [|[R~2 Q R~z || < 5, (see [3]). In the next two examples the
cells of the matrix W, which form the matrices R and ), are chosen to satisfy
this condition.

Example 1 Let

8 1-i 15 0 1 0
M= |1+i 9 1|, N= o 2 o0 |,
15 1 8 1—i 0 0

1.2—-3t —-03—1 0.1
S = —0.30 2.1 0.2
0.1 0.2 0.65 + 21

In Table 1, we present the execution time (in seconds) and the error for each
algorithm for different values of n.

Example 2 Let
M = cire(22,-8,1,...,1,-8), N = cire(—72,1.8,...,1.8)
are circulant matrices and S = I.
The results from the numerical experiments for this example are given in

Table 2.
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Table 2
Execution time (in seconds) and errors for Example 2

m =7
Algorithm n = 4000 n = 6000 n = 8000
Err. time Err. time Err. time
LU 1.7764e-015 3.49 1.7764e-015 6.66 1.7764e-015 11.01
CHOL 1.9984e-015 2.39 1.9984e-015 3.90 1.9984e-015 5.98

M_RP(4m) 2.6182e-014 2.14 3.2072e-014 3.40 3.7038e-014  4.88
M_RP(2m) 2.5537e-014 1.87 3.1282e-014 2.83 3.6124e-014 4.47

4 Conclusions

The proposed new algorithms M_RP(2m) and M_RP(4m) are faster than the
classical LU and CHOL. From the theoretical discussions and the numerical
experiments, we can conclude that Algorithm M_RP(2m) is most suitable for
implementation. This is due to the size of the inverse matrix in the Wood-
bury’s formula. The inverse matrix in M_RP(2m) is two times smaller than
the inverse matrix in M_RP(4m). This leads to a considerable decrease in the
execution time.

The complexity of the proposed new algorithms is O(nm?). For compari-
son, algorithm based on the Fast Fourier Transform (FFT) has complexity
O(nmlog(n)), but it can be implemented only when the block size of the ma-
trix W is power of two. Our method does not have these restrictions. The only
restriction on the applicability of our method is related with the existence of
a solution of the matrix equation (6).

References

[1] J. H. Ahlberg, E. N. Nilson, J. L. Walsh, The Theory of Splines and Their
Applications, Academic Press, New York, 1967.

[2] R. Chan, T. Chan, Circulant preconditioners for elliptic problems, sJ. Numer.
Linear Algebra Appl. 1, (1992), 77-101.

[3] J. C. Engwerda, On the Existence of a Positive Definite Solution of the Matrix
Equation X + ATX~YA = I, Linear Algebra Appl., 194, (1993), 91-108.

[4] G. Golub, C. Van Loan, Matriz Computation, The John Hopkins University
Press, Baltimore, 1989.

[5] B. Minchev, Some Algorithms for Solving Special Tridiagonal Block Teoplitz
Linear Systems, J. Comp. and Appl. Math. vol. 156/1, (2003), 179-200.

143



[6]

B. Mintchev, I. Ivanov, On the Computer Realization of Algorithms for Solving
Special Block Linear Systems, Applications of Mathematics in Engineering and
Economics’27, Heron Press, Sofia (2002), 303-313.

C. Mingkui, On the Solution of circulant linear systems, SIAM J. Numer.
Analysis 24, (1987), 668-683.

W. L. Wood, Periodicity effects on the iterative solution of elliptic difference
equations, SIAM J. Numer. Analysis 8, (1971), 439-464.

U. Zavyalov, B. Kvasov, V. Miroshnichenko, Spline Functions Methods (in
Russian), Moscow, 1980.

144






ISBN 82-92610-01-4
Bergen, Norway 2004



